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Abstract

It is well known that the Homoclinic Theorem, which conjugates a map near
a transversal homoclinic orbit to a Bernoulli subshift, extends from invertible to
speci ¢ noninvertible dynamical systems. In this paper, weprovide a unifying ap-
proach, which combines such a result with a fully discrete aalog of the conjugacy
for nite but su ciently long orbit segments. The underlyin ¢ idea is to solve ap-
propriate discrete boundary value problems in both cases, rad to use the theory
of exponential dichotomies for controlling the errors. This leads to a numerical
approach which allows to compute the conjugacy to any presdbed accuracy. The
method is demonstrated for several examples where invertility of the map fails in
di erent ways.

Keywords: Noninvertible dynamical systems, homoclinic orbits, symbolic codingiu-
merical computation
AMS Subject Classi cation: 65P20, 37B10, 65Q10, 37C29

1 Introduction

Quite a few fundamental theorems on invertible dynamical systentgve found suitable
analogs in the theory of noninvertible systems. In this paper we reasider corresponding
generalizations of the well-known Homoclinic Theorem (see Smale [406¢ &il*hikov [39])

on the symbolic coding of maximal invariant sets near a transversbmoclinic point.

Our main goal is to set up and analyze a numerical approach that allesto compute
all symbolically coded orbits near a homoclinic orbit of a noninvertible sgem up to a
prescribed tolerance.
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The motivation for studying noninvertible maps comes from di erentsources. One
major source are maps in in nite-dimensional Banach spaces whichise as ow maps
or Poincae maps of partial di erential equations and delay di erential equations. We
mention the work of Hale and Lin [12] and, in particular, the ensuing wi of Steinlein
and Walther [41], [42] which gives a rather complete picture of shadimg and symbolic
coding near homoclinics in the noninvertible case. In the work of Kalkbénner [22] (see
also the survey in [2]), the closely related notion of exponential dicteamy was generalized
to noninvertible and nonautonomous systems and then applied to atacterize symbolic
coding near homoclinics. The proposed notion of a ‘regular exponehidichotomy' agrees
with the earlier de nition by Henry [14, Ch. 7], and the proof of symbbc coding employs
Palmer's method for proving the Homoclinic Theorem for invertible sysms [31], [32]. We
also mention modern results on so called generalized Henon mapsnirg®], [11] as well
as the work of Sander [35] which generalizes the notions of hypditity and homoclinic
tangles from nonlinear maps to nonlinear relations.

A second source of noninvertibility are reduced models of higher dingonal dynam-
ical systems which allow to study chaotic dynamics in low dimensions. Aaracteristic
example, which will also be treated in this paper, is a noninvertible twdimensional model
for 'wild chaos', derived in [5] from a 5-dimensional invertible system annvestigated ex-
tensively in [15], [16].

In the following, we describe in more detail the contents of this papey putting some
emphasis on our computational approach. In particular, we treanite orbit segments
approximating the symbolic coding of noninvertible maps, and we prale an alternative
road to proving the Homoclinic Theorem in the biin nite case.

Since we aim at numerical computations we consider a nite-dimensialhsmooth map
f :RY1 RYand its induced dynamical system

Xns1 = F(Xn); Xn 2 R% n22Z:
Moreover, we assume that we are given a xed point
=f()2R?
and an associated nontrivial homoclinic orbik; = (Xp)n2z, I.€.

Xn+1 = F(Xn); N2 Z; IIilm Xp= . X,6 forsomen?2 Z:
n!

Our basic assumption states that the variational equation
Un+1 = Df (Xp)up; N2 Z (1)

has an exponential dichotomy orZ according to De nition 18. We emphasize that this
de nition does not assumeDf (x,) to be invertible, but we refrain from using the term
'regular dichotomy' from [22] for this situation. Also note that an eyponential dichotomy
in this sense implies hyperbolicity of the set

H=f g[f Xx,:n2Zg (2)
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as de ned in [42, Def. 1.1] (in fact, both properties are equivalent itihe nite-dimensional
case).

In the invertible, nite-dimensional case, the condition that (1) ha an exponential
dichotomy on Z is equivalent to the homoclinic orbit lying on the intersection of the
stable and unstable manifold to the xed point and this intersection king transversal,
c.f. [32, Proposition 5.6].

If the intersection is not transversal but tangential, the resultig orbit is called a
homoclinic tangency. Homoclinic tangencies show quite intricate dymacal behavior, c.f.
[6], [10], [29], [35] and references therein.

For any bounded open se© RY we de ne the set of orbits remaining inO by

Orb(0) = fxz 2 (RY)? : xp 2 O; Xns1 = f(xn) foralln 2 Zg: (3)

This set is closed inO% when endowed with the product topology, and it is invariant
under the orbit shift induced by f,

F(xz) = (f (Xn))n2z: (4)

It is shown in [42] that there exists a neighborhoo® of H, a numberN 2 N and a
homeomorphismh which conjugatesF : Orb(O) ! Orb(O) to a subshift ( i(N); ):

z /| Z
A(N) A(N) 5)
h‘ ‘h F h=h (
Orb(O) T/Orb(O)
Here,S§ := f0; ;N 1g” is the space of symbolic sequences Nnsymbols endowed

with the product topology, denotes the Bernoulli shift and i(N) S§, is the topological
Markov chain
i(N) =fs2 Sli :A(N)Sj;5j+1 =1; J 2 Zg

de ned by the matrix

0 1

11 0 0

0 0
ANN)=R: o 210, 1gVN:

0 L

10 0

As in [42] it is not di cult to retrieve the classical Homoclinic Theorem fa the invertible
case from this result by adding another conjugacy to the diagram ifb) that assigns to
any orbit xz; 2 Orb(O) a single point such axq.

In our approach we consider also the nite time cas&; = f0;:::;N 1g’, where
J=[n;n]=fn22Z:n n n.g, 1 <n <n,<1.SettingJ=[n ;n. 1],
we then dene 3, by

any) = FS2 S8 isn = s, =05 A(N)s, =1;j 2 Ju: (6)

iSj +1
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Finite orbits are determined as solutions of boundary value problems
Xner = F(Xp);n=n ;::5ne 1 b(X, ;X,,)=0 (7)

with boundary operatorsb : R RY ! RY satisfying a nondegeneracy condition, see
Section 4. With the set of nite orbits de ned by

Orb(J;0) := fx3 207 1 x5 = (Xn)n2y SOlVes (7Y;
our nite time analog of the diagram (5) takes the form

J 3 31
A(N) A(N)

h; hy 1 (8)
Orb(J; O) —FJ/Orb(J 1;0)

In this diagram we use the shifted intervall 1 =[n  1;n, 1] and the nite Bernoulli
shift

N | J 1.
J - AN) ! AN)T (9)
a; 7' by q; withh =a,; forn2J 1.
Note that due to the shift of interval from J to J 1, the endpoint condition in (6) is
automatically satis ed. Furthermore the mapF; in (8) is de ned by

F,:0 1 071
Xp ; forn=n 1 (20)

X; 7' yy 1, with y,= f(xn); forn2 J:

This operator satisesF; : Orb(J; O) ! Orb(J 1;0) since it preserves the boundary
condition. With these settings we obtain a complete nite time analogfathe Homoclinic
Theorem in Theorem 14.

In the following, we discuss the further results of this paper. In $gon 2.1, we consider
systems, for which several homoclinic orbits exist, connecting tthé same xed point.
We indicate how the nite time conjugacy from above and its numeridacomputation
can be generalized. In Section 2.2 we turn the theoretical apprbasto a numerical
algorithm. For a given symbolic sequencs; 2 j\(N), we compute the orbit segment
h;(s;) in Orb(J; O) from the solution of an appropriate boundary value problem. Our
approximation theory shows that these boundary value problemgewell-conditioned in
the neighborhood of suitable pseudo-orbits despite the fact thte mapf is noninvertible.
This will be demonstrated for a series of examples in Section 6.

The theoretical part of our paper is the subject of Sections 3 andl The starting
point is the Roughness Theorem for exponential dichotomies in theominvertible case
(see [22], [14] and Theorem 20 in the Appendix). We indicate an altetna proof by
a direct perturbation argument for the Green's function in an expaentially weighted
space. The argument follows an idea of Sandstede [36], [37] for owhich has been
transferred to invertible mappings in the work of Kleinkauf [23], [25]. fien we consider
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pseudo-orbits obtained by piecing together the original homoclinialait according to the
coding sequencs; 2 f\(N). In Theorem 4 we show that the variational equations from
a suitable neighborhood of the pseudo-orbits have an exponentdithotomy with data
independent of the coding. This result has a complete analog for mitorbit segments,
see Theorem 6.

With these preparations we prove solvability of discrete boundaryalue problems
on both nite and in nite time intervals, see Theorem 7. For the in nit e case this result
replaces the Shadowing Lemma for noninvertible maps from [22] (sbe monographs [34],
[30] for invertible maps). For the solutions of nite boundary value poblems we show
error estimates which decay towards the interior and which are uifm with respect to
the coding sequence (Corollary 9).

As a consequence, in Theorem 10 we prove convergence of solwte&is of nite orbits
to those of in nite orbits. Convergence holds with respect to the Busdor distance

disty(X;Y)=max sup inf dist(x;y);sup inf dist(x;y) ; (11
x2X Y2Y y2y X2X

where the distance of nite segments is de ned by

dist(x;;y5) = 29 X Yai: (12)

n=n

Note that this metric converges a1 ! 1 to the metric

X
dist(xz;yz) = 2 Yix,  Yaji Xziyz 2 0%

n2z

which de nes the product topology onO%. The whole approach extends earlier approx-
imation results for homoclinic tangles in the invertible case [7] and foinglle connecting
orbits in the nonautonomous case [19].

In Section 5 we show how the Homoclinic Theorem for the noninvertibase derives
naturally from these results. A crucial step here is to constructraopen neighborhood
such that the orbit set Orb(O) from (3) agrees with the set of orbits coded by symbolic
sequences, see Theorem 12.

In Section 6 numerical computations are shown for the classical yartible) Henon
example, a three-dimensional Henon map and for a modi ed Henoexample where the
dynamics collapses into a line and a snap-back repeller occurs (cf]J2&hen we use our
approach to investigate chaotic features created by homocliniclots in the noninvertible
model of 'wild chaos' from [5], [15] and in a recent model of asset prigifrom [8].

2 Numerical computation of the maximal invariant set
We propose an algorithm for the approximation of points from the mamal invariant set
O¢ = fXp : Xz 2 Orb(O)g: (13)
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Note that O, typically is a Cantor set on whichf -dynamics are semi-conjugate td- -
dynamics on OrbQ), i.e.

Orb(0) ——brb(0)

r f r=r F;
chglbc

r

wherer is sujective. Indeed, iff is invertible, then r turns out to be a homeomorphism,
resulting in a conjugacy off -dynamics onO. to the shift on ,i(N).

Further note that stable and unstable manifolds of the xed point intersect at each
point x 2 O transversally, assuming the hyperbolicity assumptions, introduddan Section
3. Finding intersection points of these two manifolds is rather involek Instead, we
calculate points inO. via homoclinic orbits, that we approximate numerically by solving
boundary value problems. Manifolds are plotted only for illustrating lhe output of this
ansatz.

Before the algorithm is introduced in detail, we extend to a slightly mar general

setup.

2.1 Combining several homoclinic orbits

If only one primary homoclinic orbit is considered, one misses sevepaints of intersection
of stable and unstable manifolds, see the left panel in Figure 5 for dlustration. Thus,
we generalize immediately to multi-humped orbits that are construed from ™ di erent

primary homoclinic orbits x}, i = 1;:::;" w.r.t. the same xed point . It turns out that
there exists for each 2 f 1;:::; g a number N; and c]grresponding neighborhoods that
allow the coding of multi-humped orbits withL =1+ ,_; N; symbols. For details, we

refer to Theorems 11 and 14. More precisely, we nd a homeomorgim between multi-
humped orbits in these neighborhoods and sequences adymbolss; 2 a(n,:::n-), Where

1
Ol 1 1 1
I
1
P
A(Nz;::N) = BL
|‘

1

and |; denotes the identity inRNi &Ni 1 j =1:::::". In this section, we do not introduce

di erent notions for nite and in nite time intervals. While the case J = Z is presented
here, the nite time case requires suitable boundary conditions, s&6).
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We further simplify notions by coding this Markov chain with™+1 symbolss; 2 A

0 1
11 1
\ 1 o
A(1):% §2f0;1g+1;+1
1

and by an extended set

The purpose of the second componentis to serve as a pointer for the current position.
This enables us to establish a one to one connection betweegyn,:..n-) and

For (sz;k) 2 Ay We deneg: AL) ! ANyt A
9(sz;k) :=(  ;a(s 1);a(so);a(s1);::2) (14)
whereNg := 1 and
X1 X |
a(sy) = Nj;iip 1+ N; ;i2Z; suchthat g(sz;k)o= a(So)«:
j=0 j=0

Denote by | and - the Bernoulli shift on a,;:n) @nd on 41y, respectively and

.....

de ne .
(sp:) = ( ~(s2);1); ifi= Ng;
z (sz;i+1); otherwise.
A direct computation shows that the diagram
ANGE ) T AGIEE)
g g
R/ .
Al) . Al)

commutes. Consequently, we obtain a conjugacy between this stiynamics and the
F -dynamics on OrbQ), where O is a su ciently small neighborhood of the ™ primary
homoclinic orbits.

2.2 The algorithm

We introduce our numerical method for computing an approximatiorof the maximal
invariant set O, close to a given point of a homoclinic orbit. Here, we assume that the
map f 2 C}(RY R;RY) depends on a one-dimensional parametprand we aim at an
approximation for the xed parameter valuep. We abbreviatef () for f ( ; p).

The algorithm works along the following steps.

(la) Compute a rst homoclinic orbit segment x3 on a nite interval J =[j ;j.] by
solving the boundary value problem (7) using Newton's method. For discussion
of appropriate boundary conditions, we refer to Section 4.1.
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(Ib) Calculate a curve of homoclinicf ( ;p)-orbits w.r.t. the parameter p by applying
numerical continuation techniques, see [1, Algorithm 10.2.10]. Deterther ho-

(I1) Choosek 2 Z,k < O0<k. and consider all sequences «,;12 @) Satisfying
So=1; #fk [ l:s; 1g=1; #f1 i ki:s 1g=1: (15)

We refer to the beginning of this Section for corresponding notiorsd to Figure 1
for an illustration.

(1) De ne the pseudo-orbit w.r.t. the code sequencegy «,1;] +1) 2 AL) by replac-
ing the symbol 0 with the xed point and the symboli with the orbit segmentx},,
i=1;:::;", respectively.

(IV) Compute a corresponding orbit segmeny/» by applying Newton's method ond :=
[m;m.],m =2 j.+k ,my=2j, | +k: tothe boundary value problem

Vi1 = f(yn); n=m ;::i;me 1
0 = Bym ;Ym.);

starting at the pseudo-orbit from step (ll1).

(V) Plot the midpoints y, of these orbits for all nite code sequences from step (Il).

Additionally, we compute approximations of the unstable and stable amifold of the
xed point . For the latter task, we apply a contour algorithm that is introducel in
[20] and which applies to a wide class of dynamical systems, including ervble and
noninvertible maps.

In Section 6 we demonstrate the performance of the algorithm byplying it to several
two and one three-dimensional systems, showing various dynaniit@atures.

Its applicability is formally justi ed by the following theorem in anticipat ion of the
assumptions(Al) -(A4) discussed in Section 3 and of conditiofA5) from Section 4.1.

sumptions(Al) -(A4) , and the boundary operatob satis es condition (A5) . Then there
exist constantsC; s; > 0such that for all su ciently large | , j+ the following state-
ment holds true: Fixk < 0<k, and lety, be the solution of the boundary value problem
from step (IV). Then there exists anxg 2 O, such that

kyo Xk C(es" +e ™)

As a consequence, approximation errors, occurring in step (V) tife algorithm, are
exponentially small.

In the forthcoming sections, we provide the theoretical backguod for proving Theo-
rem 1 and the Homoclinic Theorem. For a concise presentation, westrgct ourselves to
the case of = 1 primary homoclinic orbit. After developing this framework, Theoem
1 then directly follows by generalizing Theorem 8 and Corollary 9 in a stightforward
manner to the case of di erent primary orbits.
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Figure 1: Upper diagram: A sketch of two homoclinic orbit segments:?, J = [ 2;2]
and of the xed point together with their coding in a@.4) and a2y, respectively.
The lower diagram illustrates the construction and coding of multi-hoenped orbits in case

k =6. The code sequence in the last row { which we formally introduce ineStion 6.2
{ represents the number of 0-symbols on the left and right side ofi¢ center hump. The
colors of these two numbers symbolize the type of the neighboringrhp.

3 Uniform dichotomies of variational equations

In this section we show that exponential dichotomies along a homodbtrorbit extend in a
uniform way to arbitrary orbits obtained by concatenating su ciently long pieces of the
primary orbit. This will enable us in Section 4 to prove a kind of numeridashadowing
result: one nds true orbits in the neighborhood of the concateniad orbits which either
solve an in nite or a nite boundary value problem. Detailed estimatesn terms of the
metric (12) are given. As in the introduction our assumptions are  following:

(A1) f 2 CY{RYRY).

(A2) There exist 2 RYand xz 2 (RY)? such thatx,,; = f(x,) foralln2 zZ, x, 6 for
atleastonek 2 Z and lim,11 X, =

(A3) The point is a hyperbolic xed point of f, i.e. Df ( ) has no eigenvalues on the
unit circle (but may have the eigenvalue zero).

(A4) The variational equation
Un+1 = Df (Xp)un; n2Z (16)
has an exponential dichotomy orZ with data (K; .,;PS").
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Condition (A4) guarantees hyperbolicity of the setH, introduced in (2) and [42,
Def. 1.1]. Itis not di cult to show that Assumptions (Al) , (A2) and (A4) imply (A3) .
However,(A4) does not follow from(Al) , (A2) , (A3) since it speci es a global property
of the setH. Let QY be the projector onto the stable resp. unstable subspacef ( ).
Then the autonomous variational equation

Ups1 = Df (Juy; n2Z a7

has an exponential dichotomy onZ with associated projectorsQ%". Without loss of
generality we may assume the same parameterk;( s,) as in (A4) . Moreover, the
Roughness Theorem 20 applied to (16) and (17) onintervald( ;n ]\ Zand|n,;1 )\ Z
with  n ;n; suciently large, shows that the projectors satisfy

P>Y1 Q" as n! 1l

This fact will be essential for deriving Theorem 4 below.

3.1 The principal part of the homoclinic orbit and a particul ar pseudo-orbit

For proving our main results, it is important to x the 'principle part' o f the homoclinic
orbit. For eachN 2 N we choose a positiora(N) 2 Z such that the interval [a(N) +
1;a(N)+ N 1] contains the principle part of the homoclinic orbitx; from (A2) . More
formally, we de ne

( )
B(N):=min b2 Z: sup KXn k sup KXn k8c2Zz

n2[btl;b+ N 1] n2[ctl;c+N 1]

and
b(N); ifx,6 foralln2Z

a(N) = b(b%c); if xo = for somen 2 Z:

The latter case occurs if the xed point has several pre-images and one of these pre-
images coincides with an orbit point. If the xed point has no stable egnvalue, then
this orbit is called a snap-back repeller in the literature, see [26]. An @ample of this
kind is discussed in Section 6.4. The extra condition in the snap-backse guarantees
convergence of the dichotomy projectors at the left and right umdary, see (28).

Figure 2 illustrates this choice of intervals in both cases.

From condition (A2) we deduce the rst assertion of the following lemma.

Lemma 2 Assume(Al) {(A4) .

(i) For each "> O there exists anN 2 N such thatkXany+n k "foralln Oand
foralln N.

(i) For any Nj 2 N there exists anN, > N ; such that

[a(N))+1:a(N)+ N: 1] [a(Np)+1:a(No)+ N, 1 (18)

10



o ® . &z
. ° [ ] [ ] . °
oo ® o ® o o o ©® o
a(N)+‘ b¥c 1
a(Np)+1 a(Ny)+ Np 1
a(N)+1 a(N)+ N 1
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Figure 2: Choice ofa(N).
Proof: (of (ii)) First note that " = SUPnajaNy) 1aNi)+ Ny 17 KXn k > 0 sincexp, is

nonconstant. Moreover, let', = kXany)+ N 1 k. If ", =0, then we are in the snap-
back case and set = % , otherwise, we de ne" = %minf " ;"+0. Applying assertion
(i) to this " yields a numberN = N, > N ; with property (18).

Let J =[n ;n.], where the casesm = 1 andn, = 1 are allowed and x an
N 2 N. Given a sequence of symbolky 2 i(N), we de ne the corresponding pseudo-
orbit ;(s;;N) as follows

o ifs, =0;
n(SJ;N) =

Xa(N)+s,, Otherwisg n2Jd (19)

In what follows we study variational equations obtained by linearizingt orbits from the
"-neighborhoods

B-( z(sziN)) = fxz 2 (RY)? 1 kxz  z(sziN)ky  "g:

3.2 Uniform dichotomies of multi-humped pseudo-orbits

In the following we will concatenate two orbits each of which have egpential dichotomies,
but for which the projectors at the interface do not coincide. Thisituation will be repaired
by modifying the system matrix at the interface according to the fitlowing lemma.

Lemma 3 ConsiderB 2 R%Y and three projectorsP 1;Py; Qo 2 R%¢ such that

BP ;= PyB: (20)
Then the perturbed matrix
Bo=(l+) B; =2 QoPo Po Qo
satis es
BoP 1= QoBo (21)
and the estimate
k k (kQok+ kPok)kPg  Qqk: (22)
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If k k<landB :R(I P )!'R (I Pg)isinvertible, then so is
Bo:R(I P )!R (I Qp) and

1
K(Bor( p 1)) 'K kk(BjR(l P ) Kk (23)

1Kk
Proof: A direct computation shows

I+ = QoPo+ (1 Qo)(I Po)=1+Qo(Po Qo)+ (Qo Po)Po: (24)

From the rst equality and (20) we obtain
BoP 1=(1+) PoB = QoPoB = Qo(l +) B = QoBo;

while the second equality leads to the estimate (22). K k< 1 itis clear that | +
is invertible with k(I + ) 'k 2. Moreover, equation (24) shows that +
mapsR(I  Pg) into R(I  Qp) and R(Py) into R(Qo) so that both projectors must
have the same rank and + s a bijection between their ranges. We conclude that
Bo=(1+) B:R(I P )!'R (I Qp)isinvertible and satis es the estimate (23).

Our main result on persistence of exponential dichotomies is the fallmg theorem.

Theorem 4 Let conditions (Al) {(A4) be satised and letO< ¢, < qyu.

(i) There exists an Ngp 2 N such that for allN Ngp and for all s; 2 i(N) the
variational equation

Un+1 = Df (n(Sz;N)u,;, n2Z (25)

has an exponential dichotomy with constantd6K 3; &.,).

(i) Fix "> 0. Then there exists anN  Ngp such that for allN N, the dichotomy
projectors P>, n 2 Z of (25) satisfy the inequalities forn 2 Z

kP3Y  Q%'k "o if s, =0;
kp s p:(ﬁ))rkk oo ifsp=k2fL N g

(i) Let 0 < &y < su. Then, there exists an"gp > 0 such that for all N Nep,
for all s; 2 ﬁ(N) and for all xz;dz 2 (RY)? with xz;xz + dz 2 B, ( z(sz;N)), it
follows that the di erence equation

Z 1
Unsp = Df (xp,+ dy)d u,; n2Z (26)
0

has an exponential dichotomy with constan{82K 3; .,) independent ofxz, d, and
Sz.
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Remark 5 In cased, =0 for all n 2 Z, Theorem 4 (iii) proves a uniform exponential
dichotomy of the variational equation

Un+s1 = Df (Xp)un; N2 Z

for all pseudo-orbitsxz 2 B-_, ( z(Sz;N)).

A related result for invertible maps is proved by Palmer in 8 Theorem 2.1]. An
exponential dichotomy orZ holds, if the di erence equation has uniform dichotomies on
all nite intervals [b; b+ M] with b from a suitable, relatively dense set &.

Proof: The proof of (i) is based on the following idea: We begin with exponentia
dichotomies on the subintervals marked in red and black in Figure 3. Em, we invoke the
repair mechanism from Lemma 3 with matrices in order to combine these dichotomies
to a dichotomy on Z. Finally, an application of the Roughness Theorem 20 proves the
desired dichotomy of the original equation.

° ° °
% + [ 2P + [ 2P +
[ ] [ ] [ ]
[ ] [ ] [ ]
YT Y M ®¢00000® %¢00® ®e00000
— } |} { } { | |} |

Figure 3: lllustration of the repair mechanism.
Step 1: Choice of constantsFix 0 < ¢, < "suy < sy and chooseNg 2 N such that
4K %g (su "swNo < 7 (27)
De ne for N 2 N the matrices
(N):=2 P§(N)+1 Q P:(N)+1 ; +(N) = 2QsP§(N)+ N P;(N)+ N Q%

whereQ>" are the dichotomy projectors of (17). Then, it follows from Lemma&, equation
(22) that

k  (N)k  2KkPgny1  Qk k +(N)k  2KKPn).n QK
and these quantities convergeto 0O ad !'1 . ChooseN; with
maxtk  (N)k;k +(N)kg %for alN N; (28)
and N, such that
maxtk  (N)Df ( )kik +(N)Df (Xanyen DKg (8K Asui su)  (29)

holds for all N N,. Here, is the function from the Roughness Theorem 20. Finally,
we de ne Ngp := maxfNg; N1; Nog.
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Step 2: De nition of the repaired system Let N Negp and s, 2 ﬁ(N). We de ne
for n 2 Z the matricesA,, := Df ( (sz;N)) and

g (I+ (N)Df(); ifspa =1,
Br=, (I + +(N))Df (Xa(N)+N 1); ifsy=N 1
' Df ( n(sz;N)); otherwise.

Using (29), we conclude

8

< k (N)Df ()k; if spep =1;
kAn Bnk = . k +(N)Df (Xa(N)+N 1)k; if Sh = N 1;

' 0; otherwise

(8K 3 Msu; sw):

The Roughness Theorem 20 yields the result (i), i.e. an exponentiaickotomy with
constants (16K 3; ) of the original system (25), if the repaired system

Ups1 = Bhu,, n27Z (30)

has an exponential dichotomy with constants (& 3; *s.,).
Step 3: System(30) has an exponential dichotomy o with constants (8K 3; 7s.,).
We introduce forn 2 Z the projectors

Su .= Q> if sp =0;
P = Pinyrks ifsn=k2fLnN g (31)
One immediately sees from equation (21) in Lemma 3 that these projers satisfy the
invariance condition (i) in De nition 18 w.r.t. the di erence equation (30).

By the assumptions, the system (30) has exponential dichotomiers every subinterval
(red or black in Figure 3) with constants K; <.). Our construction shows that every
subinterval can be enlarged by its right neighbor, where the dichoiny constant grows at
most by kI + (N)k 2 due to (28). Therefore, we have exponential dichotomies on
the extended subintervals with projectors from (31) and consiés (2K; s.,).

Next we introduce the index set

Z,=fk2Z:sc=1g;
and for eachk 2 Z, its successor and its predecessor by
(K)=inff>22,: " >kg, pk)=supf 22Z,: <kg;

where (k)= 1 resp.p(k)= 1 if the corresponding sets are empty.
Denote by the solution operator of (30). We prove the dichotomyestimate in
forward time. For arbitrary n  m let

n, ifs,=0;

kK =minflmin]\ Zig; ke = maxf [m;n]\ Z,g; otherwise.

14



It follows from (27) that

k(mm)Psk = k( mke)PS (kesk )PS (k ;m\)(rﬁ,;k
k ( n;ke)PS Kk ( k ;m)PSk k( (k);k)PSk
k22;\ [lﬁ( Pkl
Ke s k) gr2e sk m) 4K 2e (K K

k2Z;\ [k p(k+)]
8K3e s(n ke+k m)
Y
4K 2e (s ") (k) k) e ~s( (k) k)
k2Z1\ [k ;p(k+)] v
8K 3e s(n ks +k m) e s (k) k)
k2Z1\ [k p(k+)]

8K % (" M
In a similar fashion one gets fon m
k( m;n)P% 8K3 "u(m m:
Thus, (30) has an exponential dichotomy oZ with data (8K 3; As.; IﬁnS;“) and the proof
of (i) is complete.

For proving (ii), choose an arbitrary" > 0 and let = (8K3;%s,; su) be the
function from the Roughness Theorem 20. Then, one nds ad Ngp, such that

Tocs for all N N:

maxtk  (N)DF ( )kik +(N)DF (Xaquyen 1)kg

The Roughness Theorem 20 proves an exponential dichotomy f&5) with data (16K 3;
sus P>Y). The estimate (60) reads

16K 3 ="
16K 3

Using the de nition (31), our estimates follow.

For proving (iii), we recall the compact hyperbolic setH from (2) and choose
compact and su ciently large such that dist(x; H) 1 impliesx 2 . Further, introduce
the modulus of continuity

I'(Df; ; )=supftkDf (x) Df(y)k:x;y2 ;kx yk g (32)
Fix N Ngp and 0< 5, < 4. Choose"gp such that
Z 1
Df (Xn + dn)d Df ( n(SZ;N)) ! (Df; ;"ED) (16K 3; s;u; s;u)
0

15



forall s; 2 ﬁ(N) and for allxz; xz+dz 2 B-_, ( z(Sz;N)). Then, the Roughness Theorem

20 applies and proves an exponential dichotomy of (26) with consiia (32K 3; ¢.,).

In the next section we need a result analogous to Theorem 4 for it but su -
ciently large intervalsJ  Z. The proof uses the same techniques and shows that the
resulting data Ngp, "gp and N = N (") as well as the dichotomy constants can be taken
independently ofJ. For completeness, we state the theorem.

Theorem 6 Let conditions (A1) {(A4) be satised and letO< ¢, < 4y. Then, there
exists an ' > 0 such that the assertions (i)-(iii) of Theorem 4 hold for all mtervals
J=[n ;n.]lwithn, n “o-

4  Multi-humped orbits on nite and in nite intervals

In this section, we prove existence of a multi-humped homoclinic orbi.r.t. each nite or
in nite coding sequence. In all considerations of the following sectis, we x parameters
O < S;u < S;u and O< S;u < Su-

4.1 Solutions of boundary value problems

LetJ =[n ;ns],J=[n ;n, 1] be either a nite interval or let J = J = Z. We de ne
the operator
— Xn+1 f (Xn); n2 \T:
2(X3) = b(Xn ;Xn,); ifJ is nite

We impose the following condition on the boundary operator.
(A5) The operator b satis es b 2 C}(R*;RY) and b( ; ) = 0. Furthermore, the linear
map
B:= Dib(; )rs) Da2b(; Jry :R(Q) R (QY)! R
is invertible, where Q%" are the dichotomy projectors from (17).
Examples of boundary operators, satisfyingA5) are
periodic boundary conditionshye (X;y) := x v,

Yo(x )

, whereY,., are bases of
Yy ) >

projection boundary conditionshy; (X;y) :=
(R(QY$))?, respectively.

Now, we have all tools at hand to prove our main existence theorerarf nite and
in nite homoclinic orbits.

Theorem 7 Assume(Al) {(A5) . Then there exists a constants, and for any0 <"
"soi @ number N-, such that for all N N- the following property holds true for both
J=2ZandJ nite with jJj N +1:

For any s; 2 i(N), the operator ; has a unique zerx; 2 B-( ;(s;;N)), where the
pseudo-orbit 5(s;;N) is de ned in (19). Furthermore, B-( ;(st;N))\B «( 5(s3;N)) = ;
forany sj 6 s72 3 y)-

16



Proof: Step 1: Choice of constants Theorems 4, 6 give constant§gp and Ngp such
that the dichotomy rates of the variational equation w.r.t. the psado-orbit ;(s;;N),
N  Ngp do not depend on the speci c sequenc®. As a consequence, we get uniform
estimates for the corresponding Green's function, de ned in (58)ith K = 16K 3, n 2 J:

X X b
G(n; m) Ke s m 4 Ke oMM

m2J m=1 m=n+1

1 e s 1 e v

In the following let Cg 1 = C,=1if J = Z, and de ne Cg : := maxfk B k;1g with
B from (A5) , Cy:=maxftk D.b( ; )k;kD,b(; )k;1gif J is nite.

Applying assertion (ii) of Theorem 6 with" = % we nd an Ng Ngp, such that the
system (25) has an exponential dichotomy on the interval = [n ;n,] forall N  Ng
ands; 2 i(N). The corresponding projectorP3" depend ons;, but satisfy uniform

estimates. Note thats; 2 i(N) and hence,s, = s,, = 0and kQ°* P} k % and
kQ" PY k 2 due to Theorem 6 (ii).
We de ne
T = 1+Q Py :R(Py)IR (Q);

T, = 1+Q" P/ :R(P))!R (QY

and observe that these matrices are invertible with uniformly bouretl inverse
k(TS ) *k  2,k(TY) *k 2. LetB;= A, A, with

An = Dib(; )T )gn + D2b(5 ) (nein (T3 )ikos)
An. = Dab(; )Ty )iR(quy + Dab(: ) (n 5na) (TR, )R vy
The second terms decay exponentially as ! 1, due to the uniform dichotomy
rates, while the rst terms converge toD1b(; )jr(gs) and Dob(; )ir(qu) respectively,
asn ! 1 . Thus, there existsN; Ny, such that for all N N; the estimate
kBy Bk 5t - holds.
B

Let = (17KCg 1CyCg) ! Using the modulus of continuity from (32), there exists
an *-such that

I . . l__L .
:  (OF ! ) 2 : . (33)
kDb(y;z) Db(; )k 5 forally;z2B.():
Choose"” 0 such that
max min  kx, Xpk> 2" (34)
n2[a(Nep )+1;a(Nep )+ Nep  1Jm2Z;mén
Fix "so =minf"gp; % "gand let”  "q.
Using Lemma 2 (i), we nd anN-  Nj such that we get for allN  N-
KXa(Ny+ n k 5" forall n 1andn N: (35)
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Fix N N, let J be an interval,jJj N +1 and choose an arbitrary sequence of
symbolss; 2 i(N). By Theorems 4, 6 the variational equation along the correspondajn
pseudo-orbit ;(s;;N) has an exponential dichotomy with data K; .,; PS").

Step 2: D ;( 5(s;;N)) is invertible with inverse uniformly bounded by . For
y;-2 S, andr 2 RY solve the boundary value problem

Yr Un+1  Df (n(s3;N))un
r’ Dib(; )Ju, + Dob(; )upn,

where the second row vanishes Jf = Z. Here, S; denotes the Banach space of bounded
sequences od, cf. Appendix A.1. The general solution of the linear equation is giveloy
X
Uy = ( nyn )v + (n;ny)ve + Gnm+1)ym; v 2R(PS ); v« 2R (P,,): (37)
m2J

Yn; N2 J
r

D 5( 2(ssiN))uy = Z (36)

In caseJ = Z, the rst two terms are equal to 0 and the third term de nes the wique
bounded solution onZ. In the nite case, we plug (37) into the boundary condition in
(36) and guarantee in this way uniqueness of the solution. Then, wansform the system
into n -independent spaces by introducing the variables = T; v andv, = T4 vi. In
the new coordinates, the resulting system reads

\

B, V. = R;
where
X X
R = r Dib(; ) G(n ;m+1)y, Dob(; ) G(ny;m+1)ym;
m2J m2J
kRk kK rk+2CpCsky;k; :
SincekB; Bk 1 the Banach Lemma applies and guarantees thd; is

2Cy 1
invertible and kB, '’k 2Cg .. Furthermore the following estimates hold true:

kv k  2kv k 4Cg 1krk+8Cg :1CyCsky, ki :
This implies that for all n 2 J,

kuink  8KCg :krk+16KCpg 1C,Coky ki + Cakyyks
17KCp 1CuCo(krk+ ky;ky )= L(ky;k; + krk)

and consequently
kD J( J(SJ;N)) 1k l:

Step 3: Existence of a unique solution iB-( ;(s;;N)). We apply the Lipschitz Inverse
Mapping Theorem 21 with the setting

Y =(Ssik ki); Z=(Sy R%Gmaxtk ki ik kg); F= 55 yo= s(s3;N)
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and in casel = Z we dene Z = (Sz;k ky ). Finally, we choose =" and = 5.
Assumption (63) is satis ed, since by (33) we nd that

kD 5(z5) D s(a(ss;N)k maxf supkDf (z,)  Df ( n(ss;N))k;

n2J

kDb(z, ;z,,) Db(; )kg 3

holds for allz; 2 B-( ;(s3;N)).
Assumption (64) follows from (35):

K oCa(ssiNDk = K(nwa(S5;N) T a(SsiN))nasks
max Kxgnya KK Xanyenk o 5™

Thus, Theorem 21 proves that ; has a unique zero; 2 B-( ;(s;;N)).
Step 4: B-( 5(s5;N))\B -( 5(sj;N)) = ; for any sj 6 s7 2 3, From (34), we
conclude the existence of an2 [1;Ngp 1] such that

B-( n(S};N))\B «( n(s3;N))=; forall n satisfyings: = ; s26 ™ (38)
Lets; 6 852 - Then, there exists aim 2 J suchthat 0 = s, 6 s7, = k2 [LN 1],
It follows that sZ,- , =  X(s?2) = Xk) = k+ " k= ". On the other hand,
st,. 6 “sincest,. , = impliessl = ¥ (st,- )= ¥ (O)= k, a contradiction.

Using (38), the claim follows.

4.2 Exponential decay of errors

Precise error estimates are based on the fact that all orbits B-( ;(S;; N)) converge in
the interior of J exponentially fast towards each other with a uniform rate.

Theorem 8 Assume(Al) {(A4) , then the following statement holds foral <"  "gp,
N Negp,jJj N+1.
Any two nite orbit segmentsz};z3 2 B-( ;(s;;N)) satisfy the estimate

kzl z2k L' e (" ")4e v M - 273 | :=64K3 (39)

n
with constants"gp; Ngp and s, from Theorem 6 (iii).

Proof: For z3;z5 2 B-( ;(s;;N)), dene d; = z; z7. Then, d; solves the di erence
equation
YA 1
i = 2y Za=1(Z) (@)= Di(Z+ d)d d,
0
= Ayd,; n2J

Note that z2+ d, 2 B-( n(s;;N)) forall n2 J and all 2 [0;1]. Thus, Theorem 6 (jii)
applies and yields an exponential dichotomy of the di erence equatio

Un+1 = ApUn;, N2 T (40)
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with uniform constants 5 = 32K 3, 4, and projectorsQSY. Denote by the solution
operator of (40). Sinced; is a solution of (40) we conclude

dv=( m;n )Q;y dy + (NM;ny)Qp, dn,; Nn2J
and

kdok  Le = " kd, k+ Le v kg, k
LII e S(I"I n )+e u(n+ n)

For a given sequencs; 2 i(N), the choice of a boundary condition in(A5) leads to
a unique zeroz} of 5 in B«( 3(s3;N)), cf. Theorem 7. Changing the boundary condition
results in an alternative orbit segmentzz 2 B-( ;(s;; N)). The error estimate (39) shows
that the in uence of the boundary condition is only over a short rage. For a similar
observation in honautonomous systems, we refer to [19, Theoré&in

Combining Theorem 7 and Theorem 8 we immediately obtain the followingoproxi-
mation result for multi-humped homoclinic orbits.

Corollary 9 Assume(Al) {(A5) . Let 0<" " and N- be given as in Theorem 7.
Consider a nite interval J =[n ;n.]withjJj N +1 andN N.. For any sequence
of symbolss; 2 f\(N) such thats, = s,, = 0 denote by (sz;N) the pseudo-orbit,

de ned in (19).
Then there exist unique orbitxz 2 B-( z2(sz;N)) andy; 2 B-( ;(s;;N)), satisfying

z(xz)=0;  5(y;) =0;
respectively. Furthermore, approximation errors can be gsiated as

kxn Yok L' e s n)ye uwl - n2g:

4.3 Hausdor distance between nite and in nite orbits

Choose X" "o, N N- as in Theorem 7. We de ne the set of all in nite and nite
multi-humped orbits for su ciently large nite intervals J, jJj N +1:

X3(N;")=fx;2 7:9s;2 f«(N)ixJZB"(J(SJ;N)); 1(X3) =0g;
X(N;")=fxz2 %:95:2 Zn):Xz2B-(z(sz;N)); z(xz)=0g: (41)

Theorem 10 Assume(Al) {(A5) . Fix 0 <" "soly N N. as in Theorem 7. For
any > 0 there exists ann > 0 such that for allJ =[n ;n:] with n ;n, n and
n, n 3N + 1 the following assertion holds

disty(X(N;")is X 3(N;"))

Here, X (N;");; is the set of sequences froXX (N;"), restricted to the nite interval J
and disty is the Hausdor distance (11) with the dist-function de ned in (12).
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Proof: Let be the compact neighborhood of the homoclinic orbit from Theoem 4 and
let C =diam(). Further, denote by ( % = 32K 3; ) the uniform dichotomy data, which
Theorems 4, 6 (iii) provides for the variational equations along anyrbit xz; 2 X (N;").
For xed > 0 we ch>(<)osen such the)&(t

max C 21 My 2in @ sthn N)jpg u(ne N M) .
n)Z(JnJ‘ n2 o
L" 2ini g st n) o ulme n)
n2J

ford =[n ;n+],J\=[n + N;ny  NJ], n ;n. n, N, n 3N + 1. Note the
di erent directions of exponential decay in the second and third su.
Step 1: For anyx; 2 X (N;");; there exists ay; 2 X;(N;") such thatdist(x;;y;)

, Where the distance between two segments is de ned in (12). Fgg 2 X (N;") let
Sz 2 f\(N) be the corresponding sequence of symbols. Since its restrictionthie nite
interval J does not necessarily lie inX;(N;"), we introduce an adapted cuto process.
Leti =maxfn2[n ;n +N]:s, =0g,i+ =minfn2 [n, N;n:]:s, =0gand
deneforn2J
Sn; forn2[i ;is];

0; otherwise.

For the sequencesyy the existence of an orbity; 2 X;(N;") follows from Theorem 7.
Estimates for the di erence of these orbits are due to Theorem 8:

kxn Yok L" e s N)yg ulme Nm) - o f
kxn Yok C: n2Jnd

Combining these esti)r?ates we obtain

dist(x;:y;) = 20 Mkx,  ynk
"X
C 2ini 4 2inj e s(n n N)_,_e u(n+ N n)
n2Jnd n2J

Step 2: For anyx; 2 X;(N;") there exists ay; 2 X (N;");; such thatdist(x;;Y;)
Let x; 2 X;(N;")and lets; 2 i(N) be the corresponding symbolic sequence. De ne for

n2Zz
s = Sh; forn2 J;
"o 0; otherwise.
Sinces, = s,, =0 this setting leads tos-2 % ,. By Theorem 7 we obtain an orbit
yz 2 X (N;") which belongs to the sequencs;~and Theorem 8 gives the estimate

kxn yok L" e s N)ye ue Mo nog:

Thus, we get
X

dist(x;;y;) L" 2in g shn)ig ulne n)
n2J
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5 The Homoclinic Theorem for nite and in nite orbits in non-
invertible systems

In this section we show how the Homoclinic Theorem for noninvertible aps ([42], [22])
can be derived in a straightforward manner from the results of S 4. In addition we
prove an analogous theorem for nite orbits segments of su cientength. The idea is to
rst prove the conjugacy of a subshift with the mapF (see (4)), induced byf on the
solution set X (N;") from (41). Then one shows that the solution set coincides with the
orbit set Orb(O) from (3) for a properly chosen neighborhoo®. This approach will then
be transferred to nite orbit segmentsJ for a suitably de ned operatorF;, see (10).

5.1 Conjugacy between shift-dynamics and the dynamics on X(N;™)

Instead of directly considering the maximal invariant set OrbD), it is advantageous to
start with the set X(N;"), de ned in (41) with " "o and N N-. Exploiting the
results from the previous section, we prove the existence of a hemmorphismh, which
conjugates the subshift on f\(N) to the orbit shift F on X (N;"), cf. (4):

z /| Z
A(N) A(N)

h h (42)
X(N;") /K (N;")

Theorem 11 Assume(Al) {(A4) . Let 0<" "4, N N-. asin Theorem 7. Then
there exists a homeomorphist, such that the diagram(42) commutes, i.e.F h=h

Proof: Fix0<" " andN  N-.

Step 1: De nition of h: ,i(N) I'X (N;"). It follows from Theorem 7 that for any
Sz 2 ,f(N), there exists a uniquexz(sz) 2 B-( z(sz; N)) such that ;(xz(sz)) = 0. We
de ne

h(Sz) = Xz(Sz); Sz 2 i(N):

Step 2: h is invertible. By de nition, for each x; 2 X (N;") there exists ans; 2
f\(N) such that h(sz) = xz. Furthermore, Theorem 7 guarantees uniqueness $f, since

B-( z(sziN))\ B-( z(sz;N)) = ; foranys; 88,2 %y

Step 3: h and h ! are continuous Let C = diam() and % = 32K 3, 4y be the
uniform dichotomy constant for the variational equation along edctx; 2 X (N;"), cf.
Theorem 4 (iii).

For any xed ; > 0, careful estimates show there exist integers < 0 < n. such
that the following estimates hold ford =[n ;n.],

X X
C 21N 4o 2ini @ shn)ypa e n)

n2znJ n2J
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Choose < 2 ™' n -9 Forall s;?2 %, satisfying

X H 1. -
d(sz;sz)= 2/ Mjsy  Shi o
n2z

we concludes! = s2 for all n 2 J. Applying Theorem 8 on the interval J with the
boundary operatorb,,; gives the estimate

kh(s})n h(s2).k L" e " ")4e vl M forn2J:

Inserting this into the dist-function and applying a global estimate atside the nite
interval J, we obtain

X X
dist(h(sz);h(s3)) C piniy v ginig sn) g e m

n2znJ n2J

This proves continuity of h, and then continuity of h ! follows from the compactness of
Ay and the Hausdor property of X (N;").

Step 4. Proof of conjugacy Let s; 2 ,f(N). Then, xz = h(sz) 2 B-( z(sz;N)).
Dene y; = F(Xz), i.e. yo, = f(Xp) = Xp+1 for n 2 Z and as a consequence,
yz 2 B-( z( (sz);N)). The uniqueness property from Theorem 7 yields the asserted
conjugacyh( (sz)) = yz = F(xz) = F(h(sz)).

5.2 Conjugacy between shift-dynamics and the dynamics on Orb(0O)

For su ciently small " and su ciently large N, we construct an open seD, such that
Orb(O) coincides with X (N;"). Using this result and Theorem 11, the proof of the
conjugacy, described in diagram (5), is complete.

Theorem 12 Assume(Al) {(A4) . Then there exist constants’' > 0, N > 0 and an
open setO, which is a neighborhood of the homoclinic orbit, such th@rb(O) = X (N;").

Proof: Step 1: Choice of constantsLet " = "¢, be de ned as in Theorem 7. Choose
N+1 N-_ such that

ol

B=a(Xan+1)+ i) B +() foral i 0;i N+1;
cf. Lemma 2 (i). We de ne
( .
p(N) := N; if Xan+1e N 6 5
k; if Xan+1yr k € 5 Xagnsnys ko1 =

where the latter case accounts for possible snap-back behaviNext, x E such that

né m; n;m 2 [1p(N)];

KXansayen Xaguens mK > 27 Forall o i e 11 (N
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and

[
f B:(Xagn+y+ i) [B () \B(Xgn+1)+j) = forallj =2;::0:p(N): (43)

i OON+1 i

For this choice of"> 0, we ndan N maxfN +2;N-.g with N- from Theorem 7, such
that[a(N +1)+1;a(N +1)+ N] [a(N)+1;a(N)+ N 1], cf. Lemma 2 (ii).

Finally, we set” = a(N +1) a(N),M := N p(N)andnote™ M 1.

Step 2: Construction ofO. This construction is similar to the approach in [42, Theo-
rem 5.1].

We de ne

[
Bo 1= B (Xasays 1) [B ()i Bi = Br(Xapsnye 1) for i = 155235 p(N); - (44)

i OON+1 i

and note thatBy B -( ).

We have to ensure that orbits in the union of these sets enté&, only via By, then
stay in B, for at least M steps. Orbits are only allowed to leavd, via B; and the i-th
iterate of an orbit point in By lies in Bj+; fori =1;:::;p(N) 1. This behavior can be
achieved byéurther shrinking the neighborhoods.

Let O = ~ PO v, where

\M
Vo := Bo;  Vpn) ©= B\ f "(Vo); Vi:=B\f YV);i=p(N) 1;:::;1: (45)
n=1

The setting (45) and condition (43) guarantee the properties

X2Vo, T(X)2V, ) f(x)2Vy
x2V, ) f(X)2Viyy fori=1;:::;p(N) 1
X2 Vpny ) f"(x)2Vp forn=1;:::;M:

Step 3: X(N;") Orb(O). For xz 2 Orb(O), we introduce two sequences of symbols

in 2.y and 2, respectively. Starting with £ ,,), we dene forn2 Z
(

i; if Xp 2 Vi;
p(N) + j; if j 2 [N p(N)] such that x, ; 2 V-

Sn B

This sequence is extended td > N +1 symbols as follows, see Table 1 for an illustration:

5 T+ if9I 2 [LN]:s, =
< = 410 if9i2[1 7 +1]:sy; =08 2[00 1]M sh4 =1,
"z T+N+§ if9i2[LM C 1]is, ;=08 2[0i 1]"sy i =N;

0; otherwise.

By Theorem 7 there exists a unique/z 2 B-( z(sz; N + 1)), satisfying z(yz) = 0,
and there is a second unique orbiy; 2 B-( z(sz;N)), satisfying z(yz) = 0. Since
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Table 1. Connection between symbolic sequences.

B-( z2(sz;N)) B «( z(sz;N + 1)) holds true, the uniqueness of the above orbits yields
yz = yz. Observe thatxz 2 B-( z(sz;N + 1)) with z(xz) = 0. Consequently, by the
uniqueness abovexz; = yz = yz 2 X (N;").

Step 4: X(N;") Orb(O). For any xz 2 X (N;") there exists a uniques; 2 i(N)
such thatxz; 2 B-( z(sz;N)) and z(xz) = 0 holds true. Using the construction ofO, we
prove that x,.2 O for all n 2 Z and thus, xz 2 Orb(O), as follows.

For x, 2~ P B; we getx, 2 By O .

For x, 2 By the constructilon (44) andxz 2 X (N;") show f'(x,) 2 B, for all
i=1;::5M. Thus, Xa 2 B\ g f 1(Mo) = Voy O

For x, 2 B, i = p(N) 1;:::;1, we getf (x,) 2 Vi+1 by induction, from which we
deducex, 2 Bi\ f (Vi1)=V. O .

5.3 A Homoclinic Theorem for nite orbits

In the section we provide the theorem underlying the conjugacy irhé diagram (8). In
a rst step, replacing Z by J in the proof of Theorem 12 and carefully handling the
boundary condition, we obtain the following nite time analog of Theoem 12.

Theorem 13 Assume(Al) {(A5) . Then there exist constants'y > 0, Nx > 0 and an
open setO, which is a neighborhood of the homoclinic orbit, such thairfall intervals J
with jJj  Nyx +1, it holds that Orb(J; O) = X3(Nx;"x).

Recall from (10) and (9) the nite time versionsF;; ; of the operatorF and the time
shift . With these notions the nite time analog of the Homoclinic Theorem, idicated
by the diagram (8), reads as follows.

Theorem 14 Assume(Al) {(A5) and let"x and Nx be as in Theorem 13. Then for
any interval jJj Nyx + 1 there exists a homeomorphisrh; : j\(N) ' Orb(J; O) such
that the diagram (8) commutes, i.e.F; h; =h; ; ;.

Proof: Step 1. De nition of h;. Let J be a nite interval, satisfying jJj Ny + 1.
Due to Theorem 7, for anys; 2 j\(NX), there exists a uniquex;(s;) 2 B+, ( 5(s3;Nx))
such that ;(x;(s;)) = 0. Thus we conclude thatx;(s;) 2 X;(Nx;"x) and consequently
X3(s3) 2 Orb(J; O) by Theorem 13. We de neh;(s;) := X;(s;3).

Step 2: hy is a homeomorphism.For any x; 2 Orb(J; O) = X;(Nx;"x), there exists
{ due to Theorem 7 { a uniques; 2 j\(NX) such that x; 2 B-, ( 5(s3;Nx)). Since
h;(s;) = X, we conclude thath; is invertible. Note that 3, , and Orb(J; O) are nite
sets with the same cardinality. Henceh; is a homeomorphism.

Step 3: Proof of conjugacy.For any symbolic sequences; 2 A(NX), we getx; =
hy(s;) 2 B+, ( 5(S;;Nx)). Let y; 1 = Fj(Xy), then it follows that y, = Xxn4; for all
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n2J 1. Asaconsequence, 12B- (35 1( 5(s5);Nx)) and , 1(y; 1) = 0. From
this, we deduceh; 1( ;(s3)) = Y5 1= Fa(hs(sy)).

6 Computation and visualization of the maximal invariant se t
and its coding

In this section, we illustrate the theory by applying the algorithm fran Section 2.2 to
several examples. In each case we approximate the maximal invatiget O., de ned
in (13), by solving appropriate boundary value problems, and we indite the symbolic
coding for points close to the midpoint of the primary homoclinic orbit.

First, we comment on how to verify our hyperbolicity assumptions.

6.1 Transversality of homoclinic orbits from a geometric po int of view

Unlike in the invertible case, stable and unstable sets of a xed pointare in general not
immersed submanifolds oRY. Nevertheless, these sets have graph representations near
the xed point, cf. [12, Theorem 3.1], [42, Theorem 4.1]:

Wiee( )= + Xs+ hs(Xs) i Xs 2 Usg; Wige( )=+ Xy + hy(xy) : Xy 2 Uyg;

wherehg, : Us,, ! Uys IS smooth andUs.,, denote su ciently small neighborhoods of
0 within the stable and unstable subspace ddf ( ), respectively. Note that the global
stable set can be obtained by continuation in backward time in a set ksed sense, while
the stable set is obtained by iterating in forward time. One can verifyransversality of
the homoclinic orbit Xz, i.e. an exponential dichotomy of the variational equation (1) with
projectors P>, n 2 Z, if the following conditions are satis ed, see [42, Theorem 4.2]:

Df ™ ™(Xm) T Wise( ) Txa Wise( ) = R Df " ™(Xm)ir,., wy. () is invertible

with
Ten Wige( ) = R(Pr);  Tx, Wiee( ) = R(Py) (46)

for all m Nic and alln Ny and a suitableN,,c 2 N. We refer to [32, Propo-
sition 5.4] and [18, Theorem 3.5] for corresponding results for intibte systems in the
autonomous as well as the nonautonomous case.

Assume that the variational equation (1) has an exponential dichomy and let
denote its solution operator, then

R(PS)=fu2 RY:supk( k;n)uk< 1g ; (47)
k n
see [3, Theorem 2.5]. For a general poirt2 W=Y( ), we de ne the stable and unstable
tangent set:
TWSU()y=fv2RI:9 2CH( "");WS'(): (0 =x 9%0)= vy
Lemma 15 Assume(Al) {(A4) . Then the following assertions hold for alh 2 Z:
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() R(PY) Tx,WH(),
(i) N(Df (xn)) R (Py).
Proof:

() Fix n2 Z. Forn Nioc, the assertion follows from (46).
For n >  Njo, observe thatf "*Nee(x ) = x, and sincef is noninvertible in
general, we conclude thaf " Nee(x,) f x y,.gin a set valued sense. As a
consequence, we obtain

R(PY) = Df "*Nie(x Noe )R (PYy,.) = Df M Nioe (% o0 ) T
TXan( )

ngc( )

Nioc

(i) For v2 N (Df (x,)), we conclude that (k;n)v= Df* "(x,)v=0forall k n+1.
Using (47), we immediately getv 2 R (Py).

We apply this lemma in Section 6.6 and illustrate that the given model fra mathemat-
ical nance has an exponential dichotomy for one set of paramesg while the regularity
condition (ii) in De nition 18 is violated for a second set of parameters

The examples that we analyze in the following sections show di erenharacteristics,
concerning their invertibility:

Sect. 6.2: An invertible system with identical stable and unstable dichotomy rags.
Sect. 6.3: An invertible three-dimensional map with a two-dimensional stable nrafold.
Sect. 6.4: A model for which Df (x,) is noninvertible for alln 2 Z.

Sect. 6.5: A map { showing wild chaos { that is noninvertible but still locally invertible
near each nite x 2 R? nfQg.

Sect. 6.6: A model from mathematical nance for which Df (x,) is noninvertible for
exactly onen 2 Z.

6.2 The invertible Htnon map

Our rst example is the well known Henon map that plays the role of anormal form for
invertible, quadratic, two-dimensional maps, see [13]:

Xy _ l+x, ax? |
F Xy bx, : (48)
A generalized version of the Henon map possessing nontrivial oriation properties has
been studied in [11] and [9].
We consider here the parametera = 1:4, b= 1 for which the Henon map (48) is
orientation preserving and possesses two primary homoclinic orbits in steps (la), (Ib)
of the algorithm, these are determined via parameter continuationThe resulting orbits
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kxn(b) K2

n2z

-1.5

KN

-0.5

Figure 4: Two homoclinic orbits (blue and magenta in the upper right ptare) of (48),
found via numerical continuation w.r.t. the parameterb (left diagram). The lower right
gure additionally shows stable (green) and unstable (red) manifoklof the xed point

A zoom of the black square is given in Figure 5.

are depicted in Figure 4 together with a continuation diagram. The vé@tional equations
(1) along these homoclinic orbits turn out to have exponential dichomies with identical
rates = , 1:58.

Next, we execute steps (I1)-(V) of our algorithm and obtain Figue 5, which reveals
the local structure of the maximal invariant set by zooming into theblack square of Figure
4. In our diagrams we will display the coding of the computed homoclinjgoints by a
shorter sequencey .12 a@ ). Due to the construction in step (l1) of the algorithm, the
symbolic sequencsy ., satis es condition (15), which allows a shorter coding, realized
by colored tuples. We explain the coding by taking the example from Rige 1. Take the
sequence in aqz2)

01 00O0O01O0O0O020

where thel denotes the center element at position 0. We count the zero syntb@n the
left and right of the center element and introduce the coding4{ 3). The blue color of4
symbolizes that the orbit on the left is of type 1, while the magenta dor of 3 indicates
an orbit of type 2 on the right.

Figure 5, shows the gain in information when passing over from= 1 primary ho-
moclinic orbit (left diagram) to = = 2 orbits (right diagram). Note that points with the

We now consider three-humped orbits of typé = 1 and derive an estimate between
certain points in the maximal invariant set. For N Ngo let zé;z be two homoclinic
orbits, coded by {; k) and (j; k), respectively. The left diagram in Figure 5 shows a small
common neighborhood of% for n = 0.
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Figure 5: Zoom of the black square from Figure 4. Points in the maxirheavariant set are
computed by the algorithm from Section 2.2 with) =[ 3;3], k = k. =10. Humps of
" =1 type only (left) and of both types (right). Note that the distance between points of
type (i;k); (j; k) (resp. (k;i);(k;j)) converges to zero a& increases, cf. (49), (50) resp.

Denote by st* the corresponding coding in aq:) and let sy := g(sh% 1) be the
coding in %y, whereg is de ned in (14).

Since the second symbols in the short coding coincide, we conclsfe= s? for n
m :=maxf i; jg+ 1. Using Theorem 8 on the interval in ;m.] (which applies for
su ciently large m.), we getin the limitm, !'1 forn m

kz! z2k  L'gge ™ ™ ): (49)

Thus, the distance between these points essentially depends ore thtable dichotomy
rate. Note that this result also holds true for nite time computations, see Corollary 9.
Furthermore, our numerical experiments suggest that correspding points of these orbits
lie on the same segment of the stable manifold.

If we consider coding symbolsk(i) and (k;j) with identical rst entries, then stable
has to be replaced bynstablein the discussion from above. The corresponding estimate
from Theorem 8 reads withm, :=minfi;jg+ N 2andn m,:

kz:  Z2k  L'gue v(Me M (50)
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6.3 A three-dimensional invertible Henon map

We demonstrate in this section that our algorithm from Section 2.2 ceeasily be applied
to higher-dimensional systems. In contrast to the two-dimensiah case, a meaningful
presentation of the numerical output turns out to be an additionhchallenge. We meet
this challenge, using the contour algorithm, see [20, Section 4], thaltows to approximate
two-dimensional invariant manifolds in three-dimensional discretdrhe systems.
Consider a three-dimensional version of Henon's map proposed in Example 2]:

0 1 0
X1 a+ bxs x2
F@,A=@ x;, A with a=1:4 b=0:3 (51)
X3 X2

First, we compute a homoclinic orbit w.r.t. the xed point , where

q___
b1y OD 45 =123

! 2 4

The matrix DF ( ) has one unstable and two stable eigenvalues and consequentlye th
stable manifold is two-dimensional, while the unstable manifold in of dimsion one.

In a second step, we apply numerical continuation w.r.t. the paraner b, resulting in
the closed loop of homoclinic orbits, shown in the left diagram in Figure. 6The right
diagram displays thex;-components of the corresponding orbits fdo = 0:3. Note that
(51) implies that the other two components are time-shifted versins of the rst one, i.e.
the x;-component at timen equals thex,-component at timen +1 and the xz-component
at time n + 2. A phase-plot of these orbits together with approximations oftable and
unstable manifolds is given in Figure 7.

3.51

3.45¢

k2

3.4r

3.35;

3.3r

kxn (b)

3.25¢

n2z

3.15¢

81 0.2 0.25 0.3 0.35 0.4 0.45 _-:![5 -10 -5 0 5 10 15

b n

Figure 6: Continuation of homoclinic orbits of (51) w.r.t.b (left). The right diagram
shows two orbits forb=0:3.

An analysis of the local structure of the maximal invariant set insidehe black box

in Figure 7 is carried out as described in the previous section. FigureilRistrates the
output of this procedure.

30



X2 X2

X1 X1

Figure 7: The two homoclinic orbits from Figure 6, shown with the unsible manifold of
in red (left panel) and with parts of the two-dimensional stable mandfid (right panel).
A zoom of the small black box in the right panel is provided in Figure 8.

6.4 A noninvertible Htnon example

Denote by ( 1:821:82) a xed point of (48) with stable and unstable eigenvalues
and vectors
DF ()Xs = sXs; DF()xy= uXy

and let V=" be the corresponding stable and unstable subspaces. We modifisthystem
such that the stable eigenvalue is O while the unstable eigenvalue is bacged. In this
way, we create the noninvertible system

1

GX)=F(XxX)+ A (F(x) ); where A:= Xxs 0 X5 X, : (52)
It turns out that dynamics are reduced to a one-dimensional lin® = VY +

Lemma 16 For eachx 2 R? we getG(x) 2D.

Proof: Forx2 R?lety=x . It follows that
G( +y)= F( +Zy)+A (FC+y) )
1
(Ir+A) F()+ DF( + y)d vy A

0
+H(I+A)Nzs+zy)= +2Z+zy Zs= + 2z

G(x)

R
wherez = OlDF( + y)d Y, Zgy = Zysu.
As a consequence, it su ces to analyze the one-dimensional reédcsystem, de ned
as
70 (); where G( + xy)= + ()X (53)

Figure 9 shows the two-dimensional systems (52) together with aimoclinic orbit as well
as stable and unstable manifolds of. The right diagram illustrates corresponding data
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X1

X2
X1

Figure 8: Zoom of the black box from Figure 7. Points in the maximal irariant set are
computed by the algorithm from Section 2.2 with) =[ 4;4], k = ki =10. The upper
diagram shows the (visible) computed points and parts of the onendensional unstable
manifold (red) and of the two-dimensional stable manifold of. The lower diagram
appears when slightly rotating the upper one such that the leave$naost collapse to lines.
In the latter gure we also illustrate the coding of the homoclinic poins.

for the reduced system. It turns out that the variational equaibn along the homoclinic
orbit in the full system (52) has an exponential dichotomy, wherehe range of the unstable
projector P, satisesR(P;)= VY foralln2 Z.

Note that the xed point 0 in the reduced system (53) is unstable ah has two pre-
images. Thus, homoclinic orbits may exist and in this case, the unstab xed point is
called a snap-back repeller in the literature. One of the rst proofsf chaos (in the sense
of Li and Yorke, cf. [4, Def. 3.1]) in this noninvertible context is dued Marotto, see [26]
and ensuing literature.

In Figure 10, we apply the algorithm from Section 2.2 to compute poistin the in-
tersection of the maximal invariant set with the black box from Figue 9. The zoom in
Figure 10 illustrates the fractal structure of the maximal invariam set.

For k 2 N the set of tuples (;k) := f(i;k) : i 2 Ng symbolizes the coding of cor-
responding points of the homoclinic orbits. In this example, s = 0 and hence, the
dichotomy rate ¢ can be chosen arbitrarily large. With the notation from Section 6.2,
equation (49) giveskzt  z2k = 0 for orbits z;* with symbolic coding ; k) and (j; k),
respectively andn  maxf i; jg+ 1. Thus, orbit points z?, with the coding (;k)
coincide and our numerical approximations of these points are idécal up to machine
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Figure 9: Left diagram: Homoclinic orbit of (52) (black points) with stble (green)
and unstable (red) manifolds of the xed point . The right diagram shows the same
homoclinic orbit in the reduced system (53) as well as a snap-backhlagior of this orbit.

accuracy.

The maximal invariant set contains further points in the intersectio of the stable
and unstable manifolds. These points belong to di erent primary hooclinic orbits as
described in Section 2.1. There is a multitude of such orbits, since bapoint of a
homoclinic orbit has two pre-images.

10 6+ 1:624895

20F .
15 7
e S S P (-,10)
X2 10f (-,1) \(_,23“—@\‘ A —
5- S
256 5.2 78 10.4
X1 10 & 0:861826

Figure 10: Maximal invariant set within the black box from Figure 9. Fothe computation
weuse k =ky =10andJ =[ 3;4].

6.5 A model for wild chaos

The notion of wild chaos refers to the existence of a hyperbolic seitlivrobust homoclinic
tangencies. Wild chaos can occur in vector elds, di eomorphism andoninvertible dif-
ference equations of at least dimension four, three and two, respively. The model that
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we analyze here originates from [5],

F:R?>nfog ! RZ%
= X1oo 1+ kxk x? X3
X2 kxk2 2X1X2

(54)

The authors of [5] reduce the ow of a special vector eld on the $§d torus T" of
dimensionn 5 to the dynamics of this map. Detailed investigations of wild chaos for
this map can be found in [15, 28, 16, 17]. The authors use_MBatContM to compute
homoclinic orbits and their tangencies by solving suitable boundary ke problems.

We use similar techniques but concentrate on calculating the maximalvariant set.
As in [15, Figure 19 (d)], our parameters are

1:3

a=0:8; =08 ¢c= 02

We illustrate the maximal invariant set by computing homoclinic orbits bgether with
stable and unstable manifolds of the xed point.

For a more global picture, we transform the system to the square 1;1F by the
transformation T(x) = m see Figure 11. This transformation is better suited for

our contour algorithm than the Poincake disk used in [15], [16], and waccept the loss of
smoothness caused by this transformation on the diagonals.

Xn[]

k“... L]

Figure 11: Two homoclinic orbits of (54) together with an approximabn of the stable
(green) and unstable (red) set of the xed point .
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An illustration of the maximal invariant set within the black box in Figure 11 is given
in Figure 12.

0.521-

0.515~

X2
0.51+

0.505¢ I T I | I I L
-0.136 -0.134 -0.132 -0.13 -0.128 -0.126 -0.124 -0.122

Figure 12: Maximal invariant set within the black box from Figure 11. Br the computa-
tionwe use k =k, =10andJ =[ 1G9], =2.

The dichotomy rates of the variational equation along the homocliniorbit are ¢
0:67 and , 0:26. Comparing the estimate (49) with (50), we expect { in agreemen
with our numerical computations { that points with coding symbols fom the set (; k) :=
f(i;k): 12 Ng[f (i;k) : 1 2 Ng, for example, are distinct, but lie in a small common
neighborhood. These points cannot be distinguished within the grhjgal resolution of
Figure 12. For details on the color coding in case of= 2 primary humps, we refer to
Section 6.2 and Figure 1.

6.6 A noninvertible model of asset pricing

The following system describes mearx{) and variance (,) of asset prices

0 . 1
X1 +
F(X, ): @ X2 2A

X+ (1 )XZ 1X2 1

; (55)

where the parameter = 0:8 is xed and the parameter will be varied. The underlying
model, see [8, Equation (23)], is based on the interaction of two gmmiof investors
that believe in fundamental values of an asset or in statistical datanly, respectively.
This model exhibits homoclinic orbits w.r.t. the xed point = 0, which proves chaotic
dynamics in case AssumptiorfA4) is satis ed.

In the context of this paper, we are particularly interested in the aninvertible setup,
in which a point of the homoclinic orbit lies on the critical setJo( ) = fx 2 R? :
det(D4F (x; ))=0g, see [27, Chapter 3] for more detail on thikigne Critique.

We nd this codimension-one phenomenon for (55) by applying contiration tech-
nigues, cf. [1], to homoclinic orbits in combination with a bisection scheam At the value

0:02779678052809343, the sa&tgs( ; ), WY(; ) andJo( ) have a common point
of intersectiony,. A plot of the corresponding homoclinic orbity; is given in the left
diagram in Figure 13.

It turns out that our Assumptions (Al) {(A4) are satis ed for the parameter value .

Denote byPS", n 2 Z the dichotomy projectors of the corresponding variational eqtan.
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0.35 N (DxF(yn; ))
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X1 X1

Figure 13: Left diagram: Stable (green) and unstable (red) set dhe xed point

together with the homoclinic orbit segmenty;, J =[ 40;40] (black points). The critical
curve Jo( ) is shown in blue. At the pointy, 2 Jo( ), the maximal invariant set in a
neighborhood ofy, is depicted in the right diagram for k =k, =10andJ =[ 14 14].

Lemma 15 (ii) and Lemma 17 give the following relations between dichoby projectors
and range, nullspace oDF (y,; ):

N (DxF (yn; )) R (Pns);
R(DxF(yn; )) = R(Py Ty WU )

Lemma 17 Assume thatf satises (Al) {(A4) for space dimensiond = 2. Further
assume thadimR(PS) =1 and thatdim N (Df (x,)) =1.
Then R(Df (xn)) = R(Pph1)  Txa WH().

Proof: If follows from (A4) that Df (x,) : R(PY) ! R (Py,,) is invertible. Since
R(Df (xn)) and R(P},;) are one-dimensional subspaces, they coincide and the claim
follows with Lemma 15 (i).
The maximal invariant set in a neighborhood ofy, is displayed in the right panel of

Figure 13. The dichotomy rates of the variational equation along gtnhomoclinic orbit are

s 022and ;, 1:86. From the estimates (49) and (50), we expect { in accordance
with our numerical results { that points having a symbolic coding fromhe set (; ) :=
f(k;i) : 1 2 Ng are distinct but lie in a small common neighborhood. Note that we do mo
plot the unstable set passing through these points in this tiny neiglidshood, since there
is a lack of a fast algorithm that works accurately for this task.

Finally, we consider a second parameter value ~ 0:04212651463673642 for which
the stable and unstable sets as well aky(~) also have a common point of intersection,
see Figure 14. Denote by, the corresponding homoclinic orbit and letz, be the point
of this orbit, lying on Jo(~).

But now the Assumption (A4) is not satis ed, since the regularity condition (ii) in
De nition 18 is violated. For proving this statement, assume to the antrary that the
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Figure 14: Left diagram: Stable (green) and unstable (red) set tife xed point together
with the homoclinic orbit segmentz;, J = [ 40;40] (black points). The critical curve
Jo(~) is shown in blue. Zooms of the red box are given in the right diagram$he upper
gure illustrates tangential intersections of stable and unstableets at the point z,+; . The
lower diagram shows an extensive continuation of the unstable seidicating additional
transversal intersections close ta@,+;, but not exactly at zq+; .

variational equation has an exponential dichotomy with projecta P>", n 2 Z. Note
that

D.F T~ = - X2
X2

and this matrix is invertible for x, 6 %, :== *—+~  0:207. It turns out that z, = x
2

and consequentlyD,F(z;~) is invertible for all = r+ 1. On the one hand, Lemma
17 yieldsR(Py.1) = R(DxF(z+;~) = Ve :=f °: 2 Rg. On the other hand, Vs is
invariant w.rt. (~n+1;) forall ©~ r+1 and we conclude with Lemma 15 (ii) that
R(PS,1) = (=n+1;")R(P®) (M +1; )N(DyF(zs;~) = (=n+1;7)Vvs = Vs for all
" r+1l. As aconsequenc® (P3,;)\R (PY,,) 6 f0Og and thus, the variational equation
cannot have an exponential dichotomy. In particular, we see fohis parameter setup that
our theorems do not apply.

Note that a simultaneous occurrence of transversal and tange intersections of
stable and unstable sets along the same homoclinic orbit is not gengsee the discussion

in [35, Section 4].
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A Appendix

A.1 Exponential dichotomy

In this appendix, we summarize important results from the theory foexponential di-
chotomies in a noninvertible setup.

LetJ =[n ;ns], J=[n ;n, 1] wherethecases = 1 andn, = 1 are
permitted. Consider the nonautonomous linear di erence equation

Upsr = ApUny, Ap 2 R%9: n2 J (56)

and denote by (m;n) = A, 1 A,;m nits forward solution operator. We de ne
the notion of an exponential dichotomy, see [14, Def. 7.6.1] that islted regular in [2,
Def. 3.1] and [22, Def. 2.1.2].

De nition 18 The di erence equation (56) has anexponential dichotomy onJ with
data (K; «u;PSY), if there exist constantskK; ; > 0 and families of projectorsP?,
PY¥:=1 PJ, n2J such that

() PSU(nm)=( nymPsUforallnm2J,n m,

(i) Anjreeyy © R(PY) ' R (Py) is invertible for all n 2 J with the inverse of
( n;M)jrpuy, N m denoted by( m;n): R(P/) 'R (Py).
(i) For n;m 2 J, n m the following estimates hold:

k( n;mPSk Ke " ™. k(mnP'k Ke =0 m:
Denote by
S; = fXJ 2 (Rd)J :kXJkl < 19

the Banach space of bounded sequences indexedJuy In caseJ = Z the regularity
condition (ii) in De nition (18) implies that the inhomogeneous equation

Ups1 = ApUn+ Iy, N2Z;, 1225z (57)
has a unique bounded solution iz, cf. [14, Theorem 7.6.5], [2, Theorem 4.5].
Lemma 19 Assume that the di erence equation(56) has an exponential dichotomy on
Z with data (K; .4;P>"). Then

X
Up = G(n;i+1)ri; n22Z; G(n;m) =
i2z

(n;m)P;; forn m;
(n;m)PY; forn<m (58)

is the unique bounded solution of57) on Z.

Note that in caseJ =[n ;n.]with nite n orn,, extra boundary conditions are needed
to guarantee uniqueness of the solution;.

Finally, we cite the most important perturbation result for exponetial dichotomies,
the Roughness Theorem, see [2, Theorem 4.4], [22, Satz 3.2.1] andThéorem 7.6.7].
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Theorem 20 Assume that the di erence equation56) has an exponential dichotomy on
J with data (K; s ;P5"Y). Let 0 < 4, < 4u. Then there exist positive constants

= (K; sur su) and = (K; su; sus), such that for any sequence of matrices
B; 2 (R%Y)7, satisfying kB ;k; , the perturbed equation
Un+1 = (An+ Byluy, n2 T (59)

has an exponential dichotomy od with data (2K; s.,; Q>"), where

kP> Qk 2K kBjk; foralln2J: (60)
Note that explicit formulas for and may be derived from [22, Section 3] and that these
constants do not depend od.

Sketch of proof: The proof is a noninvertible version of the proof by Kleinkauf [24,
Lemma 1.1.9], [23, Lemma 2.3] who followed an idea of Sandstede [36, meni.1] for
continuous systems. For details, the reader is referred to [38,t88.1]. For <, 2 (0; s.u),
introduce the exponentially weighted Banach space

Z;=fX 2 (R¥)? J:kXk < 1g

with norm kXk = maxfsup, ,,e=" ™kX (n; m)k;sup,., €M™ ™MkX (n;m)kg. Con-
sider the operatorsT,; T :Z; S ;(R%*9) ! (R%9)J J de ned by

X
T1(X;B;)(n;m) = G(n;1 +1)B X (Ikm); (nym)2J  J;

12J
T(X,BJ) =G+ Tl(X,BJ),

where G is the Green's function of the unperturbed system from (58). A ooputation
shows thatT, is uniformly Lipschitz continuous in the second argument:

le(,BJ)k kBJkl

with = ( su; su) iIndependent ofB;. A crucial step is to show thatX 2 Z; isa xed
point of T( ;B;) if and only if X solves the equation

X(n+1;m)=(A +B)X(nm)+ o, 2l N2Im27 (61)
subject to the boundary conditions
P°> X(n ;m)=0; if 1 <n ;
u : (62)
P, X(ny;m)=0; ifn, <1;

respectively. Here, denotes the Kronecker symbol.

For proving this equivalence, we observe that K is a xed point of T( ;Bj), then
equations (61) and (62) follows from a direct computation. For th@roof of the converse
statement, one studies the inhomogeneous linear equation for cken,

Y(n+1;m) A, Y(n;m)= B, X(n;m)+ nm al;
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which possesses the solutioi = X by (61). Uniqueness is proven by using the dichotomy
properties to show that the associated homogeneous equatiorspesses the trivial solution
only. An application of a matrix-valued analog of Lemma 19 then yieldshe xed point
property.

Existence of a xed point and thus, of a solution of (61) follows withthe Banach xed
point theorem. SinceT( ;B;) is a uniform contraction onZ; w.r.t. the norm k k for
su ciently small kB;k; , we get existence and uniqueness of a xed poiX (B;) with
smooth dependence oB;. Using the unigqueness, one shows th&; = X (B;)(n;n)
is a projector and that the perturbed equation (59) possesses axponential dichotomy
with data (2K; «.; Q3Y). Finally, one proves thatX (B,) is the Green's function for this
system.

A.2 A Lipschitz Inverse Mapping Theorem

The proof of Theorem 7 uses a quantitative version of the Lipschittnverse Mapping
Theorem cf. [21, Appendix C].

Theorem 21 AssumeY and Z are Banach spacesF 2 CY(Y;Z) and let Fqy,) be a
homeomorphism for somg/, 2 Y. Let ; ; > 0 be three constants, such that the
following estimates hold:

FYy)  Fyo) < ﬁ 8y 2B (yo): (63)

F (o) «( ) (64)
Then F has a unique zery 2 B (yo).
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