ON THE ORDER OF VANISHING OF STICKELBERGER
ELEMENTS OF HILBERT MODULAR FORMS

FELIX BERGUNDE AND LENNART GEHRMANN

ABSTRACT. We construct Stickelberger elements for Hilbert modular cusp
forms of parallel weight 2 and use recent results of Dasgupta and Spief} to
bound their order of vanishing from below. As a special case the vanishing
part of Mazur and Tate’s refined “Birch and Swinnerton-Dyer type”-conjecture
for elliptic curves of rank 0 follows.
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INTRODUCTION

Let A be an elliptic curve over Q of conductor N. By the modularity theorem
one can associate a normalized newform f € S3(T'g(N)) to A such that the corre-
sponding L-series coincide (cf. [17], [15] and [3]). Let Aa: Q/Z — C be the modular
symbol for A given by

Mo =2 [ f(a)ds

as defined in [11].

The Néron lattice £4 of A is obtained by integrating a Néron differential w4
against all elements in H;(A(C),Z). There exists a pair of positive real numbers
Q4,0 € R.o uniquely determined by the following property: If A(R) has two
connected components

L4 =Q4Z+iQ,Z (the “rectangular case”)
and if A(R) has only one connected component

L4 CQIZ+iQ,Z (the “nonrectangular case”)
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2 F. BERGUNDE AND L. GEHRMANN

with index two. To be exact, in the nonrectangular case elements in £4 are of
the form aQ} + b, with @ = bmod 2. By a beautiful theorem of Manin and
Drinfeld (cf. [9] and [6]) there exists a proper subring R C Q such that Aa(q) =
[q) 0% +i[q) ;€2 with functions [q]i : Q/Z — R. For example, if A is a strong Weil
curve, we can take R = Z[%L where 7 is the order of the finite group A(Q)¢ors
and c4 is the Manin constant of A. The manin constant c4 is an integer, which is
conjectured and known to be 1 in many cases (cf. [7]). In special cases one has even
better bounds for the denominators occuring in the ring R (cf. [18]). The functions
[]% are the so called “4+” resp. “—” modular symbols. In the following we just treat
the “+” modular symbol, so we write [g]4 for [¢]F.

Following Mazur and Tate’s approach in [10] we define Stickelberger elements in
this situation. Fixing an integer M > 1 we write pys for the group of M-th roots
of unity and L = Q(ups)™ for the maximal totally real subextension of Q(ups) and
G = Gal(L/Q). We have an isomorphism

(Z/MZ)"/{£1} = G,

where the image of a € (Z/MZ)* is denoted by o,. The Stickelberger element of
modulus M associated to A is defined as

1 a 1
MT _ L -
Oi=3 2. [M}A(’“ € oRIGu,
a€(Z/MZ)*

where for an arbitrary (commutative and unital) ring R and an arbitrary group
H the group algebra of H over R is denoted by R[H]. Since [¢]a = [—¢]a for all
q € Q/Z (ct. [11]) we have

@%R[ € R[Gum]

as long as M > 3, which we will assume from now on.

Next, we state the vanishing conjecture of Mazur and Tate. For general R and
H as above, let Ir(H) C R[H] be the kernel of the augmentation map R[H] — R,
h— 1.

Definition. The order of vanishing ordz(§) of an element £ € R[H] is defined as
if ¢ € Ir(H)"\ Igr(H) !
ordp(6) = 4" ?5 r(H)"\ Ir(H)"",

oo if&elp(H)Vr>1.

Let Sy be the set of prime factors p of M such that A has split multiplicative
reduction at p. We define

M = rankA(Q) + |SM| .

Conjecture (Mazur-Tate). Let R C Q be a subring, which contains [q]a for all
q € Q. Then the inequality
ordR(@%}w) >ru

holds, i.e. @%3\4 € Ig (Gu)™.
Our main objective is to proof the following

Theorem. There exists a free Z-module L C C of rank 1 such that [qla € L for
all g € Q. Given any such module L C C we have

911\4/13\4 (S IZ (G]\/[)‘Sml X L.
In particular, if R C Q is a subring which contains [q]a for all ¢ € Q, we have

ordr (O3 1) =[Sl
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Thus the conjecture of Mazur and Tate is true if rank A(Q) = 0. In fact, we prove
a more general statement for Stickelberger elements coming from Hilbert modular
cusp forms of parallel weight (2,...,2).

The structure of the paper is the following. We fix once and for all a totally
real number field F. In Chapter 1 we develope a theory of modular symbols of
trivial weight in terms of the group cohomology of PGLy(F') with values in certain
adelic function spaces. For every finite abelian extension L/F and every ideal m,
which bounds the ramification of L/F, Stickelberger elements are constructed by
first pulling back the modular symbol along the diagonal torus and then taking cap
products with homology classes which are essentially given by the Artin reciprocity
map. We use results of Dasgupta and Spief (cf. [5]) to give a general criterion for
obtaining lower bounds on the order of vanishing of these Stickelberger elements
(see Proposition 1.14). Proposition 1.12 gives relations between Stickelberger ele-
ments for different moduli and field extensions, which generalize the corresponding
statements for the Stickelberger elements of Mazur and Tate. A functional equation
for Stickelberger elements is given (see Proposition 1.15) and used to determine the
parity of their order of vanishing in terms of local root numbers. An advantage of
our adelic approach is that all computations turn out to be completely local. These
computations are carried out in Section 1.2.

In the second chapter we use the Eichler-Shimura homomorphism (or rather a
version of it in our setting) to construct modular symbols for Hilbert modular cusp
forms of parallel weight (2,...,2). Thus, we can use the machinery developed in
Chapter 1 to attach Stickelberger elements to Hilbert modular forms. The fact that
modular symbols commute with flat base change implies that these Stickelberger
elements take values in integral group rings (see Lemma 2.7). In Proposition 2.3
we evaluate them at primitive characters and relate them to special values of L-
functions. Finally, we give lower bounds on their order of vanshing in terms of the
number of local components of the associated automorphic representation which
are Steinberg (see Theorem 2.10). This is an integral refinement of one of the main
theorems of Spief’ article [13] on the order of vanishing of p-adic L-functions of
modular elliptic curves at s = 0. The phenomenon of torsion in the cohomology
of Hilbert modular varieties, which is not apparent if one considers only p-adic L-
functions, causes the statement for general totally real number fields to be slightly
less satisfying than the statement for modular forms. It should be mentioned that
all arguments carry over (with slight modifications) to the analogue of Hilbert
modular froms of parallel weight (2,...,2) over arbitary number fields. For ease of
exposition we decided to stick to the totally real case.

Acknowledgements: We thank Michael Spiefl for suggesting to work on the
Mazur-Tate conjecture and Thomas Poguntke for useful comments on an earlier
draft. The first named author acknowledges financial support provided by the DFG
within the CRC 701 ’Spectral Structures and Topological Methods in Mathematics’.

Notions and Notations. We will use the following notions and notations
throughout the whole article.

All rings are commuative and unital. The group of invertible elements of a ring R
will be denoted by R*. If R is aring and H a group, we will denote the group algebra
of H over R by R[H]. Welet Ir(H) C R[H] be the kernel of the augmentation map
R[H] - R, h— 1. If x : H — R* is a group homomorphism, we let R(x) be the
representation of H whose underlying R-module is R itself and on which H acts
via the character x. If M is another R[H]-module, we put M(x) = M ®g R(x)-
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For a set X and a subset A C X the characteristic function 14: X — {0,1} is

defined by
1 ifzeAd
1 = ’
a@) {0 else.

Throughout the paper I’ denotes a totally real number field of degree d with ring
of integers O = Op. Let E = O* denote the group of global units. For a nonzero
ideal a C O we set N(a) = #(O/a).

If v is a place of F', we denote by F,, the completion of F' at v. If p is a finite
place, we let O, denote the valuation ring of F}, and ord, the additive valuation
such that ord,(w) = 1 for any local uniformizer @w € O,. For an arbitrary place
v let | - |, be the normalized multiplicative norm, i.e. |z, = N(p)~ 4@ if p is a
finite place and |z, = |0, ()] if 0, is the embedding F' — R corresponding to the
archimedean place v. We denote by U, the invertible elements of O, if v is a finite
place and the group of positive elements of Fj, if v is a real place. For a finite place
p we put Uém) ={z €Uy |z =1modp™}. Further we denote by F} (resp. E)
the totally positive elements in F' (resp. E).

Let A be the ring of adeles of F' and I the idele group of F. We denote by
| - ]: T — R* the absolute modulus, i.e. [(xy),| = [], |zv|o for (z,), € L. For
a finite set S of places of I’ we define the ”S-truncated adeles” A® (resp. "S-
truncated ideles” 1%) as the restricted product of the completions F, (resp. F)
over all places v which are not in S. We put Fs = [],cg Fv, Us = [[,cg Uv» and
UsS = HU¢S U,. The set of archimedean places of F' will be denoted by S,,. We
often write A% instead of A®YS> and similarly we define 1%, U%> Fg  etc.
We always drop the superscript ¢ if S = (. Moreover, if UCUisa subgroup, we
will write U for the image of U under the projection U — U®. For every non-zero
ideal m = Hp p" C O we put

U(m) = H Uém”) X H U,.

p¢s VES

We will write G for the algebraic group PGLy, B for the Borel subgroup of upper
triangular matrices and T for the torus of diagonal matrices in G. The embedding

z 0
L.Gm—>G,$»—><O 1)

induces an isomorphism of algebraic groups G,, 2 T. If K C G(A*) is a compact
open subgroup and S a finite set of finite places of F, we write K for the image
of K under the projection G(A®) — G(A%>®). We let G(F,)t C G(Fx) be
the subgroup of elements with totally positive determinant and similarly define
G(A)" C G(A). Given a subgroup H C G(A) we write HT for the intersection of
H with G(A)T.

1. MODULAR SYMBOLS

1.1. Generalities on functions and distributions. Given topological spaces
X,Y we will write C(X,Y) for the space of continuous functions from X to Y. If R
is a topological ring, we define C.(X, R) C C(X, R) as the subspace of continuous
functions with compact support. If we consider Y (resp. R) with the discrete
topology, we will often write C°(X,Y) (resp. C2(X, R)) instead.

Since a locally constant map with compact support takes only finitely many
different values, the canonical map

C%X,Z)® R — CY(X,R)
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is an isomorphism of R-modules. Given two topological spaces X and Y, the pairing
CO(X,R) x C2(Y, R) — CU(X X Y, R), (f.9) — f -9

induces an isomorphism

(1.1) Co%X,R)®pr C°(Y,R) = C%(X x Y, R).

For a ring R and an R-module N, we define the R-module of N-valued distributions
on X as Dist(X, N) = Homz(C?(X,Z), N). Using (1.1) we get isomorphisms

(1.2) Dist(X x Y, N) = Dist(X, Dist(Y, N)) = Dist(Y, Dist(X, N)).
If X is discrete, we have the following pairing

CHX,Z) x C*(X,N) — N, (,0) — > (- ¢)(),
zeX
which induces an isomorphism of R-modules
(1.3) C%X,N) — Dist(X, N).
If f: X — Y is an open embedding, extension by zero
fi: C%(X,R) — CX(Y, R)
induces a map on distribution spaces
(1.4) f': Dist(Y, N) — Dist(X, N).

Let f: X — Y be a map between discrete spaces. The homomorphism

fe: Ce(X,R) — Ce(Y,R), ®— |y Y ()
@)=y
induces an R-linear map of distibution spaces
(1.5) f*: Dist(Y, N) — Dist(X, N),

which corresponds to the pullback map on N-valued functions under the isomor-
phism (1.3).
On the other hand, if g: X — Y is a proper, continuous map, the pullback

g CXY,R) — CY(X,R), ¢+ ¢og
along g always yields an R-linear map
(1.6) g«: Dist(X, N) — Dist(Y, N).

If g: X — Y is a proper map between discrete spaces, this corresponds to the map

g+: C(X,N) — C(Y,N), @+ |y Y &(2)
f(z)=y

under the isomorphism (1.3).

Now, let H be a topological group and K a closed subgroup. Then H acts on
C°(H/K,N) (resp. C2(H/K, R) via left-multiplication, i.e. (h.f)(z) = f(h™'z).
Thus, we also get an H-action on Dist(H/K, N) via (h.D)(f) = D(h™1f). Sup-
pose K C H is open. Then H/K is discrete and it follows immediately that the
isomorphism (1.3) is G-equivariant.
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1.2. Hecke operators and compatibility. This section contains all local compu-
tations, which are needed for the construction of Stickelberger elements of modular
symbols in later sections. In particular, Lemma 1.2 is the key lemma for proving the
compatibility of Stickelberger elements of different moduli and Lemma 1.4 enables
us to apply the formalism of Dasgupta and Spief to our situation.

Let p be a fixed finite place of F, ¢ = N(p) and w, a local uniformizer at p. We
choose representatives a; € Op, i =0,...,q¢ — 1, of O, /p and define

o (wp a; . B (1 0
'yz—<0 1)forl—O,...,q 1, andvq—(o wp>'

For simplicity, we will always assume that ag = 0. For an integer n > 0 we define

K ={ (& 1) €60 e =0mody |
and consider the well known double-coset-decomposition
" 0 . I N Ky (p™) UKy (") if n =0,
Ky(p™) (T)" 1) Ky(p") = qu(iV p(Pn) VoK (p™)
Uizo ’YiKp(P ) else.

Let us fix a ring R and an R-module N. Given g € G(F},) and a compact open
subgroup K, C G(F,) we let

p(g): C(G(Fy)/Ky, N) — C(G(F,)/(9Kpg™ "), N)
be the map induced by right-multiplication, i.e. p(g)(¢)(*) = ¢(* - g). Since right-
and left-multiplication commute, we see that p(g) is G(F})-equivariant.
Definition 1.1. Let n > 0 be an integer. The p-Hecke operator

T,: C(G(Fy)/Kp(p™), N) = C(G(Fp) /Ky (p™), N)
is given by

q—1 i
1 ifn=0,
Ty = p(v) + Lp(p")p(7q), where Ly(p") =
P 0 else.

The Atkin-Lehner involution at p is defined as

Wor =0 (( o)) * CLEEN Ky (6. M) = CIGIR /Iy 7). )

Note that the square of the matrix defining Wy is trivial in G(F},) and hence,
W;L defines an involution.
For integers n,r > 0 let

d,: C(G(Fy)/Ky(p™), N) — Dist(F; /U N)
be the map given by

o) =((G ) (F D)

Keep in mind that the set of functions 1 where z ranges over representatives

ZL’U'Er) ’
of Fyy modulo UsT), is a Z-basis of C’B(F;/Uér), Z). The map 0, is well-defined for

all » > 0 since
u 0\ (= 1 o) 1) (u %P
= p
0 1 0 1 0 1 0 1
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u—1

and g WIS € Ky(p") for u € U(T) The embedding ¢: Fy — G(F},) induces an

Fy-action on C(G(Fy)/Ky(p™), N). The map 0, is obviously Fyy-equivariant. Note

that (1 1) € K,(p™) for all n. Hence, we get

0 1
a1 = ((3 ).

By (1.5) and (1.6), the projection 7 : F*/U(TJrl — F;/Upr) yields maps
(m)*: Dist(Fy /U, N) — Dist(EFy /U, N)
and
(m,).: Dist(Fy /U™ N) — Dist(Fy /U, N).
Lemma 1.2. Let n > 0 be an integer. Then
Ao (Tp¢) = @, ".00(9) + (70)+(01(9)) + L (p™)wwp.00(¢)

and if r > 0, the equality

O (T 9) = (mr)«(Or+1(0)) + Lp(p" ) (mr—1)"(Or-1(¢))
holds.

Proof. Firstly, let us treat the extra summand for n = 0. If » = 0, we have

o0 () =o ((5 1) (6 2 )
-o((% 1)

= wPao(¢) (]]-zUp) .

Note that the second equality holds since we are working in PGLy,. However, if
r > 0, we have

6009) (L) =o(((5 V) (F 1) (0 =)
() (F 2))
(G0 )

Or— 1(¢)( U,Sr_l))'

It remains to take care of the other summands. Thus, without loss of generality, it
is enough to consider the case n > 0. For r = 0 we have

o8

)
~_
N

D_UEL

8

o

||
/\/‘\

q—1

90(Ty) (Lav, ) =00(9) (volav,) + > 9o(p(v:)$) (1av,)

i=1

by definition. For the first summand

onlo)0) (L) =0 (537 1)) =" 0000 (1)
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holds. Due to the fact that a; € O* for 1 <i < g — 1, we have (%Z (1)> € K,(p™)

(D)0 )
{f(GM ))

:(7‘-) ( p)

For the remaining case, i.e. r,n > 0, we put u; =1+ wya; fori =0,...,q—1. We

0:(p(1)) (L) ((3 ) (wi}) & %)
) (% & )
39§>§1w6m

because <%Z (1)) is an element of K,(p™). Since {u; | i =0,...,¢ — 1} is a set of

and hence the second summand equals

e(G ) )

1=

—1

')

1=

_

representatives of Uér)/UérH), the claim follows. (]

For a ring R we define the Steinberg representation St,(R) to be the space of
locally constant R-valued functions on P!(F,) modulo constant functions. The
group G(F,) acts on P!(F},) by linear fractional transformations and hence, it acts
on Sty(R) via (7.f)(2) = f(y'2) for v € G(F}) and f € Stp(R). If R = Z, we will
simply write St instead of St,(R). Extension by zero gives a map

6}31 CC(Fp7Z) — Stp,

ie. 0p(p)([z : 1]) = @(2) and d,(¢)([1 : 0]) = 0. This map is in fact bijective. The
inverse is given by

Sty — Ce(Fp,Z), f+—— g, where pg(x) = f([z: 1]) — f([1:0]).
The Borel subgroup B(F}) acts on C.(F}y,Z) via

(6 7))@ =plac-a

where (8 T) € B(Fy), ¢ € C.(Fy,Z) and z € F,. The following lemma is a
simple calculation.
Lemma 1.3. The map 6, is B(F})-equivariant.

Let us fix the element ¢, = 1o, of St,. It is easy to see that ¢, is invariant
under the Iwahori subgroup K,(p). Hence, for every R-module N evaluation at ¢,
defines a map

vp: Hom(Sty, N) — C(G(Fy)/Kp(p), N), evyp(9)(g) = d(gep)-
Let 7 > 0 be an integer. We define
1+ Dist(Fy, N) — Dist(Fy /U, N)
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as the composition of the two maps
Dist(Fy, N) =3 Dist(F}, N)

and
‘e * (1.6) . 3 * (r)
Dist(Fy, N) — Dist(F, /Uy’ N).
Lemma 1.4. Let r > 1 be an integer. Then the following diagram is commutative:
evy

Hom(Sty, N) —————— C(G(F})/Ky(p), N)

5 0,
Dist(F,, N) Dist(F; /U, N)

r

Proof. We have

antens@) (L) =0 (5 9) (F 1) 10.)

- ]1 r )
¢) ( wUf, )
= (03(0)) (L,p00)
where the last equality holds by definition. O

Finally, we want to see how the maps J, and the Atkin-Lehner involution in-
tertwine. The functional equation for Stickelberger elements (see Propostion 1.15)
will be a direct consequence of this. Let

inv: Dist(F;/US"”) — Dist(F; /US")
be the map induced by inversion (i.e. the map which sends x to x71).

Lemma 1.5. Let n > 0 be an integer.
(i) The equality

0o (Wyn¢) = w.inv (& (((1) (1)) ¢>)

holds for all ¢ € C(G(F,)/K,(p™), N).
(i) Assume that r > n. Then

orto) = (0. (1 g)0))

holds for all ¢ € C(G(F,)/K,(p™),N).
Proof. (i) Using the fact that we are working in PGLy we get

ao(an¢)(1xUp)=¢<(g (1)) woif é))
=((0 )
= ()
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(o) (@ )5 )-(F )& )

holds and by assumption

(ii) Since

we have

which proves the claim. O

1.3. Cohomology of PGLy(F'). We introduce modular symbols for PGLy(F) in
terms of group cohomology. Our treatment is similar to the one of Spiefl in [13].

Let Div(P!(F)) be the free abelian group over P!(F) and let Divo(P!(F)) be the
kernel of the map

Div(P'(F)) = Z, Y - mpP+ Y mp.
P P

Note that we have a G(F)-action on Divg(P}(F)) induced by the G(F)-action on
PL(F).

Given a ring R and a finite set S of finite places of F, we define Stg(R) =
®pes Stp(R) as a semi-local version of St,(R). As in the local case, if R = Z, we
will simply write Stg instead of Stg(R). For an R-module N and a compact open
subgroup K C G(A*>) we define
(1.7)  A(K,S; N) = C(G(A%>)/K*® Homg(Stg, Homz(Divo(P'(F)), N))).

The G(F)-action on A(K,S;N) is given by (7.®)(g) = v®(y 'g), where ® €
A(K,S;N), v € G(F) and g € G(A%>).

We now fix locally constant homomorphisms €,: Ff — {+1} = Z* for every
archimedean place v and define e: FX — {+1} via

6((xv)v€Sao): H Ev(xv)‘
VESs

By abuse of notation we will also write € for the homomorphism G(F,) RN S

{£1}. We are interested in the cohomology of the G(F)-modules A(K,S; N)(e).

Proposition 1.6. Let S be a finite set of finite places of F and K C G(AS>) q
compact open subgroup.

(i) Let N be a flat R-module equipped with the trivial G(F)-action. Then the
canonical map

HY(G(F),A(K,S;R)(¢)) ®r N = HY(G(F), A(K,S; N)(e))

s an isomorphism for all ¢ > 0.
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(i) If R is Noetherian, then the groups H1(G(F), A(K,S;R)(¢)) are finitely
generated R-modules for all ¢ > 0.

Proof. This is almost verbatim Proposition 4.6. of [13]. O
Definition 1.7. The module of N-valued, S-special modular symbols of F' of level
K and sign € is given by

MK, §;N)* = H'7HG(F), A(K, S; N)(e).
If S is the empty set, we will write M(K; N)¢ instead of M (K, 0; N)e.

As in the local setting, given g € G(A®>°) and a compact open subgroup K C

G(A™) we let

R(9): A(K,S;N)(e) — A(g~'Kg,S;N)(e)

be the map given by right-multiplication. Since this map is G(F)-equivariant it
induces a map on cohomology groups

R(g): M(K,S;N)* — M(gKg~',S;N)-.

Let n € O be a non-zero ideal. We are mainly interested in the case that
the level is given by K = Ko(n) = [[, Kp(n) with Kp(n) = K,(nOp). Since
M(Ko(n),S;N)¢ = M(Ko(ng),S; N) for q € S we will always assume without
loss of generality that every q € S divides n exactly once. Using the same notation

as in Section 1.2 (and viewing G(F}) as a subgroup of G(A>) via the canonical
embedding) we define for every finite place p ¢ S the global p-Hecke operator

Ty: M(EKo(n), 8; N)* — M(Ko(n), S; N)©

via
T, = ZR(%) + ep(W)R(7y), where T, (n) = 1,(n0O,).

We fix the element ps = ®qes0q = Qqeslo, in Stg. Evaluation at pg induces a
map on cohomology groups

Evs: M(Ko(n), S;N)* — M(Ko(n); N),

which commutes with the action of the Hecke operators T}, for p ¢ S. We decompose
n into a product ny - ng of coprime ideals and define the element w,, € G(A*) by

0 1 .
va(nl) 0 lfp ‘ ny,
(wm)tﬂ = ’
1 0)

else,
0 1

where @y, is a local uniformizer at p. The global Atkin-Lehner Wy, is given by
W, = R(wn,): M(Ko(n); N) = M(Ko(n); N)*.

1.4. Pullback to G,,. Using the local maps studied in Section 1.2 we attach dis-

tribution valued cohomology classes to modular symbols.

Firstly, given any finite set S of finite places of F' we use (1.1) to define a semi-
local version

0g = ®q655q: Cc(Fs,Z) — Stg

of the map 4 of Section 1.2. As in the local case, this map is bijective and B(Fs)-
equivariant.
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For a set S of places as before, an open subgroup U C U, aring R and an
R-module N we define

D(U, S; N) = Dist(I>>® /US> x Fg, N).
By (1.2) and (1.3) we have an I*°-equivariant isomorphism
(1.8) D(U, S; N) = C(I%> /US> Dist(Fs, N)).

We are mostly interested in the case where U=U (m) for a non-zero ideal m of
0. To shorten the notation we set D(m, S; N) = D(U(m), S; N) and write D(m; N)
instead of D(U(m), 0; N).

If K C G(A*) is a compact open subgroup, we write U(K) C U for the
preimage of K under ¢. Next, we construct a global version

Ags = Ag(K,5 N,e): A(K,S;V)(e) — D(U(gKg™"),S; N)(e)

of the dual of the semi-local map dg for every compact open subgroup K C G(A°)
and every g € G(A%%). Given ® € A(K,S;N), z € I9°/U(gKg™?') and ¢ €
C.(Fs,Z) we define

Aps@) =2 (5 1)a) Gsto (0:11-1:0)

using the identification (1.8).

We have an [-action on D(U(K),S;N)(e) induced by left-multiplication on
[$°° x Fg and an I-action on A(K,S; N)(e) via the embedding ¢: I — G(A). As
an immediate consequence of Lemma 1.3 we get

Proposition 1.8. A g is I-equivariant.

Hence, the restriction map on group cohomology together with Ay ¢ induces a
map of cohomology groups

H'(G(F), A(K, S;N)(e)) — H'(F*, A(K, S; N)(e))
— H'(F*,D(U(g9™ " Kg),S; N)(¢))
for every integer ¢ > 0. In particular, we get a map
M(EK,S;N)* — HTH(F*, D(U(g" ' Kg), S; N)(e)),

which we will also denote by Ay g.
We want to discuss a special case of the above situation. For a non-zero ideal
m = [, p™» of O we define an element gm € G(A>) by

10
) if my =0,
0 1

mp 1
“p else,
0 1

(1.9) (gm)p =

where w,, is a local uniformizer at p.
If n =[], p"* is another non-zero ideal, we have U(g3 Ko(n)(g2)~Y) = U(m)>,
where (gn)? is the projection of gn on G(A%>°). Therefore, we get maps

Am,s = Dygys,s: M(Ko(n),S;N) — HYH(F*, D(m, S; N))
for all nonzero ideals m in O. As always, we write Ay, instead of A, g. Let
E: H¥7Y(F*,D(m, S,N)(e)) — HH(F*,D(m,N)(e))
be the map induced by the embedding
Co(1° /U(m)>, N) — C2(I%>° /U (m)*> x Fg, N).
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As in the local case, for a finite place p ¢ S the projection Iy, : I/U(mp) — I/U(m)
yields maps
(Uw)*: HYH(F*, D(m, S, N)(e) — H*'(F*,D(mp, S, N)(e))
and
()« : H*Y(F*, D(mp, S, N)(e)) — H* 1 (F*,D(m, S, N)(e)).
The following lemma is a direct consequence of the local lemmas 1.2 and 1.4.

Lemma 1.9. (i) Let p be a finite place of F, which is not contained in S.
Then, if p t m, we have

An,s(Tpk) = @, " A s (k) + (M)« (Amp,s(£)) + Lp(0)@p. A, s (k)
and if p | m, the equality

Am,5(Tpk) = (M)« (Amp,5 (%)) + Lp (1) (inp-1)" (Amp-1,5())

holds. Here wy is an idele which is a local uniformizer at the p-component
and is equal to 1 at all other places.
(ii) Assume that q divides m for all ¢ € S. Then the following diagramm is

commutative:
EVS
M(Ko(n), S; N)°) M(Ko(n; N)
Am,S Am

HIYY(F*,D(m, S, N)(e)) T HAY(F*,D(m, N)(¢))

(Remember that we assume that all q € S divide n exactly once.)

1.5. Homology classes attached to idele class characters. We give a slight
variation of the main result of Section 3 of [5] on the vanishing of certain homology
classes attached to idele class characters of F. It is used in the next section to
give lower bounds on the order of vanishing of Stickelberger elements attached to
modular symbols.

Given a non-zero ideal m C O and a ring R we define

(1.10) Cy(m, R) = C(I*/U (m)*, R)

for € {0,c}, t € {0,00}. Let us fix a locally constant character x: I — R*. For a
place v of F we denote by x, the local component of y at v, i.e. the composition
Xv: Fy — 1 X5 R*. Since the kernel of y is open, there exists a non-zero ideal
m C O such that the ramification of y is bounded by m, i.e. x restricted to U(m)
is trivial. Hence, we have a product decomposition x((zy)») = [], Xxv(zv). In the
following we always assume that x is trivial on principal ideles. Therefore, we
can view x as a character x: I/F*U(m) — R* or alternatively as an element of
H°(F*,C(m, R)). For every idele x € I we have the identity of homology classes

(1.11) z.x =x("') - x € H'(F*,C(m, R)).

Next, we use a version of Poincare duality to attach a homology class to x. By
Dirichlet’s unit theorem the group of totally positive global units F is free of rank
d — 1. Tt follows that the homology group Hy—1(F4+,Z) is free of rank 1. Let us
fix once and for all a generator n of this group. For example, every ordering of the
archimedean places of F' gives a canonical choice for n (see Remark 2.1 of [14] for
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details). Let F be a fundamental domain for the action of F*/E* on I/U. The
isomorphism
Ce(0,Z) = Co(I/U, Z) = c-indy, Z = c-indfy, C(F,Z)
of F*-modules together with Shapiro’s Lemma imply that
(1.12) Ha (B4, C(F,2)) & Hy 1(F*,C(0, 2)).
We define 9 as the image of the cap-product 1 Nn € Hy_1(F4+,C(F,Z)) under
(1.12). The class ¢ is in fact I-invariant. The pairing
C(m, R) x Cc(0,Z) — Ce(m, R), (¢, 0) — ¢ ¥
induces a cap-product pairing
N: HY(F*,C(m, R)) x H;j(F*,C.(0,Z)) — Hj_;(F*,C.(m, R))
for j > i > 0. As a special case, by taking the cap-product with ¢ we get a
homomorphism of R-modules
(1.13) HO(F*,C(m,R)) -8 Hy_|(F*,C.(m, R)).

It is [-equivariant since ¥ is I-invariant.

As in Section 1.3, we fix locally constant characters e,: F;f — {£1} for all
v € Soo and put € = [] Tensoring the identity with the F -equivariant
homomorphism

VES €u-

O(F5/Uss,Z) — Z(e), fr— Y e@)f(x)

TEFY /U
yields an [-equivariant R-linear map
(1.14) Ce(m, R) 2 Ce(m, R)™® ® C(F /U0, Z) — Ce(m, R)™(e).
Given a finite set S of finite places of F' we define the following generalization of
(1.10):
Ce(m, S, R)® = Co([ [ Fp x I9°°/U(m)5>, R)
pes

Extension by zero induces an I-equivariant R-linear map

(1.15) Ce(m, R)>®(e) — Cc(m, S, R)*(€).
Let ¢, = ¢, (m, S, €) denote the image of x under the composition
HO(F*,C(m, 132 Hg1(F*,Cc(m, R))
(1.16) (ﬂ Hq1(F",Ce(m, R)>(€))
U Hoa (R Colm, S, R)™(6).
Equation (1.11) together with the fact that (1.16) is I-equivariant immediately

implies that
(1.17) z.oy = x(x7h) ey
for every idele 2 € I. The following proposition is essentially Proposition 3.8 of [5].

Proposition 1.10. Assume we have given ideals a, C R for v € SU Sy, such that
- for every p € S we have xy(zp) =1 mod ay for all x, € Fy,
- for every v € Sy we have x,(—1) = —€,(—1) mod a,,
- Iyesus., @ =0.

Then the homology class ¢, vanishes.
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1.6. Stickelberger elements attached to modular symbols. We define Stick-
elberger elements attached to modular symbols and bound their order of vanishing
from below.

Throughout this section we fix a ring R, an R-module N, a non-zero ideal n C O,
a character € as in Section 1.3 and a modular symbol kK € M(Ky(n), N)¢. Further,
we fix a finite abelian extension L/F with Galois group G = G,/p and denote by
rec = recp p: 1 — G C Z|G]* the Artin reciprocity map. For a finite place p of
F, which is unramified in L, we let o, € G be the Frobenius element at p. More
generally, if a = J[,p® C O is a non-zero ideal, which is coprime to m, we put
oa =1, op’ .

Let m C O be a non-zero ideal such that the ramification of L/F is bounded
by m, i.e. the Artin reciprocity map is trivial on U(m). Then we can identify
the reciprocity map with a cohomology class in H°(F*,C(m,Z[G])). Let pL/F =
pL/Fm € Ha 1 (F*,Cc(m, Z[G])>(€)) be the image of this cohomology class under
(1.16) with S = (. The natural pairing

Co(m, Z[G)) x D(m; N) — Z[g] & N
induces a cap-product pairing
Hy1(F*,Cc(m, Z[G])* () x H™'(F*,D(m; N)(e)) — Z[G] © N.
By construction we have
(1.18) cNz.d=2"tend
forall x € I, c € Hy_1(F*,Co(m, Z[G])>®(€)) and d € HY1(F*, D(m; N)(e)).

Definition 1.11. The Stickelberger element of modulus m associated to x and
L/K is defined as the cap-product

Om(L/F,k) = pr/r N An(k) € Z[G] ® N.
Let k be a field, which is an R-algebra. A character x: G — k* induces a

homomorphism R[G] — k of R-algebras and hence a homomorphism of R-modules
X: Z[G]® N — k®g N.

We can also consider x as a character on I via the reciprocity map. We write
Xoo: F — uo(k) for the component at infinity of y. The Stickelberger elements
satisfy the following compatibility relations:

Proposition 1.12. (i) Let L' be an intermediate extension of L/F. Then we
have
7L/ (Oum(L/F, k) = On(L'/F, k),
where
e LG p) @ N — Z[Gr jp] ® N

s the canonical projection.
(ii) Let p be a finite place of F, which does not divide m. Assume that k is an
eigenvector of Ty, with eigenvalue Ap. Then the following equality holds:

Omp(L/F,k) = (A — 0" — Ly(n)0y)Om (L/F, )

(11i) Let p be a finite place of F', which does divide m and write r = vy(m).
Assume that k is an eigenvector of Ty, with eigenvalue \,. Then we have a
decomposition

Omp(L/F, k) = \yOm(L/F, k) + 1y(0)vm(Omp—1(L/F, K)),
where the elements v (Owp-1(L/F, K)) satisfy the following properties:
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- T (Vm(Omp-1(L/F, K))) = v (Owmp-1 (L'/F, k)) for all intermediate
extensions L' of L/F
- Om(Omp1 (L/F, k) = (U™ U (Omp-1 (L/F, ) if the Artin re-
ciprocty map for L/F is trivial on U(mp~1)
- Let k be a field, which is an R-algebra, and x: G — k* a character
such that x, has conductor p". Then:
X(Um (Omp-1(L/F,K))) =0
(iv) Suppose k is a field, which is an R-algebra, and x: G — k* is a character.
If char(k) # 2 and X # €, we have
Proof. (i) By global class field theory the diagram

I‘GCL/F

I/U(m) Gr/Fr — Z|Gr)F)

= 7TL/L’ 7TL/L/

WU m) —gep 7 rir — Houyrl

is commutative and thus, the claim follows.
(ii) By assumption and Lemma 1.9 we have
ApOu(L/F k) = pr/Fm N Aun(Tpk)
= pr/pm N (@ LA (k) + Ly (0)wp. An (k) + [Tn)«(Amp(5)))-
Equations (1.17) and (1.18) imply
PL/Fm N wgl-Am(’i) = Wp.pr/Fm N Am(k)
— rec(@y ) pm N A ()
=0, 'On(L/F, k)

for the first summand. The second summand is dealt with similarly. Finally, for
the third summand the follwing equality holds:

pr/Fam 1 (M) (Bmp () = ()" pr/pm O (Amp (5))

= pr/Fmp N (Amp(K))
= Omp(L/F, k)

(iii) As before, Lemma 1.9 implies
ApOm(L/F, ) = pr/pm((Mm)« (Amp,s(£)) + Lp(0) [mp-1)" (Amp-1,5(K)))-

The first summand was already dealt with in part (ii). For the second summand
we get

pL/Fm N (np=1)" (Amp-1,5(k)) = (Hnp=1)+(pL/Pm) N Amp—1,5().
The listed properties of vm(Omp-1(L'/F,k)) now follow as in (i), respectively by
using orthogonality of characters.
(iv) We have

X(On(L/F,k)) = X(PL/F) NAn(k)
=cy(m, ) N An(k).

Using orthogonality of characters one sees that ¢, (m,€) vanishes unless y =e. O
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Remark 1.13. (i) Let us assume that R is a subring of C and N C C is an
R-submodule. Since the set of characters is a basis of the dual of C[g],
it follows that an element ©® € Z[G] ® N is uniquely determined by the
values x(0©) for x ranging through all complex-valued characters of G. Now
assume that k € M(Ky(n), N) is an eigenvector for all Hecke operators T,.
Then by the previous proposition the Stickelberger elements Oy, (L/F, k)
(for varying m and L) are uniquely determined by the Ty-eigenvalues and
the complex numbers x (O, (L/F, k)), where y ranges through all primitive
characters of conductor m such that y.,, = €.

(ii) Using the above Proposition one can construct p-adic L-functions of “or
dinary” modular symbols: Let p be a rational prime and let R be the
valuation ring of a p-adic field. Let n C O be a non-zero ideal such that
every place p lying over p divides n. Further, let kK € M(Ky(n), R)¢ be an
eigenvector of T}, for all places p of F' dividing p with eigenvalue A\, € R*.
For every ideal m C O of the form m = Hp‘p p™ with my, > 1 for all p we
define

m(-/F,K) H A m(-/F, k).
plp

Then by Proposition 1.12 (iii) this is a norm-compatible family and hence
defines an element O(F, k) in the completed group ring R[[I']], where T is
the Galois group of the maximal abelian extension of F' unramified outside
pand oc. For s € Z, and y € T we put (7)” = exp,,(s 10g,(Xcye)(7)), Where
Xeye: I' = Z;, is the cyclotomic character. The p-adic L-function of « is the
locally analytic function

Ly(s, ) = ()° (8(F,) ) .

Let S be a finite set of finite places of F', such that p divides n exactly once for
all p € S. We write S, = {p € S s.t. p | m}. For a place v of F we let G, C G be
the decomposition group at v. If v € S, we define I, C Z[G] as the kernel of the
projection Z[G] — Z[G/G,]. If v € So, we let o, be a generator of G, and define
I¥! C Z[G] as the ideal generated by o, F 1.

Proposition 1.14. Assume that there exists an S-special modular symbol k' €
M(Ky(n), S, N)¢ which lifts k, i.e. Evg(k') = k and that N is Z-flat. Then:

Om(L/Fr)e | [ L=V I L | @N

vES PESm
In particular, if L/F is totally real, € is the trivial character and N = R, we have
O (L/F, k) € R[G]
and
ordg(27%0n(L/F, k) > | S|
with d = [F: Q.

Proof. Let £’ be an S-special lift of x. Evaluating ' at ®pes\ s, ¢p gives an Sp-
special modular symbol, which lifts k. Hence, we may assume that S = S,,. Let
us write pp,p(S) € Hq—1(Cc(m, S, Z[G])*>(€)) for the image of pr,r under (1.15).
The equality

em(L/F’ "{) = PL/F N Am("{) = pL/F(S) N Amﬂg("ﬁ/)
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follows by Lemma 1.9 (ii). We put A = Z|g] /Hues Iy, [Toes Lo and let

m: Z[G] — A be the projection map (resp. the projection map n: Z[G] ® N —
A® N). Then we have

7(Om(L/F,k)) = 7 (pr/#(S)) N A s(x) = 0

since by Proposition 1.10 the homology class 7.(pr /7 (S)) = Crorec(m, S, €) vanishes.
O

There is a natural involution on the group algebra
7Z[G] — Z[G], © — 0,

which is induced by the the inversion map

G—G, gr—g L

In certain situations, Stickelberger elements satisfy functional equations with re-
spect to this involution.

Proposition 1.15. Assume that n can be decomposed as a product ny-ny of coprime
ideals such that ny and m are coprime and ny | m. Writeny = szl pit as a product
over powers of prime ideals with n; > 1 for all 1 < i < r. If kK is an eigenvector
of the Atkin-Lehner involutions Wp:"i , 1 <i <r, with eigenvalues e,, € {£1}, we
have

On(L/F.k)" = (~1)%(~1) -en, - 0y, - Om(L/F, k),
where e,, = [[;_, &y, is the eigenvalue of the Atkin-Lehner involution Wy, .

Proof. By Lemma 1.5 we have

An(Wa, ®) = (=1)e(~1)wn, . inv (Am ((‘1) (1)) @))

for all ® € A(Ko(n),S; N)(¢)), where w,, is an idele which is the n;-th power of a
uniformizer at p;, 1 <i <r, and 1 at every other place. Hence, we get

enOm(L/F,K) = On(L/F, Wy, k)

(1) 1)pg N 19 (A ()
(—=De(=1) inv(w,,'.pr/p) N Am (k)
(=1De(=1)on, inv(pr p) N An (k).

Note that by applying the involution inv we invert the F*-action on C.(m, Z[G])>(e).
Inverting the E-action induces multipication by (—1)?~! on the homology group
H;_1(E,Z) and thus, we get

inv(pr,p) = (=1)""(pL/r)"

and the claim follows. O

As a consequence, we can compute the parity of the order of vanishing of Stick-
elberger elements. With the same hypothesis as in the previous proposition we
get:

Corollary 1.16. Suppose that N = R, ordr(Om(L/F,k)) = r < oo and that 2
acts invertibly on I /I, Then:

(—1)" = (=1)%e(~1) - en,
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Proof. The involution (-)" induces multiplication by (—1) on Iz/I% and thus, it
induces multiplication by (—1)" on I5/I"'. Since oy, is congruent to 1 modulo
IR, the equality

(—1)"Ow(L/F, k) = Om(L/F, k)" = (~1)%(~1) - én, - Om(L/F, k)

holds in I /I, Assume that (—1)" # (—1)%€(—1) - €4, , then the above equation
would imply that

20w (L/F,x) = 0 mod I},

Since by assumption 2 acts invertibly on I% /I, we get that Oy (L/F, k) = 0 mod
It But this contradicts our assumption that the order of vanishing of O, (L/F, x)
is exactly r. O

2. AUTOMORPHIC FORMS

2.1. Adelic Hilbert modular forms of parallel weight 2. In this section
we give a reminder on the definition of Hilbert modular forms of parallel weight
(2,...,2) and the Eichler-Shimura map in the adelic setting. Although our treat-
ment is similar to the one of Spie in [13], our construction of the Eichler-Shimura
homomorphism is slightly different from the one given in loc. cit. Recall that the
group PGLy(R)™ operates on the complex upper half plane H = {z € C | Im(2) >
0} via fractional linear transformations. Hence, after fixing once and for all an or-
dering of the archimedean places of F' we get an action of G(Fx )" on the symmetric
space X = H? where d = [F : Q]. Let Koo C G(Fx)" be the image of SO(2) under
the projection of GLa(Fx ) onto G(Fu). Thus, K is the stabilizer of (4,...,7) € X
inside G/(Fu)*. We consider the factor of automorphy j(g, 2) = [[,cs_ J(gv; 2) for

9= (9v)ves. € G(FOO)+ and z = (2y)ves,, € X, where j(v,2) = det(fy)fé(cz +d)

for v = b) € GR)" and z € H.

d
Definition 2.1. The space A (G, hol, 2) of (adelic) Hilbert modular cusp forms of
parallel weight (2,...,2) is the space of complex valued functions ® on G(A) such
that:

(i) ®(yg) = P(g) for all v € G(F), g € G(A).

(1) ®(ghno) = j(finer 1) >®(g) for all g € G(A), koo € K.

(iii) For ¢ € G(A™) and z € X define fo(2,9) = j(goo,1)*®(goo,g), where
Joo € G(Fso)™ is chosen such that g.oi = 2.

(iv) There is a compact open subgroup K C G(A*°) such that ®(gk) = ®(g)
for all g € G(A), k € K. The map z — fo(z,g) is a holomorphic function
on X for all g € G(A™).

(v) (Cuspidality) We have

Lot (G D))o

Note that the function fe defined in (iii) is well defined by (i7). We define
So(G,K) = Ao(G, hol,2)¥ for any compact open subgroup K C G(A>®). If K =
Ko(n) for a non-zero ideal n C O, we write S3(G, n) instead of S3(G, Ko(n)). Right
multiplication by an element g € G(A*) induces a map

for all g € G(A).

R(g)l Sg(G,K) — SQ(G,gKg_l).
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Next, we are going to construct Eichler-Shimura homomorphisms, i.e. maps
ESk: S(G,K) — M(K;C):= P M(K;C)
e: Fx —{£1}

for all compact open subgroups K C G(A*°), which are equivariant with respect to
the G(A®°)-action on both sides.

Let ® € S3(G, K) and fy as in (iii) above. For every g € G(A>) we define a
holomorphic d-differential form

wa(g) = fo(z,9)dz1 ... dzg
on X. Cuspidality of ® implies that wg lies in the space of fast decreasing, holo-
morphic d-differential forms Q‘fcd’ not(X) (see [1] for a precise definition). An easy
calculation using property (i) shows that
7" (wa(v9)) = wa(g)
for all v € G(F)*. Hence, we have a map
ESy: S5(G,K) — HY(G(F)",C(G(A®) /K, Qg por(X)))
®— [g— we(g)]

for every compact open subgroup K C G(A*). It follows immediately that the
diagram

0
52(GL K) ——— O 0GR C(G(A) K 2y (X))

R(9) R(g)
ESSKQ*I

S2(G,gKg™) HO(G(F)*, C(G(A%) [gK g™, Q%4 ot (X))
is commutative for all g € G(A™).

Let X B9 the Borel-Serre bordification of X with boundary X as constructed
in [2]. Tt is a smooth manifold with corners, which containes X as an open sub-
manifold. The inclusion X C XZ% is a homotopy equivalence and thus, X 59 is
contractible. The action of G(F)* on X can be extended to an action on X 59,

For a manifold with corners M we let C3"%(M) be the complex of singular
chains in M and C{™(M) the subcomplex of smooth chains. By the Whitney
Approximation Theorem (see [16]) continuous chaines can be approximated by
smooth chains. A standard argument shows that the inclusion C5™ (M) C C3™8(M)
is a quasi-isomorphism. Therefore, we get a canonical G(F)T-equivariant quasi-
isomorphism between the complex of relative smooth chains C$™(X 2% 0X) and
the complex of relative singular chains C3"8(XB5 0X).

Since X P9 is contractible, the long exact sequence for relative homology gives
us an isomorphism between relative homology groups H™8(X 59 9X) and reduced

homology groups H ZT%(BX ) of the boundary. But H, Sng(9X) vanishes unless ¢ = 0,
in which case it can be identified canonically with Divy(P!(F)). Putting everything
together, we get a G(F)T-equivariant quasi-isomorphism

(2.1) O™ (X B5,0X) — Dive(PH(F))[1].

Let A, denote the standard simplex of dimension ¢. If w is a fast decreasing g-

differential form on X and f: A, — XB5 is a smooth map, the integral of f*w
over A, converges. Therefore, we have a well-defined G(F)*-equivariant pairing

(2.2) O pot(X) x C3™(X P, 0X) — C.
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Since holomorphic differential forms are closed, Stoke’s theorem implies that the
pairing vanishes on the image of the boundary map

9: CI (X P%,0X) — C3™(XP%,0X).
Hence, the pairing (2.2) induces a morphism of complexes
(2.3) g ot (X) — Hom(C5™(X*,0X), C)]q].
Applying (hyper) group cohomology, we get maps
HO(G(F)*, C(G(A%) /K, O (X))

EUHIG(F)", C(G(A™)/ K, Hom(C3"(X5,0X),0)))

CY ga-1(G(F)*, A(K; N)).

for all open compact subgroups K C G(A*) (see (1.7) at the beginning of Section
1.3 for the definition of A(K; N)).

Precomposing the just constructed map for ¢ = d with the map ESY above we
get the Eichler-Shimura homomorphism

ESk: S9(G,K) — H* Y (G(F)*, A(K;N)) 2 M(K;C).
Here the last isomorphism is given by Shapiro’s Lemma.
Chasing through the definitions we easily see that the diagram

ES
SQ(G7K) K

M(K;C)

R(9) R(g)

ES, jco 1
Sy (G, gKg™1) SCLU. M(K;C)

is commutative for all compact open subgroups K C G(A™) and all g € G(A™).
Especially, if K = Ko(n) for a non-zero ideal n C O, the map ES, = ESk () is
equivariant with respect to the action of the Hecke and Atkin-Lehner operators on
both sides.

2.2. Automorphic Stickelberger elements and special values. In the fol-
lowing we will give the relation of Stickelberger elements to special values of L-
functions.

Let us fix two non-zero ideals n,m C O and a continuous character e: F¥ —
{+£1}. Further, we fix a finite extension L/F with Galois group G. We assume that
U(m) is contained in the kernel of the Artin reciprocity map I — G. For a cuspidal
automorphic form ® € S?*(G,n) we write k§ for the image of ES,(®) under the
projection

M(n;C) — M(n; C)“.

Definition 2.2. The Stickelberger element of modulus m and sign € associated to
® € S5(G,n) and L/K is defined as

Ow(L/F,®) = On(L/F, k%) € C[G).

We write T for the infinite polynomial ring Z[T},] generated by indeterminants
T, for all finite places of F'. Let m = ®m, be a cuspidal automorphic representation
of GG such that the components 7, at all non-archimedean places v of F' are discrete
series of weight 2. By Theorem 1 of [4] there exists a unique non-zero ideal f(7) of
O such that

dimC(®v’(oo7Tv)K0(f(7r)) =1.
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It is called the conductor of 7. We will assume from now on that n = f(7). The
Hecke operators act by scalars on (®woo7rv)K0(“) and thus determine a ring homo-
morphism x,: T — C. In fact, there is a finite extension Q, of Q (the field of
definition of 7) with ring of integers O, such that y, factors over O,. Let a, be
the kernel of xr. Given any T-module M we write M [r] = Homy(T/a,, M) for the
Xr-isotypical part of M. By the multiplicity one theorem we have

dime S(G, n)[n] = 1.

The non-zero elements of S%(G,n)[r] are called newforms of 7. Since newforms
are Hecke eigenvectors we can apply Proposition 1.12 to get relations between the
Stickelberger elements of different moduli. To characterize O (L/F, ®)¢ for a given
newform ¢ uniquely we have to evaluate these Stickelberger elements on characters
of conductor m.

In the following the Haar measure dz = [], dx, on I is normalized such that
vol(Uy,dz,) = 1 for all finite places p of F' and we fix a non-zero character
¥: F\A — C*. Given a character x: G — C we denote by Ly(s,m ® x) the
standard L-function of 7 ® x without the Euler factors at primes diving m and
adopt the same notation for the local Euler factors.

Proposition 2.3. Let ® be a newform of some m as above. There exists a constant
c € C*, which is independent of m, such that for all characters x: 1 — G — C* of
conductor m with X o = € we have

X(On(L/F,®)) = c 7(x™ ") Lin(1/2,7 @ X)-

Here 7(x™ 1) = 7(x 71,4, dz) is the Gauss sum of x with respect to our choice of a
Haar measure dx on 1 and an additive character 1.

Proof. By astandard argument (see for example [8]) there exists a non-zero constant
¢ € C* (independent of m and x) such that

wOur/p o) =ew v [ o ((§ 1) om)

where gm is the matrix defined in (1.9). For s € C the integral

/F*\HCI) ((g (1)) gm) x(z)|z|*dz

defines a holomorphic function. Let W denote the ¢-Whittaker function of R(gm)®.
Since R(gm )P € 7 is a pure tensor, we can factor W as a product of local Whittaker
functions W,. For R(s) large we can unfold the above integral to get

/F*\Hq> ((g ?) gm> (@)l dz = /]IW ((3 ?)) x(z)dz
-I1/ w ((7 1) wteis.

Therefore, we are reduced to a computation of local integrals, which we will carry
out in the rest of this section. (I

Let p be a finite place of F' and 7, an infinite dimensional, irreducible, smooth
representations of G(F}) of conductor p”, i.e. we have

dim¢ ﬁg("(pn) =1.
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The non-zero elements of wf »P") are called local newforms. Let A be a Pp-

Whittaker functional of 7,. By definition A is a non-zero linear functional on

7p such that
A ((5 7)) = wone

for all ¢ € m, and all z € F}.

Lemma 2.4. Let ¢ € mp be a local newform. For every character xp: Fy — C* of
conductor p™ the following integral converges for R(s) large and we have an equality

v 05 (5 D) 1) e) v

=C- T(X;1>wP)N(p)(t+m)stm (S + 1/277Tp ® Xp)7

where wy is a local uniformizer at p and c € C, t € Z are constants independent of
Xp and m.

Proof. Let p~* be the conductor of ¢,. A straightforward calculation shows that

wo-((5 4

defines a Whittaker functional with respect to an additive character 1’ of conductor

O. It is well known that
z 0
(5 1)e) -0

if ord, (x) < 0 and equal to a non-zero complex number ¢ € C* for ord,(z) = 0 (see
for example [12]). Without loss of generality we may assume that ¢ = 1. Hence,
for R(s) large we have the following equality

/A(( )( })w)mx)m;dx

/F (5 (1)) wledga

/F (G ) (=5 Y)e) wilslas

/F v (7)) e) vemnloldas
:Xp<w;t>lw;t;kz_ozv<(wo’.§ (1)) @> /wgmUp e @alsds.

By classical formulas for the Whittaker functional of a newform (see for example

[12]) we have
wk O TS
N (( 0 1) “0) =lwply* D afos,

r+s=k, r,s>0

.’>

>

where o; € C, 1 <4 < 2, are the complex number such that

2

L(s,my) = H(l — aiwylp)

i=1
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Therefore, if m = 0, we obtain

Syl Z (7 e L L, Vs

oo

=70 L ) NP D xp (@) ab ;2 S ates

k=0 r+s=k, r,s>0
2
)ts s+1/2
*T(Xp 7¢P H asz Wp |wP| )

=7(xy )N ()“L(8+1/2 Tp © Xp)-

In the case m > 1 we can use Lemma 2.2 of [13] to get

s = s 0 , )
s (% o) [ oy, VPl

(@ [ @@l
@y p

=[0p s U™ 0 1 )N (p)
and thus the claim follows. O

Remark 2.5. If 7, is an unramified principal series, an unramified twist of the
Steinberg representation or a supercuspidal representation and x,: Fy — C* is a
character of conductor p™ with m > 1, then the local Euler factor L(s,m, ® xp) is
equal to 1.

2.3. Integrality and special lifts. We show that Stickelberg elements of Hilbert
modular cusp forms can be defined integrally and use the results of the first chapter
to bound their order of vanishing. As in the previous section let 7 = ®m, be a
cuspidal automorphic representation of G of conductor n such that the components
7, at all non-archimedean places v of F' are discrete series of weight 2. Let Q,
be the field of definition of m with ring of integers O,. In the following we fix a
character e¢: FX — {£1}.

Definition 2.6. An automorphic cusp form ® € Sy(G,n)[n] is called integral if
ESE(®) lies in the image of the map

Mn;0,)¢ — M(n; C)°.

We let S2(G,n;Or)r be the Or-module of integral forms in S3(G,n)[r]. More
generally, let £ C C be a free Or-submodule of rank 1. We define S3(G,n; L), as
the submodule of all forms in S3(G, n)[7] which modular symbols lie in the image
of the map

M(n; L) — M(n;C)°.

Lemma 2.7. (i) The Or-module So(G,n;Or)y is free of rank 1.

(ii) Let ® € So(G,n)[n]. There exists a free Or-submodule L C C of rank 1
such that ® € Sy(G,n;L). Given any such submodule L C C we have
On(L/F,®)¢ € Z[G)® L for all non-zero ideals m C O and all finite abelian
extensions L/F with ramification bounded by m.

Proof. (i) By a theorem Eichler-Shimura and Harder (see for example [8]) the space
M (n,C)¢[n] is one-dimensional for every continuous character ¢: F* — {£1} and
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the Eichler-Shimura homomorphism ES, constructed in Section 2.1 induces an
isomorphism

ESS: S5(G,n)[r] — M(n;C)[n].
Proposition 1.6 implies that the map

M(n;Qr)¢[r] ®g, C — M(n;C)¢[n]
is an isomophism. Using Proposition 1.6 again we see that the intersection of the
image of M(n; O,)¢ in M(n; Q.)€ with M (n; Q. )¢[n] is free of rank 1.
(ii) The existence of £ follows from (i). The second statement follows directly from
the definitions. 0

Let S = S; be the set of finite places p of F' such that m, is the Steinberg
representation. It is well known that every p € S divides the conductor n of
7 exactly once. For every subset S’ C S let a9 C O, be the product of the
annihilator of the 2-torsion subgroup of M (n; ;)¢ and the annihilators of the
torsion subgroups of

H¥1735(G(F), A(Ko(w'); Ox)(€)),

where 0 < s < S’ — 1 and n’ C O, runs over all ideals of the form n’ = an;rll q;l

with q; distinct elements of S’.
Remark 2.8. (i) If F = Q, we are only dealing with cohomology groups in
degree 0, which are always torsion free. Thus, in this case al' = O.
(ii) Suppose 7 corresponds to a modular elliptic curve A over F'. Then its field
of definition is Q and S is exactly the set of primes p such that E has split
multiplicative reduction at p.

Lemma 2.9. Let L C C be a a free Or-submodule of rank 1 and ® € Sy(G,n; L),
an automorphic form. Then c9F - ES, (k) lies in the image of the map

M, S L) — M(n; £)¢ — M(n;C)°
for all ¢ € a'9F and all subsets S’ C S.
Proof. By Proposition 4.8 (ii) of [13] the claim is true after tensoring with Q. This
is proven by induction on the order of S’. Invoking Proposition 1.6, the same proof

works with integral coefficients as long as we are taking care of all torsion subgroups
which occur in the induction steps. O

As in Section 1.6 let L/F be a finite abelian extension with Galois group G.
Suppose that the ramification of L/F is bounded by the non-zero ideal m C O. We
let Sy, be the subset of primes in S which divide m. If v € S, we define I, C R[G] as
the kernel of the projection R[G] = R[G/G,]. If v € S, we let 0, be a generator
of G, and define I:*! C R[G] as the ideal generated by o, F 1.

Theorem 2.10. Let ® € So(G,n; L) . Then

g oL/ o) e | [ oY [ ]| @t
VES PESm

for all cfsf’i € atSOT:. In particular, if L/F is totally real, € is the trivial character
and R C C is a ring containing L, we get

2719, (L/F,®)¢ € R[G]
and

ordg (27" Ow(L/F,®)°) > |Swl.
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Proof. This is a direct consequence of Lemma 2.9 and Proposition 1.14. O

Remark 2.11. (i) Since newforms are also eigenvectors for all Atkin-Lehner
operators, we can (after inverting 2) use Corollary 1.16 to calculate the
parity of the order of vanishing of the above Stickelberger elements in terms
of local root numbers. Hence, if (—1)°" and the sign in the functional
equation differ, we can deduce that the order of vanishing is at least | Sy, |+ 1.

(ii) If @ is a p-ordinary newform we can apply Remark 1.13 (ii) to the ordinary
p-stabilization of ® to construct its p-adic L-function L,(s, ®). Using a
version of Theorem 2.10 for the p-stabilization of ® and oberserving that
the ideal aﬁqf’: is independent of the modulus, we can deduce that the order of

vanishing of of L, (s, ®) at s = 0 is at least the number of primes lying above
p at which the automorphic representation associated to ® is Steinberg.
This was first proven by Spief§ in [13].

Finally, we want to spend a few words on how the theorem of the introduction can
be obtained as a special case. Let M > 2 be a natural number and A an elliptic curve
over Q with corresponding normalized newform f € S3(Tg(N)). Let +: R* — {£1}
be the trivial character. Comparing Proposition 1.12 and Proposition 2.3 with the
corresponding statements for the Stickelberger elements of Mazur and Tate shows
that there exists a constant ¢ € C* such that

N
(@341 = c-0u (/@ 5% £)
A

A direct calculation shows that ¢ = 2. The modular symbol ES5 (% ) of fis
A

contained in M (N, £)¢ if and only if [g]a € £ for all ¢ € Q/Z. Thus, our main
theorem follows from Remark 2.8 and Theorem 2.10.
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