LONG-TIME BEHAVIOR, INVARIANT MEASURES AND REGULARIZING
EFFECTS FOR STOCHASTIC SCALAR CONSERVATION LAWS

BENJAMIN GESS AND PANAGIOTIS E. SOUGANIDIS

ABSTRACT. We study the long-time behavior and regularity of the pathwise entropy solutions to sto-
chastic scalar conservation laws with random in time spatially homogeneous fluxes and periodic initial
data. We prove that the solutions converge to their spatial average, which is the unique invariant
measure of the associated random dynamical system, and provide a rate of convergence, the latter
being new even in the deterministic case for dimensions higher than two. The main tool is a new reg-
ularization result in the spirit of averaging lemmata for scalar conservation laws, which, in particular,
implies a regularization by noise-type result for pathwise quasi-solutions.

1. INTRODUCTION AND MAIN RESULTS

1.1. An overview. We are interested in the long-time behavior, the existence and uniqueness of
invariant measures and the regularity of pathwise entropy solutions of the spatially homogeneous
stochastic scalar conservation laws (SSCL for short)

N
w1) du+ Y 0y, Al(u)odBi =0 in TV x (0,00),
’ i=1

uw=muy on TV x {0},

where TV is the N-dimensional torus, o denotes the Stratonovich differential, the flux A is smooth
with polynomial growth, that is, setting

A"(€) = 0ZA(€) and a(§) := A(€) == A(6),
we assume that, for some C' > 0,m € N and all £ € R,

(1.2) A= (AL, AY) € CARRY) and |A"(6) < C(1+ €™,
(1.3) B=(p,... ,5N) is a standard two-sided Brownian motion,
and

(1.4) ug € LY(TN).

In order to have both nontrivial asymptotic behavior as well as to observe regularizing effects, we need
to exclude the linear case by assuming that the flux is genuinely nonlinear. Since our estimates are
based on a new stochastic averaging-type lemma (Theorem below), it is convenient to quantify
this property in a measure theoretic way.
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We assume that there exist # € (0,1] and C > 0 such that, for all 0 € S¥~!, 2 € RY and ¢ > 0,

(1.5) {¢eR:|a(§)o — 2| <e}| < O,
where SV~1 is the unit sphere in RY and, for 2 = (z1,...,25),y = (y1,...,yn) € RY, we set
xy = (1y1, .- -, TNYN)-

The genuine nonlinearity condition assumed typically in the deterministic setting, that is when 8 =
(t,...,t), is that there exist 6 € (0,1] and C' > 0 such that, for all 0 € S¥!, 2 € R and ¢ > 0,

(1.6) {e e R:fa(e) -0 — 2| < e} < C<,
where x - y denotes the inner product of the vectors =,y € RV,

Since, for some constant C' > 0,
N
a(€)o — 2| > Cla(®) -0 ~ =i,
i=1

it is immediate that (1.6} implies (|1.5]).
The following example shows, however, that ([1.5]) is strictly weaker than (1.6 in dimensions larger
than one. We fix N = 2 and some [ € N and consider the flux A : R — R? given by

1 1 é-l-l—l)'

ot
A(g)_(l—i-l€+ 1+1

Then
a(¢) = (¢,¢).
In this case, if 0 = (%, —%) and z = 0, we have a(¢) - 0 — z = 0, and, hence,
{¢eR:[a() o -z <e}[=o00

and ([1.6)) cannot be satisfied.
On the other hand, if o = (01,02) € St and 2z = (21, 22),

a(€)o — 2” = [glor — z1* + [€los — 2o

Since |o| = 1 yields o1 > % or og > %, without loss of generality, next we assume that o1 > %
Then

{e e R:fa(€)o — 2| <&} = {E € R: [dlor — a1 + |€loz — zl? < €2}

o1 z1 g
< ER: | - < =
< el < 2206t

ot
where the first inequality follows from condition (T.6)) for the one dimensional flux a;(¢) = £'. Hence,

(1.5) is satisfied.

The exponent 6 in ([1.6)) depends on the dimension N. Indeed, it was shown in Berthelin and Junka [6]
that, if A is smooth, then necessarily 6 € (0, %]

In contrast, this is not true for (1.5). Indeed, as we have seen above, for all j = 1,..., N, in general
we have,

N
{EeR:[a(@)o—z| <e}|= {EeR: Y [ai(§)oi — z[* <}
=1

<HEeR:a;(&)o; — 2| < e}l
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Hence, if the one dimensional fluxes a; satisfiy (1.5) with exponent 6;, then a satisfies (1.5 with
0 = min(01,...,0n). For example, in the particular case that a(§) = (&,..., &) which satisfies ([1.5))
with = 1, we obtain # = 1 in (1.5 and there is no dependence on the dimension.

The main results of the paper are (i) the quantitative convergence, as t — oo, of solutions to (|L.1))
to the spatial average of the initial data, which turns out to be the unique invariant measure of the
associated random dynamical system, (ii) a new regularizing property (averaging lemma) for ,
(iii) a rate for the convergence, as t — oo, of the deterministic entropy solutions to the their mean,
and (iv) a “regularization by noise”-type result for pathwise quasi-solutions to .

The convergence to the spatial average, the rate of convergence and the regularizing effect are new
results and, to the best of our knowledge, the only available for nonlinear problems with random
fluxes. Providing a rate of convergence for deterministic scalar conservation laws with N > 2 solves
a long-standing open problem. Concerning the regularization by noise, we show that pathwise quasi-
solutions to the (stochastic) Burgers’ equation are more regular than in the deterministic case. Again,
to the best of our knowledge, this is the first such result for nonlinear random fluxes.

1.2. The general setting. Without loss of generality in the following we work with the filtered
probability space (2, F,(Ft)ier,,P) with the canonical realization on = Co(R;RY) := {b ¢
C(R;RY) and b(0) = 0}, and P, E, F; and F; being respectively the two-sided standard Gauss-
ian measure on (2, the expectation with respect to P, the canonical, uncompleted filtration and its
completion.

Lions, Perthame and Souganidis introduced in [40] the notion of pathwise entropy solutions to
(actually [40] considered general continuous paths 3) and showed that, for each ug € (L' N L>®)(RY),
each path t — B,(w) and all T' > 0, there exists a unique pathwise entropy solution u = u(-; 8, up) =
u(;w,ug) € C([0,00); LYRN)) N L=®(RN x (0,T)) to and the solution operator is an L!-
contraction and, hence, is defined on L'(RY).

A straightforward modification of the arguments in [40] yields that the theory extends to and is
well posed in L>°(T¥), that is, for each ug € L>®(T¥), each path t +— B,(w) and all T' > 0, there exists
a unique pathwise entropy solution u = u(+; 3, ug) = u(-;w,up) € C([O, 0); Ll(']I‘N)) NL>® (TN x [0, T]),
and the solution operator is an L!-contraction and, hence, is defined on L(T%).

Since the entropy solution to (T.1)) is constructed in a pathwise manner, for each ug € L'(T") and
t > 0, the map

(1.7) o(t,w)ug = u(-, t;w, ug)

defines a continuous random dynamical system (RDS for short) on L!'(TV); we refer to Appendix
for some background on RDS.

The associated Markovian semigroup (P;):>0 is given, for each bounded measurable function f on
LYTN), up € LY(TV) and t > 0, by

Py f(uo) == Ef(u(-,t;-,u0)) = Ef (¢(t, -)uo).

By duality we may consider the action of (P;);>0 on the space M; of probability measures on L'(TV),
that is, for u € M1, we set

Fiu) = [ | Pufta@)duta).

A probability measure y is an invariant measure for (P)¢>o if Pfp = p for all ¢ > 0. Moreover p is
said to be strongly mixing if, for each v € M, Pfv — p weak x in Mj as t — oo.
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1.3. The results. We prove here (see Theorem below) that, as t — oo and P-almost surely (a.s.
for short),

u('?t;wau()) —r Up = / Uo(l’)d.ﬁE,
TN

provide a convergence rate and show that dz, is the unique invariant measure and %y the random
attractor. Here §. denotes the “Dirac mass” measure in L'(T") charging the constant function with
value ¢ € R and we set LL(T?) to be the space of all L!(T") functions with spatial average c.

The first result is stated in the next theorem; for some of the terms in the statement we refer to
Appendix [A]
Theorem 1.1. Assume , , and . Then, as t — 00,
u(-t; - ug) — @ in L LY(TN)) and P-a.s. in L*(TV);
in particular, 8z, is the unique invariant measure for (P;)>o on LL (TN) and is strongly mizing, and,

restricted to L%LO (TV), the RDS ¢ has 1o as forward and pullback random attractor. Moreover, for
t > 1 and ug € L>™(TV),

__0_
Elju(-, t;-,u0) — Golls < (luollzfm +1) ¢ 5+,
and, for all p € (1,00),
. = 24+m -
ElJu(-, t; -, u0) — tollp < 2[|uollo(|[uoll51m + 1)t 5.

Following the strategy of the proof of Theorem we also obtain a rate for the asymptotic behavior
of the entropy solutions to the deterministic conservation law

N

Opu+ Y 0y Al(u) =0 in TV x (0, 00),
i=1

u=ug on TV x {0}.

(1.8)

The result is stated next.

Theorem 1.2. Assume (1.2)), (1.4) and (L.6). Then, ast — oo,
u(-,t; - ug) — G in LY(TYN).
Moreover, for t > 1 and ug € L>T™(TV),
__0
-, ;- u0) = wolly < (luoll5T7y +1) 2.

The rate in Theorem [I.2]is a new result for N > 2. We give some details on the existing literature for
the (1.8) in the next subsection.

We do not make any claim of optimality for the rates obtained in Theorem [I.I] and Theorem [I.2]
Moreover, although the rate for the stochastic problem is better than the one for the deterministic
one, it remains an open question how the optimal rates compare.

The arguments and estimates leading to Theorem[I.T]are a special case of a more general new regularity
result, which extends the ones obtained by Lions, Perthame and Souganidis in [41].

Theorem 1.3. Assume (1.2)), (1.3), (1.4), (L.5) and let ug € L>T™(TN). Then, for all X € (0, %)
and T > 0, there is a C > 0 such that

T
E /0 la®) landt < CQL+ ugl2EM),
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and, for all § > 0,
sup E||u(t) |y < oo.
t>6

We note that Theorem yields higher regularity than in the corresponding deterministic result.
Indeed, Jabin and Perthame proved in [36] that, if the genuine nonlinearity condition holds for
6 = 1, then, for ¢ > 0, entropy solutions to satisfy u(t) € WM for each A € (0, %) In contrast,
Theorem (1.3 yields that, for ¢ > 0, u(t) € W*! for each A € (0,%). As before, we do not know if the
the regularity obtained in Theorem [I.3]is optimal.

Theorem also implies a regularization by noise-type result in the following sense. In analogy to the
deterministic theory, we introduce in Section [6] the class of quasi-solutions to the stochastic Burgers
equation

(L9) {du +0u?odp; =0 in T x (0,7),

u=mwug on T x {0},

and show that they are more regular than the ones to

110) {atu +8,u2=0 in T x (0,7),

u=mwup on T x {0}.

The reason we work with such solutions is that the regularity implied by averaging techniques for
is essentially sharp for quasi-solutions, a fact which is not true for entropy solutions; see, for example,
De Lellis and Westdickenberg [16] and De Lellis, Otto and Westdickenberg |15]. Indeed following the
proof in [36] it easy to conclude that, for ¢ > 0, quasi-solutions to satisfy u(t) € WM! for every
A€ (0, %), actually [36] works with entropy solutions, but a careful look at the proof yields that the
result also holds for quasi-solutions. Optimal regularity for quasi-solutions was proven by Golse and
Perthame in [32]. As it shown in [16], however, there are quasi-solutions such that u(t) ¢ W™ for
every A > %

In contrast, we show here that quasi-solutions to (1.9) satisfy u(t) € W1 for every A € (0, %) In this
sense, we see that the noise included in has a regularizing effect.

Theorem 1.4. Let u be a pathwise quasi-solution to (1.9) with ug € L*(T). Then, for all X € (0, %)
and T > 0, there is C > 0 such that

T
E / la(®)lwandt < C(1 + lfull? + Elm|([0,T] x T x R)).
0

and, for all § > 0,
sup E|lu(t) |y < oo.
t>6

We expect, and this is the subject of a subsequent work, that methods similar to the ones developed
in this paper, in combination with arguments from [20], may be used to prove the existence and
uniqueness of an invariant measure in the case of additive noise, that is for

N
du+ Y 0, Al(u) o df} = dW,,
i=1

where W is an infinite dimensional Wiener process independent of .
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1.4. Brief review of the existing literature. We discuss next briefly results about scalar conser-
vation laws with some type of random dependence and their long-time behavior, we recall the basic
literature for averaging lemmata and touch upon the issue of regularization by noise.

The effect of noise entering scalar conservation laws via randomness in the initial condition has been
studied, for example, by Avellaneda and E [2], Burgers 9], Ryan [50] and Sinai [52].

For stochastic scalar conservation laws driven by additive noise, also including boundary value prob-
lems, we refer to the works by E, Khanin, Mazel and Sinai [22], Kim [37], Nakazawa [45], Saussereau
and Stoica [51], Vallet and Wittbold [53] and the references therein.

The case of multiplicative semilinear noise dependence in It6’s form, that is stochastic PDE (SPDE
for short) of the form

(1.11) du + divA(u)dt = g(u)dWy,

where W denotes a possibly infinite dimensional Wiener process, has attracted considerable interest
in recent years; see for example, Bauzet, Vallet and Wittbold [4], Chen, Ding and Karlsen, [10].
Debussche and Vovelle [19], Debussche, Hofmanova and Vovelle [17], Feng and Nualart [25], Hofmanova
[33], Holden and Risebro [34], etc..

The long-time behavior of solutions to (1.11]), the existence and uniqueness of an invariant measure
and a singleton random point attractor was first studied in [22] for the stochastic Burgers equation
with additive noise, that is

(1.12) du + dpu?dt = dWy,

on the one-dimensional torus T = [0, 27]; for extensions of these results see Bakhtin [3], Boritchev [7],
Iturriaga and Khanin [35], Saussereau and Stoica [51], etc..

More recently, these results were extended by Debussche and Vovelle [20] to general SSCL on TV with
additive noise, that is to

(1.13) du + divA(u)dt = SdW;,

where ® is an appropriate Hilbert-Schmidt operator. In addition, it was shown in [20] that, under
appropriate non-degeneracy conditions on the flux A, (1.13]) has a unique invariant measure.

We also refer to Dirr and Souganidis [21], who studied similar questions for Hamilton-Jacobi equations
perturbed by additive noise in any dimension.

All of the above mentioned works consider semilinear SSCL in the sense that the noise is applied to
functions of the solution and not its derivatives.

In contrast, [40] and its subsequent extensions by Lions, Perthame and Souganidis [42] and the authors
[30] consider SSCL like

N
du + Z O, Ai(2,u) 0 dB} = 0,
i=1
with inhomogeneous spatially dependent fluxes and single and multiple rough time dependence re-
spectively, in the sense that the noise is applied to the flux and, hence, the derivatives of the solution.

The well-posedness of solutions to such SPDE was proven in [30,/40,/41] using a kinetic formulation.
The case of joint transport noise and linear multiplicative noise has been treated by Friz and Gess
in [29] by entropy and rough paths methods.

We next discuss some of the available literature about the long-time behavior of deterministic scalar
conservation laws (SCL) with periodic initial data. Since there are many references, here we restrict
to the ones that seem most relevant for our purpose. The one-dimensional setting is well understood,
since Lax in [38] proved, using the Lax-Oleinik formula, asymptotic linear decay for strictly convex or



LONG-TIME BEHAVIOR, INVARIANT MEASURES AND REGULARIZING EFFECTS FOR SSCL 7

concave fluxes. The first asymptotic result with a rate for N = 2 is due to Engquist and E in |23]. The
higher dimensional case was first studied by Chen and Frid in [11] and was subsequently generalized by
Chen and Perthame [12] and Debussche and Vovelle [18]. These last three references assumed genuine
non-linearity-type conditions on the flux and proved the convergence of the solutions to their spatial
average without any rate. More recently and independently, Dafermos [14] and Panov [47] proved the
same result under weaker genuine non-linearity conditions, which are also necessary. We note that
with the exception of NV = 1,2 no rate was known before.

Many of the above mentioned results about the long-time behavior of deterministic SCL rely on
averaging lemmata of the type introduced by Golse, Lions, Perthame, Sentis [31]. Averaging lemmata
are one of the most important tools in the theory of (deterministic) conservation laws and were used
very effectively for conservation laws by, among others, Perthame and Tadmor [49], Lions, Perthame
and Tadmor [43], Lions, Perthame and Souganidis [39], Perthame and Souganidis [48] etc.. Some
stochastic averaging lemmata, which lead to higher regularizing results than in the corresponding
deterministic case, were obtained by Lions, Perthame and Souganidis [41].

Regularization by noise phenomena have been observed in the linear spatially inhomogeneous case,
that is for transport equations of the form

(1.14) du+b(z) - Du dt = 0.
Indeed, it has been shown by Flandoli, Gubinelli and Priola [27] that adding perturbations of the type
(1.15) du+b(z) - Du dt = dyu o dpy,

regularizes the dynamics in the sense that well-posedness can be obtained for ((1.15)) in cases for which
(1.14]) is ill-posed. Moreover, it has been proven (see, for example, Fedrizzi and Flandoli [24], Flandoli,
Gubinelli and Priola [28] and Mohammed, Nilssen and Proske [44]), that solutions to (|1.15]) are more

regular than their deterministic analogues. For example, |24] shows that, if ug € ﬂ/\ZI WM and
b€ LP(R) with p > 2, then u(t) € )5, I/Vl’\’1 a.s. and for every ¢ € [0, T].

oc
All the above results and techniques depend strongly on the linear structure of (1.15). In fact,
Flandoli [26] showed that analogous regularizing effects are wrong in the nonlinear case, for example,
the stochastic Burgers’ equation

du + Oyudt =0,u o df,

where the inclusion of noise does not prevent characteristics to collide and thus BV-regularity is the
best one can get even in the stochastic case.

1.5. Organization of the paper and some notation. The paper is organized as follows: In Sec-
tion 2] we recall the notion of stochastic pathwise entropy as well as some of the basic estimates that we
need to prove the main results. Theorem Theorem and Theorem are proved respectively
in Section |3, Section 4| and Section |5l In Section |§| we recall the notion of quasi-solutions to (1.10)),
introduce the definition of pathwise quasi-solutions to and prove Theorem Appendix
states some of the basic properties of RDS, in Appendix [B] we present the proof of a very useful and
basic analysis lemma which in the proofs, and finally, in Appendix [C]we give the rigorous justification
of a formula which is at the core of the proofs.

In what follows, we will say pathwise instead of stochastic pathwise entropy solution, we will omit,
when it does not cause any confusion, the dependence in w and we occasionally write m(x, &, s)dxd{ds
instead of dm(x,&,s). For notational convenience, we write A < B if A < CB for some C > 0. If
A< Band B < A, we write A ~ B. We work with the homogeneous Bessel potential spaces W*? for
A >0, pe€l,o00), that is

WAP = {f € L/(TV) : (In]*f(n))" € LP(TM)},
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where f denotes the discrete Fourier transform of f on T and fV its inverse. We note that the
homogeneous Bessel potential spaces coincide with the domains of the fractional Laplace operators

(—A)% on LP(TY). For notational simplicity we also set H* := W2,

2. PATHWISE ENTROPY SOLUTIONS AND SOME BASIC PROPERTIES

2.1. The definition. We begin with the derivation of the notion of the pathwise solution to ([1.1))
and, for the moment, we assume that 8 is smooth in which case o reduces to multiplication. Then
(1.1) is a standard scalar conservation law with time dependent flux which is best studied using kinetic
solutions.

For the latter we introduce the auxiliary nonlinear function
+1 if 0<¢ <wu(z,t),
(2.1) (@, 608) = x(ulw,1),€) = { —1 if () <€ <0,
0 otherwise.

The kinetic formulation of (1.1]) is the assertion that the x given by ([2.1)) is a solution, in the sense of
distributions, to

2.2) {th + Zf\;l a*(€)0w, X B (t) = dem in TN xR x (0,7),

X =x0(,") = x(uo("),") on T x R x {0},

where

m is a nonnegative bounded measure on TV x R x (0,7 for each T' > 0.
To introduce the pathwise entropy solutions we use the transport equation
23) {ék@ + 3, a4 (€)0r,08'(1) =0 in TV x R x (0,00),
0=00 on TV xR x {0}.

For each y € TV and py € C°(T¥), the solution o = o(z,y, &, t) to (2.3) with initial condition gg(- —y)
is given by

N
(2.4) o(z,y,&t) = 00 <x —y—-> ai(&)ﬁ(ﬂ) -

i=1

We define the “convolution along characteristics” o * x : TV x R x [0,00) — R by

0% X(y,§:1) r=/

N g(xvyuga t)X(ﬂ%f,t)dw

T
It follows that, in the sense of distributions in £ and ¢,
(2.5) o+ x)(y,&,t) = / o(x,y, & t)0em(z, &, t)dz in TV x R x (0, 7),
N

and, after integrating in ¢, again in the the sense of distributions in £ and for all ¢ € [0, 77,

(00060 = (290 = [ [ ol r)dem(a, & r)dodr

Note that this last identity is actually equivalent to the kinetic formulation for conservation laws with
smooth time dependence. Moreover, the dependence on the derivatives of the paths has disappeared.
These two observations are the idea behind the notion of pathwise entropy solutions, that is, to use
as the definition of a solution. To state the latter we need to introduce one more notion.



LONG-TIME BEHAVIOR, INVARIANT MEASURES AND REGULARIZING EFFECTS FOR SSCL 9

We say that a measurable map m : Q — M, the space of nonnegative bounded measures on TV x
R x [0,77, is a kinetic measure, if the process t — m(-, [0, t]) with values in the space of nonnegative
bounded measures on TV x R is F;-adapted.

Definition 2.1. A map u : TV x[0,00) xQ — R such that, for all T > 0, u € (L*NL>®)(TN x [0, T]x ),
and P-a.s. inw, u(-,w) € C([0,T]; LY(TN)) NL®(TN x [0,T1), and t — u(t, ) is an F;-adapted process
in L'(TV), is a (stochastic) pathwise entropy solution to ([I.1]), if there exists a kinetic measure

m such that, for all y € TV and all test functions ¢ given by (2.4) with g9 € C(T") and all
p € C([0,T)),v € C(R),

/ / Brp(ry(€) (0  x)(ys &, r)drde + /R SO)H(E) (0% )y, &, 0)dé

- / / ()06 (B(E)ole, . &, r)) dm(z, &, 7).
0 TN xR

2.2. The basic properties. The next proposition summarizes the key properties of the pathwise
entropy solution and is obtained by a straightforward modification of the proof of the analogous result
in [40].

Proposition 2.2. Assume (L.2), (1.3) and (1.4). For each ug € L>®(TN) and each path t — B, (w),
there exists a unique stochastic pathwzse entropy solution v = u(-,w;ug). Moreover, for all t > 0,

p € [1,00] and P-a.s.,

(2.6) / w(z,t, w;up)dr = / uo(z)dz,

(2.7) [u(-t,w;iuo)llp < [fuollp:
and
(2.8) Ju(-, t,wiuo)llBv < [luollBv-,

and, if u'(-,;w),u?(-, ;W) are two pathwise entropy solutions, then, for all t,s > 0 with s < t and
P-a.s.,

(29) |‘u1('7taw) - u2('7taw)||L1(TN) < ||u1(-,s,w) - UQ(',S,(U)HLI('[[‘N)-

Note that Proposition and, in particular, , yield that the solutions u = u(-,w;up) are well-
defined for all ug € L'(T). It is then easy to see that the map defined in is indeed a continuous
RDS on LY(TV).

For future use we remark that, in view the definition of x, for each u € R, it holds [; [x(u,&)|d§ = |u]
and, thus, for any v € L'(T") and p > 1, we have

)Moy < IO oy = [ x(ue). ©)ldeda
= [, Ju@ide = e

In the sequel we will also need the following bound on the mass of the entropy defect measure m,
which a small extension of the analogous bounds in [301/40,42|, where we refer to for the proofs.

Lemma 2.3. Assume (1.2)), (1.3) and (T.4). For ug € L=¥(TY), m € N, t > 0 and P-a.s.,

t
st w735+ (m+2)m+ 1) [ jepam(z.€.9) = Juoll
X
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and

(m+2)(m+ 1)IE/0 /JTN . €| dm(x, &, s) < ||u0\|$ﬁ.

3. THE QUANTITATIVE ASYMPTOTIC BEHAVIOR.

The key step here is to introduce a regularization in the spirit of the classical averaging lemmata,
which allows to obtain estimates that control the long time behavior of the solution to (1.1)). The
typical proofs of such averaging lemmata employ space time Fourier transforms, which is not possible
in our context because of the rough time dependence of the flux. Instead, here we use only Fourier
transforms with respect to the space variable z, a technique developed in Bouchut and Desvillettes [8]
and used in Debussche and Vovelle [20] as well as in [41]. Although we follow the arguments of [20],
here we need to deal with the new difficulties arising because of the stochastic nature of the flux
in . An important tool is a technical result (Lemma , which uses the genuine nonlinearity
condition . Since the proof is rather long, we divide it in several subsections.

3.1. Averaging lemmata, a regularization result and a “new formula” for the solution. In

view of (2.9) and the density of L>°(TV) in L*(TY), it is clear that it suffices to consider ug € L (T%).

Moreover, to keep the presentation simple, throughout this section we restrict the presentation to the
zero average case, that is, henceforth, we assume that

(3.1) /uo(m)dw —0
and leave it up to the reader to fill in the details for the general case, which is easily reduced to (3.1]).

The main idea is that averaging over the “kinetic variable” £ of the solution y to yields more
regularity and provides new estimates for the solutions to the conservation laws. The difficulty, of
course, comes from the very low regularity of the right hand side d:m in . Typically this problem is
dealt with by adding a regularizing (parabolic)-type term in the kinetic equation and taking advantage
of the smoothing it generates.

In this paper we use the fractional Laplacian operator as a regularizing term (see [8] and [20] for
similar types of arguments)

(3.2) B :=(-A)*+Id with a € (0,1],
and, for v > 0, we rewrite as

ox +>;a (&), x 0dB(t) + vBx = yBx + 0em in TN xR x (0,T),
{X = x(ug(-),-) on TV x R x {0}.

Note that in what follows we make strong use of the properties of the Gaussian paths and our approach
and results do not extend to general continuous driving signals replacing 3.

(3.3)

Let Sy (¢)(s,t) denote the solution operator (group) of
(3.4) O + Zai(f)@"i(t)@mv +~vBv=0in TV x R x (s, 00).

It is immediate that, for all f in the appropriate function space,

(3.5) Say(s0)f (@) = (Syp(t = s)f) (x — a(§)(B(t) — B(s))),
where S,p(t) is the solution semigroup to

(3.6) O +~yBv =0 in RN x (0,00),
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and
a(§)(B(t) — B(s)) = (a"(&)(B'(t) = B(5)),...,a™ (BN (1) — BN (s))).

Note that, for each n € Z", the Fourier transform of S A, (¢) corresponds to multiplication by

exp(—ia(§)(B(t) — B(s)) - n —(|n[** + 1)(t - 5)).
It follows (see Appendix |C| for a rigorous justification) from the variation of parameters formula that
the solution x to (3.2)) is given, in the sense of distributions in z and &, by

t
(3.7) x(z, &, t) = S (0,t)xo0(x,&) —i—/o SAW(g)(s,t)(’yBx(s) + me(x, €, 5))ds.
After integrating in &, we find that, for ¢ € [0,7] and ¢ € C>®(TV),

/ o (@)u(, t)dz = / (@) (. €, t)dde
"]IN

TN xR
_ / o(2)S 4 e)(0, 1) x0(w, &) drde
TN xR

t
* /0 /]TNX]R FYB(SZ’Y(S) (S, t)(p) (l’)X(IE, ga S)dfﬂdé’ds

B / / 9e(Sh g (s, t)p)(@)dm(z, €, 5),
0 JTNxR

where 527 ©) denotes the adjoint semigroup to Sa_ (¢).

Accordingly, in the sense of distributions in z, we write (recall that, a.s. in w, u € C([0, 00); L*(TM)))

(59) u(®) = 4°(0) + ' (1) + Q).

where, for ¢ € C(T),

(3.10) (000 = [ ol)Sia 00 txola duds

(3.11) Wee) = [ [ B0 0Nne€ s)dedsis
and

(312) Qe == [ [ oS ol D) @m(r. . s)dededs.

Next, we estimate each of (3.10)), (3.11]) and (3.12)) separately using averaging techniques.

In the analysis we need a basic integral estimate which is proved in Appendix [B] For its statement it
is convenient to introduce, for each b : R — RY and f € L2, the function ¢(-;b, f) : RY — R given by

_ Jw)?

(3.13) d(wsb, f) = e /R MO £ (¢)de.

Lemma 3.1. Let b: R — RY be such that, for alle > 0,z € RN and some nondecreasing ¢ : [0,00) —
[0, 00) with lim._i(e) =0,
{S € R:b(S) — 2| < e} < u(e).
Then, for all a > 0 and f € L*(R),
o° 2
J6(sb £ < 2var [ re (L
0

\/a)dTHfH%-
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3.2. The estimate of u". Taking Fourier transforms in yields, for each n € ZV,
WO(n, ) = / e~ in(©OBOT= (P +1)Eg ) e
It is immediate, in view of , that
a°(0,t) = / e "%0(0,€)d¢ = / / e Mxo(z, &)dédr = / e "l (z)dx = 0.

When n € ZV \ {0}, integrating in time, taking expectations and using the scaling properties of the
Brownian paths, we find

T T ' . 9
B [ e =B [ [ OO g o, )

T
:/ 6_27(n|2°‘+1)tE)/e—ia(ﬁ)ﬂ(ﬂmg)‘:L”Xo(n’é-)dgrdt

0
Jaw|?

T . " 2 o 2[n|2t
_ —27(n|2a+1)t/ ’ / —Za(f)w'm o ‘ €
= e e Xo(n,§)d§
/ (n, €y
—2')/ (|2 +1)t |w]? ia(€) ™ w
/ /’e 4ln2f/ "0 (n, € d{‘ dwdt.
«/27r|n|2

Using Lemmawith a = 4|n|?t, b(¢) = a(¢) - ﬁ and i(e) ~ ¥ we get

e—2v(In2o4+1)t  poo

\/27T|’I7,|2

T g=2y(Inf2 1)t
27|n|?t
/ =2/ InP 8 (10120 =5 it 3o (n, ) |2
0

T
_ _ 2a _0 R
< [ /0 &2 90 (n, )3

< n| 0923 (I 4 1)~ / et S dt o ()2
0 o\ 23

2
e e )drdtlo(n )|

72 ~
70T drdt]|o(n, )13

E/OTM (n,1)| dt<2\/a/

A

and, hence,

T
9 _2=0 .
/0 60(n, £)%dt < [n| =0y 2" (I + 1) %0 (n, )12
_2=0, .
S [[Ro(n, )3

Combining the previous estimates, after summing over n, we obtain

E / a0 |2d — B / a1t S 12 ol 12
(3.15) 0 0 ~ ’

20
S oy )l =772 Juol -

(3.14)
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3.3. The estimate of u'. Let @, := v(|n|>** +1). For each n € Z", the Fourier transform @!(n,t) of
ul(t) in x is given by

— o / / =€) (BO-BEN n— (P49 g (¢ 5)déds

o / o= (t=s) / e~ REOBO-BE) 1L (1 ¢ 5)deds.
0

Integrating in ¢, taking expectation and using that fg pe ¥ndr < 1, we find

T
E/| 2, t)dt = /\/}%—wts/—%@WM%@wﬂmgﬁawﬁﬁ
0

:IE/ ‘/ Jjne_‘:’”/ —ia(&)(B(t)—=B(t—r))n x(n,&,t—r) d&dr‘ dt
<IE/ / Ope wnr‘/ —ia()(B(t)—B(t—r))ny (n, &t — d{‘erdt.

In view of the facts that x is Fy-adapted and the increments 3(t) — B(t — r) are independent of F;_,,
using the scaling properties of the Brownian motion we find

E‘/ —ia(€ B(t—r))n (n £7t_rd§}
_Em/ﬁwﬁﬁmﬂur’lm5t—r%“ﬂr
) o o
:EE‘/e—ia(f)ﬁ(nQT) VT % (n, &t — 1) (w)dg]

|w|?

—ia(@)w e 2In?r
‘E/V/ ”"‘”%’wﬂmﬁ

- ]E/ \e’4lnw2r /e_ia(f)w';X(n,ﬁ,t—r)dffdw,
\/27r]n\27’

where E denotes the expectation with respect to @.
Employing again Lemma [3.1| with a = 4|n|?r and b(¢) = a(§) - % we get

" Inl
_ wl? —ia(&w- 2 2
/‘e 4|“2T/e |"\)Z(n,§,t—r)df‘ dw

2 27 .
<Va / re QL(%)dTHX(n,-,t—T)H%
5 / T drl|in, -t — I < (nfPr) T [t — )3,

and, hence,

i B 0.
B| [ e @BO-BI iyt~ r)dg[? S () EE] (.ot = DI,
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Combining all the above estimates we find

T T t
E/ Iﬂllg(n,t)dts/ /wne_“—’"T(|n|2r)_gE|X(n,-,t—r)”%drdt.
0 0 0

Young’s inequality then yields

T T _ 0 T
B[P s [ e () tar [ B0l
0 0

0
and, in view of the fact that, for 6 € [0, 1],

T _ 1_|_ 0 (4 0
/ wpe 'y ~Sdr < oy, / e (@) " 2dr = @g / e "r2dr < oo,
0 R R
we conclude that, for n € Z \ {0},
T
N 2
(3.16) E [ 10O 0t S 2400 + a2 TEIR ) ooy,

while, in view of (2.6)),

¢
a'(0,t) :/ ul(t, x)dﬂs:/ / e =90, ¢, s)dédads
TN 0 JTN xR

t
:/ yev(t=s) u(zx, s)drds = 0.
0 TN

Since

T
EHX”%Q(ZNXRX[O,T]) = ZE/O /Rb%(n’g’ t)|2d€dt = EHXH%Q(TNxRx[O,T])

T
< Ellxl v mnpoizy = E /0 () ndt,
we conclude that
T 0 T
(3.17) E / lu' ) 3dt < A3E / lu(t) adt.
0 0

3.4. The estimate of Q. For A > 0 and ¢ € L>®(Q2 x [0,T];C>®(T¥)) (in what follows, unless
necessary, we do not display the dependence of ¢ in w), let

< (=AY 0@, o(t) >::/0 /Og(SAW(S)(s,t)((—A)écp(t))(a:)dm(m,f,s)
/ [a© ) DS} o) (5:O((—A) e (@)dm(z, €, 5),

where the second equality is immediate from the definitions of Sy (¢) and Sjjl7 €

To conclude the ongoing proof it is enough to take A = 0, while A > 0 is needed for Theorem
Since the arguments are similar, we present here the general case.
We aim for a bound of the L*(TY x R x [0, 7] x ©) norm of u and, hence, we need to estimate

T A
p /O (~A)2Q(1), o(t)dt =
T t \
E/O /0ANxRa’(f)(ﬁ(t)_ﬁ(S))-DSZ%@(SJ)((—A)w(t))(a:)dm(a:,g,s)dt
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In view of [20, Lemma 9], for any 1 € C*=(T"), we have

ID(S5 ) (5: ) (= 8)2 ) low = 1D (e7EIE(=2) () ) (- — a(€)(B(E) — B(5))) 1

=D (eI (=2)56()) (- — a©)(B(E) - B(s)) Il

< eI DI EA (LAY g S eI (8 - 5)) 3R (|8
Let fiq,) := %2 It follows that, for all ¢ € L>(Q x [0, T]; C=(TV)),

T A
E /0 (~A)3QUt), (1))t

T rt )
:E/ / ANXRaf(SAW(a(S,t)(—A)w(t))dm(g;,g,s)dt
< H(P”oo / / ’B ‘6 y(t— s)(’y(t — 8))_Na,A/ (1 + ’f\m)dm(w,f, S)dt

TN xR
At this point, as in the previous step, we take conditional expectations and use that B(t) — B(t — r)
is independent of F;_,. The argument is, however, more complicated due to the lack of regularity of
m which requires the use of an additional regularization layer.

Let [ be the random measure on [0, 7] defined by

_ /: /TNXR(l+ €™ dm(a, €, 7).

Since m is a kinetic measure, we can choose Fi-adapted approximations [ such that, P-a.s., [¢ €
C([0,T]) and ¢ — [ weak x. Hence,

B[ 1800 B0t ) [ emimag s
TN xR

_E / / 1B(t) — B(s)]e ) (3t — s)) o di(s)dt

_;K%E/ / 1B(1) = Bls)|e="=) (4(t — 5))~HoE (s)dst.

Using the independence of B(t) — B(s) from Fs and the Fs-measurability of I we find
E|B(t) — B(s)[I°(s) = E[E|B(t) — B(s)|I" (s)| Fs] = EIB(t) — B(s)|El"(s)
= (t — s)2EI(s).

Employing again Young’s inequality we obtain

5 [ [ 180 - B -y [kt g
= lim —s %e_V(t_S) — 5)) HeAE[®(s)ds
~1 / /0 (t—s) (9(t — ) Ho BIE (s)dsdt

e—0 0

T L T
<tim [ e (yt)Hordt / B (1)t
0

e—0 0

T T
< / t%evt(*yt)“av*dtﬂﬂ/ / (T+[™)dm(z, &, t).
0 0 TN xR
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In conclusion,

T A
E /0 (~2)3Q(1), o(t))dt

T T
Slellror [“etdoram [ (4 e, g.0).
X

0

Moreover note that, if u, \ < %, then

T 1 1 T 1 3 1
/ tzHare= Yt = ,y—g-ﬁ-ua,x/ (,yt)g_ﬂa,ke_’)/tdt — 7_2+Na,k/ tz " Hare~tdt
0 0 Ry
S 077%4'#&,/\.
We use next Lemma [2.3] and, in view of all the above, we get

T A 3
(3.18) E/O (=2)2Q(t), p(1))dt < llpllocy™ 2 ([uoll3 + uollint2)-

As mentioned earlier, for an estimate on the energy decay it is enough to consider A = 0 in which case
Ha,0 = i and, assuming a > %, we obtain the estimate

T 3
(3.19) E / Q) ()t <7 H llso(luol3 + llu™H2).

3.5. The proof of Theorem Since, for all ¢ € L>®(Q x [0, T]; C>=(TN)),

(u(t), o) = (WO(t), ) + (u' (1), ) + (Q(t), 9),
we find

T
E /0 (ult), (1)) dt
T

T
< IIsDHOOIE/O [l @)l + ||u1(t)H1]dt+E/0 (Q(t), p(t))dt

) T % T
< 2| gl|oT? (E /0 [||u°<t>||%+||u1<t>u§1dt) +E /0 Q). p(t))dt.

The inequality above as well as (3.15]), (3.17) and (3.19) and the Cauchy-Schwartz inequality yield,
for some C' > 0, the following sequence of inequalities.

T
E /0 (u(t), (6))dt

T
1, _2-0 ) 1 _3
< COllellocTz (2 HUO||1+72E/O lu()ll1dt)2 +~72 (|[uoll3 + [|uoll;ni3)

1, _2-0 1 T 1
< CllplT (07 ol +47C* + i ® [ (o))}
_3
+ 72 (Juoll3 + lluollii3)

3
2

1 _2-9 1 0 _ 1 T
<@l C(T2y™ 1 [Juollf + T2 +7 (HuOII§+IIUO|%i§))+2E/O [|u(t)1dt],



LONG-TIME BEHAVIOR, INVARIANT MEASURES AND REGULARIZING EFFECTS FOR SSCL 17

Hence,
T
E / () ndt
0
3
2

129 1 0 _ 1 T
<Oy ol + 7% 497 (ol + ol 35) + 5B [ o)l

and, thus,
e -1 -2=¢ 2 s —3 -1 2 m+2
Er ; lu@)[1dt S T2y % fluollf +v2 +v7 2T (fluollz + lluoll;52);

and, since ¢ — |lu(t)|]; in non-increasing,

1 T
Ellu(T)]lx < ET/ [[u(t)||1dt
0

_1 _2-0 1 ] - B
ST 29777 Juollf +v2 +7 2T ([luoll3 + [luoll;i3)-
Choosing v = T7% we get

_1 H 1 70,76 3a
Blu(@ll S T~HC) uollf + 27 + T ¥ (Juoll3 + luoll13)-

Finally, we let a = ﬁ and obtain, assuming that 7" > 1,

_ 6 1
Elu(T)|; < T 5% (HuOHf Tt uol3+ \uomﬁ) ;

note that the rate is independent of the choice of .

It follows that d¢ is the unique invariant measure and, since t — |[u(t)||1 is pathwise non-increasing,
we have that a.s.
(3.20) Jim [lu(t)] = 0.
3.6. The random attractor. Since L!({2) is separable, there exist a countable set M C L'(Q) N
L?(9), dense in L(Q2) and Qg C Q of full P-measure, such that, for all ug € M and all w € Q, as
t — o0,
le(t, w)uolly = [lu* (¢, w)lly = 0.
Fix ¢ > 0 and a compact K C L'(2). There exist a positive integer L = L(K,¢) and {z;}L, ¢ M
L
such that K c |J B(xy, %5) It follows that, for all w € Qq, there exists to(¢) > 0 such that, if
=1

1=

t > to(e),
£
et wlzills < 5.
The pathwise contraction property in L'(£2) then yields that ((¢,w)(K) has a cover by balls of radius
¢ centered at {¢(t,w)z;}, and, thus, for all w € Qo and ¢ > to(e),

sup [|p(t, w)z|1 <e.
zeK

Hence, 0 is a forward random attractor.
Moreover, in view of the P-invariance of 6;, sup,cx ||¢(t,0—_ww)z|1 — 0 in probability. Since ¢ —
llp(t, 0_w)z||1 is pathwise non-increasing, the above observation also implies, that, P-a.s.,

sup [|¢(t, 0—w)xlly =0
zeK



18 BENJAMIN GESS AND PANAGIOTIS E. SOUGANIDIS

and, thus, 0 is also a pullback random attractor.

4. RATE OF CONVERGENCE FOR DETERMINISTIC SCL.

The techniques used in the proof of Theorem [I.1 may also be employed in the deterministic setting. In
fact, the arguments are somewhat simpler and the estimates can be taken from [20] since no difficulties
arise when the flux is not stochastic.

Proof of Theorem[1.3. We follow the proof Theorem noting that instead of applying Lemma [3.1
we use [8, Lemma 2.4] which yields the estimates:

T
| 1O iyt 5 ol

T T
(7
|1 Ol ot S5 [l @t

and

QU L1 o,z 1y S 7 luoll3 + lluoll73).

Proceeding as before we get
_1 _1-0 1 ) Y 2
lu(T)lh ST 72777 Jluollf +7 + 72T~ (Jluoll3 + [luollm13)-
Choosing v =T~ we find
_1lig(1z8 1 _ _
lu(T) | S T2 lul|F + 277 + T2 (|fuoll3 + luollini3),
which, for a = ﬁ and for all T > 1, yields

__0_
lu(T)lly £ T77%2 (1 + Jluo i 13)-

5. REGULARITY OF PATHWISE ENTROPY SOLUTIONS.

In this section we present the proof of Theorem Since the argument is long, we divide it into
three steps. In the first step, we obtain a bound, which we use in the second step to bootstrap and,
hence, to improve the estimate. The conclusion is then shown in the last step.

Proof of Theorem[I.3 Step 1: We assume that, for some 7 € [0,1], x = x(u) € L*(R x [0,T] x
Q; H™(R™)), and note that (3.14) with v = 1 yields

T
E /O 120 saamrdt < ol

Moreover, multiplying (3.16)) by |n|” and taking v = 1, we obtain

T
E /0 O A T IR ——
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As in the last section, for all ¢ € L>([0,T] x €; C>=(TV)), we have
T A
E /0 () 3ut), o(t))dt
T A
_E / (~A)30(0), (1)) + (~A)
0

T T N
< HwHooE/O [ @)l + Hul(t)me]dtJrE/O ((=8)2Q(1), p(t))dt

T

1 T 1
< glloeTH (E /0 0 (0)[2ns + [ ()] ) + E /0 (~A)} Q). p(t))dt.

We assume for the moment that, for A € (0, 1),
(5.1) HO+e(=0) po(-a)+r (y pAL

where < denotes continuous embedding, and use that t — ||u(t)]|1 is non-increasing in ¢, the above
estimates and (3.18]) with v =1, to get

T A
Y R CNECREOT

1 1
(5.2) S elloo(T2 (luoll + X1 2o, s wevy)) 2+ luoll3 + [luollind3)
1 1 1
S lelloo(T2 (L +T2) ol + X L2 x (0.7 0 ) + l[uoll )
S lelleo( + ||X||i2(R><[0,T]><Q;HT(RN)) + ||“0H§i%)v
as long as
A+1 3
5.3 = — < -
( ) MO‘M\ 20 2

Next we take ug € BV and recall that, in view of Proposition u(t) € BV for all t > 0, Then (/5.2))
implies

T
(5.4) E / u()llwrrdt < C+ X2 @0z gy + luol3Em).

The general case ug € L2+ (TY) follows easily using approximations and the continuity of the solutions
with respect to the initial condition.

From (|5.4) it follows
(5.5) HXHLl(RX[O,T]XQ;W/\J(IRN)) <O+ HXH%Q(RX[O,T}XQ;HT(RN)) + HUOHﬁz)
Interpolating (5.4) with the obvious bound |[x|| zee®x[0,7]xaxrN) < 1 yields

2 24-m
(5.6) ||XHL2( ).

2
R0 T]x W3 2@y = C+ XN Z2@x o,y 17 @)y T luollais,

It remains to choose A and « to justify the above calculations. To this end, we first note that (/5.3

is equivalent to A < 3a — 1, and noting that WP — W*4if r > s and  — ;1) > 5 - %, we further
require that 6(1 — a) + 7 > A, which gives
M _1 > A 1,
N 2~ N
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and, hence, the requirement that
A< Ba-1)A0O01—-a)+T1).

Maximizing the right hand side yields a = % € (0,1) and we obtain

26 3
9+3 0+3

We note that, since 7 < 1, we have 2o > 7, and, hence,

0+ a(2—-0) 1>9(1—oz)+7' 1

(5.7) A<3a—1=

N 2= N 2

It follows now that HO+o(2=0) <y Al

Step 2: Bootstrapping
We bootstrap the arguments in the first step. Using (5.6)) with 7 = 0 and noting that

X1 L2 xj0,71x 02 ®N)) < XN 21 mexo,r) x5t @YYy S [luolla

gives, for A < Ag := %,

< 24m
I 2 1 cna 2 2y S (L Tl

Next we iterate this argument and get, from (/5.5)), that for

2 3 Ay
A< Ay = ,
< 9+3 0+3 2

and some constant C),,

HXHLl(Rx[o,T]xQ;WM(RN)) <Ch(l+ HUOHSIZ)-

Since, as n — oo,

40
using ([5.4)) we obtain that, for any
40
A< = —!
< 2013
there is some C > 0 such that
T
(5.8) B [ Ju@lhssde < O+ JuolB )

Step 3: Conclusion

In view of (5.8)), for each § > 0, there is a dy € [0, ] such that E[u(do)||yy»1 < oo. The spatial homo-
geneity and the contraction property with respect to the initial condition imply that ¢ — ||u(¢)|ja1
is non-increasing, and, hence,

sup E||u(t)|lyar < 0.
t>4
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6. PATHWISE QUASI-SOLUTIONS AND REGULARIZATION BY NOISE.

6.1. Deterministic background. We recall (see [15,147]) that u € C([0,T]; L*(T)) N L>(T x [0, T))
is a quasi-solution to the deterministic Burgers’ equation if, for every convex entropy-entropy
flux pair (9, q), —py = Om(u) + 0xq(u) is a Radon measure. Note that the difference between quasi-
and entropy solutions is that for the latter p,, is, in addition, non-negative.

Moreover (see, for example, Benilan and Kruzkov [5]), u € C([0,7]; L*(T)) N L>(T x [0,T]) is an
entropy sub-solution (resp. super-solution) to ([1.10]), if, for every convex entropy-entropy flux pair
(n,q) with n nondecreasing (resp. nonincreasing), —u, := 0n(u) + 0q(u) is a nonnegative Radon
measure.

The next claim is about the existence of quasi-solutions to ((1.10)).

Lemma 6.1. (i) Any entropy sub- or super-solution to (1.10)) is also a quasi-solution.

(ii) An entropy solution to dyu + dyu® = g, with source g € L}, (T), is a quasi-solution to (L.10).
Proof. The second assertion is proved in [15,47]. For the first claim we consider here the case of u
being an entropy sub-solution, since the argument can be easily modified for super-solutions.

Let (n,q) be a convex entropy-entropy flux pair. In order to use the sub-solution property of u, we
show that it is possible to write (7, ¢) as the difference of two convex entropy-entropy flux pairs (11, ¢1)
and (2, g2) with n; and 72 nonincreasing. We also remark that, since u € L>(T x [0,T]), it is enough
to obtain this decomposition in [—||u/co, ||%||co)-

Fix sg := —(JJulloc + 1). Since 7 is convex, there exists some py € R such that, for all s € R,

n(s) = n(so) + po(s — s0).

Let m1,m2 : R = R be the convex and nondecreasing functions given by

n(s) + [pol(s — s0) if s = so,
1(s) == , and 12(s) := |pol(s — o).
n(so) if s < s,
It follows that
n=m—n2 and ¢ =g — g2 in [sg,00).
Then —p, = 0n(u) + 0q(u) is a Radon measure, since
—pin := O (u) + Ozq(u) = Oym (u) + 0zqi (u) — (Fpma(u) + Org2(u))
= (*:um) - (7/‘1’7]2)7

where —pu,,,, —fiy, are the nonnegative Radon measures coming from the sub-solution property of u
with entropies 71,72 respectively. O

Although in general quasi-solutions need not be weak solutions, [16] provides an explicit example of
a quasi-solution to that is a weak but not an entropy solution. We remark that in [16], which
is about the Cauchy problem in R, is not required for quasi-solutions to be continuous in L'(T). Tt
follows, however, from the explicit construction therein, that the same argument also works in the
periodic setting and yields a quasi-solution u € C([0,T]; L*(T)) to with the above properties.
The kinetic formulation of a quasi-solution u to (see [15]) is that the x defined as in
satisfies, in the sense of distributions,

(6.1) 8tx + 2€8xX = 8§m,

where m is a Radon measure on T x R x [0, 00), which is supported in [—||u|/co, [|#]|c0] in the {-variable
and has finite total variation |m| in T x R x [0, 7], for each T' > 0.
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Once there is a kinetic formulation, it is immediate that quasi-solutions can also be described using
the convolution along characteristics, as it was done in Section for entropy solutions, that is to
assume ([2.5) with m as above.

Finally, it is straightforward that all the previous statements about quasi-, sub- and super-solutions
extend to the time-dependent deterministic Burger’s equation

Ou+ 0y’ =0 in T x (0, 00),
for any smooth path S.

6.2. Pathwise quasi-solutions. Using the convolution by characteristics formulation, we introduce
now the notion of quasi-solutions to to the stochastic Burger’s equation . For the definition
we consider kinetic Radon measures, which have the same measurability properties as kinetic measures
used in the definition of pathwise entropy solutions but need not be nonnegative.

Definition 6.2. A map u : TV x[0, 00) xQ — R such that, for all T > 0, u € (L'NL>®)(TN x[0, T|xQ),
and P-a.s. in w, u(-,w) € C([0,T]; LY(TV)) N L>®(TY x [0,T]), and ¢ ~— wu(t,-) is an Fp-adapted
process in Ll(’]I‘N ), is a pathwise quasi-solution to , if there exists a kinetic Radon measure m
such that, for all y € TV and o(x,y,&,t) = polx —y + E(B(t) — B(s))) with gp € C®(TV) and all
p € C(0,T)),¢ € C2(R),

T
/ / Drp(r) (€)% ) (5, €, r)drde + / POYB(E) (0% ) (5, €,0)de
(6.2) o Jr R

T
- / / o(r)0e (V(E)a(a, y, €,7)) dmlz, &, 7).
0 TN xR

Next we present an example of a pathwise quasi-solution which is not a pathwise entropy solution. Its
construction is based on the observation in Lemma (1) that, in the deterministic setting, entropy
sub- and super-solutions are quasi-solutions.

Fix a non-negative ug € L>°(T) and a family (5%):>0 of smooth paths approximating the Brownian
motion S, that is, for e > 0, 5 € C*°([0,00)) and, as € — 0, ¢ — S in C([0,7T]) for all T' > 0, and
let u® be the nonnegative entropy solution to

Auf 4+ 0, (uf)2f° = uf in T x (0,00),

u® =ug on T x {0}.
Since u® is an entropy super-solution to

O + 0, (uf)23 =0 in T x (0,00),

u® =wug on T x {0},

in view of Lemma [6.1} «® is also a quasi-solution with dissipation measure m® having a non-vanishing
negative part given by x(u®, &)uc.

It follows from the density arguments in [40], that the u®’s converge in C ([0, T]; L*(T)) to the pathwise
entropy solution to

du + 0zu? odB = udt in T x (0, 00),
u=mwupon T x {0}.

Moreover, since the dissipation measures m®’s have finite total variation, we may extract subsequences
ut* — u and m* —* m. Writing (6.2)) for u» and m®» and then taking the limit yields that u is a
quasi-solution to ((1.9), with dissipation measure m having non-vanishing negative part x(u, &)u.
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We remark that it can be shown that pathwise quasi-solutions do not satisfy, in general, the density
property of the pathwise entropy solutions. Indeed quasi-solutions to equations with smooth paths do
not converge, in general, to pathwise quasi-solutions.

6.3. The proof of Theorem We present now the

Proof of Theorem[1.]. We first note that the derivation of (3.8)) given in Appendix [C|does not rely on
the assumption that m is a nonnegative measure. Hence, lso holds for pathwise quasi-solutions.
The proof now is the same as the one for Theorem [1.3] with the exception that in the estimation of ()
we cannot use Lemma [2.3] since it is not satisfied for quasi-solutions. Instead, we observe (note that
here we have A(u) = u* and 6 = 1) that

>

T 3 T
(63) B[ (artam.ema SlelerHE [ [ dmi@gs)

It then follows, as before, that

E [ ea)

which implies the claim. O

o[>

u(t), o())dt < el (1 + lluol3 +Elm|([0,7] x T x R)),

APPENDIX A. RANDOM DYNAMICAL SYSTEMS AND RANDOM ATTRACTORS
We briefly recall some of the concepts used earlier in the proofs and we refer, for example, to Arnold [1],
Crauel and Flandoli |13] and Ochs [46], for a comprehensive treatment.

Let (E,d) and (Q, F,P,6) be respectively a complete, separable metric space and a metric dynamical
system, where (2, F,P) is, a not necessarily complete, probability space (€2, F,PP) and 0 := (0;),cp a
group of jointly measurable maps on (2, F,P) which leaves P invariant.

A random dynamical system is a measurable map ¢ : [0,00) xQx E — E such that, forallw € Q,x € F
and s,t € [0, 00),
©(0,w)r =z and @(t + s,w) = p(t,0sw) o p(s,w).
If x — @(t,w)x is continuous for all ¢t € R, w € 2, then ¢ is a continuous RDS.
A family {D(w)}weq of non-empty subsets of E is called a random closed (resp. compact) set if it is

P-a.s. closed (resp. compact) and F-measurable, that is, for each = € E,

wrd(z,D(w)) := inf d(z,y) is F-measurable,
y€D(w)

and is called @p-invariant, if for all £ > 0 and a.s. in w € €,
o(t,w)D(w) = D(Ow).

A random, compact set A is called a pullback random attractor of the RDS ¢, if A is ¢-invariant, and
for every compact set B in F and a.s.,

(A1) lim sup d(¢(t, 0_1w)x, A(w)) = 0.

t—o0 z€B

If is replaced by
lim sup d(¢(t,w)z, A(6w)) = 0,

t—o00 zE€B

then A is said to be a forward random attractor.
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APPENDIX B. THE PROOF OF LEMMA [3.1]

We present here the proof of Lemma

~ . 2
Proof. We compute the Fourier transform ¢ of ¢. Using the elementary fact that [ e 2mizwe= %dw =
\/aﬂ'e_‘”rz‘Z'Q, we find

o) = / €72 3 w)dw = / 6’2”””6_$ MO f()dedw

// —27i(z—5=b(§))-

2)f? = ‘/ ame” VRO £ (¢)
Scm/ ~IVan (5706 - Z)|2df/ ~Ivan(zzb f2(§) dg.

Next we use the assumption on b which enters in the following straightforward estimate:

“Var (O f(¢)de,

aT

and, hence,

/'%fﬂ% P e — /§2m ’|¢ - ¢v+fw>—zw<7wh

:/0 2re” " |{§ |b(€) — 22| < \fHdT
oS e 277_ )
S/o 27e L(\/a)d .

Hence

|$(Z)‘2 < 2am /OOO TeTQL(\Q/T»)dT/e|\/57r(21,,b(§)z)2f2(€>d§.

a

Integrating the above inequality in z and using that

1
/|fﬂmawﬁ_/5W%@: —

yields

[ 166 |dz<2m/ re U )ar 1

APPENDIX C. THE DERIVATION OF EQUATION ([3.8))

We give here the details about the derivation of (3.8). Since u € C([0,T]; L'(T")), the definition of
pathwise entropy solutions yields that, for all ¢ > 0, all p given by ([2.4) with g9 € C°(T") and all
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o€ CHTY x [0,4]),
/0 /]R L oW 9)(@x X)W, &, s)dydeds + / (y,0)(e* x)(y, &, 0)dydg

RxTN

=/ oy, t)(0* x)(y, &, t)dydE
RxTN
/TN/ /TN ) o(z,y,&,5))dm(z, &, s)dy
Replacing ¢ by o(y — a(&) - B,, s) implies
[ [ oot stonte —y— ale)- (8, ~ B shisdudcas

T / / (1, 0)0(z — y — al€) - (By — By))x(, &, 0)dedyde
RxTN JTN
— / / oy, D)eo(x — y)x(, €, t)dudyde
RxTN JTN
/ / / ool —y — a(€) - (By — By)))dm(x. €, 3)dy
TN TN xR

Given ¢ € CY(TV) we use next Sxp(t —-)p as a test function in the formula above. Since

05(S3p(t — 5))p = vB(S(t = 5))p,

we obtain
[ ] BS99t —y— o) (8, - B s)dsdydeds
/HMN 55(19)(Y)eo(z —y = al€) - (By — Be))x(@, &, 0)dwdyde

/]R . /TN y)oo(z —y)x(z, &, t)dedydE
X

L oS- nemt -y - al©)- (3, - 80) da. &)
and, in view of ,
t
| [ B 0500 el ~ X, 5)dudydeds
0 JRxTN
[ SO0 Wents — ¢ 0)ddyds
/RXTN /11‘N y)oo(x —y)x(z, &, t)drdydE

+/qu/0 /TNXRag (Sj,w(g)(s,t)sO)(y)) oo(z — y)dm(z,§, s)dy
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Let of be a approximation of the identity. Letting ¢ — 0 in the above equation with go replaced by
0 yields

| ot sodeds = | (S5 0.00) @6 00drds

RxTN

t
- /0 /]RX’]I‘N PYB(SZV(Q (S’ t)‘P) (x)x(x, 57 S)d.%'dfds

- /ot /TNXR % (@w(s)(& f>s0)(x)) dm(z, €, s),

which finishes the proof.
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