SYNCHRONIZATION BY NOISE

FRANCO FLANDOLI, BENJAMIN GESS, AND MICHAEL SCHEUTZOW

ABSTRACT. We provide sufficient conditions for synchronization by noise, i.e.
under these conditions we prove that weak random attractors for random dynam-
ical systems consist of single random points. In the case of SDE with additive
noise, these conditions are also essentially necessary. In addition, we provide
sufficient conditions for the existence of a minimal weak point random attrac-
tor consisting of a single random point. As a result, synchronization by noise
is proven for a large class of SDE with additive noise. In particular, we prove
that the random attractor for an SDE with drift given by a (multidimensional)
double-well potential and additive noise consists of a single random point. All
examples treated in [46] are also included.

1. INTRODUCTION

In this paper we introduce new, checkable conditions for synchronization by noise
for general white noise, random dynamical systems (RDS) ¢ on complete, separa-
ble metric spaces E. Here, synchronization by noise means that there is a (weak)
random attractor’ A for ¢ consisting of a single random point, i.e. A(w) = {a(w)}
a.s. and thus the long-time dynamics are asymptotically globally stable. In par-
ticular, for each x,y € F it follows that

tllglo d(gpt(w, LU), SOt(W, y)) =0
in probability.
We are especially interested in SDE with additive noise

dXt = b(Xt)dt + O'th on Rd (11)
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with o > 0, for choices of b such that the deterministic dynamics corresponding to
o =0 are not asymptotically globally stable. We provide general conditions on the
coefficients b, 0 that lead to synchronization by noise. Hence, in these cases the
inclusion of additive noise in (1.1) stabilizes the long-time dynamics.

As a model example, one may consider the multidimensional double-well potential
with additive noise, that is

dX; = (X; - |Xo[*X;) dt + 0dW; on R% (1.2)

In this case, for ¢ = 0 the long-time dynamics are not asymptotically globally
stable, but the attractor is given by the closed unit ball B(0,1). We shall also
analyze the associated point attractor, which consists of all invariant points, i.e.
S4-1u {0}, where S9! is the (d - 1)-dimensional unit sphere. It follows from the
general conditions developed in this paper, that for ¢ > 0 synchronization occurs,
that is, the random attractor collapses into a single (random) point.

The paper is split into two main parts. In the first part, Section 2, we provide
general and new sufficient conditions for synchronization by noise for RDS on
separable metric spaces. In the second part, Section 3, these general conditions
are verified for classes of SDE of the type (1.1), thus proving synchronization by
noise for SDE with additive noise on R¢,

The sufficient conditions for synchronization by noise developed in Section 2.1 are
essentially sharp in the case of SDE driven by additive noise, i.e. sufficient and nec-
essary. On the other hand, their verification in applications may rely on stronger
but easily checkable assumptions. In particular, we verify the general conditions
under an eventual monotonicity condition on the drift b. In particular, this yields
synchronization for (1.2). However, this eventual monotonicity condition is not
necessary for synchronization. This issue is resolved, in a second step, in Sec-
tion 2.2 by concentrating on a weaker concept of synchronization, so-called weak
synchronization. Weak synchronization means that there is a minimal weak point
attractor A consisting of a single random point. Our results on weak synchroniza-
tion are particularly complete in the case of gradient-type SDE, i.e. for

dX, = -VV(X,)dt + cdW, on R, (1.3)

with V e C2(R%4 R), o >0 and b:= -VV satisfying a one-sided Lipschitz condition
(among other assumptions). In particular, no eventual monotonicity condition has
to be assumed in this case.

In fact, the concept of weak synchronization turns out to be of independent interest
with intriguing relations to strong mixing properties of the associated Markovian
semigroup (cf. in particular Proposition 2.20 below).
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The proof of weak synchronization is based on an analysis of the support properties
of the statistical equilibrium, which leads us to (partial) generalizations of results
developed in [31,32].

The main results for RDS on separable metric spaces are given in Theorem 2.14
concerning synchronization and Theorem 2.23 concerning weak synchronization by
noise. The main result on weak synchronization for gradient-type SDE is given in
Theorem 3.12. The results on general classes of SDE of the type (1.1) are given in
Section 3.4.

1.1. Comments on the existing literature. There are several distinct ap-
proaches to synchronization by noise to be found in the literature. We distinguish
three main types of arguments (without aiming for completeness here): Order-
preserving RDS, local stability and transitivity of the two point motion, perturba-
tion techniques based on large deviation results.

Synchronization by noise for order-preserving, strongly mixing RDS ¢ has been
analyzed, for example, in [2,6,7,12,13,22,23] and rather general results on (weak)
synchronization have been obtained. However, assuming ¢ to be order-preserving
is a significant restriction, leading to stringent assumptions on the drift b for (1.1)
in dimensions larger than one (cf. [12]). In particular, our model example (1.2) is
covered for d =1 only.

In [5], Baxendale proves synchronization for SDE on compact manifolds, assuming
ergodicity, local stability, in the sense that the top Lyapunov exponent is supposed
to be negative, and assuming transitivity of the two point motion (condition (4.1)
in [5]). As compared to Baxendale’s work, we focus on the case of RDS on not
necessarily compact separable metric spaces E. In particular, it is one of the aims
of this paper to provide conditions for synchronization by noise that are easily
checkable for SDE with additive noise on R?. The resulting conditions are rather
different and not easily comparable to those developed in [5], which are quite
specific to the compact case.

Another approach, based on large deviation techniques, has been introduced in
[34,35,46]. Besides several technical assumptions, assuming for (1.1) that b has
only finitely many fixed points and that o is small enough, these works prove
synchronization by noise. Again, we note that the model example (1.2) is covered
for d = 1 only. In contrast, all examples treated in [46] are easily seen to be included
in our results.

Synchronization by linear multiplicative noise has been investigated in [3,8]. For
the related effect of synchronization in master-slave systems we refer to [14] and the
references therein. Synchronization for discrete time random dynamical systems
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(iterated function systems) has also been investigated and the recent results are
deep and advanced, see [25-27,37] and references therein.

Synchronization has been advocated as a relevant property for certain applications.
From the theoretical physics literature let us mention [27,39,40,42]. In climate
dynamics it has been mentioned as an indication of the possibility to reduce vari-
ability of predictions, see [10,20,24]. In neurophysiology, synchronous firing of
neurons subject to the same input, which may be seen as a dynamical system
driven by the same noise path but different initial conditions, is a phenomenon of
interest, see [45] and the references therein. Finally, synchronization plays a role
in Richardson-Romberg extrapolation numerical method, see [33].

1.2. Preliminaries and notation. Let (£,d) be a complete separable metric
space with Borel o-algebra £ and (2, F,P,0) be an ergodic metric dynamical sys-
tem, i.e. (2, F,P) is a (not necessarily complete) probability space and 6 := (6;),
is a group of jointly measurable maps on (€2, F,IP) with ergodic invariant measure
P.

Further, let ¢ : R, xQx E - E be a perfect cocycle: i.e. ¢ is measurable, ¢o(w,x) = x
and @i (W, ) = ¢ (Osw, s (w,z)) for all z € | t,5 >0, we Q. We will assume
that ¢s(w,-) is continuous for each s > 0 and w € Q. The collection (2, F,P,0, ) is
then called a random dynamical system (in short: RDS), see [1] for a comprehensive
treatment.

By definition, (2, F,P,0,¢) is a local RDS if (£, F,P,0) is as above and ¢ : R, x
Q) x £ - E is measurable, where E := Fu {0} and 0 is some adjoined state with
the following properties: D := o }'(F) ¢ R, x Q x E' and for each w € € the set
D(w) = {(t,x) e R, x E : (t,w,z) € D} is open, (t,z) € D(w) and 0 < s < ¢
imply (s,z) € D(w), z ~ ¢ (w,x) is continuous at xg € £ whenever ¢, (w,xq) € E,
¢o(w,.) =1d and ¢ has the perfect cocycle property (as above). Note that a local
RDS is an RDS iff D = R, x Q2 x E. Given a (local) RDS (Q,F,P,0,¢) we may
define the skew-product flow © on Q x E by 6,(w,r) = (6w, ¢i(w,x)). In the
following we will often omit the qualifier local. We say that a local RDS is weakly
complete if o,(-,z) € E, P-a.s. forall t >0,z € E.

Since our main applications are RDS generated by SDE driven by Brownian mo-
tion, we will assume that the RDS ¢ is suitably adapted to a filtration and
is of white noise type. More precisely, we will assume that we have a fam-
ily F = (Fst)-cocsct<eo Of sub—c algebras of F such that F;, ¢ F;, whenever
s <t<u<wv 0.1 (Fst) = Fearper for all rs,t and F,; and F,, are indepen-
dent whenever s <t <wu <wv. For each t € R, let us denote the smallest o-algebra
containing all F,;, s <t by F; and the smallest o-algebra containing all F;,, t <u
by Fi .. Note that for each ¢ € R, the o-algebras F; and F; - are independent. We
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will further assume that ¢,(-,x) is Fy s-measurable for each s > 0. The collection
(Q,F,F,P,0,p) is then called a white noise (filtered) random dynamical system.

An invariant measure for an RDS ¢ is a probability measure on 2x E/ with marginal
P on Q that is invariant under ©, for ¢ > 0. For each probability measure p on
) x F with marginal P on 2 there is a unique disintegration w ~ pu, and g is an
invariant measure for ¢ iff ¢ (w)pw = pe,. for all ¢ > 0, almost all w € Q. Here
oi(w)p, denotes the push-forward of p, under ¢;(w). An invariant measure gy,
is said to be a Markov measure, if w — p,, is measurable with respect to the past
Fo- In case of a weakly complete, white noise RDS ¢ we may define the associated
Markovian semigroup by
Ptf(x) = Ef(QDt("x))v

for f being measurable, bounded. There is a one-to-one correspondence between
invariant measures for P, and Markov invariant measures for : If p is P;-invariant,
then for every sequence t; - oo the weak* limit

po = lim gy, (6, 0)p (1.4)

exists P-a.s. The weak* limit p, does not depend on the sequence ¢, P-a.s. and
defines a Markov invariant measure for ¢. Vice versa, p := Epu,, defines an invariant
measure for P;. Note that the proof of these facts given in [15] applies without
change to local RDS (cf. also [11] and [30]).

We say that a Markovian semigroup P; with invariant measure p is strongly mizing
if
PI@) = [ 7)oty for t - oc

for each continuous, bounded f and all x € E. Similarly, we say that an RDS ¢ is
strongly mixing if the law of ¢,(:, ) converges to p for t - oo for all x € F.

As a notational convention, we let
B(xz,r):={ye E:d(x,y) <r}

be the open ball of radius r centered at # and B(x,r) the respective closed ball.
For a set A c E we let

A ={yeF:d(y,A) = in£ d(y,a) <e}

and
diam(A) := sup d(a,b).
a,be A

Definition 1.1. A family {D(w)}weq of non-empty subsets of E is said to be
(1) a random closed (resp. compact) set if it is P-a.s. closed (resp. compact)

and w ~ d(z, D(w)) is F-measurable for each z € E. In this case we also
call D, F-measurable.
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(2) p-invariant, if for all ¢ >0
pi(w, D(w)) = D(0iw),

for almost all w € 2.

Next, we recall the definition of a pullback attractor and a weak (random) attractor

(ct. [19,38]).
Definition 1.2. Let (2, F,P,0,p) be an RDS. A random, compact set A is called
a pullback attractor, if

(1) A is p-invariant, and

(2) for every compact set B in E, we have

tlirn sup d(p(0_yw, ), A(w)) =0, almost surely.
% zeB

The map A is called a weak attractor, if it satisfies the properties above with almost
sure convergence replaced by convergence in probability in (2). It is called a (weak)
point attractor, if it satisfies the properties above with compact sets B replaced by
single points in (2).

A (weak) point attractor is said to be minimal if it is contained in each (weak)
point attractor.

Clearly, every pullback attractor is a weak attractor but the converse is not true
(see e.g. [44] for examples).

Lemma 1.3. Weak attractors (and hence pullback attractors) are unique in the
sense that if an RDS has two weak attractors, then they agree almost surely.

Proof. Let A, A be two weak random attractors. Since A is a random compact set,
by [17, Proposition 3.15] for each € > 0 there is a compact, deterministic set K.
and such that 5

P[ACK.]>1-¢.
Since A weakly attracts compact sets, for all d,& > 0 there is a t¢(d, ) such that

Pld(pi(w, K.), A(Ow)) > 0] <e, Vt>t.
Hence, also .
Pld(pi(w, A(w)), A(Bw)) > 0] < 2¢, Vit >ty.
By invariance o (w, A(w)) = A(f,w),P-a.s.. Thus,
IP’[d(fl(w), A(w)) > 0] = P[d(fl(etw), A(Ow)) > 8] <2e, Vit >ty.
Since ¢ is arbitrary we conclude
Pld(A(w), A(w)) >8] =0 V>0,
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which implies the claim. (I

We point out that the previous lemma does not hold for weak point attractors
(see e.g. Example 2.21). If an RDS has a weak attractor A, then A admits an
Fo-measurable version by Lemma 1.3 and [18, Corollary 4.5], that is, there exists
an Fo-measurable weak attractor A such that A = A, P-a.s. (note that we did not
assume Fy to be complete).

When discussing (weak or pullback) attractors we will always assume that the un-
derlying RDS is global. In contrast, we allow the RDS to be local when we discuss
invariant measures and (weak) point attractors. The existence of an invariant mea-
sure does not guarantee that the RDS is global but it does impose some obvious
constraints on the set D in the definition of a local RDS.

2. SYNCHRONIZATION AND WEAK SYNCHRONIZATION FOR RDS ON COMPLETE
SEPARABLE METRIC SPACES

2.1. Synchronization. In this section we introduce general sufficient conditions
for synchronization by noise for RDS on complete separable metric spaces. More
precisely, we show that asymptotic stability (a local stability condition), swift tran-
sitivity (an irreducibility condition) and contraction on large sets imply synchro-
nization by noise. If E' is Heine-Borel, then asymptotic stability and contraction on
large sets are also necessary conditions. Moreover, swift transitivity is satisfied by
SDE of the type (1.1) with locally Lipschitz drift satisfying a one-sided Lipschitz
condition (cf. Proposition 3.10 below).

We can now define formally what we mean by synchronization for a given RDS ¢.

Definition 2.1. We say that synchronization occurs if there is a weak attractor
A (w) being a singleton, for P-a.e. w € ).

The problems of existence of a weak attractor and synchronization, i.e. it consisting
of a single random point, are of quite different nature. Indeed, existence of weak
attractors for SDE of the type (1.1) essentially relies on coercivity conditions for
the drift b. For example, the existence of weak attractors for (1.1) under a mild
coercivity condition has been shown in [21]. In this work we shall concentrate on
the problem of synchronization and thus assume the existence of a weak attractor.

We will now formulate sufficient conditions for synchronization to occur.

Definition 2.2. Let U c E be a (deterministic) non-empty open set. We say that
@ is asymptotically stable on U if there exists a (deterministic) sequence ¢, 1 oo
such that

P(%i_glo diam(¢, (., U)) = 0) > 0. (2.1)
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Remark 2.3 (Necessity of asymptotic stability). Assume that synchronization
holds and that there is at least one non-empty, open set U € F that is attracted
by A(w) ={a(w)} (this is always true if F is locally compact), i.e.

d((pt(wa U)a A(etw)) -0 fort— 00,
in probability. Then, ¢ is asymptotically stable on U. Indeed:
diam(¢y(w,U)) = sup d(p(w, ), 0(w,y))

z,yeU

< sup d(py(w,),a(fw)) +d(a(fw), oi(w,y))

z,yeU
-0 fort—> o0

in probability.

Clearly, property (2.1) follows from the stronger assumption
P (tli£n diam (i, (-, U)) = 0) >0, (2.2)

but there are a number of interesting cases in which (2.1) holds but (2.2) does not
(cf. also Remark 3.2 below):

Example 2.4. We provide an example of an RDS ¢ satisfying asymptotic stability,
i.e. (2.1), but not satisfying (2.2) regardless of the choice of U. Consider the one-
dimensional SDE

dXt = —Xtdt + th

with associated RDS ¢. Obviously, ¢i(w,z) — pr(w,y) = (z —y)et. Let now
tn, T, 1 0o be such that

IP’( sup  @i( ) > xn) -1 forn— oo, (2.3)
te[tn-1,tn]

for all z € R. We choose f: R — R smooth, strictly increasing with range(f) = R
such that

f'(z)2ne'™ Vaxe[r,,Tn]
and set ¢ (w,x) := f(@i(w, f1(x))). Let y >x. Then
Ye(w,y) = ve(w,x) 2n(f(y) - [ (2))
if oi(w, f1(x)) >x, and t € [t,,-1,t,]. Due to (2.3) this happens i.o. P-a.s.. Hence,
for all y >z we have

lirtnsup|wt(-,x) - (-, y)| =00 P-as.

and thus (2.2) does not hold. In contrast, (2.1) is easily verified for ¢» and U ¢ R
bounded.



SYNCHRONIZATION BY NOISE 9

Let us first state Lemma 2.5, a very general and almost obvious criterion for
synchronization.

Lemma 2.5. Let ¢ be asymptotically stable on U and A be an Fy-measurable,
-invariant, random closed set with

P(AcU)>0. (2.4)
Then A is a singleton P-a.s..

Proof. By property (2.1) there exists a sequence t,, 1 oo such that
P( lim diam (e, (-, U)) = 0) > 0.

Since {A c U} is Fy-measurable, {lim,,,. diam(py, (-,U)) = 0} is Fo o-measurable
and Fy and Fy « are independent, we obtain

P ( lim diam(gr, (-, A)) = 0) > 0.
In particular, since diam(yy, (+, A)) has the same law as diam(A), we get
P (diam(A) = 0) > 0.

We need to show that this probability is in fact 1. We observe that for each ¢ > 0
we have

{diam(A(f_w)) = 0} ¢ {diam(A(w)) = 0}

up to a set of measure 0. Since #; is P invariant these events have the same
P-mass and thus coincide almost surely. Note that {diam(A(0_w)) = 0} is F_4-
measurable. Hence, {diam(A(w)) = 0} is measurable with respect n,.F; which is
trivial by Kolmogorov’s 0-1 law. Here, F; is the P-completion of F;. Therefore, we
get diam(A(w)) =0 almost surely and the proof of the lemma is complete. O

In applications to SDE, assumption (2.1) will be a consequence of the property that
the top Lyapunov exponent A, is negative and a regularity estimate, although
being more general (cf. Section 3.1 below). Example 2.4 provides an RDS satisfying
(2.1), but the top Lyapunov exponent does not exist.

Let us come to assumption (2.4) of Lemma 2.5. We can view it as an obvious
consequence of the following condition.

Definition 2.6. We say that a random closed set A has full support if
P(AcU)>0 (2.5)

for every non-empty (deterministic) open set U c E.

Let us give a sufficient condition for full support.
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Definition 2.7. We say that ¢ is swift transitive if, for every (starting) ball B (z,r)
and every (arrival) point y, there is a time ¢ > 0 such that

]P)(Sot ('7 B (:EaT)) cB (ya 2T)) > 0.
Definition 2.8. A random closed set A is said to have small diameter if

essinf {diam(A (w));w e Q} = 0. (2.6)

Condition (2.6) means that
P(diam (A) <€) >0
for every € > 0 and we have the following equivalence:

Lemma 2.9. Let A be a closed random set. Then A has small diameter iff for
each € > 0 there is an xg € E such that

P(Ac B (xg,¢)) > 0.

Proof. Assume that A has small diameter and consider a countable family of balls
of the form B (z,,c) where {x,,n € N} is a dense countable set in E. We know
that

P (diam (A) <€) > 0.
We have
{diam (A) <e} c {Ac B(zy,,e) for some neN}

hence

0<P(Ac B(x,,¢e) for some n e N)

:P(U{ACB(xn,a)})

neN

<Y P(Ac B(zy,¢))

neN
and thus P (A c B(z,,e)) > 0 for some n € N, proving the claim. The reverse
implication is obvious. U

Lemma 2.10. If ¢ is swift transitive and A is an F; measurable, p-invariant
random closed set with small diameter, then A has full support.

Proof. Let U be a non-empty open set and B (y, R) c U. By Lemma 2.9 there is
an xg € I/ such that P (A cB (a:o, %)) > (0. By Definition 2.7 with the starting ball

B (xo, %) and the arrival point y, there is a time ¢ > 0 such that

IP’(gpt (-,B(xo, g)) c B(y,R)) > 0.
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By the independence of F;; and Fy and the fact that ¢; is F(;-measurable and A
is Fo-measurable, it follows that

IED(ACB(xO,g),wt(-,B(xo,g)) cB(y,R)) >0

]P)(Spt (7A) cB (y7R)) >0.
We have ¢; (w, A(w)) = A(Ow), hence P(A(6;) c B(y,R)) >0. By 6, invariance
of P we get

and thus

P(AcB(y,R))>0
hence P(A c U) > 0. The proof is complete. d

The property of swift transitivity is generally true for SDE with additive noise and
drift satisfying a local one-sided Lipschitz condition, see Section 3. Concerning
the small diameter property, it looks also very general; we proceed to provide a
sufficient condition.

The examples we have in mind which fulfill the small diameter property have the
following features. With some (presumably very small) probability, their attractors
are driven to regions of strong contraction, where the size of the attractor strictly
decreases (cf. Section 3.2 below for examples). Possibly this procedure has to be
iterated, until we reach a specified small value of the diameter. Let us formalize
one of these steps in a definition.

Definition 2.11. We say that ¢ is contracting on large sets if for every R > 0,
there is a ball B (y, R) and a time ¢ > 0 such that

P(diam (¢¢ (,B(y,R))) < %) > 0.

Remark 2.12. The definition requires contraction, of some ball, for every radius
R, not only for large R. However, contraction of some ball of small radius is a
consequence of a suitable local stability assumption, similar to those we already
assume. Hence the distinguished feature of this new condition is the fact that
some ball of large radius is contracted. The name of the property has been chosen
with this idea in mind, although it is not comprehensive of the full power of the
definition.

Remark 2.13 (Necessity of contraction on large sets). Assume that synchroniza-
tion holds and that A(w) = {a(w)} weakly attracts all closed, bounded sets (which
is always true if E is Heine-Borel?), then ¢ is contracting on large sets. This follows
as in Remark 2.3.

2For example, every metric space (E,d) that is both locally compact and o-compact allows
an equivalent metric d’ such that (E,d") is Heine-Borel [49].
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Let us state the main abstract result of this section.

Theorem 2.14. Assume that ¢ is swift transitive. Then:

(1) Assume that ¢ is contracting on large sets. Then every Fp-measurable,
p-invariant random compact set A has small diameter.

(2) Assume that ¢ is asymptotically stable on some non-empty open set U c
E. Let A be an Fy measurable, p-invariant random closed set with small
diameter. Then A is a singleton. In particular, if there is a weak attractor
A with small diameter, then synchronization occurs.

Proof. (1): Step 1: We start by proving the following claim: If
]P)(A C B($0,T0)) >0

IP(A cB (azl, gm)) >0

for some ro > 0, z¢ € E then

for some z; € E.

Indeed: apply Definition 2.11 with R = 2rg: there is y; € E, t; > 0 such that

P(diam (21, (-, B (y1,2r0))) < 7"_20) > 0.

For every ty > 0, since P is invariant under 6,,, we also have

, r
P(dlam (¢4, (B4, B (y1,210))) < 50) > 0.

Apply Definition 2.7 with the starting ball equal to B (z,79) and the arrival point
equal to y;: there is a time ¢y > 0 such that

P (¢4, (-, B (w0,70)) € B (y1,21r0)) > 0.
We have {¢y, (-, B (z0,70)) € B (y1,2r0)} € Fou, and

. T
{dlam (Sotl (Qto’v B (yh 27"0))) < 50} € f.to,toﬂfla

since {diam (s, (B (y1,2r0))) <2} € Fouy and 05 For, = Fyg e, Since Foy, and
Fio 1o+, are independent, and

Ptq (Qtowvgoto (w’ B (on,’f’o))) = Pt1+to (w’ B (1’0,7"0))
we deduce
. T
P(dlam(gotﬁto (-, B(zg,70))) < EO) > 0.

This implies

_ T
P ((eneto (B (20,70)) € Bl (10), 2)) >0,
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Let {2z fmen be dense in RY. Then

_ T
{C«) €): Pt1+to (wy B (:EU?TO)) < B(th1+to (W,ZE()) ; 50)}

2
c {w € Qo4 (W, B(x0,70)) € B(2m, gro) for some m € N}.

Hence there is an x; € E such that

2
P(Sptﬁto ('7 B (350,7"0)) cB (531, 57”0)) > 0.

By the independence of F 4, .1, and Fy and the fact that ¢y, 14, is Fo ¢, +¢,-measurable
and A is Fo-measurable, it follows that

2
P (A c B(zo,70) ,Pt,4t, (+» B (x0,70)) € B (xl, §r0)) > 0.
Hence 5
IF’(cptﬁto (wA)cB (xl, §T0)) > 0.
We have ¢, 14, (w, A (w)) = A (4 +4,w), hence P (A (0444,7) € B (21, %19)) > 0. By

04,41, invariance of P we get
2
]P)(A cB (271, gTo)) > 0.

Step 2: The proof is now obvious. Since A is a random compact set we can choose
ro >0, g € E such that
]P)(A cB (l’o,?"o)) > 0.

Given any € > 0, we may apply step one iteratively until we get
P(AcB(z,e))>0
for some x € F and the proof is complete.

(2): Simple consequence of Lemma 2.10 and Lemma 2.5. O

We finish this section with a simple example which illustrates the concepts intro-
duced above.

Example 2.15. Consider the one-dimensional SDE
dXt = Xt th, Xo =X.

where W is standard Brownian motion. The RDS generated by the solution is
given by

pi(w, ) = w2 W),
A(w) = {0} is the weak attractor of ¢, so synchronization occurs. The RDS ¢ is
asymptotically stable on any bounded open set U c R and is contracting on large
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sets but ¢ is not swift transitive. Lemma 2.5 can be applied but Lemma 2.10 and
Theorem 2.14 cannot.

2.2. Weak synchronization. Although contraction on large sets is a necessary
condition for synchronization, it is not always easy to check for SDE. In Section 3
below, for (1.1) we prove that b being monotone on large sets implies contraction
on large sets (cf. Proposition 3.10). However, monotonicity on large sets is not
necessary for synchronization.

Therefore, in this section we investigate a weaker form of synchronization, so-called
weak synchronization. The main improvement is that we are able to prove weak
synchronization without assuming contraction on large sets, which in turn allows
us to consider drifts b not necessarily monotone on large sets.

More precisely, for strongly mixing, white noise RDS we prove that the weak
asymptotic stability condition (2.10) (a pointwise local stability condition), point-
wise strong swift transitivity and a global pointwise stability condition imply weak
synchronization. Again, weak asymptotic stability and the pointwise stability con-
dition are also necessary for weak synchronization, while pointwise strong swift
transitivity is easily checked for (1.1) under mild conditions as above.

We will assume throughout this subsection that ¢ is a local, white noise RDS.

Definition 2.16. We say that weak synchronization occurs if there is a minimal
weak point attractor A (w) being a singleton, for P-a.e. w € .

If there is a weak attractor A, then A contains each minimal weak point attractor.
In particular, synchronization implies weak synchronization.

We now introduce a weaker concept of asymptotic stability. The point is, that
asymptotic stability in the sense of Definition 2.2 is not necessary for weak syn-
chronization, while the following concept of weak asymptotic stability obviously
is:

Definition 2.17. Let U c E be a (deterministic) non-empty open set. We say that
@ is weakly asymptotically stable on U if there exists a (deterministic) sequence
t, 1 oo and a set M c ) of positive P-measure, such that, for all z,y e U

].M()d(gﬁtn(,x),@tn(,y)) -0 forn— o0, (27)
in probability.

Remark 2.18. If weak synchronization occurs, then weak asymptotic stability is
satisfied with U = E/;, M = () and every sequence t,, - oo since, for all x,y € E we
have

d(wt('ax)’ SOt(-vy)) -0 fort— 00,
in probability.
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Assume that the Markov semigroup corresponding to ¢ has an ergodic invariant
measure p with corresponding statistical equilibrium g, given by (1.4).

Local stability in terms of weak asymptotic stability can be nicely captured in terms
of the support of the statistical equilibrium p,,, i.e. if ¢ is weakly asymptotically
stable then the support has to consist of finitely many random points. For RDS
with negative top Lyapunov exponent and on compact manifolds this goes back
to [32].

Lemma 2.19. (1) The statistical equilibrium g, is either discrete or diffuse.
More precisely, either p,, consists of finitely many atoms of the same mass
P-a.s., i.e. thereis an N € N and Fy-measurable random variables aq,...,ay
such that

1 N
Ko = N ;5%(0.))

or i, does not have point masses P-a.s..
(2) Assume that ¢ is weakly asymptotically stable on U with p(U) > 0. Then
[, is discrete.

Proof. The proof uses modified arguments from [32].

(1): Assume that p, is not diffuse, that is, p, has point masses with positive
probability. We let u be the probability measure on €2 x E with marginal P on 2
and disintegration p,. Let g(w,z) = p,({x}). Then

9(0u(w,x)) = po,o ({0 (w, 2)})
= po(p(w, ) He(w, 2)})
>g(w,z), p-as.

Since ©; is p ergodic (cf. [9]), this implies that g is constant p-a.s.. Hence, all
point masses of y,, have the same mass m € R, , P-a.s.. Since p,, is not diffuse, we
have m > 0. Hence, P-a.s.,

m= [ g(w,a)dp(x)
= [ @) (e)
= N(w)m?,

where N(w) denotes the number of point masses of 1. This implies N(w) = &,
P-a.s., which finishes the proof.

(2): Due to (1) we only have to show that p, has a point mass with positive
probability.
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Let A:={(x,x): v € E} ¢ ExE be the diagonal in Ex E and let ¢ : (ExE)NA —
[0, 00) be measurable such that ¢ (x,y) — oo for d(z,y) - 0 and

E dp,(x)d ey, .
(ExE)\AQ/J(:v,y) thos () dpi, () < 00

In order to prove the existence of such a function v, define the probability measure
vi=Eu ®u on ExE. Then, v(A*~A) - 0 for ¢ > 0. Hence, we can choose ¢, | 0
with €, < &g =1 such that v(A% ~ A) <e*. We then set

k, if (z,y) € A%k N Afkn
0, iflr-yl>1.

Y(r,y) = {

Let U be as in the assumption of weak asymptotic stability. By invariance of
we have

E Y(x,y)dp(2)dpw(y)

(ExE)NA

>E A Y(pi(w, ), 0i(w,y))dpte, () dpw(y) (2.8)

2E (BxE)A Ly (2) 1 ()Y (ee(w, ), er(w, y) ) dp () dpw(y).

By weak asymptotic stability there is a set M ¢ 2 with positive P-measure and a
sequence t,, - oo such that, for all x,y e U

Lm()d(er, (5 2),0,(y)) = 0 for n— oo,

in probability. We define C(n,x,y, R) :== {w € Q: (¢, (w,x), ¢, (w,y)) > R} and

observe

liminf P(C'(n,z,y, R)) > P(M),

for all ,y € U. From (2.8) we obtain

E (ExEMw(:c,y)duw(rc)duw(y)

> RE 1U(x)1U(y)1C(n,m,y,R)(w)d:uw(x)d,uw(y)'
(ExE)NA
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Since i, is Fo-measurable, C(n,z,y, R) is Fj -measurable and Fy, Fp o are in-
dependent, we conclude

= Ly(2)1u(y)1 dp.,(x)d
(ExE)NA U(:E) U(y) C(n,m,y,R)(W) /’Lw(w) Mw(y)

=k [f(ExEM 1U(x)1u(y)1c<n,x,y,R)(W)duw(w)duw(y)|}“0]

=EE 1U(x)1U(y)1C(n,m,y,R) (W)dpy,(z)dpy,(y)
(ExE)NA

=E 1y (2) 1y (y)P[C(n, 2, y, R)]dp(2)dp. (y)

(ExE)NA

Using this above, taking liminf, ., and using Fatou’s Lemma yields

E Y(w,y)dp () dp, (y)

(ExE)NA

2RE [ (@)l (y) liminf PO 2., B) i () (1)

>PIMIRE [ 1u(@)lo(y)dpe(2)di
MIRE | o 0@ @)dps(@)di(y)
If p,, has no point masses, then (u, ® p,)(A) =0 and thus

E Jonmya N0 W) (y)dpe(z) = E L (@)1 (y)dpe(y)dpe ()
= E(u.(U)%)

> p(U)?
> 0.

Since R >0 is arbitrary we obtain a contradiction. This concludes the proof. [J

Let
Ey={zxeE: lim P(z,.) = p},

where Pj(z,.) denotes the transition probability and convergence is to be under-
stood in the weak* sense. Note that if the support of pu, is compact with strictly
positive probability then it is compact with probability one.

Proposition 2.20. (1) Assume that A(w) := supp(u,,) is (almost surely) com-
pact. Then A is a weak point attractor of the set Fy. In particular, if ¢ is
strongly mixing then A is a minimal weak point attractor.

(2) If ¢ is strongly mixing and weakly asymptotically stable on U with p(U) >
0, then there is an N € N and Fy-measurable random variables aq,...,ay
such that

A(w) =supp(p) ={ai(w):i=1,...,N}
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is a minimal weak point attractor.

Proof. Under a compact absorption assumption, Proposition 2.20 (1) corresponds
to [31, Theorem 2.4]. The more general setting treated here, however, requires a
quite different proof.

(1): We show that A attracts each x € E in probability.
Fix € > 0. Let 1,9, ... be countable dense in E and define B, := B(z;,¢/3) and

I(w) :=min{i: A(w) ¢ |JBi}.

=1
Note that I(w) is almost surely finite. Let
Aw)= U B,
jeJ (w)
where
J(w)={j<I(w): BjnA(w) # @}.

Then A(w) is a random bounded open set and

A(w) =min{p,(B;) : j € J(w)}
is measurable and almost surely positive.

For b >0 and n € N, we define
AP = U B(x.2),

zeDy(n,w)

where Dy (n,w) is the set of all z € E for which (p,(0-,w)p)(B(z, %)) > b. Note

that Agb) is F_, o-measurable (unlike A and A which are only Fo-measurable).

Since (@n(f_nw)p) = o, weakly* for n — oo, P-a.s. and p,(A(w)3) = 1 we have,
P-a.s.,

e b

(0B p) (A()T) 21 - &
for n large enough. Hence, P-a.s. for x € Dy(n,w) we have B(z,5) nA(w)3 # @ for
n large enough. Thus,

lim P(AY (w) € A(w)?) = 1.
Further, we have
lim ianP’(fl c A,(lb)) > P(ﬂ(w) > b).

For given 0 > 0, we find b so small and ng so large that
< 4]
P(Ac AP c A%) > -7 (2.9)

for all n > ng.
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Since A(w) 2 A(w) we have p,(A(w)) = 1. Thus, since fi(w) is an open set, weak*
convergence of (¢, (0_,w)p) to p, implies (¢, (0_,w)p)(A(w)) > 1-2 for all n large
enough P-a.s.. Hence, (2.9) yields that there exists some n; > ny such that

P((en (0040 () 2 1-5) 2 1-
for all n > n,.
Fix x € Ey. Then, for all n > nq,
ligrii?ﬂ?(gosm(e_(sm)w, :L’) € Aa)
. )
> hgr_l)glfIP’(gosm(@_(sm)w, w) € Ag’)) ~1
= 1i£1_1);1><r)1f P(gps(ﬁ_(sm)w, x) € gpgl(ﬁ_nw)(A%b))) - g
)
> E((¢n(0-nw)p) (AD)) - 1
02 O
(1= 2215

where we used the independence of F_,,, and F_ _,, the fact that A;b) is F_p0-
measurable and the fact that x € Ey in the step from the third to the fourth line.
Since 0 > 0 and £ > 0 are arbitrary, the claim follows.

Let now ¢ be strongly mixing, i.e. Fy = F. Minimality of A follows from the fact
that every p-invariant Markov measure is supported by every weak point attractor

A’ (cf. [16]), i.e. pu(A'(w)) =1 a.s.. Hence, A’c A as..
(2): Follows from Lemma 2.19 and (1). O

By Proposition 2.20, without any assumption on A having full support, asymptotic
stability of ¢ implies that the minimal weak point attractor consists of finitely
many points. We note that if £ is connected, then this is true for a weak attractor
iff synchronization occurs. Indeed, if E is connected then so are weak attractors
(which follows from the same proof as for [19, Proposition 3.13]). The following
example shows that Proposition 2.20 is not true for weak attractors.

Example 2.21. Consider
doy = cos(2a;) o dW}! + sin(2a;) o dW}?

on the one-dimensional sphere S'. Then the weak attractor is the whole sphere S!
while the minimal weak point attractor consists of two (antipodal) random points
P-a.s. (cf. [5, Remark 4.11]).
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Definition 2.22. We say that ¢ is pointwise strongly swift transitive if there is a
time t > 0 such that for every z!, 22 € E and every (arrival) point y,

P (o (- {2", 2%}) c B (y,2d(z",2?))) > 0.
We obtain

Theorem 2.23. Assume that ¢ has right-continuous trajectories, is strongly mix-
ing, weakly asymptotically stable on U with p(U) > 0, pointwise strongly swift
transitive and

ligninf d(pi(w,x), pr(w,y)) =0 as., Va,yeFE. (2.10)

Then, there is a minimal weak point attractor A consisting of a single random
point a(w) and

A(w) = supp(p) = {a(w)} P-as.,
i.e. weak synchronization holds.

Proof. Since ¢ is strongly mixing and weakly asymptotically stable on some non-
empty open set with positive p-measure, by Proposition 2.20 there are Fy-measurable
random variables a;(w), i=1,..., N such that

A(w) ={a;(w):i=1,...,N}
is a minimal weak point attractor.

Step 1: By weak asymptotic stability there is an open set U, a sequence t, - oo
and a ¢ > 0 such that for all z,y € U and all n >0

lim inf P (d(, (), 91, (9)) <7) 2 0> 0. (2.11)

Without loss of generality we may assume U = B(e, ) for some xg € E, € > 0. Let
x,y € E. By assumption, the stopping time
: €
7 (w) = inf{t 200 d(pi(w, @), (W, y)) < 7}
is finite P-almost surely.

Let now a(w),b(w) € A(w) be two Fp-measurable selections and let 7.(w) :=

s (w)’b(w), where 7.7¥ is defined as above. Due to independence of Fy and Fo o, 7: is

finite a.s.. Right-continuity of the trajectories implies that thereisa ¢ : Q - R, \{0}
such that

3
d (@Te(w)ﬁf(wa a(w))a @Tg(w)+t(wa b(w))) < g (2'12)
for all ¢ € [0,¢(w)], P-a.s.. Hence, there is a 5 > 0 such that

P (den (a0 00 (b)) < ) >0
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Indeed: Assume not. Then
P (o a()). e0())) >

in contradiction to (2.12).

%, for all t € Q+) =1,

Step 2: By pointwise strong swift transitivity and using that ¢ is a white noise
RDS there is a time ¢; > 0 such that

P(pipet, (- {a(-),0()}) € U) > 0.
Again using that ¢ is a white noise RDS we conclude

. J
liminf B(d (9140, 00)). rton, (DO $0) 2 00, (213)
Step 3: Assume A(w) is not a singleton P-a.s.. Then
F(w):=min d(a;(w),a;(w)) >0, (2.14)
i,5=1,...,N, 1#j

P-a.s.. Moreover, since ¢;(w, A(w)) = A(6;w) we have
F(fw) = min d(a;(6w),a;(0w))
i,j=1,....N, i#j

yeeeyd ¥y

= min  d(p(w,a;(w)), pi(w,a;(w)))

i,j=1,... N, i#j

< d(gpt(w,al(W)),QOt(W,CLQ(W)))-
Hence, for all n > 0

P(F() < 77) = IED(F(Hl?oﬂ?ﬁfn') < 77)
2 P(d(gpfoﬂ?ﬁ'tn('? al('))u (p£O+£1+tn(.7 a’2())) < 77)
Taking liminf,, . and using (2.13) we conclude:
PUWJSn)Zg>O, (2.15)
for all n in contradiction to (2.14). 0

As we will observe in Section 3.3 below, condition (2.10) is satisfied for a large
class of gradient-type SDE.

3. SYNCHRONIZATION AND WEAK SYNCHRONIZATION FOR SDE

In this section we provide classes of SDE satisfying asymptotic stability, swift
transitivity and contraction on large sets and, thus, synchronization by noise.

The section is divided into four parts. In the first part we will focus on asymptotic
stability. We first develop a local stable manifold theorem for general, differentiable
RDS and prove that a negative top Lyapunov exponent plus a regularity condition
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lead to asymptotic stability. We then provide sufficient conditions for SDE to
have a negative top Lyapunov exponent and to satisfy this regularity condition.
In the second part we will prove swift transitivity and contraction on large sets
for SDE with additive noise. The third part concentrates on gradient-type SDE,
proving weak synchronization under weak assumptions. Finally, these results are
summarized and applied to SDE in the fourth part.

In this section we consider finite dimensional SDE driven by d-dimensional Brow-
nian motion, i.e.

dXt = b(Xt) dt+0th, (31)

with o > 0, b locally Lipschitz continuous and satisfying the following one-sided
Lipschitz condition

(b(2) = b(y), z ~y) < Nz -y, (32)
for all z,y € R4 and some \ > 0.

By [21] there is a white noise RDS ¢ associated to (3.1), with respect to the
canonical setup: The space Q is C'(R;R?), F is the (not completed) Borel o-field,
P is the two-sided Wiener measure, F, is the o-algebra generated by W, — W, for
s<v<u<t, where W, : Q - R? is defined as W, (w) = w (s), and 6, is the shift

(Oiw) (s) =w (s+1t) —w(t)

which is ergodic.

3.1. Asymptotic stability and top Lyapunov exponent. In this section we
provide sufficient conditions for asymptotic stability for certain diffusions. We start
by considering general RDS and proving that a negative top Lyapunov exponent
implies asymptotic stability. Then we provide sufficient conditions for SDE to have
negative top Lyapunov exponents.

3.1.1. A time-discrete, local stable manifold theorem and asymptotic stability. Let
¢ be a white-noise RDS on R¢ with respect to an ergodic metric dynamical system
(2,P,0) and let P; be the associated Markovian semigroup. In this section we will
introduce the associated Lyapunov spectrum under appropriate assumptions on
¢ and provide a local stable manifold theorem for discrete time and negative top
Lyapunov exponent. We then prove that this implies asymptotic stability.

Lemma 3.1. Assume that ¢;(w,) € C’llo’f for some ¢ € (0,1) and all ¢ > 0. Further
assume that P, has an ergodic invariant measure p such that

E fR log" [ Dy (w0, 2) [dp() < oo. (3.3)
Then
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(1) There are constants Ay < --- < Ay (the Lyapunov spectrum) such that
1
lim —log | Dy, (w,z)v| € {\}X,,
n—-oo n,
for all v e R4\ {0} and P® p-a.a. (w,z) € Q2 xRe

We define the top Lyapunov exponent by Ay := A;. Assume

E [ log"(lga(w, +2) = 01(w,0) lonsqac.op)dp(a) < o0 (3.4)
and A, < 0. Then

(2) For every € € (A, 0) there is a measurable map §: Q2 xR? - R, ~\ {0} such
that for p-a.a. x € R?

S(w,x)={y eR": |on(w,y) - pu(w,2)| < B(w, x)e™", ¥n e N}

is an open neighborhood of z, P-a.s..

Proof. (1): The introduction of the Lyapunov spectrum and the time-discrete sta-
ble manifold theorem will be based on [41]. In order to do so, we need to rewrite the

dynamics in an appropriate form. This essentially follows the setup put forward
in [36].

We define the following extension of the probability space (cf. e.g. [36, p. 626 and
Corollary 3.1.1, Remark (iii)]): Let M := QxRe, F:= Fy @ BRY), p=Pop|z
and 7: M — M be defined by

7(m) = (O1w, p1(w,x)) for m = (w,x) € M.

By [9] 7 is ergodic. We then obtain a perfect (time-discrete) cocycle on (M, p,7)
by

Zn(myy) = on(w,y+ ) —pp(w,z) for m=(w,z) e M.
Note that Z,,(m,0) = 0. We further set F,,(y) := Z1(m,y),
F" = Fonryyo-eno By
and observe F = Z,(m,-). Obviously, F,, € C* and
T, =T(m):= DF,,(0) = Doy (w,x) for m=(w,x)e M.
Setting 17 := Tyn-1,,0---0T,, we have T;". = DF(0) = Dy (w, z) for m = (w,z) € M.

By assumption

[ rog I (m)llau(m) =B [ 1og” | Doy (w, 2)ldp(a) < .
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Since pu is ergodic, by the multiplicative ergodic theorem [41, Theorem 1.6], there
are constants {)\;}¥, (the Lyapunov spectrum) such that

1
lim = log [720] € (A},
n—oo n,
and the limit exists for p-a.a. m e M. Since T"v = Dy, (w,x)v this finishes the

proof.
(2): By [41, Theorem 5.1] (a), there are measurable maps > a > 0 such that, for
a.a. m=(w,z)eM,
{y e B(0,a(m)) : |Fny| < f(m)e™, VneN}
={ye B(0,a(w,z)): |on(w,y+1z) - pu(w,z)| < f(w,x)e™, ¥YneN}
is an open neighborhood of 0 € R?, which implies (2). U

Remark 3.2. In contrast to the time-continuous local stable manifold theorem
developed in [36], Lemma 3.1 (2) only yields local stability along the natural num-
bers n € N. On the other hand, the assumptions of [36] do not cover our model
example of a double-well potential. At this point we make use of the weaker form,
as compared to (2.2), of asymptotic stability introduced in Definition 2.2. In fact,
as we will see below, Lemma 3.1 (2) will be sufficient to deduce asymptotic sta-
bility, which significantly simplifies the proof of asymptotic stability in cases for
which no local stable manifold theorem has (yet) been established.

From Lemma 3.1 (2) we obtain the existence of random neighborhoods of points,
that are contracted under the (time-discrete) flow. The following Lemma clarifies
the relation to asymptotic stability in the sense of Definition 2.2.

Lemma 3.3. Let U; be a random, non-empty, open set and assume that there is
a sequence t,, - oo such that

P ( lim diam (2, (-, U1())) = 0) > 0. (3.5)
Then there is a (deterministic) non-empty, open set U such that
P (lim diam (¢, (- U)) = 0) > 0.

In particular, ¢ is asymptotically stable in the sense of Definition 2.2.

Proof. Consider the countable family of balls of the form B (z,,,7,,) where (2, 7)
is an enumeration of pairs of points x,, of R¢ with rational coordinates and positive
rational radii r,,,. We have

{T]Ll_glo diam (¢4, (-, U1(+))) = 0} c {Al_glo diam (¢4, (-, B (Zm,Tm))) = 0, for some m € N}.
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Hence, there exists m € N such that
P ( lim diam (¢4, (-, B (@m,Tm))) = 0) > 0.

The ball B (2, r,) is the set U of the definition of asymptotic stability. The proof
is complete. [l

As immediate consequence we obtain

Corollary 3.4. Let ¢ be as in Lemma 3.1 and assume (3.4), A\, < 0. Then ¢ is
asymptotically stable in the sense of Definition 2.2.

3.1.2. Examples with negative top Lyapunov exponent. In this section we provide
three main classes of SDE for which we prove the top Lyapunov exponent to be
negative. The first class of examples will be SDE with eventually monotone drifts
and large noise. The second class consists of SDE with gradient structure and small
noise. The third class are gradient-type SDE with certain symmetric potentials
and all noise intensities.

Consider the following SDE with additive noise
dX, =b(X,)dt +odW; on RY, (3.6)
where o > 0, be CL2(R9) for some 6 € (0,1) and b satisfies (3.2). Hence, there is a

corresponding white noise RDS ¢ with?® o, (w,) € C’llo’f and Dy, (w,x) satisfies the
equation

d
EDgpt (w,z) = Db (s (w,x)) Doy (w, ), Dy (w,z) =1d.

In particular, by (3.2), given any v € R%\ {0},
d
2 1D (w,z) vl* =2(Db (1 (w, ) Dipy (w, ) v, Dipy (w, ) v)
<2\ Dy (w, ) v]*.

Gronwall’s inequality yields

(3.7)

| Dge (w, ) || < . (3.8)

Definition 3.5. A vector field b : R4 — R9 is said to be eventually strictly monotone
if there exists an R > 0 such that

(b(2)-b(y),z-y)<-M|e-y[>  forall |z],|y| >R
for some Ay > 0.

3Note that we have o (w,-) € Cllo’f and not only ¢;(w,-) € Cll(f for every 8 < 0 due to the
additive noise in (3.6). This may be seen by considering the transformation ¢ = ¢ — oW and
studying the regularity of the corresponding pathwise ODE.
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Assume that b is eventually strictly monotone and b e C°(R?) for some 4 € (0,1).

Clearly, this implies (3.2) as well as the existence of some ¢ >0, C'> 0 such that
(b(z),z) < —cle]>+C  for all z e R% (3.9)

Indeed, let D :=sup,p(b(z),z) and for |z] > R let y = %. Then

(b(x),x) = (b(x) = b(y), ) + (b(y), )

_ (|x||~”f|R) (b(x) - b(y), - ) + (b(y), 2)

|'I| 2 |IE|
<M | === |lz-y?+ =D
- 1(|x|—R vl g

= ~Aifel(le] - ) + ]

=-\|z]*+ (M R+ %)|x|
Hence, using Young’s inequality we obtain that
(b(z),z) < —%|x|2 +C, V|z|>R,
which implies (3.9) by local boundedness of b.

By [28, Theorem 4.3] we obtain that ¢ is strongly mixing with invariant probability
measure p. Due to (3.8) this implies (3.3). Hence, an application of Lemma 3.1
implies the existence of a corresponding (deterministic) Lyapunov spectrum with
top Lyapunov exponent A.

Example 3.6. Let b e C’llo’f for some 0 € (0,1) be eventually strictly monotone and
consider the SDE
dX; =b(X,)dt + o dW, on R?

with o > 0. If o is large enough, then A, <0.
Proof. Step 1: By (3.7), for any v € R% {0},
d
= 1D (w,2)v]* = 2(Db (g1 (w, ) Dipy (w, ) v, Dy (w0, ) v)

= 2(Db (p (w, ) ry (w,z,0) 74 (w, 2,0)) | Dy (w, ) vf

Der(w.a)v

EREETE Hence,

where 7, (w, z,v) =
|DS0t (W7 1’) U|2 _ |’U|2 62 fot(Db(gaS(w,z))rs(w,x,v),rs(w,m,v))ds‘
Recall that there exists a v € R?\ {0} such that

1
Atop = lim —log| Dy, (w, z) v|.
n—oo n
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Hence,
Nap = Jim [ (Db (4 (0,2)) 74 (0,,0) 7, (0,2,0)) ds.
With
A (z) = I‘Irlgi( (Db(z)r,r)
A (z) = Iﬁilll (Db(z)r,r)
we thus have

lim sup 1 A (ps(w, x))ds < Agp < liminf ! f A (ps(w,x))ds.
n Jo n>0 n Jo

n—oo

Since b satisfies (3.2), we have that A\*(x) < C for all € R? and some constant
C > 0. Ergodicity and monotone convergence then yield

+
Ao < [R N (@)dp(a). (3.10)
By eventual strict monotonicity of b we have
N (@)dp(e) = [ N (@)dp@)+ [ N (@)d
Jo X @do@) = [ X @dpta) + [ X (@)dp(a)
< | Dbl cosryp(Br) = Ap(Bg)-

Next, we will prove that for o >> 1 the invariant measure p “flattens”, i.e. for each
R >0, p(Bp) - 0 for 0 - oo. Thus, the right hand side in (3.11) becomes negative
for o large enough, which finishes the proof.

Step 2: For each R >0, p(Bj) — 0 for o - 0.

Indeed: Given o > 0 let p° be the corresponding invariant measure, thus solving
the Fokker-Planck equation

(3.11)

o2
EAPU —div(bp?) =0
in distributional sense. Consequently, for all ¢ € C2° we have

2
f(A<p+ S5b-99) dp” =0,

Since p?(R?) = 1, there is a weakly* convergent subsequence p® —* p in the space
of all signed measures of total variation on R?. Clearly, p(R%) < 1. Since,

p 2 2
- [(S-99) d < b 9pllonp? (R = - Vsl oo
o o g
we have

2
f Ap dp™ < — b Vel co.
O-TL
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Taking the limit yields [ Ay dp <0, for all ¢ € C>. Thus, also [ Ay dp =0, for

all p € C*. We next show that this implies p = 0. Let ¢, () = e2* and note
Ay () = 2Xox(2) (2N 2] - d).

A simple approximation/cut-off argument implies [ A, dp = 0. Given R >0 we

can choose A small enough such that —~Agy(z) > X for all 2 € Bs. Let R(\) = \
and note R(\) > R for all A small enough. Then

1
p(BR)SXth—Awdp
R

1
<= —Apydp
A JBg,,
1
=5 Apydp
B
R(\)

Note that $Apy(z) < 4e A \|z[? < C for some constant C' independent of A > 0.
Since R(\) — oo for A - 0 and p(R<) < 1 we obtain

p(BR) < Op(Blcft()\)) -0

for A = 0. Hence, p =0 and thus p°» —* 0, which finishes the proof. [l

We next consider the case of SDE with gradient structure, i.e.
dXt =-vV (Xt)dt‘f'O'th on Rd, (312)

with 0 >0, V € 0120’5 (R?) for some 6 > 0 and b := -VV satisfying (3.2). By [21]
there is an associated white noise RDS ¢ to (3.12).

If o(x) := e V@ ¢ L*(R%), then by [48, Theorem, p.243]*, the Markovian semi-
group defined by P, f(z) :=Ef(y:(-,z)) has

L 2ve

= — o2 d
p Zae x
as an invariant probability measure, where Z, := [oq e 2@ dr. Tn this case,
by [43, Theorem 3|, P, is strongly mixing with ergodic measure p. Thus, by Lemma
3.1 and (3.8) the top Lyapunov exponent ), is well-defined and it only remains
to show Ay, < 0.

‘In fact, [48, Theorem, p.243] assumes b to be smooth. However, it is an easy exercise to see
that only b € C? for some § > 0 is required for the proof (cf. also [29, Theorem 10.4.1] for an
according regularity result for linear, non-degenerate second order PDE with Holder coefficients).
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Example 3.7. Consider the SDE in R¢
dXt =-vV (Xt) dt + O'th,

with ¢ >0, V ¢ C’lzo’f (R%) for some § > 0 and b := —=VV satisfying (3.2). Further
assume that

V(x) > Cylog |z|
| D2V ()] < Cola|™,
for all |x| > Ry and some Cy, Ry > 1, N >0 and that

(3.13)

inf {min (D*V (z)r,7) : x global minimum of V} > 0.

[r|=1

Then A, < 0 for o small enough.

Proof. By (3.13), o(x) = e V@ ¢ L'(R%) for o small enough. Hence, as we
have seen in Section 2.2, there is a corresponding white noise RDS ¢ with strongly
mixing invariant probability measure p. Recall that

1
dp(x) = Z—e_a%v(@dx,

g

where Z, = [ e 72V dz. This integral is finite for o small enough, because V' (z) >
Colog|z| for large x. Let M denote the set of global minima of V. Without loss
of generality, we may assume V =0 on M (hence V > 0 on R%) and 0 € M. We
also have DV =0 on M.

Step 1: We prove that, for some constant C' > 0, we have

Zy>Co? VYoe(0,1].
Let Cy :=supp 1 | D*V|. For x € B(0,1) we have
1
Vi()=3 (D*V (0,2) x,2) < Cy |z

for some 6, € (0,1). Hence, for x € B(0,0), we have
|4 (I) < 010'2

e 72V (@) 5 20

and therefore
Ly > / e 24y = Co?
B(0,0)

for a suitable constant C > 0.
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Step 2: We prove that, for every R > Ry,
1 2
lim — 1+ | DV (z)]) e =2V ®dx = 0.
it [ (V@)
We have (using Step 1)
1

Z, JB0.R)" (1 + HDQV () H) e oy
1 _2Cg
<o [ (1ol e o

and the result follows by dominated convergence.
Step 3: Let U be an open neighborhood of M. We prove that
. “Z V()
CITIE’%Z_U L e 2 Wdr =1
and that, for every R > Ry such that U cB (0, R),
1

im — e 2V @ gy = 0.
-0 Z . JBO,R)\U

We have k = infye V > 0. Let U'c U be such that V (z) < £ for all z €Y’. Then
f e =@y > 4’| e
u

[ e O <|B (0, R) .
B(0,R)\U
Hence

/ e =V @y < g (o) [ e V@) dy
B(0,R)\U u

_2k
where g (o) := M

4=— — 0 as 0 - 0. Moreover, we have seen in Step 2 that
e o2
. -2V (2)
lim — e o2 dx = 0.
0-0 Z5 JB(0,R)®
Therefore
1 V()
— 2 d
7 /z; e x
-2 e V@ gy L / e 7V @y
Z, JB(O,R)\U Zy JB(0,R)"
1 _2vy 1 _2vy
51— _f ZV(@) g, - - 2V,
g (o) 7 J,C x e x

o Zy JB(0,R)"
and the result follows by dominated convergence. The proof of the second claim
is similar.
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Step 4: We may now complete the proof. Under our assumptions, there exists an
open neighborhood U of M such that ¢ := inf {miny_; (D?V (z)r,7) :x €U} > 0.
Since A\* () = —miny—y (D?V (z)7,7), we have

A (x) < HDQV ($)H for all z € R?

A (z) < —c for all x eU.

Hence, for R > Ry such that U cB (0, R), we have

[r@d@sy [

1 2
D*V _[ o
+(BS23,%> H (“’)”)Zg somu "

c
Zy Ju

DV (z)| e V@) dy

e 2V @ gy

Form the results of the previous steps we get

fx (x)dp (x) <0

for o small enough, hence )\, < 0 by the same arguments as used in the proof of
Example 3.6. U

We next consider SDE of the type (3.12) with radially symmetric potential. Note
that we neither need to assume o small nor an assumption of the type (3.13) here.

Example 3.8. Consider the SDE
dX,=-vV (X,)dt +ocdW, on R

with o > 0 and b := -VV satisfying (3.2). Further assume that V' is radially sym-
metric with V(z) = g(|z]?), g € C*°

o being a convex function and o(x) = e 72V (@) ¢
LY(R?). Then Ay, < 0.

Proof. Case d = 1: Let zg := 0 and x, = inf{z > z, ; : e V@ ¢ %} Since

e 2V @ ¢ 1 (R?) we have x,, < oo for all n € N. Moreover, x,, > co and V'(x,) > 0.
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By symmetry V/(0) = 0. We conclude that
f A (z)dp(x) = _Zia fRV"(x)e_o%V(@dx

2 Tn 2
=—-— lim V' (x)e 2V @ dy

o n—oo 0

2 Tp 2 Zn 2
== lim (V (z)e” 2V("”)| — f V'(z)|*e =2 V(w)d:c)
0

o N0 0‘2

4 2 7lV(x)
s—ZUUQ[O V! (2)Pe 2V @ gy
<0,

which implies A, < 0 by the same arguments as used in the proof of Example 3.6.

It is, in fact, well-known that in case d = 1 the claim is true under much weaker
assumptions. Synchronization in this monotone case is discussed in [22], for exam-
ple.

Case d > 2: Since V(z) = g(|x|*) we compute
vV (x) = 2¢'(|a*)z
DV (z) = 49" (|2*)x ® z + 2¢'(|z|*) Id.
Thus (using ¢” > 0)
(D*V (z)r,r) = 49" (|2*)(z,7)* + 29 (|*)|r]?
ﬁifll(DQV(iﬂ)T, r) =2g'(|z]).

We note that
f e 2V @) gy = f e 29N g~ o [ pd1e72907) g ¢ oo,
R+

2
—0*29(7531)

Hence, there is a sequence t,, 1 oo such that td-le - 0 for n > 0. We

conclude,

[/\+(x)dp fg (|z[*)e” 290 gy
— _Cf d-1 ,(T2)€ Crzg(r )dT
R

=C_/ Td_Qie_o%g(TQ)dr
R, dr

= ¢ lim 74 29(7“2)|tn c(d-2) f e =90 gy

n—oo

<0,
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which implies A\, < 0 by the same arguments as used in the proof of Example
3.6. OJ

3.1.3. Deducing asymptotic stability. As in the previous section we consider SDE
with additive noise of the type (3.6) with ¢ > 0, b € C2_(R?) and b satisfying
(3.2). Assume that ¢ is strongly mixing with invariant measure p (cf. the previous
section for appropriate conditions). In the last section we have introduced sufficient
conditions for the corresponding RDS ¢ to have negative top Lyapunov exponent.
According to Corollary 3.4 this implies asymptotic stability for ¢ if condition (3.4)
holds. Thus, we next present sufficient conditions implying (3.4).

Lemma 3.9. Assume that b e C? _(R9) satisfies (3.2) and

ID?*(z)| < C(|z]™ +1) VY eRY, (3.14)
for some M € N, C' > 0. Further assume
fRd log* (|z])dp(x) < oo, (3.15)

Then
E [ 108" (le1(w,+ @) = ¢1(w,2) lensqaoa)dp(e) < o,
for every d € (0,1).
Proof. We first note that ¢(w,-) € C?_ since b € C? . Indeed, this follows by

considering the transformation ¢;(w,z) = ¢(w, ) — cW;(w) satisfying

d . .
E(pt = b(th + O'Wt).

Then, ¢,(w,-) € C?  follows by arguments similar to [47, Theorem 2.10].
Let
F(w,y) = p1(w,y + x) - 1w, ).
We aim to estimate |F*(w,)|c1é(5(0,1))- Due to (3.8) we have that
[F*(w,y)] = o1 (w,y +2) - pr(w,z)[ < e, VyeB(0,1)
and since DF*(w,y)(v) := Dyp1(w,y +2)(v) we obtain that
| DF*(w, )] = [ D1 (w,y + 2)] < e

It remains to estimate |DF*(w,-)|cs(p0,1))- First note that (here and in the
following C' denotes a generic constant that may change value from line to line)

|IDF*(w,") ||06(B(o,1)) <||DF*(w,) Ho(1§(0,1)) +C|D*F*(w, ')||C(B(o,1))
<er+ O D%y (w,-) leB1)):
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In the following, for simplicity, we suppress the w-dependence in the notation.
Since, for all z € B(x,1) and all v,w € R? with |v]|, |w| < 1,

%D% (2) (v,w) = D*b (¢ (2)) (Dge (2) v, Dy (2) w)+Db (1 (2)) Dy (2) (v, w)

we have that

2 10%0, () (0. 0)f < [D% (o (D) 1D () [0 (2) (0, w)
+{Db (¢, (2)) D*¢1 (2) (v,w) , D*py (2) (v, w))
<ePMC [y ()" + 1) D21 (2) (v,w)] + A | D2y (2) (v, w)]|
<M (Jp ()M +1)"+ (A + 1) D2, () (v,0)|

Hence,

t
|D2got (2) (v,w)‘2 < f 62(A+1)(t—s)€4,\sc(|% ()M + 1)2ds
0

t
<C [ e ()M dsC.
0
for all ¢ € [0,1] and thus

1
||D2901(Z)||2S0f0 lps(2)|*Mds + C.

Since

o5 (w, 2)] < s (w, )] + €,

for all z € B(z,1) and s € [0, 1], we have

1
| D*01 ()2 5wy < C fo s (w, 2)[2Mds + C.

In conclusion,

1
| £ (w, ) ers sy < C/O s (w, z)[*Mds + C.

Hence, using Fubini’s theorem and Jensen’s inequality (taking C' > 1),

E [ 1og" (1F* (@, )lerscsoa) do()
. ! 2M
SE/ log (C’f los (w, )| ds+C’)dp(x)
Rd 0
N 1 oM
SfRdlog (C’fo E[|gps(w,x)| ]ds+C’)dp(x).

We note that (3.2) implies that there is a constant C' > 0 such that
(b(z),z) <C(|z*+1) VweR<
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Hence, an application of Ito’s formula yields

sup Elg, (w,2)[* < C(|z” +1),
r€e[0,1]

for all p > 1 (where C depends on p). Thus, using (3.15) we conclude that

B [ tog” (1P @, ) crsgoony ) o (d2) < [ Jog" (Claf™ + C)dp (@)

< 00,

which finishes the proof. U

3.2. Properties of dissipativity, contraction and swift transitivity. This
section is devoted to the proof of contraction on large sets and swift transitivity.
We consider SDE with additive noise

dXt = b(Xt)dt + O'th, (316)
where b is locally Lipschitz and satisfies (3.2), o > 0.

Proposition 3.10. Let ¢ be the RDS associated to (3.16). Then, for all balls
B(x,r) and all 6 >0, z € R?, there is a time Ty > 0 such that for all ¢q € (0,7p] one
has

P(¢y, (- 2') € B(2' +2,6), Va'e B(z,r)) > 0.
In particular, the swift transitivity property holds.

Assume, in addition, that b is monotone on large sets, i.e. for each r > 0 there
exists some z € R? such that

(b(x)-b(y),xr-y)<0 for all x + y,x,y € B(z,7).

Then the property of contraction on large sets holds.

Proof. Part 1 (swift transitivity). Fix z,z e R% and 7,6 > 0.

_ oAl

—EAL

Let B := supjc 4z [0(x +v)], and T :
Fix t € (0,75] and define

W(t) =x+ tiz, t € [0,t0],
0
and

f@ = (v -o- [D@e)ds). el

Abusing notation we write ¢;(g,v), t € [0,] for the solution of (3.16) with initial
condition y driven by g instead of W where g € Cj := {h € C'([0,t0],R%) : g(0) = 0}.

Then ¢, (f,z) = (t), t € [0,t9] and, in particular, ¢, (f,z) =z + 2.
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The map g ~ ¢.(g,y) is continuous from Cy to C([0,to],R?) with respect to the
supremum norm || - |. Therefore, there exists some ¢ € (0,(d A 1)/(20)) such that
for ge C.:={geCy:|g- f| <&} we have

Let ' € B(z,r) and
7(g) :=inf{t > 0:pe(g,2") - 2’| = [2] + 1}
and assume that there exists some g € C. for which 7:=7(g) < ;. Then

2] + 1= |pr(g,2") = '| < Bto + olg(7)| < Bto + o(|f ()| +¢)
) Bt0+o—( sup 1£(s) )
0<s<to

1 1 1
<Bty+|z|+ Btg+oe<—+|z|+—+=-=|z|+1
- 0 ‘Z| 0 ge 4 |Z‘ 4 2 |Z‘ ?

which is a contradiction. Hence, for g € C., we have

010 (g,2") = (2" + 2)| < |1y (g, ") = 2" = o f(to)| + |0 f (to) - 2]
< Bto +alg(to) = f(to)| + o f(to) - 2|
SBt0+U€+BtOS5.

Since P(W|[o,,] € C:) > 0 the first claim in the proposition follows.
Part 2 (contraction on large sets).

Let R > 0. By assumption there is a z € R¢ such that

(b(x)-b(y),xr-y)<0 for all x # y,x,y € B(z,3R). (3.17)
Let ;
t
WO (1) = (=) t>0.
o

Then ¢; (wW°,2) = z for all ¢ > 0. Due to (3.17),
e [, ) - 9u(e?, 2)] = lou(®, 2) — 2
is non-increasing for all x € B(z, R). Hence,
¢i(w’, B(2,R)) € B(z,R) Vt>0.
By (3.17), there is a ¢ > 0 such that

(b(JT)—b(y),LL'—y) <_C|$_y|2 Vl'iy,$,y€B(Z,2R),|l'—y| 2

g. (3.18)

Let Ty > 0 such that e~ < 1. Further, let z € B(z, R) and define

T=inf{t 2 0:|p (W’ 2) - 2| < g}
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Due to (3.18) we have that
dlp(w°,x) = (W’ 2) P < ~2clpi(w’, @) = i (W°, 2)Pdt on [0, 7).
By Gronwall’s Lemma this implies
loe (W, 2) = 2| = e (W, 7) — s (W°, 2)| <R, Vtel0,7)
and thus 7 < Tj. Since t — |¢y(w?, z) — 2| is non-increasing, we conclude that
o7, (W0, 1) - 2| < 9
By continuity of w = o7, (w,-) € C(B(z, R); R) this implies

]P’(ngO(-, B(z,R))c B (z, g)) >0
and thus
P(diam (¢1,(-,B(z,R))) < g) > 0.
Il

Remark 3.11. Note that we did not use the one-sided Lipschitz property (3.2)
in the proof of the first part of Proposition 3.10, so that the statement even holds
assuming only that the drift b is locally Lipschitz continuous.

3.3. Weak synchronization for gradient-type SDE. In the case of gradient-
type SDE we can use the results from Section 2.2 in order to deduce weak syn-
chronization without assuming contraction of large balls (as compared to Section
2.1). In fact, we will prove that (2.10) is always satisfied as soon as there is an
invariant measure.

More precisely, consider the SDE
dX,=-vV(X,)dt +cdW, on R% (3.19)

with V' e C?2(R4,R), 0 > 0 and b := —-VV satisfying assumption (3.2). Further

assume o(x) = e 2V ¢ L'(R?). As seen in Section 3.1.2, there is an associated
white noise RDS ¢ to (3.19) and P,f(z) := Ef(p(-,x)) is strongly mixing with
ergodic measure

ie_cr%v(x)ciyc,

where Z, = [o4 eV @y

Theorem 3.12. Assume that o(z) := e V@ ¢ LY(R4) and that ¢ is weakly
asymptotically stable on U with p(U) > 0. Then, there is a minimal weak point
attractor A consisting of a single random point a(w) and

A(w) =supp(py,) = {a(w)} P-as..
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The proof of Theorem 3.12 is a simple consequence of the following Lemma and
Theorem 2.23. Note that by Proposition 3.10 ¢ is pointwise strongly swift transi-
tive.

Lemma 3.13. (1) Assume that o(z) := e V@ ¢ LY(R?). Then, for each
v e RN\{0}, there exists some z € R? such that

(b(2) =b(z -v),v) <O0. (3.20)

(2) Let b be locally Lipschitz continuous and satisfy (3.2). Further, assume
that for each v € R¥\{0}, there exists some z € R? such that b satisfies
(3.20) and that the SDE (3.16) admits an invariant probability measure p.
Then, for each pair z,y € R?, we have

lim inf [ () = 4 (y)] = 0,
almost surely.

Proof. (1): Step 1: We claim that for each v € R¥\{0} there exists some z € R
such that

V() < %(V(ZM)W(Z—U)). (3.21)

Assume this is wrong for some particular v € R4\ {0}, then for every z € R? we have
1
Vi(z) > 5(\/(2 +v) +V(z-v)).

Therefore, for each z € RY, one of the functions n — V(z + nv),V(z - nv) is non-
increasing for n € Ny. Fix 2z € R4 Without loss of generality let n — V(2 + nv)
be non-increasing. Let n € Ny. Due to the one-sided Lipschitz condition on b
the function g(h) = V(2 + nv + hv) + 5(h|v[)? is convex on h € [0,1]. Moreover,
9(0) <V (2) and g(1) < V(z)+5[v]. Since g is convex this implies supj,crg179(h) <
V(z)+4v]?. Therefore, SUPpeo1) V(2 +nv+hv) < V(z)+3|v]? for all n € Ny. Hence,

v = V(z+qv)

where 7 € [0, 00), is bounded from above. In particular, [ o(z + hv)dh = oo holds
for each z € R?, and therefore ¢ cannot be integrable.

Step 2: To see the claim in the first part of the lemma, let f(h) :==V(z+hv) -V (2)
with z chosen such that (3.21) holds. Due to (3.21) we have

F(0)=0< S(F(1) + F(-1) (322)

Assume that f'(a) < f'(a—1) for all @ € [0,1]. Integrating over [0,1] yields
f(1) < —=f(-1) contradicting (3.22). Therefore, there exists some « € [0,1] such
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that f'(a) > f'(a—1). The first claim in the lemma follows after replacing z + v
by z.

(2): The proof is inspired by the controllability approach which was used, for
example, in [4].

For x,y e R¢, let C'(x,y) be the closure of the set of all (u,v) € R? x R for which
there exists some T >0 and f € C'([0,T],R%) such that f(0) =0 and the (unique)
solution of the pair

t t
Xt:a:+/ b(X,)ds +0f,, Yt:y+f b(Y.)ds + 0 f,
0 0

satisfies (X7, Yr) = (u,v).

Step 1: Fix z # y € R and let C' := C(z,y). We show that Cn A # @, where A
is the diagonal in R? x R4 as before. First, note that the first part of Proposition
3.10 shows that (u,v) € C implies (u+ z,v + z) € C for every z € R, Therefore the
infimum in § := inf{|u—v|: (u,v) € C'} is actually attained, say at (ug,vy). Assume
that 0 > 0 and let z satisfy the assumption in the lemma for v := vy — ug. Then
(z—v,z) € C and (3.20) holds which shows (using the control f = 0) that there
exists (u,v) € C for which |0 - 4| < § contradicting the definition of §. Therefore,
0=0and CnA+g.

Step 2: Fix e > 0. We show that for each x,y € R? we have that

h?l inf |p(z) — ¢ (y)| < e, almost surely,

which obviously implies the statement in the second part of the lemma.

For z,y € R? let
K‘(x7y) = P( ltlzlgkpt(wr) - ()Ot(7y)| < 6)7

which is strictly positive by Step 1 and the fact that the function which maps the
control f to the solution is continuous in the supremum norm on C([0,7'], R?) for
each T > 0. Further, the map (z,y) = r(z,y) is lower semicontinuous since ¢ is
continuous. Therefore, x is bounded away from 0 uniformly on compact subsets
of R4 x R?. Now we use the fact that the RDS admits an invariant probability
measure p. Let K ¢ R? be a compact set satisfying p(K) > 3. By [43, Lemma 2,
Theorem 3] we know that p and all transition probabilities for positive times are
absolutely continuous with respect to the Lebesgue measure on R? and therefore
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Birkhoff’s ergodic theorem shows that for every pair z,y € R¢ we have that

hmlnf—[ Lixi (pe(x), 0e(y))dt

> hm —/ 1k (p(x))dt - hm ?fOT Lce (e (y))dt
= p(K) p(K°) >0, P—a.s..

Hence, for all z,y € R? and n € N there exists some (random) ¢ > n such that
(ee(),0:(y)) € K x K almost surely. Define

k:=inf{k(z,y) 2,y € K},

which is strictly positive and
T(x,y) = inf {t >0: IP( i%(l]f] los (-, 2) = s (-, )| < 5) > g} .
s€|0,t

For fixed z,y € R?, = # y, we define the stopping times S,,,7, and the random
variables X,,,Y,,, n € Ny as follows:

SO::()’ XO::'I7 }/E)::y
T, :=inf{t> S, +1:(pi(x),0:(y)) e K x K}

Xy i = @Tn(x)a Y, := @Tn(y)
Spa1 i=1nf{t > T, : |oi(2) = o (y)| < e} AT (X, V).

Note that by the strong Markov property we have
P(¢s,.: (%) = 5., (W) < | Fr,) > K/2,

for every n € Ny almost surely, so the assertion follows and the proof is complete.
O

3.4. Summary, explicit examples and open problems. We close the paper
by giving a short summary of general conditions on SDE for synchronization by
noise and providing some explicit examples of our general results.

Theorem 3.14 (Synchronization for general drift). For SDE of the form (1.1),
with drift be C? (R9) satisfying (3.2), (3.14) and assuming eventual strict mono-
tonicity (cf. Definition 3.5), we have synchronization by noise for sufficiently large
noise intensity o.

Proof. First, notice that eventual strict monotonicity implies monotonicity on large
sets (cf. Proposition 3.10) as well as (3.9) as observed in Section 3.1.2. By |[21]
this implies the existence of a (weak) random attractor. Condition (3.2) and the
local Lipschitz property, implied by b € C2_(R%), yield the existence of an RDS
¢. By (3.9) and [28, Theorem 4.3], ¢ is strongly mixing. Assumption (3.15) is a
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consequence of (3.9) since, by Ito’s formula applied to e?Xt  one can even show
Jra € dp(z) < oo for y small enough. Assumption (3.14), (3.15), be C2_(R?) and
(3.9) imply, via Lemma 3.9, the assumptions of Lemma 3.1 and thus the existence
of the Lyapunov spectrum, in particular \;,. By Example 3.6 and the property
of eventual strict monotonicity we deduce A, < 0 for large noise intensity o. By
Corollary 3.4 this implies asymptotic stability.

The local Lipschitz property and the monotonicity on large sets guarantee swift
transitivity and contraction on large sets, by Proposition 3.10. Then, by Theorem
2.14 we deduce synchronization. U

For gradient systems, b = -VV, condition (3.2) on b can be expressed more natu-
rally as

(D*V (2)€,€) 2 AL (3.23)

for all z,£ € R% and some A > 0.

Theorem 3.15 (Synchronization for gradient systems). Consider an SDE of the
form (1.3) with gradient drift b = -VV. Then:

(1) If V e C?(R?) satisfies condition (3.23) and eV et (R?), then weak
asymptotic stability on U with p(U) > 0 implies weak synchronization.
(2) Let V e C2° (R?) be such that there exists an R > 0 for which®

(D*V (2)€,€)>0 (3.24)

for all |z| > R and £ € RY. Assume that there is a weak random attrac-
tor®. Then, asymptotic stability on some non-empty open set U implies

synchronization.

Proof. (1): Follows by Theorem 3.12. (2): Condition (3.24) plus local boundedness
of | D2V (x)| imply condition (3.23). Condition (3.23), which implies (3.2) for
b=-VV, and the local Lipschitz property of b, implied by V e C? (R?), yield the
existence of an RDS. Then Proposition 3.10 applies because b = —-VV is locally
Lipschitz and (3.24) implies monotonicity on large sets. By Theorem 2.14 we
deduce synchronization. U

Theorem 3.16 (Sufficient conditions for asymptotic stability of gradient systems).
Consider an SDE of the form (1.3) with gradient drift b = —-vV. Assume that
VeC} (R?) satisfies conditions (3.14) and (3.23).

"Note that this property is implied by (3.25).
6The existence of (weak) random attractors under a weak coercivity condition has been ob-
tained in [21].
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(1) If V satisfies condition (3.13) and the positivity assumption on the infimum
in Example 3.7, then asymptotic stability holds for small noise intensity
o >0.

(2) If there exists an R > 0 such that

(D*V (2)€,€) 2 M I¢[° (3.25)

for all |x| > R, £ € R? and some A; > 0, then asymptotic stability holds for
large noise intensity o > 0.

(3) If V(x) = g(|x|2), ge(C?

loc

asymptotic stability holds.

is convex and log" (|z)e 72V e L1 (RY), then

Proof. Conditions (3.23) and V € C} (R? R) give us the existence of an RDS, as
for (2) of the previous theorem. Assumption (3.15) holds in case (1) by (3.13) (for
small o); it holds in case (2) since (3.25) implies eventual strict monotonicity and

thus (3.9) and we have already remarked in the proof of Theorem 3.14 that this
implies (3.15); and finally it holds in case (3) since we assume log+(\x|)e_a%v(x) €
L' (R4). The assumptions of Lemma 3.9 hold and thus Lemma 3.1 and Corollary
3.4 apply. In particular, A, exists. In case (3), V e C} (R4 R) follows from
g€ C} and see the proof of Example 3.8 to realize that Lemma 3.1 applies without
assumption (3.13). Asymptotic stability follows by Corollary 3.4 as soon as we
prove A < 0. Let us recall the proof in three cases. For (1) see Example 3.7 and
for (3) see Example 3.8. Finally, for (2), condition (3.25) implies eventual strict
monotonicity of b, hence A, < 0 for large o by Example 3.6. O

As in [46] our results apply to
Vi(x) = (0.5-10eC 1) —10eC e p2))| 22,
Vs(z) = (2—5eC 17 pP) gl lopal®) _7eClopsl)y g2,

where p; = (0,1),p2 = (0,-1),p3 = (0,2),ps = (2,-2),p5 = (-2,-2). In contrast to
[46], where only small noise o can be treated, our results also yield synchronization
for large noise o.

As pointed out in the introduction, the model example of a double-well potential
1 1
Vp(z) = ;l|37|4 - §|5E|2,

is not covered by the techniques in [46] for d > 2. In contrast, our results imply
synchronization in this case for all o > 0. In particular, no restriction to small or
large noise o is required here.

We close the paper by pointing out some open problems: In Theorem 3.12 we
assumed that weak asymptotic stability holds. We leave it as an open problem
whether this condition is always satisfied for gradient type SDE with additive noise
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(1.3). Our general results may also be applied to infinite dimensional examples. In
particular, synchronization for SPDE could be investigated. This will be subject
of subsequent work. Numerical evidence suggests that the top Lyapunov exponent
for the Lorentz system perturbed by strong noise (i.e. for ¢ large) is negative and
(weak) synchronization occurs. The Lorentz system, however, is not covered by
the techniques put forward in Section 3. We leave this as an open problem. We
prove swift transitivity for a large class of SDE with (non-degenerate) additive
noise in Section 3. It is left as an open problem to establish swift transitivity in
other situations, such as degenerate additive or multiplicative noise.
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