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Abstract

We extend the result of Nualart and Schoutens on chaotic decomposition of the L?-space of
a Lévy process to the case of a generalized stochastic processes with independent values.

1 Introduction

Among all stochastic processes with independent increments, essentially only Brownian
motion and Poisson process have a chaotic representation property. The latter prop-
erty means that, by using multiple stochastic integrals with respect to the centered
stochastic process, one can construct a unitary isomorphism between the L?-space of
the process and a symmetric Fock space. In the case of a Lévy process, several ap-
proaches have been proposed in order to construct a Fock space-type realization of
the corresponding L2-space. In this paper, we will be concerned with the approach of
Nualart and Schoutens 9], who constructed a representation of every square integrable
functional of a Lévy process in terms of orthogonalized Teugels martingales. Recall
that, for a given Lévy process (X;)i>0, its k-th order Teugels martingale is defined by
centering the power jump process

XM= 3" (AX)F, keN.

0<s<t

For numerous applications of this result, see e.g. [7,/10]. We also refer to [6] for an
extension of this result to the case of a Lévy process taking values in R%, and to [1,3]
for a Nualart—Schotens-type decomposition for noncommutative (in particular, free)
Lévy processes.

The aim of this note is to extend the Nualart—Schoutens decomposition to the
case of a generalized stochastic process with independent values. Consider a standard
triple D C L*(R?,dz) C D', where D = C$°(R?) is the nuclear space of all smooth,
compactly supported functions on R?, and D’ is the dual space of D with respect to
the center space L*(R? dx), see e.g. [2] for detail. For w € D’ and ¢ € D, we denote
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by (w, ) the dual pairing of w and . Denote by C(D’) the cylinder o-algebra on
D'. A generalized stochastic process is a probability measure p on (D',C(D’)). Thus,
a generalized stochastic process is a random generalized function w € D’. One says
that a generalized stochastic process has independent values, if for any ¢1, ..., @, € D
which have mutually disjoint support, the random variables (w, ¢1),. .., {(w,p,) are
independent. So, heuristically, we have that, for any z1,...,2, € R? the random
variables w(z1), ..., w(x,) are independent. In the case where d = 1, one can (at least
heuristically) interpret w(t) as the time t derivative of a classical stochastic process
X = (X(t))ter with independent increments, so that, for t > 0, X (t) = fotw(s) ds.

If a generalized stochastic process with independent values, i, has the property that
the measure p remains invariant under each transformation x — z +a (a € R?) of the
underlying space, then one calls p a Lévy process (which is, for d = 1, the time deriva-
tive of a classical Lévy process.) So, below, for a certain class of generalized stochastic
processes with independent values, we will construct an orthogonal decomposition of
the space L*(D’, i), which, in the case of a classical Lévy process, will be exactly the
Nualart—Schotens decomposition from [9]. This paper will also extend the results of [§]
for generalized stochastic processes being Lévy processes.

2 Preliminaries

We start by briefly recalling some results from [5]. Assume that for each z € R,
o(x,ds) is a probability measure on (R, B(R)). We also assume that for each A €
B(R), R? 5 z + o(z,A) is a measurable mapping. Hence, we can define a o-finite
measure dx o(x,ds) on (R?x R, B(R? x R)). Let By(R?) denote the collection of all sets
A € B(RY) which are bounded. We will additionally assume that, for each A € By(R?),
there exists C)y > 0 such that

/R|S|"a(x,ds) <Cin! neN, (2.1)

for all z € A. We fix the Hilbert space H = L?(R? x R,dz o(x,ds)). We denote by
F(H) = @, , H°"n! the symmetric Fock space over H. Here ® denotes symmetric
tensor product. We denote by ® the subset of F(H) which consists of all finite vectors
f=(fO, 0 . fM.0,0,...) where each f* is a symmetric function on (R? x R)*
which is obtained as the symmetrization of a finite sum of functions of the form

g(k)(xl,sl, ce Ty SE) = (T, - ,:rk)s’f e sfc’“,

where ¢ € D®* = C°((R?)*) and iy, ...,4, € Zy = {0,1,2,...}. For each p € D, we
define an operator A(y) in F(H) with domain © by

Alp) == a"(p@mo) + a” (¢ © mg) + a°( @ my). (2:2)
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Here and below, for i € Z, :={0,1,2,...},
(o ® mi)(z,5) := p(x)s",
a®(p ® m;) is the creation operator corresponding to ¢ ® m;:
at(pom)f® =B (pom), [ eH

a” (p ® m;) is the corresponding annihilation operator:
o (pom) Y =k [ dyolydwplun /.. ),
RexR

and a’(p ® m;) is the neutral operator corresponding to ¢ ® m;:

(ao(go ® mi)f(k))(xl, Sy vy T,y Sk)
= (90(901)33 +oeet SO(ZUk)SZ)f(k)(iUl, S1y .5 Ty Sk)-

Note that A(¢) maps © into itself, and it is a symmetric operator in F(H).

Theorem 2.1. For each ¢ € D, the operator A(yp) is essentially self-adjoint on .
Furthermore, there exists a unique probability measure @ on D' such that the linear
operator I : F(H) — L*(D',u) given through IQ = 1, Q being the vacuum vector
(1,0,0,...), and

I(AGp1) -+ Alpn)) = (w,01) - (w, 00,

1s a unitary operator. The Fourier transform of the measure u is given by
: 1
[ et =exp | - [ drote. (0hyotoy
'D/

R X (2.3)
+/ dx/ a(x,ds)—z(ei‘p(”:)s —ip(z)s — 1)1,
Rd * S

where R* := R\{0}. In particular, p is a generalized stochastic process with independent
values.

Note that, if the measure o(ds) = o(x,ds) is the same for all z € R? then pu is a
Lévy process.

3 An orthogonal decomposition of a Fock space

We will now discuss an orthogonal decomposition of a general symmetric Fock space.
This decomposition generalizes the well-known basis of occupation numbers in the Fock
space, see e.g. [2].



In this section, we will denote by H any real separable Hilbert space. Let (Hy)2,
be a sequence of closed subspaces of H such that H = @, , Hx. Let n > 2. Then
clearly

e () (@ (@)

kn=0
- P H.©H,® - ®H, (3.1)

(1 k2. bon ) LT

Denote by Sym,, the orthogonal projection of H®™ onto H®™. Recall that, for any
fi,fay .  fn€H

1
fl@---an:Symn f1®"'®fn:mchr(l)®"'®fo(n)- (32)

’ O'ESTL

(Here, S,, denotes the symmetric group of order n.) For each (ki, ks, ..., k,) € Z7, let
Hy, ® Hy, ® -+ ® Hj,, denote the Hilbert space Sym, (Hy, ® Hy, ® - -+ ® Hy,), i.e., the
space of all Sym,,-projections of elements of Hy, ® Hy, ® --- ® Hy,, .

Assume that (ki, ks, ..., ky) € Z7 , (i, 1o, ..., 1l,) € Z7 are such that there exists a
permutation o € S, such that

(k1 Koy kn) = (Lo, lo@)s - - -5 lomy)- (3.3)
Then
Hyy © Hy, ©---© Hy, = H,, ©H,, ©---© Hy,. (3.4)
Indeed, take any fi € H;,, fo € Hy,, ..., fn € H;,. Then
[1OLO O fi=fo)O foe) @+ O fom) (3.5)

We have f,;) € Hla@-) = Hy,. Therefore, the vector in (3.5)) belongs to Hy, ® Hy, ®
-+ © Hy,. Since the set of all vectors of the form f; © fo ©--- © f, with f; € H;, is
total in H;, ® H,, ® --- ® H,, , we therefore conclude that

Hll @HZQQQHln CHkl @HkQQQHk

n

By inverting the argument, we obtain the inverse conclusion, and so formula (3.4))
holds.
If no permutation o € S, exists which satisfies (3.3]), then

Hy, ©Hg, ®---©H, 1L H,0H,® -0 H,. (3.6)



Indeed, take any f; € Hy,, ¢; € H;,, i = 1,2,...,n. Then, since Sym,, is an orthogonal
projection,

(LOLO O fmg©gO O dn) o

= (Symn(f1®f2®--~®fn),gl®gz®-~®gn)

HEn

1 - 1 n
== Hew 00n == [1(ngo0)m =0

g€eS, i=1 oeS, i=1

Since the vectors of the form f1 ® fo ® --- ® f, with f; € Hy, and g1 © g2 ® -+ © g,
with g; € H), form a total set in Hy, ® Hy, ® --- © Hy, and H, © H, ®--- © H,,,

respectively, we get (3.6)).
By (3.1)), the closed linear span of the spaces Hy, ©Hy,®- - -©Hy,, with (ky, ke, ..., k,) €

Z" coincides with H®". Hence, by (3.4) and (3.6]), we get the orthogonal decomposition

H"= P HH*OH™ 0H™?®:--. (3.7)

a€ZLy, lal=n

Here Z°, denotes the set of indices a = (v, 1, vg, ... ) such that all a; € Z, and
la| :=ap+ a; + az + -+ - < co. Hence, by (3.7)), we get the following

Lemma 3.1. We have the orthogonal decomposition of the symmetric Fock space
F(H)=6,. ,H"n!:

F(H)= € (H{™ © HY™ @ HY™---)|al!. (3.8)

a€LT,
Next, we have:
Lemma 3.2. Let o € 25, . Then
Symy,, : (He™ @ H™ @ HY™* ® - -+ )aplaglan! - - -
— (H@® 0 HY" @ HY** © -+ ) |a! (3.9)
18 @ unitary operator.

Proof. We start the proof with the following well-known observation. Let k,[ > 1,
n =k +1. Then Sym, = Sym,,(Sym; ® Sym;). Hence, for any o € Z, |a| = n, we
get Sym, = Sym,, (Sym,, ® Sym,, ® Sym,, ® ---). Therefore, we have the following
equality of subspaces of H®" :

HY O HP*' © HY** @ - - -



= Sym,, (H{'™ ® H{' @ Hy** @ - - )
= Sym,, (Syma0 ® Sym,, ® Sym,, ® - - ) (H(?ao ® HY @ HYy* ® - - )
= Sym,, (Hy™ @ HY"' @ HY** ® -+ ).

This shows that the image of the operator Sym,, in (3.9) is the whole space Hy** ®
HP*' © HY* ®--- n!. Hence, we only need to prove that this operator is an isometry.
Fix any f;, g; € H; with i € Z and any o € Z,,. Then, by (3.2)

(Sym, (f7® fF @ £ @--),Sym, (6§ @ g7 ® g5 @ ) yon

_ (Symn( 83)040 ®fi®a1 ®f§§a2 ®...)7g89040 ®gi®al ®gé®0‘2 ®.”)H®”
1

:m Z (f()?g())?{(:)' Z (flagl)illl"'
’ UoGSaO O’1€Sa1

1
- Eﬁ( ®a0a9§a0)ﬂgmoab!( ?a17g§a1)H?a1&1

...

1
R g Ra R«
ﬁ(fo TONT @ g g ®"')H(?a(’@H?‘”@...ao!Ofl!"' :

Since the set of all vectors of the form f* with f; € H; is a total subset of H’*'| we
conclude that the operator in (3.9)) is indeed an isometry. O

We define the symmetrization operator

Sym: € (H§™ @ HY™ @ HY™ @ - )aglaglas! - -« — F(H) (3.10)

a€Zy,
so that the restriction of Sym to each space
(H@™ @ HY™ @ HY** ® -+ - Japlaglan! - -
is equal to Sym,,. By Lemmas [3.1] and we get
Lemma 3.3. The symmetrization operator Sym s a unitary operator.

Remark 3.4. Let us assume that each Hilbert space Hj is one-dimensional and in each
H;. we fix a vector e, € Hy such that ||es|| = 1. Thus, (ex)72, is an orthonormal basis
of H. By Lemma [3.3] the set of the vectors

1
3 .® ® ®
<(a0!a1!a2! ) Pef M @M e O )
aniO,O

is an orthonormal basis of F(H ). This basis is called a basis of occupation numbers.



4 An orthogonal decomposition of L*(D’, 1)

We want to apply the general result about the orthogonal decomposition of the Fock
space to the case of F(H), where H = L*(R* X R, dz o(x, ds)). We note that, by (2.1]),
for each z € RY, the set of polynomials is dense in L*(R,o(x,ds)). We denote by
(¢ (z, 5))n>0 the sequence of monic polynomials which are orthogonal with respect to
the measure o(z,ds). These polynomials satisfy the following recursive formula:

sq™ (2, 5) = "V (2, 5) + ba ()" (2, 5) + an(2)g" D (z,5), n>1,

4.
Sq(O)(I> S) = q(l)(x, 3) + b()(l’) ( 1)

with some b,(z) € R and a,(z) > 0. [Note that if the support of o(x,ds) consists of
k < oo points, then, for n > k, we set ¢ (z,s) = 0, a,(z) = 0 with b,(x) € R being
arbitrary.|

From now on, we will assume that the following condition is satisfied:

(A) For each n € N, the function a,(z) from (4.1)) is locally bounded on R?, i.e., for
each A € By(R?), sup,cp an(r) < 0.

Denote by £ the linear space of all functions on R? x R which have the form

n

f(w7 S) = Zak(x)q(k)(l‘as)? (42)

k=0
wheren € N, ap, € D, k=0,1,...,n.
Lemma 4.1. The space £ is densely embedded into H.

Proof. Let f(x,s) = a(z)q®(x,s), where a € D. Let us show that f € H. Denote
A :=supp(a). We have, for some C' > 0,

4d4d$0($,d8)f(w,s)2 < C'/Adx/Ra(x,ds) ¢ (z, 5)2 (4.3)

If k =0, then ¢(¥(z, s) = 1, and the right hand side of (#.3)) is evidently finite. By the
theory of orthogonal polynomials (see e.g. [4])

/a(x, ds) ¥ (z,5)? = ay(z)ag(x) - - - ap(x), k> 1. (4.4)
R
Hence we continue (4.3)
< C/ dx ai(z)as(z) - - ap(z) < 00
A
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by (A). Thus, £ C H.
We now have to show that £ is a dense subset of H. Let ¢ € H be such that
(9, f)m =0 for all f € £. Hence for any a € D and k > 0

/Rddx/ o(z,ds) g(z,s)a(z) ¢¥ (z,s) = 0.

Fix any compact set A in R? and let a € D be such that the support of a is a subset

of A. Then,
/Rd dx a(x) (/Ro—(x,ds)g(x,s) q(k)(x,s)) _o

/A dz a() < /R o(x,ds) g(z, 5) q(k)(:v,s)> ~ 0. (4.5)

We state that the function

Hence

Asz— / o(z,ds) g(z,s) ¢® (z, s)
R

belongs to L?(A, dz). Indeed, if k = 0, then ¢'° (x, s) = 1 and this statement evidently
follows from Cauchy’s inequality. Assume that £ > 1. Then by Cauchy’s inequality,
(4.3]), and condition (A),

/A dx( /R o(z, ds) g(z, 5) q(k)(x,s)>2
< [ do [ oteas) oo [ olrds) s’

:/dx/a(x,ds)g(x,s)2a1(x)a2($)"'ak:(x)

S( sup a;(x )/dx/ (z,ds) g(x,s)* < oo.
.:a:EA

Since the set of all functions a € D with support in A is dense in L*(A,dz), we
therefore conclude from (4.5)) that, for dz-a.a x € A,

/a(x, ds) g(z,s) ¢¥(z,s) =0, Vk>0. (4.6)

Since g € H, we get that, for dr-a.a. = € R g(z,-) € L*(R,o(x,ds)). Since
{q®™(z,)}32, form an orthogonal basis in L*(R, o(z, ds)), we conclude from that
for dz-a.a. x € R? g(z,s) = 0 for o(x,ds)-a.a. s € R. From here, we easily conclude
that ¢ = 0 as an element of H. Hence £ is indeed dense in H. O]
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For each n € Z. , we define

£, = {gn(xa 8) = f(l’) q(n)(xvs) | IS D}

We have £, C £, and the linear span of the £, spaces coincides with £. For any
gn(I,S) = fTL('r) q(n)(x’s> € ’gn and gm(fE,S) = fm(‘r) q(m)(x’ 5) S ’Sma n,m € Z+7 we
have

o) = [ gula.5) gl ) o) .

= [ ) okl [ 58 5) ot Yo

Hence, if n # m, then
(gn> gm)H = 07

which implies that the linear spaces {£,}5°, are mutually orthogonal in H. Denote
by H, the closure of £, in H. Then by Lemma H=,  H,.

By (4.7)), setting n = m, we get

ol = [ £20) ([ asP ot ao= [ pomian. @)
R4 R Rd
where
putde) = ([ oo oo ) )
R
is a measure on (RY, B(R?)). Consider a linear operator
D3 furr (Jufa)(@,5) = ful2)g" (2. 5) € L,

The image of J, is clearly the whole £,,. Now, £, is dense in H,,, while D is evidently
dense in L*(R%, p,(dz)). By (4.§)), for each f, € D,

HJnanHn = anHLQ(Rd,pn(dx))'
Therefore, we can extend the operator J, by continuity to a unitary operator
Jp : LA(R?, p,(d)) — H,. (4.9)

In particular,
Hy = {fu(2) ¢"(x,5) | fo € L*(RY, pu(da))} .
Therefore, for each k > 2

HE = {fé’“)(xl, ) ™ (1) P () |
8 € LR, po(dn)® = L2 ((RYE, pu(dan) - - pu(day)) }

9



Since the operator J,, in (4.9)) is unitary, we get that the operator
JE* : LA(RY, py (dr))®* — HE*
is also unitary. The restriction of J®* to L2(R%, p,(dx))®* is a unitary operator
JEF L LA(RY, p,, (dx))®% — HOR. (4.10)

Indeed, take any f, € L*(R%, p,(dz)). Then f&* € L2(RY, p,(dz))®* and the set of all
such vectors is total in L?(R%, p,(dx))®*. Now, by the definition of J®* we get

JEkfOk — (], fu)2F € HOF,

and furthermore the set of all vectors of the form (J,, f,,)®* is total in H?*. Hence, the
statement follows.
For any f\" € L2(RY, p,(dx))®*,

(J?kfék))(l,l, S1y .-y Ty 8k> - qu(;,k)(xh . 7xk)q(n)<x17 81) T q(n)('rka Sk)'
Hence, the unitary operator (4.10) acts as follows

LQ(Rda pn(d$))®k > fr(zk)(xla s 7xk)
= (Jgkfék))(xla 81500y Tk Sk) = fr(zk)(ajlv s axk’>q(n)($17 31) e q(N)(ajk? Sk)'

Thus, each function gff) € H®* has a representation

g'r(y,k)(xh 81545 Tk, Sk) = ffr(y,k)(xh s 71:/6)(](”)(1‘17 81) o q(n)(l‘ka Sk)a

k k k
where £ € L3(R?, py(dz))®* and [|g8” ]| yor = || 47 2t p(aayyor-
For each o € Z5°, we consider the Hilbert space

LZ((RY)) = LR, po(da))° © LA(R, py(d2))* @ - (4.11)
We now define a unitary operator
Jo: LA(RY) - HE* @ HP' & -+

where
Jazj(?aoégjf?al@... )

We evidently have, for each f, € Li((Rd)lal)’

(Ja foz) (.Tl, 81,22, 825 - -+, T, S|a|)
pr— fa(x17x2’ L. ,x|a|)q(0)(x1’ Sl) « 0. q(o)(l-ao’ Sao)

X q(l)(xaoJrlv SaoJrl) e q(l)(xaoJralv Sao+a1) T

10



For each o € Z5, we define a Hilbert space

ga = Li((Rd)|a|>Oéo!()é1! e,
The J, is evidently a unitary operator
Jo:Go — (HY™ @ HP @ - - )aglog! - .

Denote G := @~ Ga. Hence, we can construct a unitary operator
+,0

JiG— @D (HE™ @ HE™ @ Jaglag! -

aEZ_‘f’O

by setting J := @anfo J,. By Lemma , we get a unitary operator R : G — F(H),
by setting R := Sym J. Thus, by Theorem we get

Theorem 4.2. Let condition (A) be satisfied. We have a unitary isomorphism K :
G — L*(D', ) given by K := IR, where the unitary operator I : F(H) — L*(D', ) is
from Theorem [2.1]

5 The unitary isomorphism K through multiple
stochastic integrals

We will now give an interpretation of the unitary isomorphism X in terms of multiple
stochastic integrals. We will only present a sketch of the proof, omitting some technical
details.

Let us recall the operators A(p) in F(H) defined by (2.2). Now, for each k € N,
we define operators

AW (@) := a™(p @ my1) + a’(p @ my) + @ (p @ my_1). (5.1)

In particular, AN (p) = A(p). The operator A () being symmetric, we denote by
A® ()~ the closure of A® (). For each k € N and ¢ € D, we define Y*~V(p) :=
I(p ® mg_1). It can be shown that, for each k € N, TA® (©)~I~! is the operator of
multiplication by the function Y *=1)

Suppose, for a moment, that the measures o(x,ds) do not depend on z € R% For
a fixed ¢ € D, let us orthogonalize in L2(D’, ;1) the functions (Y ¥ (¢))2,. This is
of course equivalent to the orthogonalization of the monomials (s*)%2, in L*(R, ).
Denote by (¢")°, the system of monic orthogonal polynomials with respect to the

measure o. Denote (¢ ® ¢™™)(z,s) := ¢(x)¢* (s). Thus, the random variables
ZO(p) = 1(p®q"Y), ke,

11



appear as a result of the orthogonalization of (Y*)(¢))%2,. Since ¢(¥(s) = 1, we have

ZO(p) =Y p) = (-, ¢).

For each k > 1, we have a representation of ¢*)(s) as follows:

Thus,

k k
Z® () = I(p @ ¢M) =S 0PI @m) =3 by (p).

Hence, under 17!, the image of the operator of multiplication by Z®)(y) is the operator

R®) () : b (a* (o @ my) + a” (9 @ my) + a®(p @ M)

k
=0
(p@q™) +a (p@q®) +a’(p @ p"),

Il
S

where p®)(s) 1= sq*)(s).

Let us now consider the general case, i.e., the case where the measure o(zx,ds)
does depend on x € RY. We are using the monic polynomials (¢*)(z,-))2,, which are
orthogonal with respect to the measure o(x,ds). We have

k
(W(.5) = 0P (@)s"
1=0

We define

k
Z0(p) = 1(pg™) = > YO(ey”),
1=0

where (0q®)(z,s) := p(x)q¢™ (x,s). Hence, under I-!, the image of the operator of
multiplication by Z*) () is the operator

k
RO (p): = (a* (@) @ ma) + 0™ ((eb") @ mi) + a*((9b") @ mis)



= a"(pq™) + a" (pq™) + a®(pp™),

where p)(z, 5) := sq¥)(x, 5).

It is not hard to see that the above definitions and formulas can be easily extended to
the case where the function ¢ : R — R is just measurable, bounded, and has compact
support. In particular, for each A € By(R?Y), we will use the operators Z*(A) :=
Z®(xa)-

We will now introduce a multiple Wiener-It6 integral with respect to Z*)’s. So,
we fix any o € ZP, |a| =n, n € N. Take any Ay,..., A, € Bo(RY), mutually disjoint.
Then we define

/ 020 (1) - dZO (30, )AZD (0 11) -+ - AZD (0 10
A1XA2>(...XA”
X dZ(Q)(ata0+al+1) ..
= /( ” XA (xl)XAQ (.TQ) ce XAn(xn>dZ(0)(;E1) . dz(0)<xa0>
Rd)n

« dZ(l)($ao+1> .. 'dZ(l)($a0+a1)dZ(2) (Tagrartl) - -
= ZO(A) - ZO(AL) ZM(Anyi1) - ZM(Anyra) 2P (Dggrars1) - -
Using the fact that the sets Ay, ..., A, are mutually disjoint,

[71(2(0)@1) e Z(O)(AQO)Z(”(AQOH) e Z(l)(Aa0+a1)Z(2)(Aao+a1+l) )
— RO (xa,) - R(O)(XAQO )R(l)(XAao+1) ... RW (XA%M1 )3(2) (XA%m“) .
— a+(XA1(](O)) o a+(XAa0Q(O))a+(XAa0+1q(1)) ... a+(XAa0+a1 q(l))

X a+<XAa0+alﬂq(2)) e
= (X2,4) @+ © (X0 1) © K20g1 ™) @+ © (X2ng 1, 4)

© (XAaO+al+lq(2)) Q-

= Sym, ({(mlqm)) ®--0 (XAan(O)>1 ® {(XA%HQ(U) OREE
® (XAaowlq(l))} R - )
- hv (M O O Xau ) (@12 g)g (21, 51) 4O (2, >]
® [<Xﬁao+1 ® O Xaagra, ) (Tagt1s -+ Tagtar) 0" (Zag+1, Sao+1)
. ‘q(l)($a0+a1, Sa0+a1):| R -- )
— R((XAI O ® Xng) ® (Xauys: @+ ® Xy 1a;) ® )
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Hence

(0)(A1) e (O)(Aao)z(l)(Aao-&-l) T Z(l)(Aao+a1)Z(2)(Aao+a1+1) T
’C((XAl : @ XAQO) ® (XAaOJrl @ T @ XAQO+Q1> ® e )

The set of all vectors of the form
(X211 @ O Xaag) @ (Xangs1 @+ O Xaggia,) @)

is total in G,. Therefore, by linearity and continuity, we can extend the definition of
the multiple Winner—Ito integral to the whole space G,. Thus, we get, for each f, € G,,

/( - fa(@1y oo @10))dZ O (1) -+ dZ O (200)dZ D (T 0g11) - - dZD (T ag 1)
Rd)|e

X dZ(Q)('rao-‘qu-i-l) = K:fa'
Thus, we have the following theorem.

Theorem 5.1. The unitary isomorphism K : G — L*(D', i) from Theorem- s given
by

g—@ga fozaEZoo —f|—>]Cf

a€Zy

Z / " (@1, 210)dZO () - dZ O (24,)
R «@

aGZO"

x dz! ($a0+1) T dZ(l)(Iao-i-oq)dZ ®) (Tagtar+1) * -
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