SCALAR CONSERVATION LAWS WITH MULTIPLE ROUGH FLUXES

BENJAMIN GESS AND PANAGIOTIS E. SOUGANIDIS

ABSTRACT. We study pathwise entropy solutions for scalar conservation laws with inhomogeneous
fluxes and quasilinear multiplicative rough path dependence. This extends the previous work of Lions,
Perthame and Souganidis who considered spatially independent and inhomogeneous fluxes with mul-
tiple paths and a single driving singular path respectively. The approach is motivated by the theory
of stochastic viscosity solutions which relies on special test functions constructed by inverting locally
the flow of the stochastic characteristics. For conservation laws this is best implemented at the level
of the kinetic formulation which we follow here.

1. INTRODUCTION

We are interested in the stochastic scalar conservation law (SSCL for short)

1) du + divy(A(z,u)odz) =0 in RN x (0,7T),
1.1

u=ug on RY x{0},

where A is a smooth N x M matrix and z = (z1,...,2z)) is a geometric a-Holder rough path; the
precise assumptions are given in Section As a particular example may consider (1.1) with A a
diagonal N x N matrix and z an N-dimensional Brownian motion enhanced to a rough path, in which

case (|1.1) becomes
du + Zjvzl O, Aj(z,u)odz; in RN x(0,7),

1.2
42 u=uy on RN x{0}.

There is, of course, a close connection with the theory of stochastic viscosity solutions. Indeed when
N = 1 if v solves the stochastic Hamilton-Jacobi equation dv + A(0,v,xz) o dz = 0, then, formally,
u = O0,v satisfies the SSCL du + 0;(A(u,x)) o dz = 0.

SSCL also arise in several applications. A concrete example is provided by the theory of mean field
games developed by Lasry and Lions ( [LLO6aj, LLO6b|LL0O7]). It turns out that the mean field limit,
as L — oo, of the empirical law of the solution (X1,..., X*) € RV*E of the stochastic differential
equation

X! :g(XZ,ZZ5Xg> ody  fori=1,...,L,
i
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where o is a N x M Lipschitz matrix on R x P(RY) with adjoint o*, P(R") is the space of probability

measures on RY and z = (#1,...,2pn) is an N-dimensional Brownian motion, converges to a measure
m; which evolves according to
(1.3) dm + div,[o*(z,m) o dz] = 0;

note that is not a “standard” conservation law (i.e. of the type (1.2)) unless o* is a diagonal
matrix. For this reason we study here SCCL of the more complex type (1.1)).

The study of pathwise solutions to SSCL was initiated by Lions, Perthame and Souganidis ( [LPS13])
who introduced the notion of pathwise (stochastic) entropy solutions for ”standard” SSCL with a-
independent fluxes and multiple continuous paths, that is

N

(1.4) du+ Y 0 Ai(u) 0 dz; = 0,

i=1
for z = (z1,...,2n) continuous. This work was subsequently extended in |[LPS14] to z-dependent
fluxes driven by a single continuous path z, that is to SSCL of the form

N
(1.5) du+zaxiAi(u,x) odz = 0.

i=1

The main contribution of this paper is the extension of the well-posedness theory of the pathwise
(stochastic) entropy solutions to general inhomogeneous fluxes with multi-dimensional driving rough
paths and non-standard SSCL of the type ([1.1)).

The theory is based on the general concepts/philosophy around the theory of stochastic viscosity solu-
tions for fully nonlinear first- and second-order PDE including stochastic Hamilton-Jacobi equations
which was introduced and developed by Lions and Souganidis in [LS98b}|[LS98alL.S02, LS00bLLS00a].
The latter is based on a notion of solution which does not depend on the (blowing up) derivatives
and integrals of the driving paths. This is accomplished with the introduction of a class of test
functions which are short-time smooth solutions of the stochastic Hamilton-Jacobi part of the equa-
tion (constructed typically by the method of characteristics) and, when inserted in the equation, at
least formally “eliminate” the stochastic part. This is basically a local change of the unknown which
however cannot be done unless there is regularity.

The notion of pathwise (stochastic) entropy solutions builds on the above. It is based on the kinetic
formulation of conservation laws and test functions which are propagating along the characteristics of
the corresponding linear transport equation. The latter are defined globally in time and, in this aspect,
the test functions are easier to construct since it is not necessary to invert characteristics. There are,
however, new difficulties since the test functions are not easily localizable. For x-independent fluxes
the characteristics can be solved explicitly and, hence, it is possible to keep track of the cancellations
that are taking place. Such explicit solutions are not available when there is spatial dependence.
In the presence of one driving force the characteristics can be expressed, after a change of time, in
terms of the ones for a conservation law without the rough signals, and this assists in taking care
of the cancellations. When dealing with multiple driving paths such expressions are not possible
and it becomes necessary to use more sophisticated tools from the rough path theory. In this note
we establish the uniqueness and existence of pathwise solutions. For the latter, following [Per02],
we prove the existence of what we call generalized pathwise entropy solutions, which are easier to
construct using weak limits in the kinetic equations, and then show that they are indeed pathwise
solutions. To obtain the weak limits we prove some estimates about the defect measure which are new
even in the “deterministic” setting. It is worth remarking that proving strong compactness requires
BV-type estimates which are, however, not at all obvious due to the inhomogeneity of the equations
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and the singularities of the paths. Such estimates were obtained in [LPS13] but there the fluxes were
z-independent.

As already outlined above, the concept of pathwise rough entropy/kinetic solutions builds upon the
characteristic system corresponding to the kinetic formulation. Due to the roughness of the driving
signal z the this system becomes a stochastic differential equation (SDE). In order to justify this
notion of a solution and to construct solutions we will consider approximating problems based on
smoothed signals 2" € C*([0,T];RM). An essential ingredient of the construction will thus be the
continuous dependence of the characteristics on the driving signal z. However, it is well-known that in
general SDE do not depend continuously on the paths of the driving signal. This is where rough paths
theory enters the picture. The relevance of rough paths in this work is that they provide stronger
topologies on the space of the driving signals making the solution to SDE, in our case the system of
characteristics, continuous with respect to the driving signal.

We remark that the term “stochastic” may not be the best choice to characterize the solutions we
study which rely on rough paths and use very little if at all stochasticity. A better name, which we
use here, is pathwise rough entropy/kinetic solutions. To avoid any confusion we emphasize that the
solutions we study here coincide with the ones in [LPS13,LPS14] when considering the setting of these
references.

Recently Debussche and Vovelle [DV10]|, Feng and Nualart [FNO§| and Chen, Ding and Karlsen
[CDK12] (see also Debussche, Hofmanova and Vovelle [DHV13| and Hofmanova [Hof13]) have put
forward a theory of weak entropy solutions of scalar conservation laws with Ito-type semilinear and
not quasilinear stochastic dependence. Such problems do not appear amenable to a pathwise theory.
Our results do not cover the equations studied in [DV10,FNO8| and vice versa. We refer to Section
6 of [LPS13] for a discussion of these issues. A rough paths approach to SSCL with linear transport
noise has been developed in [FG14].

We conclude the introduction emphasing that this paper builds upon the ideas of [LPS13|LPS14] and,
of course, the general methodology of the work on stochastic viscosity solutions |[LS98blLS98alLS02,
LS00b,[LS00a]. We expect that several extensions may be possible without a real change in the general
strategy. For example, it should take only few and straightforward technical modifications to extend
the results to equations like plus a semilinear term. We leave such extensions to the interested
reader.

Organization of the paper. The paper is organized as follows: In Section [2] we state the as-
sumptions, we review briefly some facts about entropy solutions and their kinetic formulation and
we introduce the notion of pathwise rough entropy/kinetic solutions. Their uniqueness is proved in
Section 3} a key step in the proof is a technical lemma about solutions of differential equations with
rough paths which is presented in the Appendix. The construction of pathwise rough entropy /kinetic
solutions, which requires some some new estimates, is presented in Section dl In the two Appendices
we recall some facts from the theory of rough paths used in the main body of the paper and prove an
estimate that is used throughout the paper.

Notation and terminology. We work in the N-dimensional Euclidean space RY. If z € RV and

£ e R, L1l denotes the norm of (z,6) in RN If b = (b',...,0") : RV — RY is a smooth vector

£
field, divb := X ,0,,b". We say that A C [0, 7] is null if it has zero Lebesgue measure. The space of
bounded measures in RY x R is denoted by M(RY xR). For a set C C [0,T] we define A(C) := {(s, ) :
s,t € C, s < t}. For § > 0, Lip?(RY x R;RY) is the set of functions with & = 0,...[d] bounded
derivatives and § — [§] Hoélder continuous |6 ]-th derivative. If A ={a =1ty <t; <... <ty =b}isa
partition of [a,b] C [0,T7], then |A|| := {|tix1 —t1]:9=0,...,M — 1}.
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2. THE KINETIC FORMULATION AND PATHWISE ROUGH ENTROPY/KINETIC SOLUTIONS

Assumptions. We present the assumptions we need to make to study (1.1}).
The first is that, for some a € (0,1),

(2.1) z is an a-Hoélder geometric rough path,

that is z € C%([0, T7; Gla (R™)). For some background on rough paths and the meaning of Gla (RM)
we refer to the Appendix [A]

As as far as the flux is concerned we assume that, for some M € N,
(2.2) A e CHRYN x R;RV*M),
We consider the matrix a € RV*M and vector b € RM given by
a(x,§) =: Ae(z,§) € RY*M and b(z, &) =: divA(z, €);
note that the (ij)-element a* of the matrix a(x,¢) is A? (7,€) and (divA)! = Zi\il O, AY | where, for
i=1,...,Nand j=1,...,M, AY is the (ij) element of A.
We assume that, for some ~ > é > 1,

(2.3) a,b e Lip"2(RY x R),
and, for all z € RV,
(2.4) b(x,0) = 0.

Kinetic formulation. The well established theories of entropy solutions and kinetic solutions (see,
for example, Dalibard [Dal06] and Perthame [Per02]) extend easily to problems with smooth driving
paths, that is for z € C'([0,T]);RM). With this assertion at hand, below we recall the basic facts.
Given the nonlinear function

+1 if 0<¢ <wu(z,t),
(2.5) x(@,&,t) = x(u(x,1),§) == —1 if u(z,t) <E<0,

0 otherwise,

we may rewrite ([L.1]) in its kinetic form. Recalling that here we are assuming smooth driving signals,
to simplify the notation we write

M
a;(z,&,t) Z@A”xﬁzj()
7j=1

and
N M

b(w, &) =Y Y (05, AW (2,€)2 () = divA(x, £) - £(D).
i=1 j=1
In view of (2.4)) we have
b(x,0,t) = b(x,0) - 2(t) = 0.
Fix T > 0. The kinetic form of is

06 O + (@, &,1) - Do — b(w, €, )0 = dem in BV x R x (0,T),
' X = x(uo(-),-) on RN xR x {0},
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where
(2.7) m is a bounded nonnegative measure on RY x R x [0, 7];

the precise bounds on the mass of the measure are stated later.
Due to the Hamiltonian structure of (2.6, we may rewrite it as

Apx + divg(a(z, & 1)x) — (b, &, t)x) = dgm in RN x R x (0,T),
X = x(uo(),-) on RN x R x {0},

Derivation of a stable notion of kinetic solutions. As stated above the notion of kinetic solutions

is not well defined for rough driving signals, since the coefficients a,b blow up with 2. On the other

hand, following |[LPS13|LPS14], we observe that the linearity of (2.6 in x suggests that we may use

the characteristics of (2.6 to derive a stable notion of solution, which we will call pathwise rough
entropy/kinetic solutions.

For now we continue assuming that z € C([0,T];RM) and, for every ¢y € [0,T], we consider the

corresponding forward /backward transport equation
(2.8) Oroty + a(x,&,t) - Dyoyy — b(w,6,1)0c01, =0 in RY x R x R,
. 06, = 0° on RY x R x {to},

which is rewritten as

N M i j . N M i j g

(2.9) Aoty + D i1 Zj:l(auAl’])(xv §) 0z, 00027 (1) — 32124 23:1 (0, A7) (2, §)Oc 01,7 (t) = 0
Oty (tO) = QO'

We note that in view of the linearity of (2.8) and ([2.9)), it makes sense to consider solutions starting

at tg and existing forward and backward in time.

For each (y,1) € RV*L ¢ > 0 and ¢° € C(RY x R) we consider the solution gy, = 0, (2, ¥, &,7,t)
to ([2.8) with oy, (-, v, 1, t0) = 0°(- — v, — ). Defining the convolution along characteristics by

Otg * X(y7 m, t) = / Oto (l’, Y, 57 m, t)X(l', 57 t)d$d£7
we find (see Lemma [2.3| below)

8tQto * X(yan’t) = —/859,50(95,ng,n,t)m(x,é,t)dxdg in RN X R x (OuT)

The characteristics. It is a classical fact that the solution of can be expressed in terms of
the associated (backward) characteristics starting at to > 0. Note that, in contrast to , the
characteristic equations are well-defined also for rough driving signals z.

We assume next that z is an a-Hdélder geometric rough path and we consider, for ¢ = 1,..., N, the
rough differential equations

i _ M i j i _ i
(2 10) {dYr(tOVy,n) (t) - Zj:l a j()f(to,y,n) (t)7 C(to,y,n) (t))dzj (t)7 lf(to,y,n) (tO) =Y,
dC(tO,ya’ﬁ) (t) = - Zz]il Zjﬂil(aﬂfiAiJ)(Yv(to:yﬂi) (t)a C(to,y,n) (t))dz] (t)7 C(to,y,n) (tO) =1
We note that, in light of (2.3]) and [FFV10], there exits a unique solution to (2.10) and, for Y(;, ., ., (t) :=

(1/(10,1/,7)) (t)7 cee 7}/(%’3/777) (t)), the map

(G )o: ()= (Loontl)),

is a flow of homeomorphisms on RNV *1,
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() =10 el (3)

and observe that, in view of (2.4)),

For t > tg set

Clto,,0) = 0,
and, hence, for all ¢,
(2.11) sgN(C(tg,y,n) (1)) = sgn(n).
For each time ¢t1 > 0 and for i = 1,..., N we consider the backward characteristics

Xt o) Z“ (X(t1,2.6) (1) Bty ) ()" (2),

d= (t1 x,{) Z Z 8 A 7] t1,x,§) (t)v E’(tl,a:,f) (t))dzthj (t)>

i=1 j=1
thhx,{)(o) =2’ and 2 S(ty, :cg)( ) =¢.
where, for t € [0,1], 2t is the time-reversed rough path, that is
2(t) = 2(ty —t).
Then, for all ¢ € [tg, t1], we have

X (41,0 ) (01t m (00) (B = 1) = Yitg ) ()
and

B (11, Yty ) (01):Clag o (1) (L = 1) = Bt ) (1)

In particular, the inverse of the homeomorphism < )C/O > (t1) is given by
to

< Y(tl,z,g)(to) ) _ |:< Y;fo ) (tl):| -1 < x > _ < X(tl,z,g)(tl —to) >
Ctr ) (to) Cto 3 Etee(tt —to) )

Hence, the solution g, to (2.8) with o4, (-, ¥, ,1,t0) = 0°(- — y,+ — n) is given, for all ¢ € [0, 7], by

X (t—to) -y Y (to) —y
2.12 ety = [ Xeaelt=lo > _ 0 ( (t0.0) .
( ) Oto (z,y,§,m,t) = 0 < E(ta6) (t—to) — 7 0 C(t,x,g) (to) — 1

Pathwise rough entropy/kinetic solutions. We introduce the definition of the pathwise rough

entropy /kinetic solution.

Definition 2.1. Let up € (L' N L2)(RY). A function v € L>®([0,T]; L}(RY)) is a pathwise rough
entropy /kinetic solution to (1.1)), if there exists a nonnegative bounded measure m on RN xR x [0, 7]
such that, for all g > 0, all test functions g4, given by (2.12)) with ¢° € C°(RN*1) and ¢ € C°(]0,T)),

/ Arp(r) (21 * X) (-1 7) el + 9(0) (210 * %) (4, 0 / / F)eouy (., €,y Pym(x, €, t)dadgdr.

Throughout the paper we will use a different almost pointwise in form of the definition. Since this

will be used several times in the paper, we state it as a separate Proposition.
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Proposition 2.2. Let ug, m be as in Definition . Then u € L=([0,T]; L*(RY)) is a pathwise rough
entropy/kinetic solution to (1.1)) if and only if there exists a null set N C [0,T] such that 0 ¢ N and,
for all tg >0, (s,t) € A([0,T] \N) and (y,n) € RN*! and all test functions oy, given by ([2.12) with
o € CX(RNHY),

(2.13) 0to * X(Ys 1, 1) — 010 * X(y, 1, 8) / /Gggto z,y,&,n,r)m(z, &, r)drdédr.

Note that applying Lebesgue’s differentiation theorem both for right-handed and centered averages
yields that the entropy defect measure m does not have point masses on [0, 7]\ NV. In particular, the

integrals appearing in (2.13)) are well-defined.

Proof. An application of Lebesque’s differentiation theorem implies the claim for a null NV C [0, 7]
possibly depending on g and . We then choose countable dense subset A C [0,7] and a countable
B C C*(RN*1) such that, for each ¢° € C°(RN*1), there exists a sequence ¢*" € B with uniformly
compact support, such that " — ¥ in CT(RN+1),

Since A, B are countable, there exists a null ' C [0, 7] such that holds for all ¢y € A, o° € B.
For arbitrary ¢y € [0,7], 0" € C®(RV*!) we may then choose approximating sequences t§ € A,
%" € B with g — t, 0”" — pin C'and ¢®" having uniformly compact support. Then is
satisfied for all £, o®™, that is

(214) Q?g *X(yﬂ% ) t" *X(y n,s / /8§Qt” T y7§ nr ) (x,g,r)da:dﬁdr.

In view of (2.12) and the continuity in time of the characteristics (X, =) (see Appendix |A]) we may
take the limit n — oo in the left hand side of (2.14]). As for the right hand side goes we note that

7 ,T t
afgtg($7y7£anat) = DIQ(L ( —'((:175 ((t )) ) 8§X(t$§)(t - tO)

X (t ) Y
+8 O,TL( ,_‘(txvg) n )8 = TL .
The continuity of the characteristics yields

e oy (€,y,&,m,t) = Oon (9,6, m,t) i C(RYHY)

Since the ¢”"’s have uniformly compact support, we may thus take the limit n — oo in the right hand

side of ([2.14]) to conclude. O

Next we show that, for smooth paths, the notions of kinetic and pathwise rough entropy/kinetic
solutions are equivalent.

Lemma 2.3. Assume that z € C1([0,T];RY) and v € L>=([0,T); L*(RY)). Then u is a pathwise rough
entropy/kinetic solution to (1.1)) if and only if u is a kinetic solution.

Proof. Let u be a kinetic solution to (I.1)). Then, for all p € C}(RYN x R x [0,T)),

T T
/ / X (B + a(@,&,7) - Do — bl £, 7)0e0) dédadr+ / (@, €, 0)p(a, €, 0)déd — / / mdgpdededr.
0 0
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It follows that there exists a null set A/ C [0,7] such that 0 ¢ A and, for all (s,t) € A ([0,7]\ N)
and all ¢ € C}(RN x R x [0,77),

t
/ /X(xa §7 T) (at()p(x> ga ’I”) + a($7 57 ’I”) ' DESO(.Z', 57 T) - b($, 57 7")6590(95, {7 T)) dﬁdxdr—l—

t
/ (@, €, (e, &, 1) deda / (@, €, ) (e, €, 8)dede = / / mdepdedudr.

Choosing ¢ = g, yields

t
/X(xagat)gto(x7y7§7n’t)d£dx_/X($7£7 S)Qt0($,y,£,n,s)d£d$:/ /mafgtodgdxdrv

which by Remark implies that y is a pathwise rough entropy/kinetic solution to (|1.1)).

In Theorem below we prove the uniqueness of pathwise rough entropy/kinetic solutions. Combined
with the existence of kinetic solutions (see [Dal06,[Per02]) this implies that every pathwise rough
entropy/kinetic solution is a “classical” kinetic solution. U

3. THE UNIQUENESS OF PATHWISE ROUGH ENTROPY/KINETIC SOLUTIONS

We discuss here the following theorem that yields the uniqueness of pathwise rough entropy /kinetic
solutions.

Theorem 3.1. Let u™),u(® € L=°([0, T]; L*(RN)) be two pathwise rough entropy,/kinetic solutions to
(L.1) with initial values u,ud € (L' N L2)(RY). Then, for a.e. t € [0,T),

(3.1) [ (t) — u® (Ol 21 rey < llug — gl £1 (ray-

Before we present the details, we describe briefly the main idea of the proof and motivate some of the
technicalities. The key observation, that goes back to |Per02], is that

[ (#) = u® (@) 1. ray = / (M@, & 1) = xP(x, 1)) dwdg

- / O, 6.8 + @ (€, 8)] — 2¢0 (€, 03P (€, ),

where, for ¢ = 1,2, X(i) is related to u(? by . To obtain the contraction estimate , it then
suffices, in principle, to show that the derivative with respect to ¢ of the right hand side of the above
equality is nonpositive; actually this is how uniqueness is shown for conservation laws with smooth
time dependence. The difficulty here is that it is not possible to perform this differentiation due to
the lack of regularity. Following instead |[LPS13,LPS14] we replace YU, x@ by Ot * YO, Ot * 2 for
suitable choices of g;,. Then it is possible to differentiate with respect to ¢ at the expense of creating
several additional terms that need to be estimated.
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Proof of Theorem [3.1. For a fixed to € [0,T] we have

(405 0) (6 ) o

o (V) () (1) (40

= —2//x(1)(x'7€’7t)@to(fv'7y@'ﬂ% £ty (,y, &, )0em? (z, &, t) dudsda’ d€' dydn
—2//m(l)(w’,£’>t)@to(w’,y,«S’,n,t)Qto(w,y,&77, 1)0em™ (x, &, t)dwdéda’ d€' dydn
=2 [ [ 000 00 0,6 e t) ety o, €. ) o, €, ' dE dydy
—2//X(Q)(Jf’,ﬁ’,t)awto(w’,y,f’,n,t)gto(x,y,fmat)m(l)(:v,&t)dwdédx’d{’dydn

+ Brr® 2)( ,1)

2 [ [ (a¢ —uD (@) (2 .€' 0. Dt (.. €. 1. ym? (2, &, ) dwdda e dyd
+2 / / 5 ¢ u<2><:c’,t>)) ot (24,6 ) 0t (2,9, &, )ym Y (2, €, ) dwdSda’ d€' dydn

+ Err1:2) (to, 1)
<2 / / 010 (@4, 0,7, O ro (@, 9, €, 1, O)(m® + m D)z, €, t)dwdeda’ dydn

+ Errt (1o, 1),

where, the inequality is due to the nonnegativity of the Dirac masses § and

(3.2) {Eml’g)@o, =2 [ (V' €, im® (@,&,0) + X (', € )m D (x,€,1))
‘ (Qto (55/7975 > )aﬁgto (xa y7§7777t) + aﬁ’gto (.’E 7y7€ 7777t)9t0 (17721757 777t))dyd77d$/df/d$df

Lemmabelow applied to f(z,&,t) := x¥(x,&,t) and m := m® yields a null N C [0, T] with 0 ¢ N
such that, for every to > 0, all (s,t) € A([0,T]\N) and i = 1,2,

/ / / oto(@ 1,0, 7)ot (2, 9, €, 7, 1Ym® (2, €, ) dedé da dydndr
t
= /(Sgn* ) (XY * 010) (1, 1) — (XD 01) (v, 1, )] dydn +/ Err®(t,r)dr,
with

ET’I“ th /m €T 6 t /(angto(ﬂC/,yaf/an,t)Qto(CUay,f?%t)
+ Otg ($/7 Y, 5/7 m, t)afgto (I‘, Y, 57 m, t))dyd?]d:ﬂldgl]dﬂfdg
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It follows that, for all ¢y > 0 and all (s,t) € A ([0,T]\ N),
=2 [ 00 ¢ )1 0 5 00)0m08) = (0 ¢ ) 071,50 X ¢ 1)1 5)]
< - /(Sgn 5 02 (W, MM * 010) (W, m, 1) = (X % 1) (y, 1, 9)]dydn
33) - /(sgn 5 0°) (W M * 010) (W, m, 1) — (XP) % 01) (y, 1, 9)]dydn

¢
+ / ErrW (to, r) + Err@ (to, r) + Err2(tg, r)dr.
For t € [0,T] we define

F(t) := /(x(l)(y,n,t) —x®(y, n,))*dydn.

Let 0f, o? be standard smooth approximations of Dirac masses (here we use the superscripts s and v
to signify that they are approximations to Dirac masses in space and velocity respectively) and, for
each tg > 0, let gg, o(w,y,&,m,t) be as in ([2.12) with initial condition o%(z,y,&, 1) = 0f(z —y)ol (£ —n),
that is, for all t € [0, T,

Xizo(t—to) —y

34 Ema 'S 7t = 0 =
(3:4) o1y, & m51) Qe<:(t7x’§)(t_t0)_n

We then define
Fype(t) i= — 2/ (x(l) * tha) (y,m,t) (x(z) * Qto,a> (y,m, t)dydn

+ / sgn® (1) (XY * 010.2) (y, 1, t)dydn + / sen® () (x'? * 01.2) (y, 1, t)dydn.

Lemmau 4.5 below, applied to f(z,€,t) := x(z, &, ), implies that, as € — 0 and for all ¢y > 0 and all
t € [to, T\ N,

Fiye(t) = —2/x(1)(y, n,t)x(”(y,n,t)dydwr/Ix(l)\(y, n,t)dydnJr/\X(Q)\(y,n,t)dydn,
and thus
(3.5) Fyyc(t) = F(t).

In view , for all to > 0 and (s,t) € A([0,7] \ N), we find

¢
(3.6) Fipe(t) — Fiy (s Err to,r €) + Err2 )(to,r,z-:) 1+ Err(12) (to,r,€))dr,

> = 05(X(ta,6)(t = t0) = Y) 22 (Eqra) (= t0) — ).

where
Err2)(to, r,e) = 2/[(X(1)( & mP (2,6, +xP (@, € ymD (@, €,1))

(Qto,s(xlv Y, gla , t)afgto,s(:z:v Y, ga m, t) + af’Qto,E(xla Y, 5/7 m, t)Qto,E(:L‘a Y, 57 m, t))]dydndl‘,dgldfbdg,
and, for i =1, 2,

ETT(i)(to,T,E) = /m(i)(%gat)(/(3§’Qt0,e($,,yvgl,ﬁat)Qto,s(ﬂf,yvgaﬁa t)
+ 01,6 (', 4, &', 0, 1) Og 019 2 (2, y, €, 1, ) )dydndz' d€' ) dd€.
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Lemma [B.1] implies that, for all (s,t) € A ([to,T]) and i = 1,2,

t t
/ Err(l’z)(to,r,a)ch‘S?( /] m@)(x,g,r)+m<”<x,§,r>dxd£dr>

sup (/ ‘/(Qto,s(l‘/a Y, 5/7 mn, T)antO’s(fL', Y, 57 m, T) + a{’@to,E(lja Y, gl’ m, T)Qto,e(x> Y, ga mn, T))dydn
(x,€)ERNFT
re(s,t]

<C (/t/m@) (z,8,7r) + m(l)(g;,g,r)dxdgdr> (t — to)",

and, similarly
t . t o
/ Err'(tg,r,e) <C </ /m“%w,{,r)d:cdfdr) (t —tog)™.
It follows that, for all (s,t) € A ([to,T]),

dw'd{')

t t
/ Erri(ty,r,e)+Erri(ty,r,e)+Errt2(to, 7, e)dr < C(tto)a/ /(m(z)(:n,f,T)+m(1)(az,f,r))d:cdfdr.
Next recall that, in view of ([3.5), (3.6) and (3.7), there exists a null N' C [0, T] with 0 € N such that

for all (s,t) € A([0, 7]\ N) and every partition A = {s =1ty <--- <ty =t} C[0,T]\ N,
N

= ZF(ti-H) — F(t;)
i—1
N
= il_l’)I(l)Z Fti,s(ti—l-l) - Fti,f-:(ti)

tit1
< lim Z/ [ErrD (t;,7, ) + Err® (t,r,e) + ErrO2 (t,r,€)dr
t;

e—0
< CZ i+l — (/ H_1/ (x,&,m) (U(:c,fﬂ")]d:cdfdr)

< oAl (/ / (z,&,7) (1)(m,§,r)]da:d§dr> .

Letting ||A]| — 0 yields that, for all (s,t) € A ([0, 7]\ N), F(t) < F(s) and, since, 0 ¢ N, the claim
follows. D

4. THE EXISTENCE OF PATHWISE ROUGH ENTROPY/KINETIC SOLUTIONS

We establish here the existence of pathwise rough entropy/kinetic solutions, which, in view of Theo-
rem [3.1] are unique.

Theorem 4.1. Let ug € (L' N L?)(RY). Then there exists a pathwise rough entropy/kinetic solution
ue (0,7} L'(RN) to (L).

Since the proof is long we first outline the main steps. The solution is found as a weak limit of
solutions of problems like with regularized driving signals. Due to the lack of BV-type estimates
to obtain the necessary compactness we follow the program of |[Per02] and work with what are known
as generalized kinetic solutions. We then show that these solutions converge weakly to a limit that we
call a generalized pathwise rough entropy/kinetic solution. The final step is to show that the latter



12 BENJAMIN GESS AND PANAGIOTIS E. SOUGANIDIS

is indeed a pathwise rough entropy/kinetic solution to (I.1). Each of the steps described above are
discussed in a separate subsection.

The regularized equation and some difficulties. Let z™ be a regular approximation of the rough
driving signal z (such 2" exist since z is assumed to the a geometric rough path — see Appendix |A))
and consider the approximating kinetic solution x™ to

(4.1) AX™ + a™(z,&,t) - DpX™ — b"(z,&,4)9ex™ = Oem™ in RN x R x (0,7),
‘ Xn = X(UO('), ) on RN X R x {O}a
where
M N M
af (2,6,8) 1= Y _(0,A™)(x,€)™ (t) and b"(2,&,8) 1= Y > (94, A)(2, )™ (t).
j=1 i=1 j=1

Although not written down the existence of a unique solution x™ to follows from straightforward
modifications of standard methods (see, for example, [Dal06,Per02]), since 2" is continuous (actually
smooth). In order to pass to the limit n — 0o we need to establish some uniform in n estimates on
x" and m" that do not blow up as n — oco. Unfortunately the known estimates do not have this
property. For example, the bound on the total mass of the kinetic measure that can be obtained
following [Dal06, Per02] is

T 1 T
(4.2) / / m™(x, &, t)dzdédt < = ||u||3 +/ / b™(z, €, t)|dxdEdt,
0 JRN+1 2 0 JrN+1

and the right hand side blows up as n — oo since it depends on the total variation of z". Following
[LPS14] It is therefore necessary to find new bounds on the total mass of m™ which is presented in
Section [l

Once uniform estimates on x" and m™ have been obtained, we find subsequences, which we denote
below the same way as the sequences, which converge in the appropriate weak * limits in (4.1]), that
is

x" — fin L% weak x and m"™ — m in M weak x .

Although a priori it is unclear whether f is again a characteristic-type function, that is whether
flx,&t) = x(u(t,x), &) for some u, we may pass to the limit in (4.1]) to obtain

of+a(@,&t) - Dof —b(z,6,1)0cf =dem in RY xR x (0,7),
f=x(uo(),") on RV xR x {0}.

This observation motivates the concept of generalized pathwise rough entropy /kinetic solutions intro-
duced next.

Generalized pathwise rough entropy/kinetic solutions and some basic properties. We
begin with the following definition.

Definition 4.2. Assume that ug € (L' N L2?)(RY). Then f € L>([0,7]; L' (RN x R)) N L=®(RY x R x
[0,T1]) is a generalized pathwise rough entropy /kinetic solution to (|1.1)) if there exists a nonnegative
measure v and a nonnegative, bounded measure m on RV x R x [0, 7] such that

of

(43) f(SU,é,O) = X(UO(x)7§)7 |f|($,£,t) = Sgn(f)f(xa§7t) <1 and 875 = 5(5) - I/(l‘,f,t),
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and, for all ¢y > 0, all test functions g, given by (2.12) with ¢ € C®*(RV*1) and all ¢ € C°([0,T)),

/ 8t§0 )(Qto * f)(y nr )dT‘HO(O)(QtO *f ?/,777 / / 8§Qto z,Y, f nr ) (I,g,t)dl’dfd’l”.

It is, of course, immediate that a pathwise rough entropy/kinetic solution is also a generalized one.
Moreover, a claim similar to Proposition [2.2]is true here too. Indeed f is a generalized pathwise rough
entropy /kinetic solution to (|1.1)) if and only if there is a null N' C [O T] such that 0 € N and, for all
to >0, all (s,t) € A([0,T]\ NV) and all test functions g, given by ([2.12) with ¢° € CEO(RNH),

(44) Oty *f(yynvt) o * f(y n,8 / /afé)to x ?/,f,ﬁa ) (Zﬂ,é,T)dﬂfdfd’l“.

We show first that the solutions given by Definition are L°(RY x R) weak % continuous at t = 0.

Proposition 4.3. Let f be a generalized pathwise rough entropy/kinetic solution to (1.1)). Then there
exists a null N C [0,T] such that, if t, € [0,T|\ N and t, — 0 as n — oo,

f(x, &) = x(&uo(x)) in LP(RY x R) weak .
Proof. The argument is similar to the one in [Per02, Proposition 4.1.7]. Since f € L=(RY xR x [0, T1)
and m is a finite measure on RY x R x [0, T], there exists a null A" C [0, 7] with the property that,

every sequence t, € [0,7]\ N with ¢, — 0 has a subsequence (again denoted by t,) such that, as
n — oo,

f(z, & t,) = F(z,6) in L°RY x R) weak *,
/tn m(xz, &, r)dr = M(z,€) in M(RY x R) weak *,
0
and
sgn(§) F(z,§) = [F|(z,§) <1
M(z,£) >0 and /M(:c,f)dxdf < /OT/m(a:,f,r)dxdﬁdr.

Since f is a generalized pathwise rough entropy/kinetic solution we have

tn
(00 % 1) (ys 1 tn) — (00 % F)(y,0) = — /0 / Bego(,y, &1, r)m(x, €, r)drdedr.

Letting ¢,, — 0 yields

(" * F)(y,m) — (0" * f) (y,m) /059 x,y, &) M(x,&)dzdE,
and, hence,

F(.%',{) = X(f,’u,()(l')) + an(xvé)

in the sense of distributions. Then [Per02, Lemma 2.2.3] yields M = 0 and F'(z,&,t) = x(§, uo(x)).
O
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Two important lemmata. We present here two technical lemmata about the behavior of certain
expressions (integrals) involving f, m and the special test functions we are using here. These results
were already used in the proof of the contraction proof (uniquess) in the previous section and are also
important for the existence. At a first passage the reader may want to skip them and go straight to
the next subsection.

Lemma 4.4. Let f be a generalized pathwise rough entropy/kinetic solution. There ezists a null
N C[0,T] with 0 ¢ N such that, for every to > 0, all oy, as in (2.12) and all (s,t) € A([0,T]\ N),

t
2 / / 010 (21,0, ) 010 (@, 9 €., 7Y, €, ) dedéda dydndr

= - /(Sgn % 0°) (. m) (f * 01) (y, . t)dydn + /(Sgn « ") (y,m) (f * 010) (Y, 8 / Err(to,r)
where
E’l“?"(t(), t) = - /m($7 ga t)SgH(gl)(agl Otg ($I> Y, £/7 7, t)@to ($7 Y, ga m, t)

+ Otg (xlv Y, 5/7 m, t)afgto (:Uv Y, Ea m, t))dyd?’]dl‘,dgldl‘dg
Proof. For all s <t we have

t
2 / / Qto (.’1}'/7 Y, 07 mn, T)Qt() (.’1}', Y, 55 m, r)m(m, 57 ’I")dl‘dgdl'/dydndT

t
- / / Dersgn(€)ous (2 9, €1, 7wy (2, €, m, vym(z, €, r)dadeda’ de dydndr

t
:/ /(/ Sgn(f’)gto(l’/,y,f/,nﬂ")dm’df/> (/ 85@t0(95,y,&,n,r)m(x,f,r)dxdf) dydndr
+/t Err(to,r)dr

It follows from (2.11]) that

[ €. )i
= /SgD(E(t@/,g/)(t—to))Qo ( Xt et —to) = ??; )d$/df/

et — o)
~ [ sen)e” (5, )dmdf( o

= (sgn * 0%)(y, 7).
Hence, there exists a null N/ C [0,7] with 0 € A such that, for every ¢y > 0 and all (s,t) €
A ([to, T]\ N)

t
2 / / 010 (@4, 0,1, 7) 010 (@, y, €, 1, 7Yz, €, v)dwdeda’ de' dydndr

t t
—/ /(sgn*eo)(y,n) </65@t0(33,y,£,nar)m(w,&r)dwdéf) dydn+/ Err(to,r)dr

t
- /(Sgn x0°) (5, ) (f * 010) (y,m, )| sdydn + / Err(to,r)dr.
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As in the proof of Theorem let 0%, o¢ be standard smooth approximations of Dirac masses and, for
each tg > 0, let o4, c(,y,€,7,t) be as in (2.12) with initial condition o2(x,y,&,n) = of(x —y)el (€ —n),
that is gy, - is as in (3.4).

Lemma 4.5. Let f be a generalized pathwise rough entropy/kinetic solution to (1.1). There exists a
null N C [0, T] with 0 € N such that, for every to >0 and all t € [to, T]\ N, as e — 0

f* Otp,e (y7 7, t) - f(if(to,y,n) (t)’ C(to,y,n) (t)v t)»
where oy, ¢ is as in (3.4]).

Proof. The proof is immediate, since, for a.e. t € [tg,T], as € — 0,

f*@to, .%77, /f x § t Qto, (.f y7§ 7, )de‘d§
= /f(w,ﬁ,t)QS(X t.2,6) (E = t0) = 4) 02 (B(t,2,6)(t — to) — m)dadS

/ V6 (D) Ctor) (), DS — 1) 03(€ — m)dxd

- f(Y"(t():yvn)( )’ C(to,y,n) (t)7 t)?
and, in light of f(z,£,0) = x(§, uo(z)), this is true, in particular, for ¢t = 0. 0

Stable a priori estimates. We use here the main idea of the definition of the pathwise rough
entropy/kinetic solution, namely the use of test functions that propagate along the characteristics of
the kinetic equation, to improve .

We begin with the following preliminary result.

Lemma 4.6. Let f be a generalized pathwise rough entropy/kinetic solution to (1.1). There exists a
null N' C [0, T] such that, for all t € [0,T]\ N,

/ (. €, 8)dade <[lup))s.

Proof. Fix ¢ € C2°(R) monotone with ¢(0) = 0 and use o, = @©(Z(1,2,¢)(t —t0)) as a test function with
(y,m) = (0,0) to get a null N' C [0, 7] such that 0 ¢ N and, for all ¢ty € [0,T7], (s,t) € A ([to, T]\ N),

/fxs, (e (t — to))ddt ~ /fx& (o) (5 — to))dde

. / [ Be0(E e ~ to)miz, & r)dodear
Choosing s =ty € N we find

/ /8§g0 E (ry,8) (r—s))o0:E (mf)(r —s)ym(zx, &, r)dédzdr
(4.5) + [ 600t~ s)dode < [ €, 9)0(€)dad

Since
sgn(E(t,z,6)(t — 5)) = sgn(f(z,&,1)) = sgn(§),
it follows that, for all ¢ € [ty,T] \ N and a.e. in z and &,

f(@,6,)0(E 06t —1t0)) > 0.
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In view of Lemma we know that there exists C' = C'(R) > 0 such that, for all a-Holder rough
paths z with || z|lo—msi;0,7) < R and all r € [0, 1],

(4.6) 106E (r2,6) (1) — 1| = |06E(r2,6) (1) — 0= (r0,6) (O)| < N[O Z (1 2,6) (B) [l a—r51: 0,0

Hence, for h > 0 small enough and all |t — s| < h, we have

te < e,

inf 9=, (r —s) >0,
L 00 (=)

and, hence,
t
| [ 0B ne = )0y r = sm(a, & e = 0,
and, from (4.5)), for all s,t € A ([0,T]\ N) with [t — s| < h,

/ (@6, 0(Eqem g (t — 8))dndE < / f(2,€,8)p(€)dade.

We now extend the previous estimate to ¢ : R — R which are measurable and monotone with ¢(0) = 0.
Given such ¢ let ¢ € C°(R) be monotone functions such that ¢™(0) = 0 and ¢™ — ¢ pointwise. It
follows from Fatou’s Lemma that

(4.7 [ @6 00(E e ¢~ s))dode timint [ o€, (e

Next observe that we may choose M = M(R) > 0, uniformly for all a-Hélder rough paths z with
2]l a—ms1:j0,7] < R and, in view of (4.6)), for each t € [0,T] \ NV, a partition A = {0 =1tg < --- <ty =
t} € [0, 7]\ NV such that, for all i =0,..., M — 1,

inf  O0¢= .00 —s)>0.
T‘G[ti,tzurl] ¢ (7 7£)( )

The claim now follows from an elementary iterative argument: Choosing ¢ = sgn, ¢™ such that
l¢"| < || and (s,t) = (0,¢1) in (4.7) we find

[ $n 5o me(0))dode < [ o€, 0psgn€)dade = [ 111(2. € 0)dode = ol
and, since sgn(Z, 4.¢)(t1)) = sgn(€),
[ 1516 t)dnd < [ 15106 0)dode = fuol
Iterating this argument over i yields, for all t € [0,T] \ NV,
[ 15166, tydzds <uol
O

We present now the estimate on the total mass which is new even in the class of homogeneous con-
servation laws without rough time dependence.

Lemma 4.7. Let f be a generalized pathwise rough entropy/kinetic solution to (1.1). There exists
a null N C [0,T] and, for each R > 0, M = M(R) > 0 such that, for all driving signals z with
HZHafHél;[O,T] < R and allt € [O,T] \N,

1 [t 1
3| [ mieendetodr+ [ .. 08nae <Gl + Mol
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Proof. In view of (4.5)), for ¢ € C°(R) monotone with ¢(0) = 0, a null set ' C [0,7] with 0 ¢ N
and for all (s,t) € A([0,7]\ N), we have

/ /8580 E’T:c& T_S))a§ (rxﬁ)(r_s) (iL',f,?”)dfdwdT
+ [ o600 et~ o)dode < [ €, 9)p(€)dod

Moreover, in light of (4.6)), for A~ > 0 small enough and all for all |t — s| < h, we have

1
Tg[lsft] OcZ(rz,e) (1 — 8) 25.

Hence, for all s,t € A ([0, 7]\ N) with |t — s| < h,
/ /8590 E (r,6) (r —s))m(z, &, r)dédxdr
+ [ 600t~ 9)dode < [ a.¢,)p(€)dods

Let ¢ € C*(R) be monotone with ¢(0) = 0 and choose " € C>°(R) monotone with ©"(0) = 0 and
such that ¢" — ¢ and g™ — Og pointwise. Again Fatou’s Lemma yields, for all s,¢ € A ([0, 7]\ NV)
with [t — s| < h,

1 t
3] [0 Enelr = s)miz. & rydedzar
+ [ 600t~ 9)dods <tmint [ f,, 96" (O)dnde.

Letting ¢(&) = £ in the inequality above gives

t
;/3 /m(x,f,r)dfdxdr+/f(x,§,t)5(t,z7§)(t—s)dxd§S/f(x,f,s)fda;dg.

Once again it follows from Lemma [A1] that, for each R > 0, there exists C' = C(R) > 0 such that, for
all a-Holder rough paths z with ||z||o—nei0,7) < R and all r € [0, 1],

(48) ’E(r,x,f) (t) - f’ = ’E(T,x,ﬁ) (t) - =(rx,¢) (0)| < HE(r,m,é) (t)Hainjl;[O,THt‘a < C|t|a'

In light of (4.6) and (4.8)), for each R > 0 we can find M = M(R) > 0 such that, for all a-
Holder rough paths z with ||z 4—nsijo,r) < R and for each ¢t € [0,T] \ NV, there exists a partition
A={0=ty<---<tpy =1t} C[0,T]\ N such that [|A]| <1 and, foralli=0,...,M —1

[1]

)

1
inf 0=, —t)>5 and sup [Epao(r—1) —§ <1
it O =) 2 5 Te[mm]f (rag) (T = i) —¢|

Observe that

t1 1
3] [mieendsani+ [ f.g 020, metdeds < [ flo.60)gdrde = 5ol
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Moreover, using Lemma we obtain
[ . gtgdns = [ F.6 )50 met)dds + [ £0.60)(6 ~ S e (1)) dde
< [ Ha& )= et dnde + [ If1(o.€ t)dd

< / £, € 41)E 0y ) (1) deodE + (o]
Thus

t1
;/0 /m(x,f,r)didxdr—i-/f(x,é,tl)éda:dﬁ S/f(a:,f,O)gdxdf—f—Hu()Hl,

Iterating the above argument over ¢ yields
1 t
3 | [ misondedsar+ [ g, 0¢dode < [ 1o, 006dnd + Mol
0

1
::§HuoH§+-A4HuOHL

O

The construction of generalized pathwise rough entropy/kinetic solutions. The following

theorem asserts the existence of the generalized pathwise rough entropy /kinetic solutions.

Theorem 4.8. For each uy € (L' NL?)(RYN) there exists a generalized pathwise rough entropy/kinetic

solution f € L>®([0,T]; LY(RYN x R)) N L=®(RN x R x [0,7T]) to (1.1).

Proof. Given a geometric rough path z choose smooth 2" such that 2" — 2 in the rough paths metric,
that is in Cg’ﬂ ~Hl10, 7, GLY/BI(RN)Y), and consider the unique kinetic solutions (u™, m™) to (T.1)),

that is x™ = x(u") solving (4.1).

We use Lemma with 29 > 0 and test functions g given by (2.8) (with z replaced by 2") and

0" € CX(RN*1) to find, for all ¢ € C([0,T)),

T
(4.9) / Dup(r) (el % ") (s ) dr-+0(0) (. % X™) (1, m,0)

T
— /0 / o(r)Begy. (2., €, 7, )m (€, v)dadedr,

and, hence,

T
(4.10) / / Drp(r) et (2, €7, P)X" (2, €, r)dudEdr + / H(0)l (2,4, €., 0)x (o ). € dde

/ / F)Oedl (2, y, €, 1, r)m™(x, €, r)ddgdr.

Since, for all ¢ € [0,T],
Xizet—to) —y
o (z,y,&,m,t) = ( (h=4) ,

Zaet—t0) = n
and, as n — oo, (see Appendix [A)

Klagl =0 ( X(.z0)(—to) )
=( 7;,;,5)( to) ‘:(-,x,f)(' — o)

sup
w?g

— 0,
€0([o,17)




SCALAR CONSERVATION LAWS WITH MULTIPLE ROUGH FLUXES 19

we have, as n — oo and uniformly in (z,&,t),

QZ) (937 Y, 57 m, t) — Ot (l’, Y, ga m, t)
Moreover, standard rough path estimates (see Appendix [Al) yield C' > 0 such that
<C.

( Xp g~ t0) =3 )
Slagl —to) =& co([o,1))
An immediate consequence of (#.11)) and the fact that ¢ has compact support is that, for each (y,7),

the oy ’s also have uniform in n compact support, that is there exists a compact K C RN x R such
that, for all (z,§) ¢ K,

(4.11) sup
x’é‘

o (z,y,&,m,t) = 0.
In addition Lemma [4.6] yields

sup [|x" (-, 0| o1 @y xry < lluoll1-
te[0,TI\N

Using |x™| < 1 this implies that, along a subsequence, which for simplicity is denoted by x",
X" = f in L¥MRY xR x [0,T]) weak » and 1 Wl oo (o, 13;20 (Y )y < lluoll1-
It then follows from [Per02, Lemma 2.3.1] that there exists a non-negative measure v such that
(2, &1) = sgn(§) f(x,&,1) <1 and I f(x,€,1) = 6() —v(t, z,8).
Next we use Lemma with [ x"(z, &, t)&dzdé = 3||u(t)|)3, to get, for all t € [0,T]\ N,

1t N L . 1
3 [ ryaedads + S @)1 <5 ol + M ol

note that M may be chosen uniformly in n since [|2"||o—ms1;j0,77 < R uniformly for some R > 0.
It follows that there exists a weak x convergent subsequence m'™ — m and taking the limit in (4.10)
yields

T
/0 / Orp(r) o (0, €1, 1) f @, €, ) dxddr + / 2(0) 010 (2,4, €17, 0)x (o ). € dud

T
— /0 / o(r)De oty (.. €., 7ym(z, €, r)dwdgdr.

Hence, f is a generalized pathwise rough entropy/kinetic solution to (|1.1)). O

The reconstruction of a pathwise rough entropy/kinetic solution from a generalized one.
We show here how to go from generalized to pathwise rough entropy /kinetic solution.

Proposition 4.9. Let f be a generalized pathwise rough entropy/kinetic solution to (1.1). There exists
u € L2([0,T); LY(RN)) such that, a.e. in (x,&,t), f(x,&,t) = x (€, u(z,1)).

Proof. The claim follows, if we show that, for a given generalized pathwise rough entropy/kinetic
solution, there exists a null set A/ C [0,7] with 0 ¢ A such that, for all ¢ € [0,T] \ N,

(4.12) / (P2 0. ) — |1y 0. £))dydn = 0,

which, in view of (4.3)), implies that f = x(u) for some measurable u : [0, 7] x RY — R.
Since

e D) o gy = / IXI(€, u(z, £))dédz = / 1 € D)dedz = (1)) 11 v ),
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it then follows that u € L>°([0, T]; L*(RY)).
In view of the obvious inequality [(f2(y,n,t) — |f|(y,n,t))dydn < 0, to prove ([.12) we have to show
that

(4.13) / (P20 0. 1) — |1y, £))dydn > 0.

Let o4, be as in (3.4). From Lemma we know that there exists a null AV C [0, 7] with 0 € N such
that, for all t € [0,T]\ N, as ¢ — 0,

f * Otg,e (y7 m, t) — f(if(to,y,n) (t)7 C(to,y,n) (t)v t)»
and, hence, for all t € [0, 7]\ NV,

/(fQ(y,n,t) — | f1(y, m, ) dydn =/f2(Y(to,y,n)(t),C@o,y,n)(t),t)dydn sgn(n) f(y, n,t)dydn

=lm [ (f * 015,c)* (y,m, t)dydn — /sgn(n)f(ym,t)dydn.

e—0
Thus to show (4.13) it suffices to obtain an appropriate lower bound for

(4.14) /(f % 019,2)° (y,m, t)dydn — /sgn(n)f(y,n,t)dydn-

To estimate the first term we note, that, for t € (t9, T),
00 [ oty =2 [ (£ 5 010 D0 S 00y e
= =2 [( % 00.) 00000103, O, € )iy
— =2 [ F )01, 000 (0,6 O, €, 0 ey

—2 / F(@ o€ ) 000 (@, €11, s (s, €1, ), €, 1) da'dE' dadedydn

+ Err(l)(to, t,e),

where
Err(l) (t()v t7 6) = - 2 / f(xlv §/7 t)m(x7 €7 t) [Qtoﬁ(x/a Y, 5/7 mn, t)aﬁgto,a(xa Y, 57 m, t)

+ 8{’ Oto,e (l’l, Y, 5/7 7, t) Oto,e (x7 Y, 57 7, t)]dx’df’da:dfdydn

Now

2 [ 70,6000 00" .€' 1, 00-(o. 3. € oty €, e’ dE daday

= —2/(5(5’) — (', & t)oc (', y, &, t) o (2, y, &, t)m(x, &, t)da' dE' daxdEdydn
. / 0. (&', 4,0,m, )0- (2, 3, £, 1, ym(w €, 1)da'dwdédydn
+2/V(afﬁf’,t)gs(x’,y,f’,n,t)ge(w,y,€,77,t)m(%&t)dw’df’dxdﬁdydn

> —2/Qs(w',y,O,n,t)Qs(fv,y,&mt)m(%é,t)dl"dxd&dydn-
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In view of Lemma [4.4] there exists a null N/ C [0,7] with 0 ¢ N such that, for every ty > 0 and all
(s,) € A (to, T] \ ).

/ /Qto (@', y,0,n,7) 010 (x,y, &,y )M, &, r)dadéda’ dydndr
- / €0 (1) ((f * 0t0.2) (01 1) — (F * 010 ) (w1, 5))dydly + / Err®(ty,r, e)dr,
with
Err@(to,t,e) = /m(x,€,t)sgn(§')(8g@to,a(x’,y,i’,mt)@to,a(x,y,f,n,t)
+ 010, (@', y, & 1, )¢ 010 £ (@, y, €, 1, 1)) dydnda’ dE' dzd .
Hence, for all ty > 0 and all s,t € A ([to,T] \ N),
/(f % 010,0)2(y, 1, t)dydn — /(f % 0to,2)” (Y, 1, 8)dydn
t
> /sgns(n)[(f % 010.0) (W, 1,1) — (f % 010 .2) (4, 1, 8))dydn + / [ErrM (to, 7, ) — Err@(tg, r, e)]dr.
It follows from Lemma [B.1] that
t
/ [Err(l)(to, rE) — Err(2)(t0,r, e)|dr

=-2 /(f(x/7 5/’ t) + sgn(ﬁ'))m(w, §, t) [Qto,s(x/v Y, gla 7, t)ag,(_)to,s(l', Y, 57 7, t)

+ g1 010, (@', 4,6 0, t) 010 e (2, y, €, ), t)]da’ dE dadE dydn

//mac§7 / /Qto, a'y, &, 1) 001 e (2, Y, €, )

00100« €51, 7) 010,22, 1, )y da' €' ) daddr

—C(t —tg)” /t/m(x,fjr)d:cdfdr,

and, thus,

/[(f % 010.2)2 (s, t) — (f * 010.0)*(y, 1, 8)]dydn
> / s (M(F * 0t0.2) (931, 8) — [ # 0100y, )] dydy — Ot — to)° / / m(a, &, r)dedgdr.

Letting ¢ — 0 and using (4.3) yields, for all ¢ty > 0 and (s,t) € A ([to, T] \ N),

/ £, ) — | F1(ym, ) |dydy > / P2 m.8) — |1y, 9)]]dydn — C(t — o) / / m(a, €, v)dudédr.
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Fix now top > 0 and (s,t) € A ([to,T] \N). For every partition A = {s =ty < -+ < t,,, =t} C
[to, T] \ NV we have

/ P2 €.1) — |f] (2. &, 1)) durdé — / 2.6, 5) — | fl(. €, )]dude

N
=3 / [ (@, & tis1) = |f (@, & tigr)]dadé — / (2,6, t) = | fl(x, &, 1)) dwdg
=1

N tit1
> — CZ(ti+1 - ti)a/ /m(x,{,r)da:d&dr
i=1 ti

t
> — HAH“C'/ /m(m,f,r)dxdﬁdr.

Letting ||A|| — 0 yields, for all ¢y > 0 and (s,t) € A ([to, T] \ N),
160 = 51 Oldnde > [1£7(0,65) = |fI(w. &, o) dad,

and, since 0 € N and [(f?(z,£,0) — | f|(z,€,0))dzdé = 0, for all t € [0, T]\ N we conclude that ([{.12)
holds. O

Proof of Theorem The proof of Theorem now becomes a simple consequence of all the
previous analysis. Indeed Theorem yields a generalized pathwise rough entropy /kinetic solution f
to and Proposition implies the existence of some u € L°°([0, T]; L*(RY)) such that f(x,&,t) =
x(u(t,z),€). It then follows that v € L>([0,T]; L*(RY)) is a pathwise rough entropy/kinetic solution

to .

APPENDIX A. DEFINITIONS AND SOME ESTIMATES FROM ROUGH PATHS THEORY

We briefly recall the elements of rough paths theory used in this paper and for more details we refer
to [FV10]. As already mentioned in the introduction, we use the theory of rough paths to define a
topology which is stronger than the usual sup-norm on the space of driving signals. In the language
of the rough path theory ordinary differential equations (ODE for short) are called controlled ODE
and the signals are the controls. It is not difficult to construct examples showing that controlled ODE
do not, in general, depend continuously on the path of the signal and that is necessary to use higher
order iterated integrals of the controls.

This motivates the definition, for x € C1=v3 ([0, T]; RY), of the step M signature

Sy (x)or = <1,/ d:z:u,...,/ dzy, ®"'®dl’uM>
o<u<T O<uy <--<up<T

We note that Sy/(z) takes values in the so-called truncated step-M tensor algebra
TMRY)=ReRY s RY @RV ¢ ... ¢ (RV)®M,
In fact, Sy(z) takes values in the smaller set GM(RY) ¢ TM(R¥Y) given by
GM(RY) = {Sm(@)oy: € crvar((o, 1};RN)} .

On GM(RY) we introduce the Carnot-Caratheodory norm

1
lgll == inf{ /O ] cy € C ([0, 11 RY) and SMw)m:g},
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which gives rise to a so-called homogeneous metric on G (RY). Alternatively, for any g € TM(RY),
we may set

9] = gl @) = max [mx(g)],
where 7, is the projection of g onto the k-th tensor level. This defines an inhomogeneous metric on
GM(RYN). It turns out that the topologies induced by || - || and | - | are actually equivalent.

For paths in T (RY) starting at the fixed point e := 14+04...+0and 3 € (0, 1], one may then define
B-Holder metrics, extending the usual metrics for paths in RY starting at zero. The homogeneous
B-Holder metric is denoted by dg_ps1 and the inhomogeneous one by pg_ms1. A corresponding norm
is defined by || - ||g—ne1 = dg—ms1(-, 0) where 0 denotes the constant e-valued path.

A geometric A-Holder rough path z is a path in T11/8) (R) which can be approximated by lifts
of smooth paths in the dg_ps metric. It can be shown that rough paths actually take values in

GL/BI(RN). We denote by Cg’ﬂ_Hél([O, 7], GLY/BI(RN)) the space of geometric S-Holder rough paths.

We next recall some basic stability estimates for solutions to rough differential equations (RDE for
short). For definiteness we consider RDE of the form

dx =V (z) odz,

where z is a geometric a-Holder rough path. It is well known (see, for example, [FV10]) that the RDE
above has a flow ¢* of solutions. The following is taken from [CDFO13, Lemma 13].

Lemma A.1. Let o € (0,1), v > é > 1, k € N and assume that V € Lip?™*(RN;RN). For all
R > 0 there exist C = C(R, ||Vl ,n+x) and K = K(R, [|V|[;,5++), which are non-decreasing in all

arguments, such that, for all geometric a-Hélder rough paths z', 2% € CS‘_HE’I([O,T]; G[é](RN)) with
12 la—mst0,17: 122 la—nso,r) < R and all n € {0,... k},

SUI;V HDn(WI - wzz)(x)”afHél;[O,T] < CpafHél;[O,T](Zlv 22),
zeR

sup [ID"((¥*) ! = (@F) @) lla-wsrgor) < Coananom(',2)
Tre

and, for alln € {1,...,k},

1 1, _
sup ||D"p* (2)|la—nsipr) < K and sup [|D™(¢* )N @) |la—msior < K.
zeRN zERN

APPENDIX B. CONVOLUTION ERROR ESTIMATES

Now we present the proof of the error estimate.

Lemma B.1. Let g1, be as in (3.4). For each R > 0 there exists C = C(R) > 0 such that,
for allt € [0,T] and all a-Hélder rough paths z with ||z||o—ns1j0,1) < R,

sup /’/Qt(),E(.I‘My7€/7n77’)8ggt075<x7y757n)r)

(z,6)eRNF1

+ 85’ Qto,e(-r/a Y, 5/7 7, T)Qto,&:(l‘a Y, €a 7, T)dydﬁ dx'dﬁ’ S C(T - t(])a-
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Proof. In what follows for simplicity we write X, ¢y for X, o0 ¢y (r — to). We have:

0t0,e (2", Y, €', 7)Oc 010 2 (2, Y, €0, ) + Ogr 010 e (29, § 10, 7) 01,2 (2, Y, €, 1, 1)
= 02(X(ar g1y = ¥)02(Ewr g1y — MO[02(X(w6) — ¥) 0 (Ee) — )]
+ O [02(X(ar g1y — ) 02 (B ey — M 02(X(6) — ¥) 02 (Ewie) — 1)
(B.1) = =02 (X ey = )0 (E(r ey = 1)0eX (4,6)0y02(X(2,6) — ¥) 0 (Eae) — 1)
— Ogr X (a1 £ Oy 02 (X (2 1) — ) 02 (Bar g1y — M 02 (X(zg) — )02 (Ewie) — 1)
— 02X (@ ey — 902 (Earery — M02(X(26) — Y)OeE (260002 (Ezie) — 1)
— 02 (X er) — )0 E(ar 61y On02 (B 1) — M) 02( X (26) — Y) 02 (Eie) — 1)-

We next show the details for the first two terms, since the second two terms are treated similarly. An
integration by parts yields

/ S( Xy = 902 (Eqrery — MO0 X (2,6)0y 02 (X (26) — ¥) 02 (Ewe) — M)y

/31,95 —Y) 0L (Erery — M) 0 X(2,6)02(X(2,6) — y) 0 (

[I]

(@) — Mdy

and thus
[l ~ et ey - 10X 0000 (X ~ 1) Ey — 1)
— Og X (1 610y 02 (X g1y — ¥) 02 (Ear gy — M2 (X(w6) — ¥) 02 (Ewg) — m)ldydn
= / 0 (X(ar ey — YO (Xag) — 1) 02 (Earery — ML (Eae) — M dydn [0 X (z6) — Opr X(ar 1))
== / [02(Xar.r) = 9)0y0(X(a0) = ¥) 02 (B &) = M0 (Eqag) = Mdydn 06X (a,6) = I X (ar ¢1)]-
Fix some K > 0 and set

.A = {l’,:l?/ [ RN7£’£/ cR: |X($/7€/) — X(w,§)| S Ke and |E(x’7§’) — E($7§)| S KE}
Then

|/ =02 (X2 e — 90 (E@rery — M X(2,6)0y 02 (X (w6) — ¥) 0 (Ewe) — 1)
- 3§'X<mf,gf)3y95(X(z/,g) =)0 (Eqarery — MO (X(ag) — 1) 02 (Ea,e) — m)]dydn]
< sup |0 X (2,6) = O X en)| | 02(X(wr ey = y)|0y02(X(z6) — Y) 02 (Ear gy — 1) 02 (Ewg) — m)dydn.
Next we note that
/ 03 (X ery = IOy 02 (X(wg) — 9102 (B(ar,ery — 1) 02 (Ewe) — m)dydnda’dg’
- / 03(2' — )|0y05 (X (we) — W 0X(E — 1)E (Ewe) — m)dydndade’
/8;,95 (@) — Y02 (E ) — m)dydn

£) T
K
/ 0,02 (X oy — )ldy < =
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Thus
/L/—@@&wm—-)(5(ey—m%X@@@wJX@Q—wa~m®—")
(B.2) — Ot X (1,61 0y 02 (X (ar g1y — 1) 02 (Bar g1y — M) 02 (X(zg) — ¥) 02 (Bag) — n)dydn]|da’de’
K
<2 up |8 X g ey — et X (g en|.
<7 S |0 X @) — O X )|

From Lemma [A.1] we know that

C = sup HD2 ( )f(r’z’é)(.) )

< Q.
o Erae) (")

a—Hol;[0,r]

Moreover, D? < ‘;(((””’5))((8)) > =0 for all (r,z,£). Thus,
—(r,x,&

SupHD2 < (rag)(?) >H = sup | D? < ):((W,f)(t) ) _ D2 ( ):((r,x,f)(o) > I
z,€ r:}c,g) t =(r,x,£) (t) —=(r,x,£) (O)
Xrae)()
t*sup || D? < (r@,€) ) o r
xé) | H(T@’E)( ) [PRESE :[0,7]
= Ct°.
We conclude that there exists a uniform constant C' > 0 such that, for all z, &, 2/, &,
|06 X (12.6) (1 = t0) — Opr Xy 1) (1 = t0)]
-+ ’855(,,@75) (7“ — to) — 85/5(7"7:6/75/)(7“ — t0)| < C(T - to)a

Again by Lemma we have that
D < Y(Svyﬂl)(') >
C(s,y,n)(')

and, since < Yitown (7) ) is the inverse of < i((r’x’@ (r=to) ), it follows that,
(to,y,m) r) :(r,z,é)(r —to)

x—a

§=¢

C :=sup
y’n

< 00,
a—Hol;[s,t]

X ey = X@e)

if = =
2@ T 2@

H < Ke, then

o
’?_?’gca
Hence,
Sljtp [|8§X(r7x7§)(r — to) — 8£/X(T7x/7§/)(7“ — to)‘ + ‘855(7"@75) (T’ — t()) — 85/5(7“736/75/)(7' — to)H S C(T—to)a&',

which, in light of (B.2)), finishes the proof. Note that the constant C' = C'(R) may be chosen uniformly
for all a-Hélder rough paths z with ||zl om0, < R. O
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