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Let X be a locally compact space with countable base. Let C(X) denote the set of
all continuous real functions on X and let B(X) be the set of all Borel measurable
numerical functions on X. The set of all (positive) Radon measures on X will be
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Preliminaries and main results

denoted by M(X).

Moreover, let W be a convex cone of positive lower semicontinuous numerical
functions on X such that 1 € W and (X, W) is a balayage space (see [2], [6] or [11,

Appendix]). In particular, the following holds:



(C) W separates the points in X,
w =sup{v e WNC(X): v <w} for every w € W,

and there are strictly positive u,v € W NC(X) such that u/v — 0 at infinity.

Then there exists a Hunt process X on X such that VW is the set Ep of excessive
functions for the transition semigroup P = (P;);~o of X (see [2, IV.7.6] or [11,
Appendix]), that is,

W ={v e BYX): sup,.g Pv =v}.
We note that, conversely, given any sub-Markov semigroup P = (P});~g on X
such that (C) is satisfied by its convex cone Fp of excessive functions, (X, Ep)

is a balayage space, and P is the transition semigroup of a Hunt process (see [6,
Corollary 2.3.8] or [11, Corollary A.5]).

For every numerical function f on X, let
Ry :=inf{lv e W:v > f}.

In particular, for every subset A of X, we have reduced functions R4, u € W, and
reduced measures ¢4, v € X, defined by

RY =R, ,,=influe W:v>uon A} and /udsﬁzRf(as).

Clearly, R4 <u on X and R? =wu on A. If A is open, then
(1.1) R ew.

For a general subset A, the greatest lower semicontinuous minorant Ii’f‘ of R is
contained in W, and Ri* = R{! on A° (see [2, p. 243)]).

If A is Borel measurable, then, for every z € X,
(1.2) Ri\(z) = P*[Ts < o0,
where Ty (w) :=inf{t > 0: X;(w) € A} and, more generally,
e (B) = P*[Xp, € B;Ty < ]

for every Borel measurable set B in X (see [2, VI.3.14]).

For every open set U in X, let H*(U) denote the set of all functions h € BT (X)
which are harmonic on U (in the sense of [2]), that is, such that h|y € C(U) and

(1.3) eV (h) = /hde‘x/c = h(x)
for every open V such that = € V and V is a compact in U. Let H+(U) denote the

(possibly larger) set of all h € B¥(X) such that (1.3) holds, whenever V' is open,
x € V and V is compact in U. By [2, VI.2.6]), for every set A in X,

(1.4) R} e HY (X \ A), ifueW, u<weWnC(X).
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In the following let us assume that the constant function 1 is harmonic on X.

We recall that a subset A of X is called unavoidable, if R{* = 1 (or, equivalently,
ff‘l“ = 1). Otherwise, it is called avoidable, that is, A is avoidable, if there exists
r € X such that R%(z) < 1. The following zero-one law will play an important role
(for its proof and the proof of the subsequent corollary see [11, Proposition 2.3]).

PROPOSITION 1.1. For every A C X,
(1.5) RY=1 or infuex RiNz)=0.

COROLLARY 1.2. If A C X is unavoidable and B C X, v > 0 such that R > ~
on A, then B is unavoidable.

Moreover, we recall the following elementary fact (see [11, Lemma 2.2]).

PROPOSITION 1.3. Let A be an unavoidable set in X and let (By,) be a sequence
of relatively compact sets in X.* Then the following hold.

(a) For everyn € N, the set A\ (B; U By U---U B,,) is unavoidable.

(b) If A C U, en B, then Y, . RY" = 0.

By definition, a potential on X is a function p € W such that, for every relatively
compact open set U in X, the function Ré( \W'is continuous and real on U and

inf{R;(\U: U relatively compact open in X} = 0.

By [6, Proposition 4.2.10], a function p € WNC(X) is a potential if and only if there
exists a strictly positive ¢ € W N C(X) such that p/q vanishes at infinity. Let P
denote the set of all continuous real potentials on X.

In the following let us assume that there is a Green function G for (X, W) which
is related to a metric for the topology of X:

ASSUMPTION 1.4. We have a Borel measurable function G: X x X — (0, o0
and a metric p for X such that the following hold:

(i) For everyy € X, G(-,y) is a potential which is harmonic on X \ {y}.

(ii) For every potential p on X, there exists a measure p on X such that
(1.6) p=Gu:= /G(-,y) du(y).

(i) There exist a decreasing function g: [0,00) — (0,00] and a constant ¢ > 1
such that
¢'gop < G < cgop.

REMARKS 1.5. 1. Having (i), each of the following properties implies (ii).

Tt is easily seen that it is sufficient to assume that the the functions R{B " n € N, are P-bounded.
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e (G is lower semicontinuous on X X X, continuous outside the diagonal, the
potential kernel Vj := fooo P, dt of X is proper, and there is a measure p on X
such that Vo f = [ G(-,y)f(y) du(y), f € BT(X) (see [14] and [2, IIL.6.6]).

e ( is locally bounded off the diagonal, each function G(x,-) is lower semicon-
tinuous on X and continuous on X \ {z}, and there exists a measure v on X
such that Gv € C(X) and v(U) > 0, for every finely open U # () (the latter
holds, for example, if Vy(x, ) < v, x € X). See [10, Theorem 4.1].

2. For a discussion of (iii) and the later doubling property (1.11) see the Ap-
pendix.

The measure in (1.6) is uniquely determined and, given any measure p on X such
that p := G is a potential, the complement of the support of u is the largest open
set, where p is harmonic (see, for example, [10, Proposition 5.2 and Lemma 2.1]).

Suppose that A is a subset of X such that ]%f‘ is a potential. Then there is
a unique measure uy on X, the equilibrium measure for A, such that

If A is open, then ]:2’14 = R$ € H*(X \ A), and hence p4 is supported by A.
We observe that, for a general balayage space, this may already fail if A is compact
(see [2, V.9.1]).

We define inner capacities for open sets U in X by
(1.7) caps U = sup{||p]|: p € M(X), u(X\U) =0, Gu < 1}
and outer capacities for arbitrary sets A in X by
(1.8) cap® A := inf{cap* U: U open neighborhood of A}.

Of course, the function U — cap, U, U open in X, is increasing. Hence the function
A — cap®A, A C X, is also increasing and cap* A = cap, A, if A is open. If
cap, A = cap® A, we may simply write cap A and speak of the capacity of A.

The capacity of open sets U is essentially determined by the total mass of equi-
librium measures for open sets which are relatively compact in U:

LEMMA 1.6. For every open set U in X,
capU > sup{|lpv|: V open and V' compact in U} > ¢ cap U.
Proof. The first inequality is trivial. To prove the second inequality, let ©p € M(X)

such that (X \U) =0 and Gu < 1, and let K be a compact in U. We may choose
an open neighborhood V' of K such that V' is compact in U. Then

il = [ Guedn< [ [ Gl duvi) dnto
< ¢ [ [ 6w du@ diw) = [ Guty)durty) < vl



For z € X and 0 < r < t, we define balls B(z,r) and shells S(x,r,t) by
B(z,r) ={y e X: p(x,y) <r}, S(z,rt)={ye X:r<plz,y) <t}.

Let us immediately note some elementary properties of R?(I’r) and cap B(z,r).

PROPOSITION 1.7. Letz € X, r > 0 and B := B(x,r). Then RP is a potential
which is P-bounded,

(1.9) RE < Glz)  2olels2)) sl v cap B < cg(r)™,

(1.10) RE >cteap B - g(p(-,z) + ).

Proof. We know that RP € W (see (1.1)). Moreover, G(-,z) is a potential and
G(-,z) > ¢ 'g(r) on B. Hence R? < min{1,cG(-,z)/g(r)} € P. In particular,
RP is a potential.

Moreover, let ;1 € M(X) such that u(X \ B) =0 and [ G(-, 2)du(z) = Gu < 1.

Since ¢ 1g(r) < G(z,-) on B, we see that ¢ g(r)|u| < 1.

If even ;(X \ B) = 0, then, by the minimum principle (see [2, I11.6.6]), R? > Gpu.
Lety € X. Forall z € B, p(z,y) < p(y,x)+r, and hence G(y, z) > ¢ g(p(y, z)+7)).
Thus RY (y) > Guly) > ¢ 'g(p(y, x) +7)| . O

ASSUMPTION 1.8. From now on we assume, in addition, the following.

(iv) Doubling property: There exist cp > 1 and 0 < Ry < oo such that

(1.11) g(r/2) < epg(r) for every r > Ry.

(v) All balls B(z,r), v € X, r > 0, are relatively compact.

REMARKS 1.9. 1. We note that Assumptions 1.4 and 1.8 are satisfied by rather
general isotropic Lévy processes (often with Ry = 0; see [4] and [7] for details).

2. If (1.11) is known to hold with some Ry > 0, then we may replace Ry by any
R} € (0, Ry) (at the expense of taking a larger ¢},), since 0 < R < r < Ry implies
that g(r/2) < g(R/2) < g(Ro/2)g(Ro) ™ g(r).

3. Since the function 1 is harmonic, X cannot be compact, and hence (v) implies
that balls are proper subsets of X.

Having the doubling property for g, there is a close relation between estimates
which are reverse to the ones in (1.9).

PROPOSITION 1.10. Letx € X, r > Ry, B := B(z,r), C > 1, and C := cpC.
Then the following hold.

(a) Ifcap B > C~'g(r)~", then R > C~'G(-,x)/g(r) on X \ B.
(b) If RE > C'G(-,2)/g(r) on X \ B, then cap B > C~'g(r)~".



Proof. (a) Immediate consequence of (1.10): it suffices to note that, for every y € B,
py, ) + 7 < 2p(y, ) and hence g(p(y, ) + 1) = cp 9(p(y, x)) = (ccp) ' Gy, ).

(b) Let z € X \ B(x,2r), a := p(x,z), and £ > 0. Then there exists 0 < 7’ <7
such that V := B(z,r’) satisfies R} (z) + & > RE(2) > (cC)~*g(a)/g(r). Moreover,

RY(2) = [ Gle)duv(y) < colo/2) vl < congla) cap B
since a/2 < a —r < p(z,-) on B. Thus C~'g(r)~" < cap B. O

Our main theorems are the following.
THEOREM 1.11 (Liouville property). Every function in H*(X) is constant.
THEOREM 1.12 (Wiener’s test). Let A be a subset of X, zo € X, R >0, v > 1.
Then A is unavoidable if and only if
n * n n+1 _
(1.12) Zne]Ng(y R) cap* (AN S(xg,7"R,v""" R)) = 0.

For the next two corollaries we suppose, in addition, that we have a measure
A € M(X) with supp(A) = X and such that, for some ¢y > 1, the normalized
restrictions gz, := (A(B(z,7))) '1p@nA of Aon B(z,r), x € X, r > Ry, satisfy
(1.13) Gy < cog(r)
so that, in particular,
(1.14) cap B(x,r) > cytg(r)™!
(for many Lévy processes, the Lebesgue measure will have this property; see [7]).

COROLLARY 1.13. Let A be a union of pairwise disjoint balls B(z,7,), z € Z,
where Z C X s locally finite and v, > 4Ry, and let xo € X \ Z such that

. f )\(B(Z,,O(Z,Z/)/Zl)) g(r2>
ML, »ez, 242 : > 0.
A(B(xo,4p(x0,2)))  g(p(zo, 2))
Then A is unavoidable if and only if Y., g(p(xo, 2))/g(r.) = .
DEFINITION 1.14. We shall say that pairwise disjoint balls B(z,r,), z € Z, are
regularly located if the following hold:

o There exists € > 0 such that p(z,2') > ¢, for all z,2' € Z, z # 2.
e There exists R > 0 such that every ball of radius R contains a point of Z.

o There exists a decreasing function ¢: (0,00) — (4Rp,00) and C > 1 such that
(1.15) d(p(xo, 2)) < 1. < CoP(p(x, 2)), z € Z.

Under mild additional assumptions on A (see Section 5), which are satisfied if
X =R p is the Euclidean metric and \ is Lebesgue measure, the following holds.

COROLLARY 1.15. Let A be a union of balls B(z,r,), z € Z, in X which are
regularly located. Then A is unavoidable if and only if 3., g(p(w0, 2))/g(r.) = .



2 Liouville property

PROPOSITION 2.1. Let U be an open set in X and B := B(xo, R), xy € U,
R > Ry, such that the closure of B' :== B(xg,2R) is contained in U. Then

(2.1) sup h(B) < (ccp)?inf h(B)  for every h € WNHT(U).
Proof. We may choose ¢,, € K*(X), n € N, such that ¢, T 1y\grh. Then
hy = R,, € PNHT(X \ supp(en)), n €N,
by [2, I11.2.4, T11.5.6]. So there exist measures p, on X, n € N, such that
hp=Gu, and p,(B")=0.

Forall z,y € B, and z € X \ B', p(z, z) < R+ p(xo, z) < 3(p(z0,2) — R) < 3p(y, 2),
hence, defining K = (ccp)’, G(z, 2) < cg(p(z, 2)) < cog(ply, 2)) < KG(y, 7) and

22) o) = [ G2 () S K [ Gl dia(2) < Kha(y)

for every n € N. The sequence (h,) is increasing to a function u € W which,
by (2.2), satisfies supu(B) < K infu(B). Clearly, u < h on X and v = h on X\F/.

Let V be an open neighborhood of B’ such that V is compact in U. Then

c . -/ c
u > R/, since V¢ C X \ B, and, for every x € V, u(x) > €Y°(h) = h(z). Thus
u = h completing the proof. O]

COROLLARY 2.2 (Liouville property). Every function in H*(X) is constant.

Proof. For every relatively compact open set V in X and every f € BT(X), the
function Hy f is lower semicontinuous on V' (see [2, 111.3.4]). Therefore H*(X) c W
(see, for example, [2, I1.5.5]), and we obtain that (2.1) holds for all h € H*(X) and
balls B(zg,7), xg € X, r > Ry.

Now the claim follows immediately by a well known standard argument. (Let
h e HT(X)and a := inf h(X). Then &' := h—a € H*(X). Given e > 0, there exists
xo € X such that h'(xy) < ¢ and hence, considering z € X and R > Ry V p(z, xg),
we obtain that h'(z) < (ccp)?h (z0) < (cep)?e. Thus b/ = 0.) O

3 Proof of Wiener’s test

One direction of Wiener’s test is an easy consequence of Proposition 1.3(b). We
only have to use the definition of cap* and note the simple fact that, for every open
set V which is contained in an open ball, the reduced function R is a potential, by
Proposition 1.7.

PROPOSITION 3.1. Let A be an unavoidable set in X, g € X, R >0, v > 1.
Then

ZneN g(7"R) cap* (AN S(zo,7"R,¥" ' R)) = oo.



Proof. For n € N, there are open neighborhoods U, of A, := ANS(xg,7" R,y "' R)
in S(xg,7"R/2,7" "' R) such that

(3.1) capU, < cap” A, +27".

Since A\ B(zg,YR) C U, .n Un, we know, by Proposition 1.3, that

neN

(3.2) Znem RV = .

By [2, VI.1.7], there exist open sets V,, such that V,, is compact in U,, and
R (20) < RY™(zo) +27™, n € N.

Then, by (3.2),
Vi —
E N R{™(z9) = oc.

Let ng € N such that v R/2 > Ry. For n > nyg, let v, := py,, that is, Gy, = RY".
Since v, is supported by the set V,,, which does not intersect B(zq,y"R/2), and

G(xo,-) < cg(p(xo,-)) < cg(p(v"R/2)) < ccpg(¥"R)  on X \ B(zg,7"R/2),

we see that RY"(z0) = [ G(z0,y)dva(y) < ccpg("R)||vall < ccpg(y™R) cap U,.
Therefore

00 = anno RY"(x) < anno ccpg(Y"R) cap U,.

Since g(7"R) < g(R) < oo, for every n € N, we finally conclude from (3.1) that
2 nen 9(7" 1) cap™ A, = oo. O

Knowing that positive harmonic functions on X are constant, by Corollary 2.2,
a set A in X is avoidable if and only if it is minimally thin at infinity (see [11,
Proposition 2.3]). Therefore it suffices to modify the proofs for [2, V.4.15 and V.4.17]
(characterizing, in the setting of Riesz potentials, thinness of a set A at a point).
In the context of Lévy processes, this has already been noted (see, for example, [15,
Proposition 7.3 and Corollary 7.4]). In our situation, the zero-one law will yield
a straight forward modification.

THEOREM 3.2. Let AC X, xp € X, s, € (0,00) and 6 € (0,1) with s, < ISy 41
for every n € N. Then the following hold for the sets A, := AN S(xq, Sn, Sni1):

i) If A is unavoidable, then R = 00 on X.
( ) neN “'1

ii) If A is avoidable, then R < 00 on X.
( ) ) neN *41

Proof. (i) Proposition 1.3, (b).

(ii) By Proposition 1.1, there exists a point 2, € X such that R{!(x;) < (c?cp)~L.
By [2, VI.1.2], there exists an open neighborhood V of A such that

(3.3) a:=ccpRY (21) < 1.



The Liouville property implies that R} is a potential (see [11, Proposition 2.3]). Let
Vi =V N S(x1, Sn, Snis), n € N.

Since A,, C V,,_1 if n is sufficiently large, it suffices to show that

Vn
(3.4) Z%N R/ < .
To prove (3.4) let k € N such that 1 — 63 > 1/2. We fix 1 <i < k and define
Un ‘= Vitnk, n € N.

RV < 0. Let U := |, .n Un. Since RY < RY,

It clearly suffices to show that »° neN Un

RY is a potential as well, RY = Guy. For n € N, let

Hn = 1y, pu
so that > G = Guy = RY < 1.

Let ng € N such that s,, > Rp. For the moment, let us fix n > ng, consider
méeN, m#n,y €U, and 2 € U,,. If m < n, then p(y,2) < 6 3p(xy,y). If
m > n, then p(x,y) < 8*3p(x1, ). In both cases,

p(y,z) = (1= 6")p(x1, 2) > p(1, 2) /2.

Defining p), = py — pn, = Zm?én [m We hence obtain that, for every y € U,,

Gl (y) < c / 9(o(y, 2)) diiy(2) < cep / 9(p(x1, 2)) dyiy(2) < PepGil (1) < a.

Since Gu, + Gu!, = Guy = RY and RY = 1 on U, we therefore conclude that
1—a < Gu, on U,, and hence

(1 —a)R{™ < G

Thus >, RI" < (1—-a)! Y nzng Gtin < (1 —a)"'Guy < (1 —a)~" completing
the proof. O

Proof of Theorem 1.12. Let AC X, xg € X, R >0 and v > 1.
If A is unavoidable, then (1.12) holds, by Proposition 3.1.

So let us assume that A is avoidable. By [2, VI.1.5], there exists an open neigh-
borhood U of A which is avoidable. For every n € N,

U, =UnNS (20,7 'R,y R)

is an open neighborhood of AN S(xg,7"R,y" " R). By Proposition 3.2,

ZneN R (24) < o0.

By Lemma 1.6, there exist open sets V, in U,, such that V,, is compact in U, and

cap U, < ||y, || + 27", n e N.
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Let k € N such that 7 < 2%, and let n € N such that "R > Ry. Then g(y"R) <
chg(7" R) < chg(p(xo, ) on V,, and hence

9(V" R) [l v, |l < ¢y / 9(p(wo, y)) dpv, (y) < ccp Gy, (wo).
Since Guy, = R < RY" and g(y"R) < g(R), n € N, we conclude that

Znewg(v R) cap U,, < 0.

Thus Y, cx 9(7"R) cap*(A N S(z0,7"R,7"T'R)) < . O

4 Application to collections of balls having the
separation property

COROLLARY 4.1. Let B(z,r,), 2z € Z C X, r, > 0, be balls in X such that their
union A is unavoidable. Then, for every xo € X,

>, 9(pw0,2)/g(r.) = co.
Proof. Propositions 1.3 and 1.7. O

The next simple result on comparison of potentials (cf. [7]) will be sufficient for
us (see the proof of [11, Theorem 5.3] for a much more delicate version; cf. also the
proof of [1, Theorem 3]).

LEMMA 4.2. Let Z C R? be finite and r, > Ry, z € Z, such that, for z # 2,
B(z,r,) N B(#,3ry) = 0. Let w € WNC(X) and, for every z € Z, let u,,v, be
measures on B(z,r.) such that Gu, < w, and ||p.|| < ||v.||. Then p =Y ., p-

and v =) ., v, satisfy B
(4.1) Gu < w+ c*epGu.

Proof. Let 2,2/ € Z, 2/ # z, and © € B(z,r,). For all y,y € B(Z,r.), p(y,y) <

2ro < pla,y), hence p(z,y') < 2p(x,y), 9(p(x,y)) < cpg(2p(x,y)) < cpglp(z,y')),
and G(x,y) < ?cpG(z,y'). By integration, Gu./(z) < 2cpGu.(z). Therefore

Gle) = Cpa(e) + Yeyps Opio () < wlx) + epG().

Thus Gu < w+c*cpGr on the union A of the balls B(z,r,), z € Z. By the minimum
principle (see [2, I11.6.6]), the proof is finished. O

LEMMA 4.3. Let xy € X, R > 2Ry and B := B(xo, R). Suppose that there exist
C > 1 and a probability measure X\ on B such that GA < Cg(R). Let Z be a finite
subset of B(xg, R/2) and Ry < r, < R/2, z € Z, such that the balls B(z,3r,) are
pairwise disjoint and, for some € € (0,1),

(4.2) g(rINB(z,p(z,2")/4)) > eg(R), whenever z # 2.
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Then the union A of the balls B(z,r,), z € Z, satisfies

cap A > e(2c%cpC) Z cap B(z,r.).

z€Z

Proof. 1t clearly suffices to consider the case, where Z contains more than one point.
Then, for z € Z,

(4.3) 7. = max{r,, dist(z, Z \ {z})/4} < R/2,

hence B(z,7,) C B and A\(B(z,7,)) > 0, by (4.2). Further, B(z,7,)NB(%',37./) = 0,
whenever z # 2/,

For z € Z, let p, € M(X) with pu,(X \ B(z,7,)) =0 and Gu, < 1, and let
a, = ||| /NB(z,7,)), v, = o lpeigA
Then ||v.| = ||x.|| and, by Proposition 1.7, (4.3), and (4.2),

a: < eg(r:) " AB(z,72)) < cleg(R))

Since the balls B(z,7,), z € Z, are pairwise disjoint subsets of B, the measure
V=), .,V satisfies

Grv < c(eg(R))'GA < cCe™.

Let pn =3 ., p.. By Lemma 42, Gu < 1+ ¢*cpGr. Thus Gu < 2¢cpCe™!.
Since (X \ A) = 0, we see that cap A > (2¢*cpC) 1>, ||p-|| completing the
proof. O]

In addition to the Assumptions 1.4 and 1.8, we suppose the following.

ASSUMPTION 4.4. We have a measure A\ € M(X) and a constant ¢ > 0 such
that supp(\) = X and, for all x € X and r > Ry,

(4.4) GAB(ar) < cog(r)
(where, as before, Ag := A(B)~*1g\ for every ball B).

We already observed that then, for all z € X and r > R,
(4.5) cap B(x,r) > cytg(r)™!

(see Proposition 1.7 for the corresponding upper estimate). By Proposition 1.10,
such a lower estimate for the capacity of balls is equivalent to having inequalities
RP®™) > C1G(-,2)/g(r) on X \ B(z,r) (which in turn, by the minimum principle,
hold trivially if (X, W) is a harmonic space, that is, if X has no jumps).

Let us say that a family of pairwise disjoint balls B(z,7,), z € Z C X, r, > 2R,
has the separation property with respect to A, if Z is locally finite and, for some
point zp € X \ Z,

(4.6) nf, ezai A(B(z,p(2,2)/4)  g(r2) > 0.

A(B(wo, 4p(x0, 2)))  9(p(0,2))
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REMARK 4.5. If, for example, X is Lebesgue measure on X = R? z, = 0,
p(z,y) = |z —y|, and g(r) = r*% then (4.6) means that

|z = 2|

lnfz,z’EZ,zséz’ ‘

— >0
z|ord—a ’

which, in the classical case a = 2, is the separation property in [3, Theorem 6].

THEOREM 4.6. Let A be an avoidable union of pairwise disjoint balls B(z,r,),
z € Z C X, having the separation property with respect to . Then

ZZEZ g(p(x0,2)) cap B(z, 1) < oo.

Proof. We may suppose that p(zg, z) > 4Ry, for every z € Z (we simply omit finitely
many points from Z). Moreover, we may assume without loss of generality that

(4.7) r. < p(xo,2)/2, for every z € Z.

Indeed, replacing r, by . := min{r,, p(xg, z)/2} our assumptions are preserved.
Suppose we have shown that > __, g(p(z0,2))/g(r.) < co. Since g(r)/g(r/2) > cp'
if 7 > 2Ry, the set Z’ of all points z € Z such that r, = p(zo,2)/2 is finite, and
therefore ), g(p(wo, 2))/g(r.) < 00. So we may assume without loss of generality
that 7, =r,, for all z € Z, that is, (4.7) holds.

Further, we may assume that the balls B(z,4r,) are pairwise disjoint. Indeed,
since cap B(z,r,) =~ g(r,)™' and g(r) < g(r/4) < c¢%g(r), r > 2Ry, a replace-
ment of 7, by r./4 does neither affect (4.6) nor the convergence or divergence of
> .ez 9(p(o, 2)) cap B(z,r.), and the new, smaller union is, of course, avoidable.

By (4.6), there exists € € (0,1) such that, for z,2" € Z, z # 2/,
(4.8) 9(r)N(B(z, p(z,2)/4)) > eg(p(x0, 2))A(B (0, 4p(70, 2)))-
Let R > Ry. For n € N, let
Zy = ZN8(x0,2-8"R,4-8"R) and A, = UZEZH B(z,r.).

Then A,, C AN S(xg,8"R, 8" R). Moreover, for every z € Z,, p(rg,z) > 8"R, and
hence g(p(xo, z)) < g(8"R). Therefore, by Lemma 4.3 and Theorem 1.12,

ZnGJN ZzeZn g(p(xo, Z)) cap B(Z7 7‘Z>
< 2c%cpepe! ZneN g(8"R) cap*(A N S(xy,8"R,8" ' R)) < oo.

Applying this estimate as well to 2R and 4R in place of R we obtain that

ZZEZ g(p(xo, 2)) cap B(z,1,) < 00.
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COROLLARY 4.7. For every union A of balls B(z,r,), z € Z C X, having the

separation property with respect to A, the following statements are equivalent.

(1) The set A is unavoidable.
(2) Socr 9(plan, 2)) cap Bz, 1.) = oo.
(3) 2.ez9(p(w0,2))/g(r2) = oo

Proof. Corollary 4.1 and Theorem 4.6 using cap B(z,7.) ~ g(r.)™}, z € Z. O

5 Application to regularly located balls

In this section we suppose as before that the Assumptions 1.4, 1.8, and 4.4 are
satisfied. Moreover, let us assume that we have a distinguished point xy € X such
that the measure A\ has the following additional properties:

(i) For all z,y € X and r > Ry,

(5.1) AN B(y,r)) < coN(B(z,r)).

(ii) There exist Cp € (1,00), k € (0,1) such that, for all » > R,

(5.2) A(B(xo,2r)) < CpA(S(xg, kr,1)).
Let A be a union of balls B(z,7.), z € Z, which is regularly located (see 1.14).

We first prove the following proposition.

PROPOSITION 5.1. Suppose thatlimsup,_, ., A(B(xo,7))g(r)/g(¢(r)) > 0. Then

A is unavoidable.

Proof. We may assume without loss of generality that the radius R in (1.14) satisfies
R > max{1,¢(1), Ry}. We define

a:= (cciCHON(B(xg, R))™"  and b := cctA(B(xo, R)) .

Let 0 < 4 <limsup,_ A(B(wo,7))g(r)/g(¢(r))-
We now fix x € X and choose r > £~} (4R + 2p(xg, z)) such that r > ¢(r) and
(5.3) 7 = MB(xo,7))g(r)/9(¢(r)) > 5.

Let
S = S(wo, kr/2,1/2), B := B(zg,r) and rq:= ¢(r)

so that
v = ANB)g(r)/g(ro)-
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There are finitely many points yy, ..., ym € S such that B(y1,3R), ..., B(ym,3R)
are pairwise disjoint and S is covered by B(yi,9R),. .., B(ym,9R). We may choose
z; € ZN B(y;, R), 1 <j <m. Then p(2;,2;) > p(yi,y;) — 2R > 4R, and hence

for all 4,5 € {1,...,m} with i # j. Moreover,

A(B(y;,9R)) < mCheoA(Blao, B)).

Jj=1

(5.5) A(B) < CpA(S) < Cp Y

Let 1 < 5 < m. Clearly,
r>r—R>r/2+ R>p(xg,2j) > kr/2—R>R>1.

Therefore B(z;, R) C B and 1y = ¢(r) < ¢(p(zo, 2;)) < rs,, hence B(zj,19) C A.
Moreover, rp < ¢(1) < R and ¢ + p(x,z;) < R+ p(xo,z) +7/2+ R < r. So
g(p(z, z;) +r9) > g(r) and, by (1.10) and (4.5),

B

(56)  RUT(@) = (cco) M glp(x, 25) +10)/9(r0) = (cco) ' g(r)/g(ro).

Let p; be the equilibrium measure for B(z;,79), 1 < j < m. We define

R m B(ZJ'?TO) _ m .
p = ijl R, = ijl Gpu;.

Then, by (5.6) and (5.5),
(5.7) p(x) = m(cco) " g(r)/9(ro) = ay.

Finally, let v := "7 | v;, where

A(B)

vj = Cg(TO)_l/\B(ZjaR) < CCOQ(TO)_IW 1B(z;,R)AB-

Since B(z1, R), ..., B(zj, R) are pairwise disjoint subsets of B and GAp < ¢og(r),

MB) oy o B

Gv < caog(ro) ™ 3 Ty G < O3 B )

g(r)/g(ro) = by.

By Proposition 1.7, ||g;|| < cg(ro)™', 1 < j < m. Thus, by (5.4) and Lemma 4.2,
p <14 cepGr < 14 cPepby.

Since yu is supported by the compact B(z1,70) U -+ U B(2,,,70) in A, this implies
that
R > (14 epby) ™ 'p,

by the minimum principle (see [2, II11.6.6]). In particular,

ary a a
r(@) = 1+ c2epby v l4c2epb = B4 cepb’

by (5.7) and (5.3). Thus A is unavoidable, by Proposition 1.1. O
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Proof of Corollary 1.15. If A is unavoidable, then ) _, g(p(xo, 2))/g(r.) = oo, by
Corollary 4.1.

To prove the converse, suppose that > __, g(p(xo, 2))/g(r.) = co. By Proposi-
tion 5.1 and (5.2), it suffices to consider the case

(5.8) lim, o0 A(B(20,47))g(r)/9(¢(r)) = 0.

Then infr>gg(¢(r))()\(B(a:0,47“))9(7“)))71 > 0. By (1.15), g(o(r.)) = g(p(xo, 2)),
z € Z. Moreover,

ANB(z,p(z,2")/4)) > infex A(B(x,e/4)) > 0,

whenever, 2,2/ € Z, z # z/. So the balls B(z,r,), z € Z, have the separation
property, and A is unavoidable, by Corollary 4.7. n

6 Appendix

The following equivalences are of independent interest and may be useful in appli-
cations.

PROPOSITION 6.1. Let X be an arbitrary set and G: X x X — [0, 00] such that
G = oo on the diagonal and 0 < G < oo outside the diagonal. Then the following
properties are equivalent:

(i) G has the triangle property: There exists C' > 1 such that

min{G(z, z), G(y, 2)} < CG(z,y), z,y,z € X.

(ii) There exists a metric p on X and v > 0 such that G =~ p~.

(iii) There exist a metric p on X, a decreasing function g: [0,00) — (0,00], cp > 1,
and ny, g € (0,1) such that G = go p and, for every r >0,

9(r/2) < cpg(r) and  g(r) < mg(aor).

(iv) There ezist a metric p on X, a decreasing function g: [0,00) — (0, 00], and
cp > 1 such that G =~ go p and g(r/2) < cpg(r) for every r > 0.

Proof. (i) = (ii): Since G = oo on the diagonal, the triangle property implies that
G(y,z) < CG(z,y) and p(z,y) :== G(z,y) ' + G(y,z) ™", z,y € X, defines a quasi-
metric on X which is equivalent to G™*. By [13, Proposition 14.5] (see also [8, pp.
1209-1212] and [5]), there exists a metric p for X and v > 0 such that p ~ p”, and
hence G ~ p™7.

(ii) = (iii): Trivial defining g(r) :=r=7.

(iii) = (iv): Trivial.
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(iv)= (i): Let ¢ > 0 such that ¢"'gop < G < cgop and let z,y,2 € X. Since

p(x,y) < p(z,z) + p(y, z), we know that p(z,z) = p(z,y)/2 or p(y,z) = p(z,y)/2.
Therefore

min{G(z,z), G(y, 2)} cmin{g(p(z, 2)), 9(p(y, 2))}

<
< cg(p(w,y)/?) < CCDg(p(xvy» < CZCDG(xay)'
O

REMARKS 6.2. 1. If X is a topological space and each function G(-,z), z € X,
is lower semicontinuous and bounded at infinity, the p is a metric for the topology
of X.

2. If (iii) holds, then, for every n € (0,1), there exists o € (0,1) such that
g(r) < ng(ar). Indeed, it suffices to choose k € N such that n < n and to take
o= a”.
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