THE CUBIC DIRAC EQUATION: SMALL INITIAL
DATA IN Hz(R?)

IOAN BEJENARU AND SEBASTIAN HERR

ABSTRACT. Global well-posedness and scattering for the cubic
Dirac equation with small initial data in the critical space H2 (R?)
is established. The proof is based on a sharp endpoint Strichartz es-
timate for the Klein-Gordon equation in dimension n = 2, which is
captured by constructing an adapted systems of coordinate frames.

1. INTRODUCTION AND MAIN RESULTS

In this paper we continue our investigation initiated in [1] regarding
the full range of Strichartz estimates available for the Klein-Gordon
equation, with the particular goal of providing L?L> type estimates.
As an application we prove global well-posedness and scattering for the
cubic Dirac equation with small data in the critical space.

As in [1], for fixed m > 0, we consider the (scalar) homogeneous
Klein-Gordon equation

(1.1) Ou + m*u = 0, in R x R"™.

The validity of Strichartz estimates for solutions u of this equation is
a fundamental and well-studied problem. In the low frequency regime,
the dispersive properties of the Klein-Gordon equation are similar to
the Schrodinger equation, i.e. the decay rate is t~2. In the high fre-
quency regime they are similar to the wave equation, i.e. the decay
rate is =2 . In the high frequency regime there is also a penalized
Schrodinger-type decay: waves at frequency 2% decay as 25t~ 2 ; the pe-
nalization is due to the small curvature of the characteristic surface.
If one is not concerned with sharp estimates, in the high frequency
regime one could trade regularity for having access to the better decay
t~2. Such an approach severely limits the range of applications, in
particular to low regularity nonlinear problems.
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The decay rate discussed above plays a crucial role in determining
the range of available Strichartz estimates. It is well-known that the
endpoint Strichartz L?L2° estimate fails for the wave equation in di-
mensions n = 3 and for the Schrodinger equation in dimension n = 2,
see [24, 38]. As for the Klein-Gordon equation (1.1) in three dimen-
sions, the endpoint L?L%° estimate does not fail if one allows for a loss
of regularity, see [20]. However, the sharp L?L%° estimate (dictated by
scaling) fails to hold true. In [1] we provided a microlocal replacement
of the missing sharp endpoint L?L2° Strichartz estimate in dimension
n = 3 by using adapted frames.

In dimension n = 2 the same problem becomes significantly more dif-
ficult due to the following reason: Both endpoint Strichartz estimates
for the wave equation (with respect to L{L°) and for the Schrodinger
equation (with respect to L?L%°) fail to hold. In this paper we will
address this problem by providing L?L> estimates in adapted frames.
For the Klein-Gordon equation in dimension n = 2, to our best knowl-
edge, these estimates are novel in literature, see also the discussion
below.

Throughout the rest of this paper, we will fix the physical dimension
n = 2. In applications to nonlinear problems, see [19, 1] for the case of
the cubic Dirac equation in three dimensions, the endpoint Strichartz
estimate and the L>L? energy estimate imply a bilinear Lf}x estimate
via the toy scheme

lu-vllgz, < llullzzpoe[|v]| Lo 22

Since the L2L> estimate will be established in adapted frames, energy
estimates in similar frames are needed to recover the above L7, bilinear
estimate. As in dimension n = 3 in [1], combining the energy and the
Strichartz estimate to derive a uniform L? estimate is only possible in
presence of a null structure, see Section 3.

The idea to use adapted frames in order to find a replacement for
the missing L2L> endpoint Strichartz estimate is due to Tataru [39)],
which was motivated by the Wave maps problem. In the context of the
Schrodinger equation, this was done for solving the Schrodinger Map
problem in two dimensions in [2]. Naively, one may expect that by
using the structures in [39] and [2], one can address the same problem
for the Klein-Gordon, but this is not the case. The reason is two-fold:
there are no straight lines (zero curvature submanifolds) foliating the
characteristic surface so as to emulate the Wave Equation construction;
trading regularity in order to rely only on the Schrodinger equation
would provide non-optimal estimates.



THE CUBIC DIRAC EQUATION 3

Instead, our current work builds on ideas from [39] and [2] and brings
new ideas to provide a more complex construction well-adapted the
geometry of the characteristic surface for the Klein-Gordon equation.

As an application, we study the cubic Dirac equation in dimension
n = 2 at the critical regularity: Fix M > 0. Using the summation
convention, the cubic Dirac equation for the spinor field ¥ : R x R? —
C? reads as

(1.2) (=" 0u + M) = (Y0, )¢,

where y# € C?*? are the Dirac matrices

o (1 0 (0 1 s (0 —i

and (-,-) is the standard inner product on C2.

The matrices 7y satisfy v*v? + v#y* = 2¢*°I,, where (¢*°) =
diag(1, —1). By adapting the set of matrices, the equation (1.2) can
be written in any spatial dimension. We refer the reader to [10, 32] for
the physical background for this equation.

The n-dimensional version of (1.2) becomes critical in H"z (R") in
the sense that it is (approximately) invariant under rescaling of solu-
tions. In three dimensions the equation was studied extensively, see
9, 20, 19, 35, 6, 23] and references therein. The state of the art result,
establishing global well-posedness for small data in the critical space,
was established by the authors in [1].

In dimension n = 2 and M # 0, we are aware of only two results:
27, 28] where Pecher establishes local well-posedness of the equation
with initial data in H*(R?) for s > I and [3] where Bournaveas and
Candy establish local well-posedness of the equation with initial data
in H %(Rz). To our best knowledge, no global well-posedness result is
known so far. The case M = 0 has been settled in [3] where Bournaveas
and Candy also prove global well-posedness and scattering for small
initial data in 2 (R?), see more commentaries below about this case.

Our main result in this paper is

Theorem 1.1. Let M # 0. The initial value problem associated to
the cubic Dirac equation (1.2) is globally well-posed for small initial
data ¥ (0) € H%(RQ). Moreover, these small solutions scatter to free
solutions for t — +oo.

For results in space dimension n = 1, see [21, 5]. Concerning nonlin-
ear Klein-Gordon equations we refer the reader to [8, 15, 13, 30].

A special case arises in the massless variant of the cubic Dirac equa-
tion, that is (1.2) with M = 0. A recent result of Bournaveas and
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Candy [3] provides the equivalent result of Theorem 1.1 for the case
M = 0. Their strategy stems from the observation that the massless
case carries similarities to the Wave Maps equation. The authors tailor
their resolution spaces around the original ones introduced by Tataru
[39] in the context of Wave Maps. In order to overcome the Besov
space obstacle, the authors of [3] used an idea from [1], i.e. adding a
high modulation nonlinear structure of type LYL? for certain p < 2.
The authors of [3] also obtain a local in time result for M # 0 by
treating the mass term M1 as a perturbation. However, from the
perspective of obtaining a global in time result, the above strategy is
limited to the case M = 0 since the resolution spaces for M # 0 were
not known prior to the work in the present paper.

Our results here and the one in dimension n = 3 from [1] may seem
orthogonal to the work of Bournaveas and Candy [3]. Indeed, we do not
address directly the problem in the case M = 0. However by passing
to the high frequency limit one can —at least formally— recoup the
results for M = 0 since we work in the in the scale invariant space
dictated by the wave part. We do not formalize this here and note
that the approach in [3] is a more elegant and easier way to deal with
this problem with M = 0. It is an instructive exercise is to check
that, on fixed bounded time intervals, our structures become in the
high frequency limit the ones used in [3] and originating in the work of
Tataru [39].

We describe some of the key ideas involved in this paper. The Klein-
Gordon waves travel with speed strictly less than 1, though in the high
frequency limit they reach precisely speed 1. Our frames will capture
the speed variation of these waves as well as their directions, and this
is why we work with two parameters: w (angle) and X (speed). Having
precise a formulation on how the range of speed parameter A depends
on the frequency plays a crucial role in the argument.

The first system of frames we construct to recover an L?L> estimate
stems from the one used [1]. An additional level of complexity is re-
quired due to the fact that once the high frequency waves enter the
Schrodinger regime the decay rate fails to provide us with a classical
L7L2® estimate. To fix this issue we need a bi-parameter system of
frames which depends both on w (angle) and A (speed).

The next problem arises from that the above system is well suited
for most angular interactions, but fails near the parallel interactions
(in fact it works at exact parallel interactions). Moreover, the null
structure cannot fix this failure as usually is the case. To remedy this
problem we construct another system of frames which is suited pre-
cisely to those angular scales and highlights a key geometrical property
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of wave interactions: waves with distinct frequencies always travel in
different directions in the context of the Klein-Gordon equation.

The organization of this paper is as follows: In the following subsec-
tion we introduce notation. Section 2 is devoted to endpoint Strichartz
and energy estimates. In Section 3 we recall the null-structure of the
cubic Dirac equation. In Section 4 we construct function spaces for the
nonlinear problem. In Section 5 we prove auxiliary bilinear and trilin-
ear estimates. In Section 6 we prove the crucial nonlinear estimates
and provide a proof of Theorem 1.1.

We would like to point out that the notation, setup and general
reductions in the present paper are adopted from [1]. Also, we will
repeatedly refer to [1] for arguments which are similar in two and three
dimensions. As indicated above, the analysis in this paper is signifi-
cantly more involved, so it might be useful for the reader to take a look
at [1], too.

1.1. Notation. Here, we repeat the notation from [1, Subsection 1.1]
and adjust it to the case n = 2: We define A < B by A < B—c for some
absolute constant ¢ > 0. Also, we define A < B to be A < dB for some
absolute small constant 0 < d < 1. Similarly, we define A < B to be
A < eB for some absolute constant e > 0, and A~ B iff A < B < A.

Let d(My, Ms) denote the euclidean distance between the two sets
M, M, C R

Similar to [19], we set (&) == (272 + |¢[2)z for k € Z and € € R?,
and we also write (£) := (£)o.

Throughout the paper, let p € C°(—2,2) be a fixed smooth, even,
cutoff satisfying p(s) = 1 for [s| < 1 and 0 < p < 1. For k € Z we
define y;, : R? = R, xx(y) := p(27*|y|) — p(27 % y|), such that Ay, :=
supp(xx) C {y € R?: 2871 < Jy[ < 2"'} Let X = xa—1 + Xo + Xt
and Ay := supp(Xx)- ) )

We denote by P, = xx(D) and P, = xx(D). Note that PP, =
]SkPk = P;. Further, we define y<; = Zf:_oo Xis X>k = 1 — X<k as well
as the corresponding operators P, = x<x(D) and Psg = x>k(D).

We denote by K; a collection of spherical arcs (caps) of diameter 27
which provide a symmetric and finitely overlapping cover of the unit
circle S'. Let w(k) to be the “center” of x and let T',, C R? be the cone
generated by s and the origin, in particular I', N S* = k.

Further, let n,, be smooth partition of unity subordinate to the cov-
ering of R? \ {0} with the cones T, such that each 7, is supported in
%FH and is homogeneous of degree zero and satisfies

0 na(€)] < Co2VIEI70, |(w(r) - V) V()] < On e[
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Let 7, with similar properties but slightly bigger support 2T, such
that 7.m. = 1. We define P, = n.(D), P, = 7.(D). With Py, :=
Ne(D)xk(D) and Py, = 7,(D)Xx(D), we obtain the angular decompo-

sition
Pe=> Px
rKEK,
and P;,C,,.CP;,C,,i = ﬁkjﬁij,i = Py ,. We further define Ay, = supp(n.xx)
and Ay, = supp(7j.Xx)- -

We define Qu(, €) = xm(F(€)a(7, £), and QZ,,u(r,€) = Xam(7F
(€))a(r,€). We also define Qf = Q% _, + Q& + Q= ;. We set B,:;m to
be the Fourier support of Q<. and Bf:m to be the Fourier support of
Q;-. Additionally, we define Q% = 31"~ Q7 for a fixed large integer
¢ > 30, and Q;—Lm =1—-Q=%,. Given k € Z, and k € K; for some [ € N
we set B,;tﬁ to be the Fourier-support of Qﬁk_QlPk,,{. Similarly we define
BE..

Given a pair (\,w) with A € R and w = (w;,wq) € S', we define
wt = (—wsq,w;) and the directions
;()\ LU)

VI
1
ot = @*w :ﬁ(—l,)\w),
Opwt =(0,w™).

O =0,,=

With respect to this basis, understanding the vectors 0, ,, @iw’ O L
as column vectors, we introduce the new coordinates tg, g, with zg =
(rg, %), defined by

te At

(1.3) 5 | = (Orew Oxy Oour) o
2

To L2

If A = 1 we obtain the characteristic directions (null co-ordinates) as
in [39, p. 42] and [37, p. 476]. However, our analysis requires more
flexibility in the choice of the frames. For fixed k € Z we define A\(k) =
(142723,

2. LINEAR ESTIMATES

As in [1, Section 2], we recall that the decay rates of solutions to the
linear wave equation and Klein-Gordon equation, which are determined
by the principle curvatures of the characteristic hypersurfaces, have
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been analyzed e.g. in [40, 29, 36, 25, 31, 14, 11, 4, 22|, see also the
references therein, and the detailed discussion in [26, Section 2.5].

In [1] we started investigating the endpoint Strichartz estimate for
the Dirac and Klein-Gordon equations in dimension n = 3. Let us
repeat that in this paper we continue our investigation in that direction
in dimension n = 2. We note that this requires a far more delicate
theory since we are dealing now with a missing endpoint Strichartz
estimate for the Schrodinger part as well.

For convenience, we set m = 1 in the Klein-Gordon equation (1.1),
which extends by rescaling to (1.1) with any m # 0. In this case, the
solution is given by

Lt 4 =ity oy Loy _ oy U1

(2.1) ult) = 5 > o7

where (D) is the Fourier multiplier with symbol (£). Obviously, we
need to study the propagator ei“w?. For the sake of the exposition,
we work out all the estimates for P} the estimates for e ) are

then obtained by simply reversing time in the estimates for e’*(??.

2.1. Endpoint L2L*> type Strichartz estimate. Our main result
in this subsection provides endpoint Strichartz estimates for functions
localized in frequency. The construction of the frame systems needed to
capture these estimates is time-dependent, but the constants involved
in the estimates are time independent.

We fix r € N, construct spaces that depend on r and provide uniform
estimates on intervals [T, T] with T' < 2". For k < 99 and w € S! we
define the set

27”

Ak,w = {227 S Z, |’l| < \/ﬁ} X {CL)}

and

2 o = iIlf [e) 2 oo .
ol i, =, 3 el
Note that if k1 < ko < 99 then Ay, ., C Ag,.. One could be more precise
about Ay, but this is not needed for low frequencies. However it is

needed for high frequencies and this is motivates the next definition.
For k > 100, and w € S* we define

1
Ak,w = {ﬁ’m e 9 107 N [Qk—3’2k+3]} x {w}

Qoo = AR} x {Rivyi €2, i) < 275547,
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where R denotes a rotation by 27". Recall that A\(k) = (1 4 272¢)"2.
For k € Kjq10, we set Ay o = Ap () and Qo := Qg ()-
Using these sets, we define

H¢HZAM L Lgy ::¢:Z inf Z H¢@HL§6L§®

OEAy 4 Pe O€eA}, .

inf > ldelliz, i

L =
%—) “’951)6 ¢:Z@€Qk,n ¢(_) @Eﬂk K I% uwl)@

0lls, 2

We are ready to state the main result containing an effective replace-
ment structure for the missing endpoint Strichartz estimates.

Theorem 2.1. Let r > 0 and T € (0,27].
i) For all k <99, w € S' and f € L*(R?) satisfying supp(f) C A<y,
(2.2) ||1[—T,T}(t)€it<D>f||ZAkwL2 e SIS,

te "o
where the implicit constant does not depend on r and T'. R
i) For all k > 100, & € Kyy10, and f € L*(R?) satisfying supp(f) C
Ak,lw

(2.3) | 1=71 (Tf)ei“mf”z%ﬁ 3 1z, S 12
i k
(2.4) Mm@ fllsg, 020, S 2215,

where the implicit constants do not depend on r and T.
iii) For all k > 100, 1 <1 <k, k1 € K; and f € L*(R?) satisfying

Supp(f) - Ak,m:
k—1

25) 3 Neon@e P Bfllg, 1 i S 27 1l

tg T
KEK
where the implicit constant does not depend on r and T'.

The estimate (2.2) is similar in nature to the corresponding estimate
in [2, Lemma 3.4]. We highlight the similarities and the differences.
By changing the variables and using that |A| < 1 one passes from the
frames used in [2, Lemma 3.4] to the ones used in this paper. We do not
need to discriminate between the low frequencies and in this sense the
estimate as listed here is suboptimal; one could easily restate it with a
factor of 25 for functions that are localized at frequency ~ 2F, k < 99.
The range of admissible A is more carefully tracked here and this is
why our version of A differs from the one used in [2, Lemma 3.4].
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The rest of this subsection is devoted to the proof of Theorem 2.1.
In order to prove (2.2) we consider the kernel

(2.6 Ka(t.) = [ enSetO52, ) ds
RZ

for £ < 99. The key estimates about this kernel are:

(2.7) Kk (t,2)] S (67

(2.8) [K<k(t, )] Sv @)™, 2] > 2l.

1
Indeed, (2.7) is the standard decay rate for the Schrodinger kernel in
dimension 2, which applies here because we truncate at low frequencies.
(2.8) is obtained by using stationary phase type arguments, taking into
account that the critical points of the phase function ¢(§) = - +t(¢)

. . . 1
are contained inside the cone |z| < \/ﬁm

For any w € S!, we obtain the bound

rn K<t 2) Sy Y Kelt,z), Keflt, ) =27"(te) ™.
GEAk,w

This is obvious from (2.8) in the region of fast decay, and for fixed
(t,x) in the region of slow decay we count the number of © such that
lte| S 1: If |t| S 1, every © € Ay, satisfies this, so the sum is of the
size 1 which is ok in view of (2.7). In the case [t| > 1, the number
of such © is & 2"t7!, so the sum is of size (t)~!, which is again fine
because of (2.7).

From this we derive

(2.9) Z ||K®||L}6Lg°e S L
QEAk,w

This suffices to prove (2.2). Indeed, using the TT* argument and the

duality:
() L) = > Ll
CI CETY
the problem is reduced to proving || 1j_7,71 K< ||s- ! e S 1, which
’ = Ackw Tt TTE
follows from (2.9). A more complete formalization of this type of ar-
gument can be found in [2].
We continue the more delicate part of the argument, that is the

analysis in high frequency with the aim of proving (2.3), (2.4) and
(2.5). For k € Z,k > 100 we define

(2.10) Ki(t,7) = / e € 72 (€] de.
R2
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and record the decay estimate
(2.11) [Ki(t )| S 22(1+ 2°|(t, 2)]) 7% min(1, (1 + 2¥|(¢, 2)) "22%)).

This estimate appears in many places in literature, see for instance [26].
We provided a self-contained proof in [1] for dimension 3 which can be
replicated almost verbatim for dimension 2 to give (2.11).

We define localized versions of the above kernel. For fixed [ > 1 and
k € K; we define:

(2.12) Kinlts) = [ =5 53(1€Dnn(€) ds.

K is the part of K}, localized in the angular cap x. Also, we define

@13 KL ()= [ et a2 e ) de

b RQ
where () is a smooth partition of unity with supp a;; C {(j—1)272° <
€] < (5 + 1)272°}. Obviously, we have

222+1

(2.14) Kpult,x)= Y K,

j=218_1

The important decay properties of K, and K,zﬁ are recorded in the
following Proposition.

Proposition 2.2. For all k € Z,k > 100, and k € Ky410,

(2.15) |K(t,2)] S 281+ 277|(t,2))) "

In addition, for N = 1,2, we have the following:

(216)  [Kiw(t, )] S 2"+ o ]) ™Y, if ol = 277°I(8 2)],
where xiﬁ = m%w)’w(ﬁ). For2® —1<j <2241,

(217) ‘Kljc,n(t7x>‘ S 2k(1 + 2k|t)\i,n’)7N7 Zf |t)\i,n| Z 272]{78“’7

where X, = 1/+/1 + 2-2k+405-2 qnq ty . = to

)\']7;: ,w(k) ’

We remark that (2.16)-(2.17) hold with any N € N, but as stated it
suffices for our purposes. Ideally one would like to have the estimate
(2.17) for Ky, is a similar form to (2.16) and skip the cumbersome
K ,z,n kernels. While available, such a formulation is not able to provide

a strong exponent as above, see the factor 272*78 in (2.17), and this
would impact a key property of the set Ay .
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We now show how (2.3) follows from the above result. Fix j €
[2'8 — 1,222 + 1] N Z and define

, 1
M= { g m € 2770202 242 ()

For each © € Aiﬁ we define
K@(f, x) = 22kT71(1 + 2k|t@’)72
and claim that

(2.18) K (o) S ) Kelt@).

SISV
Since

Z HKGHL,}@Lgo@ N |Ai;,,.;’ sup ”K@HL,}@LgO@
och] oAy
NS

< 9 k. Q2kprloTh <

we conclude with
J
1K s, ehom, 1
By noting that Ay, = U;AJ , using (2.14) and the fact that j runs in
a finite set, we obtain

1Kinlls,, 1o S 1

which implies (2.3) by a 7T argument similar to the one we used in
the proof of (2.2).

We continue with the argument for (2.18). We start with a few
observations, which in fact were the basis for the construction of the
set Ay, .:

P1: If |ty | < 27%2|(¢,z)| then there exists © € A7, such that
’tG)’ < 2—k+2. ‘

P2: If [ty | > 272F=2|(¢, )| then [ty | 2 Itel, for all © € A .

As a first case, let (£, z) be such that [t,, | < 2726=2|(¢, z)|. From P1

it follows that for each such (¢, 2) we estimate the number of © € Aiﬁ
such that |tg] < 272 If ©¢ = (\g,w) is such a value, then any other
such © = (\,w) should satisfy |(A — X\o)t| < 27%3. There are two
subcases to consider next: '

If [t| < 2%, then since all © = (\,w) € Ay, satisfy [\ — Ag| < 272F6
it follows that [(A — Ao)t| < 277 hence the number of such © is
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|Akx| = 27%T. Thus the sum on the right of (2.18) is estimated by
|Ag| - 2271 = 2F and this is the bound we have for the kernel Kj .

If [t| > 2%, we use that the discretization in A{;’K is at scale 271771,
it follows that the number of such X is given by ~ 22::% =t~'T. The
sum on the right of (2.18) is then > 2%*T~1¢4~1T = 22%¢~! which is
precisely the bound we have for the kernel Ky .

Next we consider the second case where [ty .| > 27272|(¢, z)|. We use
P2: |tk,n| Z |t@|, forall © € Ai,n' Thus (1+2k’t@’)_2 Z (1+2k|tk7,{|)_2
and the right hand side of (2.18) is 2 |A], .| - 2271+ (14 2¥]ty,,.[) 7% =
2%(1 + 2*[t),|)~% and this is the bound we have on K}, from (2.17).
This finishes the proof of (2.3).

A similar argument using (2.16) proves (2.4). Note that the con-
struction of the set €2, . was designed precisely to fit the corresponding
P1 and P2 in this context: the angles considered in €, ., cover a neigh-
borhood of w(k) size 27%~8 which is double the size of the slow decay
neighborhood described by (2.16).

Next we show how (2.5) follows from (2.3). Since there are ~ 28~
caps k € K, such that P, f # 0, we obtain from (2.3)

Z 1 1—r1 (t)eit(ml—:’ﬂfﬂzAm L2, L%,

1
2
k=l i ~
<27z <§ : ||et<D>PHf||22:Ak L?@L%"e>

KEK

1
2
k—1 ~ k-1
S22 ( > IIPRfH%g> S22 | fllee-

KEK

We end this section with the proof of (2.5).
Proof of Proposition 2.2. The following proof is very similar to [1]. We
begin with the proof of (2.15). If |(t,2)] < 2% the claim follows from
the fact that the domain of integration has measure ~ 2%~ ~ 2%
otherwise the estimate follows from (2.11) and Young’s inequality.

Next, we turn to the proof of (2.17). For compactness of notation,
we write A = )\i and © =06 X () By rescaling it suffices to consider

Blusn) = [ oG e

for (;(€) = a;(I€)XT(1€])71(€), and to prove
(2.19) 1Bl (s,9)] Sn 271+ [s0]) ™V if [se| > 272783
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for N = 1,2. If |se] < 1, the estimate follows from the fact that
the support of ¢; has measure ~ 27%. Now, we assume |sg| >> 1 and

write (s, y,§) =y - § + s(§)x, Define 9, = w - V¢, dy o 1= 5 ¢8 and

d = —0u <m> Integration by parts implies
220) [ o = [ e ) G
R
We will prove
(2.21) (d5..)" ()] Sw [sel ™, N=1,2,
so that (2.19) follows from (2.20) and (2.21). Indeed, we observe that
§-w
0u®(8,1,8) = Saw + S —— — ),
o(s,9,€) A, (<§>k )

and in the domain of integration we have

‘f‘_w_

< ’V/quéiﬁﬁﬁﬂii N+ [eos( 26 w) 1]

—2k—10 —2k—10 —2k—9
<2 +2 < 979,

where we use that (j —1)272° < |¢] < (5 +1)27% and |£(&,w))| <
27k=10 This implies

[0.6(s,, )] 2 Ise| = [s[2777 = 27|se.
In particular it follows that
(2.22) | | |se]
where we used that |0,(| < 1. In addition, we have

s =0.(55) =+ (o et ) = (- Ga)

from which, using the above arguments, we conclude that in the domain
of integration we have |92¢| < 272%|s|. This allows us to estimate

272k| | 272k| |
a( )< -
| a | |6w¢|2 N |S |2 ~ S@|
From this and (2.22) we obtain (2.19) for N = 1. Now let N = 2 and
compute

(3,02 =

((029)?
0,07 0,08 (0u0f T (0u0)"

LN B L0 (R
5.5%5.5) ~ oy
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We compute
5, 9 3 2\ _ —2
%0 = gz (109" — (- ) = 02 )l

Recalling that [0,¢| > 3|se| > 27%%, |02¢| < 272 and |9)'¢| Sy 1 we
conclude that

()] S [0l 72 + 27 50| 7 +27[se| " S |se| .

This finishes the proof of (2.21) and, in turn, the proof of (2.17).
It remains to prove (2.16). We reset the definition of © to © =
Oxk)w(x)- As above, by rescaling it suffices to prove

(223)  [Bux(s,y)| Snv 2771+ 27558 )7 if [yd] > 277 7F((s, p)|

for N = 1,2, where we recall that y3 = y - w. If [y3| < 2F, then the
estimate follows from the fact that the size of the support of integration
is <27k

We now consider the case |y3| > 2*. By replacing w with w' in the
above argument (see (2.20)), we obtain

) [ e = [ emerad o)

R2
As above, we claim

-N
(225)  d)NOO Sy (278l) . V=12
Since the support of ¢ has measure ~ 2%, (2.23) follows from (2.24)
and (2.25).

We conclude the proof with the argument for (2.25). If £ in the
support of ¢ then

é—’ = (1 —cy)w + cow?, | < 27718 ey | < 27F10
and
’ |§| _)\l S 2—21{:—!—47
()
We compute
g1 = wt - (y + si) = Y4 + 28\ + 025(ﬂ —\).
(&) (&)
We have |yg| > 27%7%s| > 2|cas)|, as well as |y3| > 2777|(y,s)| >
]023(% — A)|. From these we conclude

(2.26) 0.10] 2 [y8] > 2°
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and, using |9, ¢| < 2F,
an_g

(2.27) 5

| < 2yl

In addition, we have
wl.f) _8<Q;J-.wj‘ B (wL.g)Z
(E)r (En ()3
within the support of ( and we conclude
1 E E kp, 2 -1
0 < < <9 .
| WL<8WL¢>| ~ ‘aWL¢’2 ~ ’yé’Q ~ |y@|

From this and (2.27) we obtain (2.25) for N = 1. Now we consider the
case N = 2 and compute

D2 () =01 (r > =s(1+0(27")

C e R 0GP D6 (P9
(Lo C= GooF "2 @00l il | Gud)
Further,
06 = o (w0 — (W 9)(0)}) = 50
“HETOR ’ '

From (2.26) and |02, ¢| < |s| and [0, ¢] Sy 2"V it follows that
(5,00 )1 S 22158172 + 28 |yd |7 + 27w | > + [y ™" < 21| 2,
which completes the proof of (2.25) for N = 2. O

2.2. Energy estimates in the (\,w) frames. Next, we prove energy
estimates similar to [1, Subsection 2.2], but there will be important
differences which we will point out below. At the end of the notation
section we have introduced frames adapted to a pair (\,w) with A € R
and w € S!. We recall that we defined
1 I 1 i
Orw = m()\,w), Oy, = m( 1, w), Ot = (0,w™).

We also introduce here a fourth vector ©~ = O, _,, for reasons which
will become apparent in the proof of the Theorem below. With respect
to this basis, understanding the vectors ©,,, @tw, ©pL as column
vectors, we introduced the new coordinates tg, g, with z¢ = (2§, ¥3),
defined by

to t

wh | = (Ore Or, ©pur)’ |21

T3 Ty
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We denote by (7e,&e) the corresponding Fourier variables which are
given by

e T
fé) = (®>\:W @iw @0,w1-) 51
& &2

In the following theorem we set By, = Bj, and By, = Bk*’n.

Theorem 2.3. a) Let 99 < m = min(j, k), 0 <1 <m+10 and k € K.
Let © = Oy, € Aj,. Assume a = d(w, k) satisfies 27371 < o < 237
forl <m+9 and o < 237 forl =m +10; if j = 99 then we consider
only the last case. Define & = max(a,27™).

i) If f € L*(R?) has the property that f is supported in A, the
following holds true

(2.28) alle™ fllrz 2, S 1f e,

provided that I <m —10 orl=m+ 10 A |j — k| > 10, and
(2.29) a%Hez‘tw)fHLO% . < fllz2s 1<m+09.
7;6 t,x o
ii) Consider the inhomogeneous equation
(2.30) (10, + (D))u=g, u(0)=0,

where g is assumed to be supported in the set By . If g € L%@Li@, then
the solution u satisfies the estimate
(2.31) &llull i 1z, S Gl i,
provided that I <m —10 orl =m+ 10 A |j — k| > 10.
If g € Liz L%Ml)@, then the solution u satisfies the estimate
e k)

1 _1
(2.32) az HUHL;"%L?t’mI)@ Sa HQHL;%LZ,M)G, I <m+9,.
iii) Under the hypothesis of Part i) when g € L} _L?_ the solution u

to"re
can be written as
o

(2.33) u(t) = e Py + / s (1) Xt >sds
where uy(t) = Pl (homogeneous solution in the original coordi-
nates) and

(234) fiullz + [ llallzzds S @l
In addition U, and '50 are supported in flk,,{.

A similar statement holds true when g € L', L?
(S]

(t,xl)@ ’
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A few remarks are in place about the statement of the above theorem.
First, the statement (2.29) and the corresponding ones in part ii) and
iii) hold true for all a with 273~ < o < 237! in the sense that we do not
need to restrict to [ < m + 9. The reason we did so in the statement
is for the sake of conciseness. Nevertheless the statement (2.28) for
[ = m + 10 does not require angular separation, thus covering the
ranges skipped by the way we state (2.29).

What is important to note is that (2.28) fails somewhere in the range
m —9 <[ <m+9 in the sense that the energy estimates in the given
frames ”blow-up” and become useless. This is precisely the region
where we need to use the estimates (2.29).

A careful reading reveals that in the case [j — k| < 9, and | = m+ 10
we did not provide any estimates. As noted above, one can continue
estimates of type (2.29) and (2.32) for [ > m + 10, but these will not
be helpful for our purposes.

Proof. i) Proof of (2.28). We start with an almost verbatim repetition
from [1, Proof of Theorem 2.4]: The space-time Fourier of w(t,z) =

et P) f(z) is given by the distribution Fw = fdo where do(1,§) =
57: N is comparable with the standard measure on the surface

T = +/|¢]? + 1. We change the variables (7,&) — (7e,&o) and rewrite
fdo = Fo,g_pee); thus

(2.35) 1PNz, S (L4 IVAlIL=) 2| f e

where the L*> norms is taken on the support of F'.

We now work out the details. The equation of the characteristic
surface 7 = /|¢|2 + 1 can be rewritten as 72 — [£|* —1 = 0. In the new
frame this takes the form

1 142 1 142 22

/\2—+1(>\T@ — &) — /\2—+1(T® +Ae)” — lal" —1=0.
We solve this equation for 7g, hence we rewrite it as follows
A —1 9 4\ 1— )2
)\2+1(T@) )\2+1 969 )\2+1< )
The solutions of this quadratic equation are given by
207) = 1 (ey) = 220V OTT T O DG T)
We will identify which one of the two solutions is the correct one. The

positivity of the discriminant Ag = (A2 +1)2(£5)2+ (A* = 1)(|€3]2 + 1)
is implicit, as we know a priori that (2.36) has at least one solution. We

(2.36) — &P —-1=0.
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will come back shortly to these issues. We continue with the following
computation:

% 1 (20 + (N2 +1)%68 )
el N —1 £/ 2+ 127+ (M - DR+ 1)
1 (A2 +1)2¢8
A2 - 1(2/\ + (A2 —1)7e — 2)\%)

. 2/\7‘@ + (/\2 — 1)5(1)
(A2 =1)7e — 20E}

fo-
=
In a similar manner we obtain Ve ht = (\2+ 1) , from which, using
(2.35), it follows
1
, ok 1\ ?
(2.38) ||6”<D>f||L§ng S <1 + Sup ﬁ) 1f1lz2-
k K

To finish the argument we need a lower bound for |7g-|. We provide
below lower bounds for Ag and 7g- for (7,€) € By, as these more
general bounds are needed in Part ii).

We need to consider a few cases: j < k — 10, |j — k| < 9 and
j > k4 10. Since the computations are entirely similar, we will deal
with 7 < k£ — 10 in detail. Here we have to consider two more cases:
1 <j—10and [ =j+ 10.

Case 1: [ < j —10. For (7,€) € By, it holds that 7 — \/|{]? + 1 =
e(, &) with |e(r,€)| < 22710 hence

To- =AT— £ w=AVER+ 1+ Ae—£-w

—\f!( DV 4+ VIHE - 1+1— 5, ot \57)
We have the following: [(1 — A\)y/1+ [&]72] < 2(1 — \) < 27916 <
2-2-12 (since A € A;), |\/IFJE] 2 — 1] < 2-%-12 < 97220 9-2-6 <

= 5‘5’ < 27246 and |‘£|| < 27278 From these we conclude that

Qk=21-10 < 7y < 2k=21+10. thus we conclude that 7¢- ~ 22 and
To. > 2k2042,

In particular, using (2.38) we obtain (2.28). Since the solutions in
(2.37) can be recast in the form 7¢- = ++/Ag and we just proved that
To- > 0 in By, it follows that the solutions A™ in (2.37) correspond

to the choice of the surface 7 = /|¢|? + 1.
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We now continue with the more general bounds for Ag in the set
By Since |7 — (£)] < 28721710 it follows that |72 — €2 — 1] < 22k=21-8
or equivalently, 72 — |¢]2 — 1 = (7, &) with [e(r,£)] < 22728 We
rewrite the equation in characteristic coordinates as above, to obtain

Té, = A@ + (1 — )\4)6

We have already shown that 7o- > 2¥2719 and since |(1 — AM)e| <
92h-2-8|] _ )| < 92289245 < 92%-4-23 it follows that Ae >

22k=4I=22 g 22k in By, A similar argument proves Ag ~ 2%*a* in
By .

Case 2: [ = j+10 . For (r,€) € By, it holds that 7 — \/[¢F + 1 =
(1, &) with |e(, &) < 28727720 hence

To- =AT =& w=AM/[§PP+ 1+ A - w
E-w e

We have the following: (1 — A)y/1+]£72 > 1 — X > 27%8 (since

A A IWVIFIE? 1] < 27972, 1= §2] < 27571 and || <

272712 From these we conclude that —7¢- ~ 2¢¥% and also that
> ok-2j-10_

o

In particular, using (2.38) we obtain (2.28). Since the solutions in
(2.37) can be recast in the form 7¢- = £1/Ag and we just proved that
To- < 0 in By, it follows that the solutions h~ in (2.37) correspond
to the choice of the surface 7 = /|£]? + 1.

We now continue with the more general bounds for Ag in the set
By Since |7 — (£)] < 272730 hence |72 — |¢]? — 1] < 227272 or
equivalently, 72— |€|2—1 = (7, &) with |e(7, &)| < 22F72728 We rewrite
the equation in characteristic coordinates as above, to obtain

To- = Ao + (1 — A\)e

We have already shown that 7¢- > 2872710 and since |[(1 — M)e| <
92k=2j=26|] _ )| < 22k-2-269-245 _ 92—4=21 it follows that Ag >
22k=2i=21 in By .. A similar argument proves Ag & 2%*a* in By,
Although we decided to leave out the details of this argument in the
cases |j — k| <9 and j > k + 10, we would like to point out a simple
fact. If j = k, € = 2%w and € = 0, we obtain 7¢- = 0. This highlights
the reason why we cannot cover the case [ = m + 10 when |j — k| < 9.
Proof of (2.29). We start as in the proof of (2.28) but with the

goal of writing fda = F%g —h(ro.ck)- Lhis gives the bound
(2.39) 1l S A+ UIVhAlz2) ]l

e
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where the L*> norm of VA is taken on the support of F.
We use the equation of the characteristic surface in the form (2.36)
and solve this equation for £} :

(2.40) €2 = h*(1e,£8) = £/ Ae.
where Ag = 2 (Mo — £85)” — 27 (Te + A&5)? — 1. We continue with
the following computation:

ot 1 (N—Dre—2X 1 1o

oo AN2+1 gg X418

1
In a similar manner we obtain 2 861 = ()\2 )ig , from which, using
(2.39), it follows
ok \ 2
(2.41) e f||L°° 2 1+ sup — | [Iflle2-
t2De E k,k ’69‘

To finish the argument we use the following estimate || = |€ - wt| ~

2k . o

As before, a direct computation shows that in the set By, we have
€2 ~ 2F - o and Ag ~ (2F - )2

ii) and iii) The proofs of these estimates are entirely similar to the
corresponding ones in [1]. The basic idea is that once the linear phe-
nomenology is unraveled by (2.28) and (2.29), obtaining the energy
type estimates is done in a similar manner: change the coordinates
and estimate all quantities taking into account the localization in By, .
Note that in part i) we upgraded some of our estimates to By. O

3. REDUCTION AND NULL STRUCTURE OF THE CUBIC DIRAC

The cubic Dirac equation (1.2) has a linear part with matrix coef-
ficients. Below, we rewrite (1.2) as a new system which has two half
Klein-Gordon equations as linear parts, see (3.3) below, and we identify
a null-structure in the nonlinearity, similarly to the ideas for the Dirac-
Klein-Gordon system presented in [7, Section 2 and 3] and adapted
to the Cubic Dirac equation in dimension n = 2 in [27]. However, in
contrast to the above mentioned papers, we keep the mass term inside
the linear operator. The setup here is the two-dimensional equivalent
of [1, Section 3] and we repeat the most important aspects:

Multiplying the cubic Dirac equation from the left with °, we obtain

(3.1) —i(0p + - V + i) = (¥, By) By
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where § = 7% and o/ = 7%/ and -V = o?9;. The new matrices
satisfy
(3.2) adaf + aFad = 269% 1, o/ + Ba? = 0.

Following [7] we decompose the spinor field relative to a basis of the
operator a-V+i whose symbol is a-+/3. Since (a-+8)? = (|¢[*+1)1,
the eigenvalues are +(¢). We introduce the projections I, (D) with

symbol
1 1

IL(€) = 1L F 15 (€-a+ 5]

As in [1], we slightly deviate from [7, formula (5)] by switching the sign
in II. for internal consistency purposes. The key identity is
~i(a -V +if) = (D)(IL_(D) — T (D))

where (D) has symbol 1/|¢|? + 1. The following identity, which can
be verified easily at the level of the symbols, will be important in our
computations:

s

1. (D)B = B(llx(D) F ﬁ)

We then define 11 = I (D) and split ¢» = ¢, +_. By apply-
ing the operators I1L(D) to the cubic Dirac equation we obtain the
following system of equations

(10, + (D))hy = =1Ly (D) (v, B) BY)

(10, — (D))o = —T1_(D)({s), Bv)BY).
This system will replace (1.2) as the object of our research for the rest
of the paper. It is obvious from the form of the operators Il that
lY|lx =~ ||Ye]lx + |- ||x for many reasonable function spaces X. In
particular we use it for X = H %(RQ) so that we conclude that the
initial data for (3.3) satisfies ¥ (0) € Hz (R2).

To reveal the null structure, we start with (¢, f1) which, in our
decomposition, is rewritten as

(¥, 6¢) = (L (D)y + (D), B (D) by + T (D))
= (I (D), AL (D)) + (M (D)y, fIL(D))3-)
+ (L (D), BU(D)-) + (L (D), BIL (D)by)

Next we analyze the symbols of the bilinear operators above.

(3.3)

Lemma 3.1. The following holds true
(3.4) [ ()T (n) = O(L(E,m)) + O(&) ™" + (™)
' ML (T (n) = O(L(=&,m) + O™ + (m) ™)
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Proofs of this result can be found [7] or [27] modulo the fact that the
operators Il there do not include the 8 factor; but this is accounted
by the additional factor of O((£)™' + (n)~!) in the estimate above,
see also [1, Lemma 3.1] for the three-dimensional case. For a detailed
explanation why the above result plays the role of a null structure we
refer the reader to [1, Section 3.

4. FUNCTION SPACES

Based on the estimates developed in Section 2 we now define the
function spaces in which we will perform the Picard iteration for (3.3).
The construction here is a significant refinement of [1, Section 4]. Some
of the similarities to the function spaces used in the wave map problem
(16, 37, 39] are highlighted by using a similar notation.

For 1 < p < oo we define

1 fllvz

+(D)

1
= ”fHL?ongL( sup Z H63Fitu+1<D>f(twrl)_e:mtu(D)f(tV)Wzg)p’

(t)EZ TN

where the supremum is taken over the set Z of all increasing sequences.
For the following, we consider a fixed r € N (which is implicit in the
definition, cp. Subsection 2.1).
For low frequencies, that is for £ < 99, we define

115 = 1171z

+(D)

+52SP1 ||f||ZAW L2 L -

For the high frequencies, that is £ > 100, the norm has a multiscale

structure. We recall the notation convention that A;,. = A, and

similarly for Q;,,. Given | < k+ 10, k € K; and j > 89, we define

structures SE[k, k, j].
f89<j=01-10<k—100rl=k+ 10N 7> k+10, let

1/l s*pergy = sup sup 27| fllzos 12, -
k1€K 110 QGAJ"Nl tg *g
d(rk,r) <2713

If max(90,1 —9) < min(j,k) <1+09, let

_l
1 sty = sup sup 272 || f|[ e
r1€K 410: € 1, ®
2-1=3<d(k,kp)<2— 143

If max(90,7 + 10) < min(j, k), let

[ s, = sup sup 27| fllzos 12,
Kk1€K 110 O€EA; s %o
2713 <d(k,kq) <2713
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Then for k € K; we define the cap localized structure as

1 fll stk = | fllzoor2 + sup 1 f Nl s e,
max(89,l—10)<j

We define the endpoint structure

—k 2 2
I levos = (30 20 0PAIs, ueie, H IS, i)

KEK K110

N|=

Next, for some % <p< % (any p in this range will work, see Section
6) we define

1
2
1_ m
||f||sg:<§:||Pﬁf||%;<D>> + 2675 5up 27 Q5 fll g

KEK

1

2

Hllsng + s (D 1% PefI3epn)
- = KEK,

Remark 1. If [; > ls, we have that for each xk; € K;; the number of
Ko € Ky, with k1 N ke # 0 is uniformly bounded. As a consequence,
essential parts of this norm are square-summable with respect to caps:
For later purposes, we note that for [ < ',

2 2
Z HPKfHVi(D) S Z HPK’f”ViQ<D>>
KEK, H’E’Cl/
and, for all 1 <[ <k,
2 < 2
T Il 11
1
Similarly, we have

—k 2 2
Z { Z 2 ||P,£/Pnf|’zﬂm L2 L3 + HP,{/PanZAM L%L:%}

K€K KG/Ck+10 ©
< —k 2 2 < 2
~ Z 2 HP’*fHZQM L2 L% 1) + ”P’JHZAM L2 1%~ ||f||END2E'
kEKrt10 ) 6 %6

For this reason we introduce the norm

1
2
[fllesz = <Z Hpan%/j:<D>> + 1/l zvpz

KE
which has now the property that for any 1 <1 < k + 10

(4.1) Z Hpnfﬂlaszt S Hf”z%s,f'

KEK)
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For any |l — I'| < 10, we also have
> D NPeQE Pl e S I I3,
R/GKZ/ KEK;

where we use Part i) of Lemma 4.1 below.

The space S* corresponding to regularity at the level of H?(R?) is
the complete subspace of L°(R, H?(R?)) defined by the norm

. 3
1 llsee = IP<sof sz, + (D2 2B SI%: )7

k>90

Recall from Subsection 2.1 that this construction is useful up to time
2" so for any closed interval I C (—27,2") we define the space S (1)
of all functions on I which have extensions to functions in S*°, with
norm

| fllssom = inf {IFsee: Fli= £}

Note that the space S5 (I) := ST7(I) N C(I, H?(R?)) is a closed
subspace of S*7(I).

Now we construct the space for the nonlinearity. For 1 < ¢ < o0,
b € R, we define

£l 500 = [[ (27 1Qm F1122) sl -

For the low frequency part of the nonlinearity we define

9l = ok LIl Wl 150§+ e

Let (N;F)* denote the dual of N and let S5 be endowed with the
norm

(4.2) 1l = 11 fllzgorz + 1] 42800
Then, we observe that for k£ < 99,
(4.3) SE c (NE)* ¢ S

Next, let £ > 100. For 1 < [ < k + 10 we consider x € K; and
consider the following types of atoms:

A1 :1f89<j=1-10<k—100rl =k+10Aj5 > k+10, functions
f@ with

2 follur iz, =1
e %o

where © € A;,, and k1 € K;110 with d(ky, k) < 2703,

A2 : If max(90,] —9) < min(j, k) <1+ 9, functions fo with

L
o4 ||f@||Li2®,iL?t@1)$ =1,
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where © € Q; ., and k; € K410 with 27173 < d(ky, k) < 273,
A3 : If max(90,7+ 10) < j < min(j, k), functions fo with
Aifollzr, 2, =1,
S S}
where © € A;,, and k1 € K410 with 273 < 2/ d(ky, k) < 23.
We then define, in the standard way, N*[k, k] to be the atomic space

based on the above atoms.
Now, similarly to [1], we define the following atomic structure

+oat = inf { 1+
T SR (1 PRRVER 1 Py

+ Z (Z|’Pn9l||?vi[k7n])§}

1<I<k+10  reK,

(4.4)

where the atoms ¢; in the above decomposition are assumed to be
localized at frequency 2% and modulation < 2¥~% more precisely that
ka—mpkgl = qi-

The third component in Ni>* | i.e. the > i<i<ks10 91> Will henceforth
be called the cap-localized structure. The atoms g; are localized in
frequency and modulation, while when they are measured in N* [k, k]
the atoms ae in the decomposition g, = ) g ae are not assumed to
keep that localization. However, by applying the operator ka_%]-:’k’,{
to the decomposition and using [1, Lemma 4.1 i)] (which holds true in
dimension 2 verbatim) one obtains a new decomposition with similar
norm. From now on our convention is that we assume that the atoms ag
in the atomic decomposition have the correct frequency and modulation
localization.

Let (N;7*)* denote the dual of N;"® and S be endowed with the
norm

(4.5) 1

2
£z = I laere 1 g gt 00 (0 1Q%arPef i)
== ex

Then, we record that
(4.6) SE (N c S,
with continuous embeddings, i.e.

[l S Nl atanys S 11Nl

Now we are in a position to define the space for dyadic pieces of the
nonlinearity for high frequencies by setting

L1k
1 e = 1l yzae + 257 f Lz
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The space for the nonlinearity at regularity H? is defined via

1
[ Fllvee = 1P<sof vz, + (30 22 IR I%2)

k>90

Now we show why the above structures are relevant for the equations
we study. We first note a technical result on boundedness properties
of certain frequency and modulation localization operators.

Lemma 4.1. i) For all k > 100 and m > 1, the operators Qém are

bounded on S,:f, N,;t.
ii) For all k > 100,1 <1 < k+ 10,k € K;, and functions u localized
at frequency 2%, we have

(4.7) I (D) — s (2*w(k))) Peulls < 27| Peulls
for S € {SE, S},
Proof. 1) We start with the boundedness of Qém on the components of

SE. The boundedness of Qém on the Vﬁ(p) is standard, see e.g. [12,
Cor. 2.18]. The boundedness of Qém on the

267D sup 27| Q5 f gz

structure follows from the commutativity property Qi,@ém = Qiin,
and the boundedness of Qim on the LYL? type spaces.

Next, we notice that the kernel of QZ, P, belongs to L{, under the
hypothesis m > 1 and k € Ky 10. Using_that Pﬁéﬁm = Qﬁmf’,{PH, this
implies the boundedness of Q;m on the B B

2—k P 2 P 2 >
(X MR, e, ] I s

KEK K110

D=

component of S,f.

For the boundedness of Qﬁm on the S*[k, k] components we use an
argument similar to the one used in [1, Lemma 4.1], part ii). S*[k, &]
itself has several components and we will provide a complete argument
for one of them; this will also serve as a template for the other ones.
With x € K; for some 1 <[ < k+ 10, it is enough to consider only the
case m < k —2l. We fix the + sign choice, fix j with max(90, [+ 10) <
min(j, k), consider r; with 2773 < d(k, k1) <273 and © € A,,,.

The operator szpm is a Fourier multiplier whose symbol

am,k,n(7—7 g) = XSW(T - <€>)>~Ck<€)ﬁn(f)
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satisfies
‘ o dm,k sl S (2m+21)_6-
The inverse Fourier transform of a,, i, with respect to 7;,, satisfies
| K pn(te, o) Sy 2721 4 |te]2™1?) ™, for any N € N.
From this we obtain the uniform bound

1K pmllzs e S 1

On the other hand we have
]:5@ (Q:Z]Sk,nf) = Kl,k,n *to —Fg@f,

where one performs convolution with respect to tg variable only. From

the above statements it follows that Q<mPk « 1s bounded on L2 Lie

Proving that Qém on the components of N,;t is done in an entirely
similar way.
ii) The proof is very similar to [1, Lemma 4.1] and therefore omitted.

0

We continue with a few preparatory results. In order to later deal
with the ng< py structure, we show that the analogue of the fungibility

estimate [34, formula (159)] holds in our spaces, more precisely

Lemma 4.2. For all ¢ = Pyg and any collection (I,),en of disjoint
intervals the estimate

(4.8) > HllugH?V;t S H9||?Vki

holds true, uniformly in k > 100.

Proof. We proceed similarly to [34, pp. 176-178], the minor differences
in the following proof are mostly due to the lack of scale invariance:
It suffices to consider the +-case. It is obvious for L}L2-atoms, so

we are left with X~ 2-1-atoms and the cap-localized structure.
Y _
a) X~ 2l.atoms: We will prove

(4.9) LTSS T S

for P,f1 = fi. By definition, this follows from

4100 Z I Qnill,gooss S IQn A
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which we establish by proving
(4.11) D NQem(11,@u )7z S 1QmfillZ2,

(4.12) D Q<1 Quf)Z 12 S 27" 1Qum il z-

The first one is trivial, since Qy,, is bounded in L? so we focus on
(4.12): Let (J,) be the subcollection of all intervals in (1,) satisfying
|J,] > 27™ and (K,) all remaining intervals. For the short intervals
(K,), we obtain

D Qi Q512 S D 11k, QuufillZa 2
S22 Z 1k, Q1|72

Concerning the long intervals (J,), we have

Q%m(lJmefl) = Q<m((@~m1Ju>(mel))

and it is easily checked that
(4.13)

|Q~m1[a,b]( )| N Qg (t)_N, Oé[aﬁ],m(t) =1+ 2m|t — CL‘ + 2m|t — b|.

Let J, = [a,,b,]. Because of their disjointness and |.J,| > 27™, we have

Yo WS (27t —a |+ 2" =b, )V ST (N >1).

v v

Fix N = 2. We conclude that
O CPNA AR M ICARTAICIAT A

ZH 2 107 @ il
S ’”lea (OQmfill s
s / 3 o @Ot 271G

i b) caP—localized structure: Consider f3 = >, 109 satisfying
Qik,ypkgl = ¢g;. For fixed 1 <[ <k + 10, we write

g = Q>—k 21( ugl)+Q<k 21(11 gl)
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By a similar argument as presented in [1, Proof of Prop. 4.2, Part 1,
Case c)] it follows that

k=21
HpnngLf@ S22 || Pagill v+ from) -

For the first contribution, this implies

Z ||Q;k72l(1]ugl)||i(+,—% 1~ 22l g Z Z || ]-I kgl ||L2

KEK] Vv

<S4 IRall, £ X 1Bl

KEK; KEK

For the second contribution we use Lemma 4.1 and the fact that
S ahlly s, S I8l 0o
14

Y17Y2

for any orthogonal frame (y;,42) € R*2 due to Minkowski’s inequality
to deduce that for fixed x € K; we have

Z HQ% 21 1Iupﬁgl)‘|?v+[k,n} S Z H(lfupﬂgl)’l?\/ﬂk,n] S Hpﬁng?\H[k,n}?

which we then sum up with respect to k € ;.

We obtain
1 1
2 2
(Y fslea)” s > {(chm )2,y )
v 1<I<k—10
2
+ (X 1@ Pea)lin)
v KEK

1
Z (Z HPKQZH?VW,H])Q,

1<I<k+10  KeK,

and the proof is complete. 0

Let 1) be any fixed Schwartz function and 7 (-) = ¥(5).

Lemma 4.3. Fiz any 1 < p < 2. For all T > 0 we have
(4.14)

sup 2" (| Qm (Yr P )l rrr2 S sup 2" QuPrfll ez +T“1||Pkf||L§°L,%-
meZ

Consequently, there exists ¢ > 0 such that for any closed interval I C
(=21 271 we have

(4.15) 1P )| 5001y < €l 6]l o (m2).-
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Proof. Let f = Py.f. Obviously,
Q<mir|lLe S1
and [Qutr](t) = [Qr2n](7), hence
|Qutbrlls Sy Ta(T2™)™™ for any N € N,
We split
QU1 f) = Qu|QemWr)[] + Qum[Qum(¥r) ] + Qu[Qsm(vr) f].
First,
M| Qul @ () fll 212 S 1Qm ()l 2™ Qo 1.

Second,

2"|Qm Qe (V1) flll2p12 S 1@ (W) 122" [ 1 Lo 2

S TP<T2m> 27 fllzeerz S Tﬁ_leHL,?"Lg.

Third,
2m||Qm[Q>>m(¢T)f]“LfL% 5 2™ Z |’Qm1<wT)Qm1f||LfL%
mi>m
S2" Y 1Quy (V)| Qo fll o
mi>m
S D 2 sup 2™ [ Quay f gz
mi>m mi1

Concerning the second claim, we define the extension F' = tpe** D) ¢,
where we choose 1) to be equal to 1 on (—1,1), to be supported in
(—2,2) and 17 defined as above with T = or-1, The estimate fol-
lows from the first claim, the results from Section 2 and the fact that
multiplication with smooth cutoffs is a bounded operation in V2. [

Proposition 4.4. i) For all g € N; and initial data Uy € LQ(RQ) both

localized at (spatial) frequency 2* (m the sense that Pyg = g, Pouy =
ug), k > 100, the solution u of

(4.16) (i0y £ (D))u =g, u(0)= up,
we have Yru € SE for all 1 ST <27, and
(117) rullgs < Nl + luollze

ii) A similar statement holds true for 90 < k < 99. For all g € N§i89
and initial data ug € L*(R?), both localized at (spatial) frequency < 2%
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(in the sense that Isgggg = g,ﬁggg?,éo = ugp), the solution u of (4.16)
satisfies Yru € Sisg forall1 ST <27, and

(4.18) [Prul g2

£y S llgllvz, + lluolle.

Proof. 1) It suffices to consider the + case. Due to Lemma 4.3 it suffices
to consider ug = 0.
Our first claim is that we have the following estimate:

(4.19) lullspveny + 1Yrullenny < 119llvg

where S; \ END; contains all norm components of Si except the
END; one. The time cut-off in is needed to recoup the EN D} struc-
ture.

Besides the V<2D> component, the proof of (4.19) is analogous to the

3d case in [1, Prop. 4.2], which, in particular, implies the L L2-bound.
In what follows we provide the estimate for the V<2D> part of (4.19).
First, we follow the general strategy of [34, Prop. 5.4 and Lemma
5.8] to prove the V<2D>—estimate on a fixed cap k € K; with [ := k + 10:
For any interval [a, b] the function
w,(t) = Pou(t) — P P a(a)
solves
(10y £ (D))w, = P.g, wg(a) =0,
hence we obtain, using the L L2-bound,

1Peu(b) — P Pau(a)llze < 1l Pegllyz-
For any (t,) € Z, using (4.8), we conclude
S e P Pty ) — e Pt S 3 [t Pegls

< 1Pl
and finally we take the supremum over Z.
Second, we sum up the squares: By the estimate above,

1 1
2 2
(X hPalts ) (2 1Pl )
KEK KEK

hence it remains to prove

(4.20) (X 1Plzer )™ < Nl

KEK]
uniformly in 1 <[ < k+10. By Minkowski’s inequality, this is obviously
true for the LY L2-part of the N, -norm, and also for the X+~3! and
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L}L%-atoms in N,"™, so it remains to prove it for the cap-localized
structure. We observe that

(X (Y (X 1Pl

I{G]Ck+10 1§l’§k+10 K/QICZI

1
S Y (X Y 1Pyl

1<U<k+10 W eKy kEKk 110

We now argue why (4.20) holds for the case when g is an atom in
the cap localized structure. The only non-trivial case is when gg =
Q%_erpﬁfg@ where k' € Ky and I < k + 10, while the information
we have is control on [|gel.1 2 or [|gellst, 12 as described in Al

S a2 (tab)e

- A3 prior to the definition (4.4). Without restricting the generality
of the argument, consider we have control of the first type. The key
observation is that the operators P, Q% QZ/PHI are almost orthogonal
with respect to k € K; when acting on L2 One way to formalize this
is through the identity P,  Qpov Py = P(n o) Py Q-p_oy Py where

(/<a o) are operators localizing the Fourier variable g in almost dis-
joint cap-type regions. This is a consequence of the transversality be-
tween the direction © and the Fourier support of Q_j_oy Py

Taking advantage of this almost orthogonality, we obtain

> I1Pagollty iz, < llgellry vz,

KEKK+10

and this finishes the proof of (4.19).

Next we show how we derive (4.17) using (4.19). The problem en-
countered by a direct argument is that ¢ does not commute well with
the modulation localizations present in the S*[k, x|. ¥ru solves the
following equation:

(4.21) (10, = (D)) (Yru) = g + ihpu.
with the initial data ¢ru(0) = u(0) = 0. Since we have

ligulliee S Nullgerz S llullss < llgllv,
and from the proof of Lemma 4.2 we easily obtain
(4.22) lérgls < lglly
We can invoke again (4.19), this time for the equation (4.21), to obtain
HwTuHS,j\END: S HQHN,j-

This concludes the proof of (4.17).
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ii) The proof of part ii) can be carried over in a similar but simpler
4
way, except for the case when g € L},. A complete argument, including

4
the L}, part, can be found in [2, Proposition 7.2]. O

Corollary 4.5. For any r € N, closed intervals I C (=271, 2771 all
ug € H°(R?) and g € N*7, there exists a unique solution u € ST7(I)
of (4.16), and the following estimate holds true

(4.23) [ellso ) S Mgllwse ) + [luollae

Proof. By definition of the spaces, it suffices to prove this for frequency
localized functions which is provided by Proposition 4.4 above. 0

Now, we conclude that we can control all non-endpoint Strichartz
norms in our spaces, see also [16, 17, 37, 18] for other Strichartz type
bounds. We refine the argument from [34] in the sense that we include
additional cap-localizations which give stronger bounds.

Corollary 4.6. Letp,q > 2 such that (p, q) is a Schridinger-admissible

paIT, i.€.
1 1 1 2
(p7Q)7é(27OO)> —+—:—,cmds:1——
poq 2 q
or a wave admissible pair, i.e.

2 1 1 2 1
p,q) #(4,00), —+-<—-,ands=1—— — —
(h.0) # (oc), 24 < 5

qa P
i) Then, we have
(4.24) 1Prull p s ey S 2| Pl g
i) Moreover, we have
1
2 S
(4.25) sup (D IPPauldpgne) S 2 Pl

1<i<k+10 keK,

Proof. 1t suffices to prove ii). The estimate holds for P,P,u in the
atomic space U i< D) because it is true for free solutions, which follows
from TT* argument and (2.11), hence it holds for UP-atoms. Now,
by changing P,P.u on a set of measure zero, we may assume that
w is right-continuous, hence the claim follows from ||PkPHU/||U§’:<D> <
HP’“PHUHVQDW which holds for any p > 2, see [34, formula (189)], and
[12, Section 2] for more details on these spaces. The claim follows from
the definition of || - || g+ and

2 2
sup Z HprifHVjE(D> S Z HPHfHVi(D)’

1<i<k+10 KEK KEK
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which is obvious. O

Clearly, one can also interpolate the estimates provided by Corollary
4.6 to obtain all Klein-Gordon admissible pairs (up to endpoints).

5. BILINEAR AND TRILINEAR ESTIMATES

Next, we provide crucial bilinear Lf’z—type estimates for functions in
our spaces, cp. |1, Section 5] for the easier three-dimensional case. For
technical reasons, we also provide some trilinear estimates at the end
of the section.

We use the same convention as in [1, Section 5] throughout the rest of
the paper, namely that u’s will denote scalar-valued functions u : R x
R?* — C, while ¢’s will denote vector-valued functions ¢ : RxR?* — C*.
As before, a function f is said to be localized at frequency 2% if f = D, f
it k> 90 or f = P<gof if k= 89. The first main result in this section
is

Proposition 5.1. i) For all ky > 89 and ke > 100 with 10 < |k — k|
and v € S,;'Z_ localized at frequency 2% for j = 1,2, the following holds
true:

k
(5.1)  {Ie(D)r, ALL(D))| o S 27 ¥l 2l g
ii) If in addition | < min(ky, ko) + 10, then

> (IL(D)Px, vy, BT (D) Pyyin)

K1,k €K
d(£r1,rg)<27!

ky—t
rS 272 leusff Hw2HS}f’“’-
1 2

In both (5.1) and (5.2) the sign of each £k and 111 is chosen to be
consistent with the one of the corresponding S*.

iii) In the case |ky —ko| < 10 the above (5.1)-(5.2) hold true provided
the parallel interaction term

Y (I(D)Btr, fTIL(D) Pryths)

Kll»”QE’CkQZ
d(trq,Etrg)<2 k2+3

L2

(5.2)

15 subtracted.
i) If S,fz’w is replaced with S;,Z, then (5.1) and (5.2) improve as

follows:
min(kq,kg) . min(kq,kg)—1
- the factor becomes 2= 2, respectively, 2 2 ;

- they hold for all ki, ko > 89 (in particular, no terms need to be
subtracted in the case |ky — ko| < 10).
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Proof of Proposition 5.1. To make the exposition easier, we choose to
prove all the estimates for the + choice in all terms. A careful exami-
nation of the argument reveals that the other choices follow in a similar
manner.

We consider k; > 89 and ky > 100 and distinguish the following
three cases: ky < ko — 10, |k; — ko] < 10 and k; > ko + 10. We will work
out in detail the first case, that is for k; < ky — 10. One should also
note the close relation between these ranges and the the ones given by
the energy estimates in Theorem 2.3.

We will reduce (5.1) and (5.2) to the following claim: For all uy, us
localized at frequencies 2%, respectively 2¥2, and [ < k; + 10 the fol-
lowing estimate holds true:

k141
# [l Iluzllgr o

(5.3) > 1Pur Peyug|ze S 2

K1,k2 €K%
where * means that the above sum is restricted to the range 27/72 <

d(k1, ke) <272 or d(ky, ko) < 272 in the case | = ki + 10.
We rely on the following estimate:

Z Hf’mul : IS@“2HL2 < A+ Ay,

K1,k €K%

where

A= Y 1Pl || Pr, Qoo 12

K1,k2 €K%
1 1
2kq —1 ~ 2 ~ 2
SPH (X 1Pamlite) (X 1PuQuiaalfs)’
H1€ICZ RQEICZ
2k1 —1 ~ % _ kg2l
2 (Y Puunliess) 2 Qe
K1EK;
ky+l
S 277 (lwllgp [luellgre.
1 ko

The second term As, corresponding to the interaction pmul-CL krgl}:’m Uo,
needs particular attention. We distinguish three particular scenarios

I <ki—11,k—10 <1 < ki+9and ! = k1 +10 and each of them is dealt
with one of the three energy in frames components in the definition of
S+ [kg, lig] .
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If | < k; — 11, then we estimate as follows

Z Z HPPmulHZA LR L

K1,k2 €K% KEK K, 110

@3\15,” Q<21 Pyt HL%Lg@

[NIES

5 < Z sup sup ||Q<k2 2lPN2u2||L°°L2 )
ek " O

(Z( S IR, i) )

meICl HEICk1+10

1
2

<9

~Y

If ki — 10 <1 < k; + 9, then

Ay = Z Z | P PmulHZQ 2 Lahe

K1,k2 €K% KEK K, 110
esggn ||Q<k2—21PmU2||L§gL%@

(Y s sw [Quu aPuwliye )

REKE, 1107 OEQ
1 K
rw2€Ky KNk #D v

~ o\ 1
<Z ( Z HP”P“l“lHZQ L?@L%) )2

r1€EK; HG’Ck1+1O

M

AN

S 71||Pmul||s+ 22 | Ptz g

~

If | = ky + 10, we repeat the argument of the first case without the

additional localization to caps of size 2"+1°, and obtain

Ay = Z ||Pmul||2@€%1, . L7 L3 GGSEEM ”Q<k2—21Pmu2||L%L§@

K1,k2 €K

S lallgg 2% fluall g

Obviously, (5.3) implies

~ = k1t
(5.4) Z | Py uy Peyus||2 S 272 ||U1H,5‘2'1 HUQHS,;;“’-

K1,k2 €L %
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Now, we turn to the proof of (5.2). Using (5.4) we claim the following

Y I (D) Py thn, BIL (D) Payth)| 2
(5.5) r m2 €K
ky—1
S 21T||H+(D)¢l”s,jl HH+(D)¢2||S;2’”'

To prove (5.5), we linearize the operator I1, (D) as follows

1. (D) = T, (25w (i)) + T1(D) — I, (25u(,)
where j = 1,2. Taking into account (5.4) and (3.4) we obtain

> (2w (k1)) Peythr, BT (252w (k2)) Prytha) | 2

K1,k €K

kil
< 2% g il
1 2
where we have used |Z(w(k1),w(k2))| < 27! and that
O@2 M 4277y <ok <ol

The estimate for the remaining terms follows from using (5.4) and (4.7).
Now, we use

[{IL (D), BIL(D)t2) || 2
Sj Z Z H<PH1H+(D)wlaﬁPHQHJr(D)wQH’LQ?

1<I<k14+10 K1 ,k2 €L %
and (5.5) and observe that the summation with respect to [ is performed

using the factor of 2735,

This finishes the proof of i) and ii) in the case k; < ko — 10. The
proof of (5.3) in the case k; > ko + 10 is similar in the case [ < kg — 11
and [ = ky + 10, and also in the case ky — 10 < [ < ky 4+ 9 for the
contributions A;. In the case of Ay, we modify the argument as in [1,
Prop. 5.1]: We decompose

Pﬁlul = Z Pnpnlul

KEK K, +10

and note that the interactions P,.;P,ﬂul JB,QUQ are almost orthogonal with
respect to K € K, 10, which follows from the fact that both Pﬁpﬁlul
and P,QuZ have Fourier-support of size & 1 in the direction orthogonal
to w(ke). As a consequence

Hpﬁlul : pﬁQQ<k2—2lu2H%2

S Y PP Py Qa3

HG’Ckl +10
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and we can proceed as before.
The proof in the case |k; — k2| < 10 is similar, except that there
there is no mechanism to deal with the parallel interactions

Z <pn1u17pl$2u2>

HlyNQEK:kQZ
d(rq,mp) <2723

in (5.3). This is the reason we cannot estimate this term and claim
only the equivalent of (5.1)-(5.2) which excludes it.
Finally, the improvement in iv) is justified as follows: Since both

. k1
terms are in S]j type SpaCGS, by Symmetry reasons we can replace 2 2
min(kq,ko)

by 2”5 in (5.1) and similarly in (5.2). If 89 < &y, ks < 100 we

simply use the L*-Strichartz bound on both functions. In the other
the parallel interactions term as follows:
d(ﬁl,n2)§27k2+3
d()ﬁl,ﬁQ)SQ_k2+3

cases where |k; — k| < 10 we use the fact that in S;” we have access to
the full family of Strichartz estimates for both terms and we estimate
H Z <Pn1u17 ﬁn2u2>
Kl,h‘,geK:kQ:
S ) Pawlpll Peuallze
nl,nzeKk2:
N 1 . 1
SO MPawlF) () I1Peuslfs)®
K1EKK, k2EKK,

2% fJualg lluell sy
1 2

This matches the numerology claimed in (5.3) and adds up correctly
with the other angular interactions to give (5.1) and (5.2). O

Remark 2. The estimates of Proposition 5.1 can be interpolated with
the trivial estimate

allvolllzoorz S 254|601 || oo r2 |12l oo r2

obtain by the Bernstein inequality. In particular, for 2 < r < oo we
obtain

(5.6) || (TLL(D)epy, BT (D)1bs)|

_1
L{L% S 2k1(1 T)||¢1||S;‘:1 ||77Z}2||S]3:2

We finish this section with two results covering two trilinear esti-
mates.
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Lemma 5.2. Assume ki < ko < k3 and each 1; is supported at
frequency 2% i = 1,2,3. The following estimate holds true for any
% < p <2 and any choice of signs s; € {x},i=1,2,3:

2634 | (IT,, (D)eby, AT, (D) o) BT, (D)l o1

3
O cptt-datamrgn-Disro TT 2% |y,
7j=1

o
.

Syl
J

Proof. The strategy is to recombine 1, and 3 or ¥ and 13 and provide
an L? type estimate as in (5.1). The problem is that the null structure is
lost when we recombine terms. However, a careful analysis reveals that
one can still extract gains from the null structure when recombining
terms.

We provide a complete argument for the II, (D) part of each term,
that is we assume ¢; = II, (D), Vi € {1,2,3}. A similar argument
works for the other combinations. Fix 0 <[ < k; + 10 and write

1= Z (lf’m%,ﬁpm%W%

K1,k €] *

where * indicates that we consider the range 2713 < d(ky, ko) < 27179,

if | < ki + 10, or d(k1, k2) < 276 in the case | = k; + 10.

Let | < k1 4+ 10. Fix Ky, ke € K; subject to *. We explain now how
to take advantage of the null condition in this context. For j = 1,2 we
decompose

I (D) = M4 (2% w(r;)) + T4 (D) — T (2Yw(k;))

and use (3.4) and (4.7) to extract a factor of 27! from the expression
(Pﬁlwl, BIS,QwQ) in all the computations below. To keep things simple
in the estimates below, we skip the step where each 1;,j = 1,2 goes
through the above decomposition and simply just book the factor of
271,

We start with the high modulation component of 3 which we esti-
mate as follows

H<15m¢17 Bpn2¢2>5Qik3—2l¢3||L€L§
< 97| P o || P
(5.8) ~2 HPm%HLt,xHmezHL;TppLgoHQiks—Ql%HLgm

2k —1

< 2™

~ P=2Ypo 1 _k3
HPm%“ﬂs,le(H =) QHmezngSng 2 |lbsllvz -

For the low modulation component, we decompose

(5.9) vs= Y > Puts+ Y Puis

U'<l—8 k3eK}* K3 €™
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where if k3 € K, d(ks, k1) = d(ks3, ka) =~ 2" while if k3 € K,
d(ks, k1) + d(k3, ko) < 27719 Fix I’ < [ — 8. Using (5.3) we estimate

[(Prtor, BPayth2)B > PuyQiy—atisl| 12

K3EL
—1 ~ ~
SNl g ||t Y Pa@uras]| |
Lt Lz K3EK:?,*
ko+1/
2

s . .
5,242(1“27)]“ HmelHﬂs;lZ |‘Pn21/12”z2s,j2 H%”S,j ’

3
since it follows from the proof of (5.3) that the operator @k, o is
disposable and we only need the [2Sy, component for f’m@bg.

For the second sum, where k3 € K;**, the key property is that
271 < d(ks, k1) + d(k3, k2) < 271 Thus we can split the set Kj** =
S1 U Sy, S1 NSy = 0 such that k3 € S; satisfies d(ks, k1) > 27, while
k3 € Sy satisfies d(ks, ko) > 270

The part of the sum with k3 € Sy is estimated as above with I’ = [,
thus leading to

||<ﬁﬁ1¢17ﬁpﬁz¢2>ﬂ Z Pf@gQ-<k3—2lw3||LfL§

K3ESy
p— ko+1
2

—1a(1+2=2Vk 11 7 ~
52 12( ) 1||Pn17/11”z2s:12 2 HPnz%Hz?s,jQH%HS;S-

The part of the sum with k3 € S is estimated as follows

||<PH1¢17 5p52¢2>6 Z PH3Q<k3—2l¢3HL§L§

K3€EST

PH1¢1 Z PHBQ_<]€3_2”/)3HL}%L§

2Bl g
Lt L Kk3€EST

(9L ~ 1 1ykHl (31 ~
52 12(8 2p)k2||PK/2¢2HZQS;22(I)+4) 3 2(4 p)k1||Pm¢1H125;1||w3||5k+3.

The last inequality was obtained by interpolating between the two es-
timates

||pﬁl¢1 Z PH3Q<k3—2l¢3‘

K3€EST

k1+l1 ~
<
ooy ST NPl Il

||PI€1¢1 Z PK3Q-<]€3—2l77Z)3’

k3€EST

o S 2Pl sl
t x

where the first one follows from (5.3) and its proof, while the second
one follows from the trivial estimate || Py, ¢1 ||z < 28| P, 1| 1512

te
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Bringing together the two inequalities we obtain:
||<Pm¢17 5P52¢2>6 Z Pﬁg@—<k3—2lw3||LfL§
3 €T
$27 525 8 Byl 2575 Pytinlliasy Wil

At this time we can perform the summation with respect to the de-
composition of 13 in (5.9) to obtain:

|| <PH1¢17 5p52¢2>/8Q-<k3—2l¢3”LfL%
$27 325 W Byl 2575 Prytinllasy, Wl

To this estimate we add the high modulation component estimate in
(5.8) to conclude with

|’<15m¢1> 5pn2w2>5w3”LfL§
1l (7_ 1 ~ 9_ 1 ~
272208 2”)k1||Pm?/11szs;12(8 2”)k2||Pn2¢2||zzs,j2||¢3||s;3,

The cap summation with respect to xi,ke € K; : * is performed
using the [? property of the %S}, spaces (4.1):

” Z <me1,515@¢2>5¢3|hm

K1,k €K %

L 7_ 1 9_ 1
52_22(8 2p)k1’|¢1||l252> 2(8 2p)k2||¢2||l25k+ ||¢3||S; )
1 2 3

Recall that up to this point we have used that | < k;+10. If | = k1410,
then one proceeds as above up to the point where we split the set
K™ = 81 US,. The modification in this case is that we simply retain
only the S; component which is now characterized by d(ks, k1) < 27%
and estimate as above to obtain

H Z <me17ﬁpm¢2>ﬁ¢3HLng

K1,k2 €K %
1

L (I L 2_
2B gy 2 i Il

where [ = k; + 10. Finally, the summation with respect to [ is done
using the factor 273

I_L 572
I abn, Bz Bl gz S 257 5™ [obi [, 257 22 [l s, ltsll s,
3
< o hgtt-Bbg= TT 2% s

from which (5.7) follows. O



42 I. BEJENARU AND S. HERR

Lemma 5.3. Assume ky < min(ks, k3) and each 1; is supported at
frequency 2% i = 1,2,3. For any 2 < p < oo and any choice of signs
s; € {£},i=1,2,3, the following estimate holds true:

([T, (D)1 (I, (D)o, BlLs, (D)) | L
S 20 g el 10 s
Proof. Note that (5.10) follows from
ITLs, (D) (s, (D)o, BILs, (D)t3) || 121
< 2% [l Ioeell s 1o
by interpolating with the trivial estimate:
[901 (Y2, Ba) | Leors S N1 llpge 92l oo rz 193 Lo 22

S 2l 12l ez sl

S1 S2

(5.10)

(5.11)

52 5,5 w

s3,W .,

Therefore the rest of this proof is concerned with (5.11). The argu-
ment carries some similarities with the one used in Lemma 5.2. In
particular we extract the gains from the null condition as explained in
the body of that proof and skip the formalization here. We provide a
complete argument for the I, (D) part of each term, that is we assume
W = I (D)y;, Vi € {1,2,3}. A similar argument works for the other
combinations.
We decompose
(5.12)

Ui (e, Bifs) = Y ZPMZ Y (Puths, BPets)

0<I<k+10 k1 €K; 1=2 Ko ,k3€K? (K1)

where K2 (k1,2) = {(kg, k3) € KixKp : 2713 < d(ky, ko) < 2776 d(ky, Kk3) <
276} and K?(k1,3) = {(ka,k3) € Ki x Ky @ 2713 < d(ky, k3) <
2716 d(ky, ko) < 2716} for | < ky + 10 while for [ = k; + 10 we pick
K?(Hl,2) = K?(Hl,g) = {(/’iz, /63) € IC[XIC[ . d(Hl,Hg) S 2_l+6,d(/ﬂ)1,/€2) S
271461 As defined, these sets are not disjoint, so we (implicitly) remove
elements which are counted multiple times.

We fix 0 <1 < ky + 10, k1 € K; and aim to estimate

ST Putt > (Paythe, BPutbs)
k1€K, K2,k3EKE (K1,2)

Notice that, given the structure of the set K7(k1,2), for all ko, kg €
K?(k1,2) we have d(kg, k3) S 27! and this allows us to book the gain of
2! from the null condition as explained in Lemma 5.2. Combining this
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with the fact that in the above sum we have 2713 < d(ky, ko) < 27116
we invoke (5.3) to obtain

H Z Pyt Z <Pﬁ2¢27 5PH3¢3>||L§L91;

Kk1€K; Kk2,k3€EKE(K1,2)

<2719

kp+1

T llllsg [1¥allsy, sl P sl e e
3

k1

—1
S277 Nl [[9llsy 1408l g
1 2 3

A similar argument gives

H Z mel Z <PK2¢27 ﬂpn3w3>HLfL;
Kk1€EK Kk2,k3€K2(K1,3)
k1

—1
S22 ||¢1||s,j1||1/}2||5;2||¢3||s,j35w'

If | = k; + 10 then we proceed as above in the case of K?(k1,2) since
1y comes with the stronger structure S,:;.
To conclude with (5.11) we need to perform the summation with

respect to [ in (5.12); this is trivially done using the power of 275, [

6. THE DIRAC NONLINEARITY

The main result of this section is the following

Theorem 6.1. Choose s1, S, S3,84 € {+,—}. Then, for all Yy, € Gsko3
satisfying 1y = g, (D), for k =1,2,3, we have

(6.1)  [[He, (D) (W1, B92) BUs)| oy S N1l goy. g 1902l o3 08]] go1 -

The rest of this section is devoted to the proof of Theorem 6.1 and
the proof of our main result Theorem 1.1, which is organized similarly
to [1, Section 6.

The estimate (6.1) will be derived from similar estimates for fre-
quency localized functions. Our aim will be to identify a function

G(k) : Nigy — (0,00) such that

(6.2) Y. Garbicrd S llallellblelellz Il

k1,k2,k3,ka€N>g9

for all sequences a = (a;);en.,,, €tc, in [2. Here, we set Nsgg = {n €
N :n > 89} and write k = (ky, ko, k3, ky).
With these notations, the result of Theorem 6.1 follows from
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Proposition 6.2. There exists a function G satisfying (6.2) such that
if 1; are localized at frequency 2%, k; > 89 and ¢; = I, (D) for
j=1,2,3, then the following holds true

(6.3) 2% || Py, IL,(D)({thy, Bubs)

3
S H 2 ? ||7/JJ
7j=1

for any choice of sign s1, so, 83,54 € {+,—}.

We break this down into two building blocks:

Lemma 6.3. Under the assumptions of Proposition 6.2 the following
estimate holds true for any % <p<2:

3
(6.4) 26728 P TL,, (D) ({1, Bea) Bels) | porz S Gk H #l,

Lemma 6.4. Under the assumptions of Proposition 6.2 (including now
that 1y are localized at frequency 2% and 1y = 11, (D)1)y) the following
estimate hold true:

‘/(@01,51/12) : <¢3,ﬁ¢4>d:ﬂdt‘

3
09 TT27 11,

Jj=1

(6.5)
(277 |l

54111

Next, we show how Lemmas 6.3 and 6.4 imply Proposition 6.2.

Proof of Prop. 6.2. The estimate (6.4) provides the L} L2 part of (6.3).
Next, we explain why (6.5) implies the atomic part of (6.3). The
nonlinearity

N = P, 11 54( )(<¢1;6¢2>B¢3)
satisfies N = P, I1,,(D)N and has to be estimated in Nt Using the
duality (4.6), it suffices to test N against 1, € S Y and to prove the
estimate

s4w

2% [l

(6:6) 3
’/ Pk4 84 )N w4 dl‘dt‘ S G H27] |wj
J=1

We have
/ (N ) dardt = / (01, Beba) By, Ty, (D) Poy o)t

- / (61, B2} (s, BTLy (D) Pey o) vt
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Now, we split ¢; = I (D)y; + II_(D)v;, and each contribution to
(6.6) is bounded by (6.5). O

Proof of Lemma 6.3. We will use the notation:

ky kp B
TR =27 ||¢1||5212 2 “%HSZ;Q ? ||¢3||SZ§-

The argument is symmetric with respect to ki, ko, hence we can
simply assume that £y < ks.

We first consider the case k3 < ki 4+ 20, in which case k; < ko + 30
or else the Lh.s. of (6.4) vanishes. Using Strichartz and Prop. 5.1, we
obtain

(Y1, BY2) Bsllrre S (01, B[ 2 ||| 2% .

z

k
S27 ol w21+p " sl

<2% Fhag i

Ualls
by

51 S3

k3 —ky kQ

which is acceptable given that 0 < £2 < %
If k1 + 20 < k3 < ko + 20 we use (5 6) and obtain

{1, B2) Bsllrre S H<1/11,5¢2>H s H%HL%W

+4
x

< 26— zp>k1H¢1| 322<%—ﬁ>’€3||¢3

(e
< 2%’@1222, (K4 kz)Q(g—@)(kl k‘2)2(%—ﬁ)(k3—k’2)TR

Sl Szg

which is acceptable given that % <p<2
Next we consider the case ko + 20 < k3, in which case ky < k3 + 10
or else the L.h.s. of (6.4) vanishes. In this case the estimate (5.7) gives
the desired bound provided that % <p<2
O

It remains to prove Lemma 6.4. Before we start to do so, we analyze
the modulation of a product of two waves. We consider two functions
1,19 € ST where their native modulation is with respect to the quan-
tity |7—(&)|. However, for (11, S19) we quantify the output modulation
with respect to ||7| —(£)|. We recall from [1] the following lemma which
contains the modulation localization claim which will be used several
times in the argument.

Lemma 6.5. i) Let k, kiky > 100 and [ < mm(k:l, k), and let k1, ko €
K1, with d(ky1, k2) = 27, and assume that u; = Pk K]Q<mu], where

m:kl—i‘kg—k‘—Ql.
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Then, if s1 = sa,
Pe(uiug)(7,€) = 0 unless ||7] — (€)| =~ 2™.

i1) Using the same setup as in part i) but with s; = —so and d(k1, —Ko) &
271 the same result applies with

m = min(kl, ]{?2) —2[.

Proof. 1) The proof of the same result in [1] (where we worked in di-
mension 3) does not involve the dimension of the physical space, thus
it carries over verbatim to dimension 2 for s; = s; = +. The argument
$1 = S9 = — is entirely similar.

ii) Since the modulation of the inputs are much less than the claimed
modulation of the output it is enough to prove the argument for free
solutions. Let (&1, (£1)) be in the support of 4; and (—&, (€2)) be in

the support of 7y. Then, the angle between & and &, is ~ 27!, Let
£ =& — & be of size 2F and 7 = (&) — (&). Our aim is to prove that

(& — &) — [{&1) + (&) =~ 2™
The claim follows from

(61— &) — [(&1) + (&) =

_ 2|6 [[&2|(1 + cos(£(&1,62)))
(61— &) + [{&) + (&)
%2min(khk2)l(£1, 52)2

(&1 = &)° = ({&1) + (£2))?
(& — &) + (&) + (&2)]

+ (9(2— max(kl,kg))

because by assumption we have 2mn(k1k2)=2l 5, o= max(k kz) 0

Proof of Lemma 6.4. Without restricting the generality of the argu-
ment we prove (6.5) for the + choice in all terms. Once we finish the
argument for the + choice in all terms, we indicate how the other cases
are treated. Thus, for now, we drop all the + and simply consider
) € S,:; and write Sy, = S,;_ instead.

For brevity, we denote the Lh.s. of (6.5) as

I:= ‘/<¢1,5¢2> - (3, B1y)dxdt

and the standard factor on the r.h.s. as
3

Ky _ka
J =127 Ills,, -2 %l

J=1

Since the expression I computes the zero mode of the product (1)1, 513)-
(13, Bg), it follows that (11, B1b) and (13, S1h4) need to be localized at
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frequencies and modulations of comparable size, where the modulation
is computed with respect to ||7] — (£)|. This will be repeatedly used in
the argument below along with the convention that the modulations of
U,k =1,...,4 are with respect to |7 — (£)|, while the modulations of
(1, Bibz) and (g, Bibs) are with respect to ||| — (€)].

We also agree that by the angle of interaction in, say, (¢, S12) we
mean the angle made by the frequencies in the support of ¢; and 77212,
where we consider only the supports that bring nontrivial contributions
to I.

We organize the argument based on the size of the frequencies.

There are a two easy cases we can easily dispose of.

Case 1: max(kl, 1{32, kg, k4) < 200.

In this case we estimate

I Sl sce 1Yl s 193l o s l[10al| oo 2
S b llsy, [1¥ellsy, 143
<J

|51 124l

Case 2: k4 < 100. Using (5.1) in the context of part iv) of Proposition
5.1 we obtain:

I's ||<¢1,61/)2>HL2||1/)3||L4||¢4||L4

rnm(kl ko)
< 2 s, Il 22 105 s, el s,
< 2_ m'mx(gl ,k2) J

~Y

Given that, in order to account for nontrivial outputs, we need to con-
sider only the case when k3 < max(kq, ko), the above estimate suffices.
We continue with the more delicate cases. In light of Case 2, from
now on we work under the hypothesis that k4 > 100.
Case 3: k4 S min(k:l, kg, k’g) + 10.
If k3 > k4 + 10, then we use (5.1) and (5.2) to obtain

min(k 1 ko) kq—max(kq,ko)
2

k3
<2 [l 1e2llsi, 2 195y, 1eallsy, < 2

which is acceptable given that k3 < max(kq,ks) + 10 (or else I = 0).
If by — 10 < k3 < ks + 9 the above argument covers most of I except

Lyar = ’ Z / U1, B) - (Payths, BPy,abs)ddt

K3, H4€Kk
d(kg,kg)<2™ k4+3
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If Ky, ky < k4 + 15 this is estimated as follows:

Lyar S Ul sl ¥2ll e 2" Z | Py 3l s | Prgthal oo 22

N3,K4E)Ck4:
d(rg,rq) <27 R4t3

2(ky

+ka)
S27 5 s, [¢ells,

2

S 1Pslage D N Petallizer

SIS

K3 €Kk, k4 €K,

2(k1+ko+k3)
S22 R s, [alls,, llslls,, llvall sz
<J

where we have used that |k; — k4| < 15, for i € {1, 2, 3}.

If ky > kg + 15, then ko > k4 + 10. In addition, since (¢, Bibg) is
supported at frequency < 2%, it follows that only the interactions be-
tween 10; and 1), making an angle < 2¥4=*1 have nontrivial contribution
to I. Therefore we need to consider only

> 2 / (P o1, BPrytoa) (Paytbs, BPr,tha) dendt

NI,NQEKkl_k4: m3,r€4€)€k4:
d(r1.r2)S2M R d(rg,mg) <2~ Fat3

Now we use a similar argument to the one when kq, ko < k4 + 15:

Lur S297F N | Patallprel| Petall pre

K182 €K, oy
d(r1,mp)S2R4k1

278N Patsll e | Petiall ez

n3m4€l€k4:
d(r3.rq)<27Rats

S2h > 1B, 1175 > 1P o2 135

k1€ K, —ky k2€ K, —ky

1
2

D=

> [ Pes 3l a0 > Pl e

k3€K, ke €Ky,

2(kyt+kotks)
<27 3 klII@ZJlekl||¢2||Sk.2H%”Sk?,HWHSiZ

< 2§(k4—k1)J

which suffices.
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Case 4: there are exactly two i € {1,2,3} such that ky, < k; + 10.
Case 4 a) Assume that k3 > k4 — 10. Since the argument is symmetric
in k1 and ks, it is enough to consider the scenario k1 < ky — 10 < ks.
Note that |ky — k3| < 12.

To streamline the argument we ignore for a moment that in the case
|ks — k4] < 9 the proof below does not cover the estimate for I,,.. We

will explain at the end how to estimate this term.
k1—k
We claim that either the angle of interactions in (i3, f104) is < 2 o

or at least one factor v;,7 = 1,...,4 has modulation 2 25 To

see this, suppose that the claim is false. Then, the modulation of
k1+7k
(W1, Bpa) is S 2 S5 while it follows from part i) of Lemma 6.5 that
ky+7ky

the modulation of (i3, B1)4) is > 27 s . This is not possible, hence
the claim is true. Note that in using Lemma 6.5 we are assuming that
ks, ky > 100. If this is not the case, that is ks = 99, then ky, ks, k3, ky <
200 and this is covered under Case 1.

In the first subcase, where the angle of interaction in (i3, S1)4) is

k1—kq .
smaller than 271 | we use (5.1) and (5.2) to estimate

k1—Fkq
1

Bk
o 22272 [Yn |5, (192l 1905y, Nl dal s,

k1—kyq ka—ko
6

<27m 2T g

1<2

which is acceptable.
We now consider the second subcase, in which the modulation of the
k Tk k k
factor v, is 2 2 S =2 S for some j € {1,2,3,4}.
j = 1: Since 1y has modulation 2 2k1;k4, we use the Sobolev em-
bedding for 1, to obtain

k
IS lizne ellm 222 [10slls,, 0allsy,

ks
< 2M [nllzallvalls, 2% sl s, lvallsy,

k1—k4 ka—Fko

<277 277
j = 2: Since 1y has modulation 2> 2@, Sobolev embedding for v
and (5.1) yields

ks
LS ol 2l 2227 (|93l sy, allsye

k1+kg

Rty ks
S 2 Wnllger22™ T [Walls, 27 llvsllcallvallsy,

ki—ky ka—ko

<2t



50 I. BEJENARU AND S. HERR

| = 3: We use (5.6) and estimate as follows

< p p oo
L Sy [ Py

k1+7ky

k1 —WYka
S 27 [enlls,, [14alls, 202 1311 50, 2" 10l 5

2(%_%)(]“1_]‘73)2%]_

AN

which is acceptable provided we choose a % <p< %.
j =4: We (5.6) and estimate as follows:

SN B llgrallvsll oy l1¥allze
t T

1

_1 1 —
< 207N s, 12, 227 s 5, 2

< 2(1—76—%)(k1—k3)2%3(]

k1 +Tky
16 ||| sp
4

and this is acceptable provided we pick 4 > r > 1—76.

The argument is complete, except that we owe an estimate for 7,4, in
the case |k3 — k4| < 9. Note that, in this case we also have ky < kyq+15.
By recombining v with 14, 19 with 13 (at the cost of having no null
structure) and using (5.3), we estimate

< 7]6‘4 k‘l k2 < M
IPWNQ 2 ||wk1||5k1‘|wk4’|5,‘:42 ||7vbk2|‘5k2||wk3”5k3 S277

Case 4 b) Assume now that k3 < ky — 10, hence ki, ks > ky — 10
and |k; — ko| < 12. Here we claim that either the angle of interactions
in (Y, Bibg) is < 955 oki=k2 o1 at least one factor Yy, =1,...,4

has modulation 2> i Indeed, if the claim is false, it follows from

Lemma 6.5, part i), that the modulation of (1, 515) is > 9" while
k3+T7kyq

the modulation of (i3, f14) is < 27 s . This is not possible, hence
the claim is true. Note that in using Lemma 6.5 we are assuming that
k1, ko > 100. If this is not the case, that is either k1 = 99 or ko = 99,
then ky, ko, k3, k4 < 200 the argument is provided in Case 1.

In the first subcase the angle of interaction in (11, 51) is smaller
than 2% *25—%2 Then, we use (5.2) to estimate the contribution of
(11, B1be) and (5.1) to estimate the contribution of (15, f1)4). This gives
I< 95 9ki—k2 T which is acceptable.

In the second subcase, where at least one modulation is high, one
proceeds in a similar manner to Case 2a) above. We indicate the start-
ing point in each case and leave the details to the reader.

j = 1: We proceed as in the case j = 4, Case 2a):

LS lnlizallvell 2, W(¥s, B9a)llere.
t

2Lg°
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| = 2: Identical to the case 7 = 1.
j = 3: We proceed as in the case j = 1, Case 2a):

Ey
IS 272 [ llse, 12l 198l n2nse [[¥all 5o 22
j = 4: We proceed as in the case j = 2, Case 2b):

k1
IS 27 |¢ulls, 14021y, 13 ]] 2oe l[al 2

Case 5: |ko — k4| < 2 and ky, k3 < kg — 10. Without restricting the
generality of the argument, we may assume that k; < ks.
k1—k
We claim that either the angle of interaction in <1/13, ,8%} is <276

or one factor v;,j = 1,...,4 has modulation > 2 . Indeed, if all
modulations of the functlons 1nvolved are < 95 , then (11, B1by) is
. This forces <¢3, 61/14> to be locahzed

at modulation < 6 by
Lemma 6.5, part i). Note that in using Lemma 6.5 we are assumlng
that ks, k4 > 100. If this is not the case, that is k3 = 99, then k; = 99
and the estimate I < J suffices.

In the first subcase, when the angle of interaction in (i3, B14) is

< 2" , we use (5.2) to obtain

< k1 k3 < k1—Fk3
1S 275 2% 4 ls,, [alls,, 22 [©sllsi, ¥all sy < 27707
Next, we consider the second subcase when the factor 1; has modu-
lation > 2 B 22 2" for some J € {1 2,3,4}:

: 2 , 80 we use Sobolev embed-
ding for wl and (5.1) for (v, 5@/14) to obtain

k3
IS llzrse 192l or227 ([4sllsy, l4all sy
k
S 2’“\I%HLZ|W2Hsk2273H¢3Hsk3 [allsp,

1+ Fk1+43k3
S 2827 191115, 1215, 2% [¥3lsi, 10l s

j = 2: Here, the modulation of 1 is 2 2" and we proceed as
above to obtain

k
IS l[allzelleell 1222 sl 1all sy,

1+ k3
S 2 | peer22” 1421, 2 2||¢3||sk3||w4llsw

<9750 g
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j = 3: The modulation of 3 is 2> 2%, we use the Sobolev em-
bedding for 3 to obtain

IS |1, Bifa)
S (e, Be)

Mbsllprge 1all e 2

T

251 sl pp e [l e 2
0 ~ k30—
§ 2 ||¢1||Skl H¢2||Sk22(2 p) 39

1

< ot

I 2,
t

I,
t

kq+Tks
5 [ @sllsi, 1¥allsy

which is acceptable provided we choose a % <p< %.

j = 4: Since the modulation of v, is = 95 , we estimate as follows

FS W Bllallvsll e, il
t T

_1 1.1  ky+Tkg
< 2R g, [l 2D gl 2 ll s
< 2(1—76—%)(k1—k3)J

~J

and this is acceptable provided we pick 4 > p > 1—76.

Case 6: |ky — ky| < 2 and ko, k3 < kg — 10. By switching the roles of
11 and 1)y, this case is entirely similar to Case 5.

Case 7: |ks — k4| <2 and ky, ko < kg — 10. Without loss of general-
ity we assume k; < k.

Since |ks — k4| < 2 there will be a problem with estimating 4. We
estimate this term the same way we did in Case 3 (see kq, ko < k4 + 15
part there) to obtain:

kq+ko—2ky
]par ~ 6

and this is fine. As a consequence, in the rest of the argument we can
tacitly ignore that the estimates we provide do not work for the I,
part of I.

The key observation is that either the angle of interaction between

3 and 1y is < 9252 9k2—ks o1 at least one factor has modulation e
k1+7k k1+7k
2752, Indeed, if all modulations are < 2 5 *_ then the modulation

k1 +7ko

of (11, Be) is < 275 and part i) of Lemma 6.5 implies the claim.
Note that in using Lemma 6.5 we are assuming that ks, ky, > 100. If
this is not the case, that is k3 = 99, then ky, ko, k3, ks < 200 and the
argument is provided in Case 1.




THE CUBIC DIRAC EQUATION 53

We consider the first subcase, when the angle of interaction between
k1—k
Y3 and 1y is < 2716 - 2%~k Using (5.1) and (5.2) we estimate

k1 ko—

k1 k3 —ko k3
IS 27 |[Yh]s, [[¥2lls,, 22275272 [|us]|s,, [|904]

. k1+7ko .
In the second subcase, 1; has modulation 2 275~ for some j €

{1,2,3,4}.
j = 1: The modulation of ¢ is 2 2752, Using (5.10) with p = 2
for 19, 13,14, and the Sobolev embedding for v); we estimate

ko
IS llzzre27 Illsy, [1¥sllsy, 144
ko
< 2V 0l 2227 [[ells,, 1vsl s, lvall sy,

k1+7ko

kit ks
S 227 Y5, 27 [Wllsy, l19s sy, allsg,
< 21—76(1417]@){]‘

k1—ko
2

Sw SQ 3 J.
k4

SUJ
kg

j = 2: Using (5.10) for ¢4, 3,14 and the Sobolev embedding for 1)y
we proceed as follows:

(1-1Hk
TSN 1||w1\|sk1szHLg%LgJWﬂlskg||w4||s;:4

1-LHr k
S2e 1Hw1Hskl2QszHLtq%L%WsHskgI\w4!!s,;~4

k1 +Tko

_1 L N
S 2T s, 25220275 [0l 1 s, lallsy,
< o(5=g)ki—ka) 1

which is acceptable as long as p = 17 € (3,%) and % < 2, which is

both satisfied as long as % < q<A4

j =3 and j = 4: Here we assume that 13 and 4 have modulation
k1+Tko . .
2 275 . In this case we estimate

I S [l poe 2| oo ||03]] 221904 ]| 22
K+

_ Tko
S 2 s, 9l 2 sl el

< 2slhike) g

j = 3 (only): The modulation of 5 is 2 252 and all the other
terms have modulation < 9252 In this case we note that the angle

. . . ki1 —kg . .
of interaction between 1 and 4 is 2 2716 or else their interaction
k1+7ko

has modulation < 275~ and this cannot be changed by 1; to match
the modulation of ¥3. Thus combine 1y and 14, use (5.3) to obtain
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ko k1—ko
IS lnlle2227 7527 |4hallsy, 190allsy, 190l 2

k1 _ k1+T7ko

Ky ki—k
Sl 2727 (|Ysls,, 27 [¥3ls, 104l sz
< 2(%—3%)(761—162)1

j = 4 (only): We change the role of 13 and 1), in the above argument.

We are now done with the analysis of (6.5) in the case s; = s9 =
s3 = s4 = +. It is obvious that the same argument works for s; =
s = s3 = s4 = —. Next we indicate how the other sign choices can
be dealt with, by highlighting the similarities and differences from the
choice s; = sy = s3 = s4, = +. We do this by going over each case.

No changes are needed in the easy cases: Case 1 and Case 2.

Case 3: ky < min(ky, ko, k3) + 10.

Here the only part that needs to be adjusted is the last scenario when
kZ4— 10 S ]{73 S k4—|—9,k?1 > k4+15,]€2 > k}4—|—10 and S§1 = —8a. As
already argued there, only the interactions between 1, and v making
an angle < 2¥~% have nontrivial contribution to I, that is only pairs
(Pﬁlwl, BIS,QwQ) with d(k1, ko) < 2¥7%. But this implies d(ky, —k9) ~
1, and we claim that at least one factor has modulation > 2. Indeed,
otherwise all factors have modulations < 2* from which we obtain
two contradictory results: (i1, 815) has modulation ~ 2¥ (on behalf
of part ii) of Lemma 6.5) while (13, 814) has modulation < 2.

Now it is an easy exercise to establish the desired estimate, given
that at least one factor has modulation > 2F!.

Case 4: there are exactly two i € {1,2,3} such that k, < k; + 10.
Case 4 a) Assume that k3 > ks — 10. The argument is the same
if s3 = s4. If s3 = —s4 then the new claim is: either the angle of
interactions in (i3, B1by) is ™ + o with |a| < 2"

. . k1+Tkg . .
factor ¢;,7 = 1,...,4 has modulation 2 275 . This claim is proved

in a similar manner, just that now we invoke part ii) of Lemma 6.5.
Then the rest of the argument is carried in a similar manner.

Case 4 b) Assume that k3 < k4 — 10, hence ki, ke > ky — 10 and
|1 — ko| < 12. If 51 = s5 the proof is the same.

If s1 = —sy and ky, ko < k4 + 10, then the claim there is modified
as follows: either the angle of interactions in (¢4, f1)s) is ™ + « with
la] < 275 or at least one factor Y;,j = 1,...,4 has modulation

kg+T7ky

2> 278 . This is proved using part ii) of Lemma 6.5. Then the rest
of the argument follows in a similar manner.

or at least one
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If s; = —s9 and max(ky, ko) > k4 + 11, in which case ky, ky > ky + 6,
then only interactions at angle < 1 in (11, B1b9) contribute to I given
that the output (i, B19) is localized at much lower frequency. Using
part ii) of Lemma 6.5 we conclude that at least one factor i; has
modulation > 2% and then the argument becomes easier.

Case 5: |ky — k4| < 2 and ky, k3 < kg — 10. Without restricting the
generality of the argument, we may assume that k; < ks.

No modification is needed if s3 = s4. If s3 = —s, then the claim is
modified to: either the angle of interaction in (i3, 514) is ™ + o with

1+7k3

la| < 255 or one factor Y;,5 = 1,...,4 has modulation 2 2
This is done using part ii) of Lemma 6.5. The rest of the argument is
similar.

Case 6: |ky — ky| < 2 and ko, k3 < kg — 10. By switching the roles of
11 and 1)y, this case is entirely similar to Case 5.

Case 7: |k3 — k4| <2 and ky, ko < ky — 10. Without loss of general-
ity we assume k; < k.

No modification is needed if s3 = s4. If s3 = —s4 then only interac-
tions at angle < 1 in (¢3, B1)4) contribute to I given that the output
(13, B1bg) is localized at much lower frequency. Using part ii) of Lemma
6.5 we conclude that at least one factor ¢; has modulation > 2% and
then the argument becomes easier. 0

Based on Theorem 6.1 we can now prove Theorem 1.1 concerning
the global well-posedness and scattering of the cubic Dirac equation
for small data.

Proof of Theorem 1.1. In Section 3 we reduced the study of the cubic
Dirac equation to the study of the system (3.3). In the nonlinearity of
(3.3) we split the functions into ¢» = ¥, +1_ where 1)1 = 111 and note
that ¢, = [1494. Using the nonlinear estimate in Theorem 6.1 and the
linear estimates in Corollary 4.5, a Standard fixed point argument in a

small ball in the space S (1) x Sy ( ) gives local existence on every
time interval I containing 0, uniqueness and Lipschitz continuity of
the flow map for small initial data (1, (0), _(0)) € Hz (R?) x Hz (R?).
Since all the bounds are independent on the size of I, this implies
global existence, uniqueness and Lipschitz continuity of the flow map
for small initial data (¢, (0),v_(0)) € H2(R?) x Hz(R?).

Concerning scattering, we simply use the fact that ¢ € VZH 2: this
is obtained first on every time interval I with bounds independent of
the size of I which then implies the global bound on R. U
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