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Abstract

Spatial birth-and-death processes with time dependent rates are obtained as solutions
to certain stochastic equations. Existence, uniqueness, uniqueness in law and the Markov
property of unique solutions are proven when the integral of the birth rate over R grows
not faster than linearly with the number of points of the system. Martingale properties of
the constructed process provide a formal connection to the heuristic generator.

We also study pathwise behavior of aggregation model. We estimate the probability of
extinction and the speed of growth of the number of particles of the process conditioned on

non-extinction.

1 Introduction

We consider spatial birth-and-death processes with time dependent rates. At each moment of
time the system is represented as a finite collection of motionless points in RY. We interpret
the points as particles, or individuals. Existing particles may die and new particles may appear.
Each particle is characterized by its location.

The state space of a spatial birth-and-death Markov process on R with finite number of

points is the space of finite subsets of RY,
To(RY) = {n C R": || < oo},

where || is the number of points of 7.
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Denote by Z(R?) the Borel o-algebra on RY. The evolution of the spatial birth-and-death
process on RY admits the following description. Two measurable functions characterize the
development in time, the birth rate b : RY x R, x T'o(RY) — [0,00) and the death rate d :
RY x Ry x To(RY) — [0, 00). If the system is in state n € I'g at time ¢, then the probability that
a new particle appears (a “birth”) in a bounded set B € #(R%) over time interval [t;t + At] is

At/b(w,t,n)dw + o(At),
B

the probability that a particle x € 7 is deleted from the configuration (a “death”) over time
interval [t;t + At] is
d(x,t,n)At + o(At),

and no two events happen simultaneously. By an event we mean a birth or a death. Us-
ing a slightly different terminology, we can say that the rate at which a birth occurs in B is
fB b(x,t,n)dx, the rate at which a particle x € n dies is d(x,t,n), and no two events happen at
the same time.

Such processes, in which the birth and death rates depend on the spatial structure of the
system as opposed to classical Z-valued birth-and-death processes (see e.g. [Har63, Page 116],
[ANT72, Page 109], and references therein), were first studied by Preston [Pre75]. A heuristic
description similar to that above appeared already there. Our description resembles the one in
[GKO06].

We say that the rates b and d, or the corresponding birth-and-death process, are time-
homogeneous if b and d do not depend on time. By abuse of notation we write in this case
b(z,s,n) =b(x,n), d(x,s,n) = d(z,n). The (heuristic) generator of a time-homogeneous spatial
birth-and-death process should be of the form

LF(n) = / bz, n)[F(nUz) — F(n)lde + Y d(z,n)(F(n\ z) — F(n)), (1)

zeRd TEN

for F' in an appropriate domain, where n Uz and 7 \ x are shorthands for nU {z} and n\ {z},
respectively.

Garcia and Kurtz [GKO06] obtained birth-and-death processes as solutions to certain stochas-
tic integral equations. The systems treated there involves an infinite number of particles. In the
earlier work [LG95] of Garcia another approach was used: birth-and-death processes were ob-
tained as projections of Poisson point processes. A further development of the projection method
appears in [GKO08|. Fournier and Méléard [FMO04| used a similar equation for the construction

of the Bolker—Pacala—Dieckmann—Law process with finitely many particles. Following ideas of



[GKO06] and [FM04], we construct the birth-and-death process described above as solution to a
stochastic equation.

Holley and Stroock [HS78| constructed the spatial birth-and-death process as a Markov
family of unique solutions to the corresponding martingale problem. For the most part, they
consider a process contained in a bounded volume, with bounded birth and death rates. They
also proved the corresponding result for the nearest neighbor model in R! with an infinite number
of particles.

Belavkin and Kolokoltsov [BK03] discuss, among other things, a general structure of a Feller
semigroup on disjoint unions of Euclidean spaces (see also references therein for the construc-
tion of the Markov processes with a given generator). We note that time-homogeneous birth-
and-death processes need not have the Feller property. Eibeck and Wagner [EW03| discuss
convergence of particle systems to limiting kinetic equations. In particular, they construct the
stochastic process corresponding to the particle system as a minimal jump process, or pure jump
type Markov process in the terminology of Kallenberg [Kal02]. The jump kernel is assumed to
be locally bounded.

Kondratiev and Skorokhod [KS06| constructed a contact process in continuum with an in-
finite number of particles. The contact process in continuum can be described as the spatial

birth-and-death process with

b(ﬂfaﬁ):)\za(fﬁ—y)a d(fCﬂ?) =1,
yen

where A > 0 and 0 < a € L'(R?). Under some additional assumptions, they showed existence
of the process for a broad class of initial conditions.

The scheme proposed by Etheridge and Kurtz [EK14| covers a wide range of interactions
and applies to discrete and continuous models. Their approach is based on, among other things,
assigning a certain mark (’level’) to each particle and letting this mark evolve according to
some law. A critical event, such as birth or death, occurs when the level hit some threshold.
Shcherbakov and Volkov [SV15] consider the long term behavior of birth-and-death processes
on a finite graph with constant death rate and the birth rate of a special form. Bezborodov
[Bez15] obtains the spatial time-homogeneous birth-and-death process as a unique solution to
the equation slightly different from the one we use here. Various questions not treated in this
paper are considered there, for example the possibility of an explosion, continuous dependence
on initial conditions and related semigroup of operators.

In the aforementioned references as well as in the present work the system is represented by
a Markov process. An alternative approach consists in using the concept of statistical dynamics

that substitutes the notion of a Markov stochastic process. This approach is based on considering



evolutions of measures and their correlation functions. For details see e.g. [FKK12|, [FKKZ14],
and references therein.

Finkelshtein et al. [FKKZ14| consider different aspects of statistical dynamics for the aggre-
gation model. In this model the death rate is given by

d(z,n) =exp |- > dx—y) |,

yeEN\z

where ¢ is a positive measurable function. For more details see [FKKZ14| and references therein.
In this paper we present a detailed long time microscopic description of the process. Also, we
estimate the probability of extinction and the speed of growth of the average number of points.

The paper is organized as follows. Notation, definitions and results are given in Section 2.

Proofs are given in Sections 3 and 4, with two auxiliary results located to Section 5.

2 The set-up and main results

2.1 Construction and basic properties

Let X be a locally compact separable metric space (typically X will be a subset of RY). Denote
by I'(X) the space of locally finite subsets of X

NX)={yC X |]yNK|< oo},

also called the space of configurations over X. The space I'(X) can be endowed with a o-field

generated by the projection maps
NX)>y—=|yNB|leZs

where B is an arbitrary Borel subset of X. For more details about the notions introduced
here see e.g. [DVJ0§|, [Kal02, Chapter 12| or [KK02], and references therein. Throughout this
paper I's stands for T'(R; x Ry). Let 7 be the distribution of a Poisson random measure on
(T2, #(T'3)), with the intensity measure being the Lebesgue measure on Ry x R,. We denote
by %;(T'2) the smallest sub-o-algebra of %(I's) such that for every 4; € Z([0,t]), A2 € B(R;)
the map

Iy 5y v(A; x Ag) € Ry



is #;(I'y)-measurable. Similarly, define %~:(I'2) as the smallest sub-o-algebra of #(I'y) such
that for every A; € A((t,0)), Az € ZA(Ry) the map

FQBVHV(A1XA2)€R+

is A~1(I'2)-measurable.
Let 19 be a (random) initial configuration, and let 7y be the point process on R4 xI'y obtained
by associating to each point in 79 an independent Poisson point process on Ry x R, with the

distribution 7. That is, for o = Y2 dg,, set

770 = Z 6(9%%')‘
=1

Consider the stochastic equation with Poisson noise

t
Nt (B) = / I[O,b(:c,s,nsf)] (U)I{/ I[O,d(x,r,nr,)} (U)’}/(d’l", d’U) = O}N(dsa daj7 duv d’Y)
(0,]x Bx[0,00)xT's °

t
+ / I{/ I[O,d(x,r,nr_)} (’U)")/(dT’, d’U) = O}ﬁO(dxa d7)7
BXFQ 0

(2)

where (n¢)¢>0 is a cadlag I'p-valued solution process, N is a Poisson point process on Ry x R4 x
R4 x I'g, the mean measure of N is ds X dx X du x w. We require the processes N and 7 to be
independent of each other. Equation (2) is understood in the sense that the equality holds a.s.
for every bounded B € Z(RY) and t > 0.

Remark. In the first integral on the right-hand side of (2) x is the place and s is the time
of birth of a new particle. This particle is alive as long as fst Loa(z,rm,_y (V) (dr, dv) = 0, where
(z,s,u,7v) € N. Thus, 7 is the process 'responsible’ for death. In the death term lies the main
difference to the equation considered by Garcia and Kurtz [GKO06]. Adapted to our notation,

the equation there is of the form

t
n(B) = / I[O,b(:t,ns_)} (U)I{/ d(z,mr—)dv < T}N(ds, dz, du, d’f‘)
(0,4 x Bx [0,00)x [0,00) B

i / I{/: d(z,n,—)dv < r}ijo(da, dr),

Bx[0,00)

(3)

where N is a Poisson point process on R x RI xR, xR, with mean measure dsx dz x duxe~"dr,
and 7y is obtained from 1y by attaching an independent unit exponential to each point. At first
glance, (2) is more complicated than (3), since the death mechanism requires a whole Poisson

random measure on [0; 00)? instead of just one exponential random variable. However, it is not



clear how to a priori define a filtration {ﬂit}tzo compatible with N and such that a solution to
(3), if unique, should possess the Markov property with respect to {jt}tzo-
Conditions on b, d and 719. Unless stated otherwise, we assume that the birth rate b satisfies

the following conditions: sublinear growth on the second variable in the sense that

[ supbia.smide < il + e, (4)
S
]Rd

for some constants 1, co > 0, and that b(z, -,n) and d(z, -, n) are right-continuous for any x € R4
and n € I'g.

We also assume that

E|nol| < oo. (5)

We say that N is compatible with a right-continuous complete filtration {%;} if
N([0,q] x Bx C x E)
is .F-measurable for any q € [0,t], B € Z(RY),C € #(R,), and = € %;(I'2), and if
N((t,t+qx B xC' xZ)

is independent of .%; for any ¢’ > 0, B’ € #(RY), C' € B(R,), and =/ € %~,(T2).

Sometimes we will use the representations

N = Zé(Sq,mq,uqﬁq)’ Mo = Z 5(””4’7‘1)’

q€T qeJ
where Z and J are some countable disjoint sets.

Definition 2.1. A (weak) solution of equation (2) is a triple ((n:)¢>0, N), (2, #, P), ({Z}1>0),

where

(i) (Q,.#,P) is a probability space, and {%}+>0 is an increasing, right-continuous and
complete filtration of sub-o-algebras of %,

(ii) NV is a Poisson point process on Ry x RY x Ry x I'y with intensity ds x dx x du x T,

(iii) 7o is a random .Fp-measurable element in I'y satisfying (5),

(iv) the processes N and ng are independent, N is compatible with {.% }+>o,

(

v) (n)e>0 is a cadlag T'g-valued process adapted to {.Z;}>0, m!tzo = 1o,



(vi) all integrals in (2) are well-defined,

TENs—

t
E/ds / x,8,Ms—) + Z d(x,s,ns_)} <oo, t>0
0 Rd

and
(vii) equality (2) holds a.s. for all ¢ € [0, 00] and all Borel sets B.
Let

15/150 = 0{7707N([OaQ] X B x C % E)v
q€0,t],Be BRY),C e BRy),Ee€ B(T2)},

and let .%; be the completion of . under P. Note that {.#; };>¢ is a right-continuous filtration.
Definition 2.2. A solution of (2) is called strong if (1;):>0 is adapted to (#,t > 0).

Remark 2.3. In the definition above we considered solutions as processes indexed by ¢ € [0, c0).
The reformulations for the case t € [0,7], 0 < T' < oo, are straightforward. This remark also

applies to many of the results below.

Definition 2.4. We say that pathwise uniqueness holds for equation (2) and an initial distri-
bution v if, whenever the triples ((n¢)¢>0, N), (2, #, P), {Zt}>0) and ((7t)e>0, N), (2, .F, P),
({Z1}1>0) are weak solutions of (2) with P{ny = o} = 1 and Law(ny) = v, we have P{n; =
e, t € [0,00)} = 1 (that is, the processes 7,7 are indistinguishable).

Definition 2.5. We say that joint uniqueness in law holds for equation (2) with an initial
distribution v if any two (weak) solutions ((n;), N) and ((n;), N') of (2), Law(ny) = Law(n}) = v,

have the same joint distribution:

Law((n:), N) = Law((n}), N').

Theorem 2.6. Pathwise uniqueness, strong existence and joint uniqueness in law hold for equa-
tion (2). The unique solution is a Markov process. If b and d are time-homogeneous, then the
family of push-forward measures {P,,« € Ty} defined in Remark 3.3 constitutes a Markov pro-

cess, or a Markov family of probability measures, on Dr,[0,00).

Proof. The statement is a consequence of Proposition 3.2, Remark 3.3 and Proposition 3.8.
In particular, the Markov property of { P,,a € I'y} follows from Corollary 3.7.
We call the unique solution of (2) (or, sometimes, the corresponding family of measures on

Dr,[0,00)) a (spatial) birth-and-death Markov process.



Remark. For time-homogeneous b and d, the transition probabilities of the embedded
Markov chain (see e.g. [Kal02, Chapter 12|) of the birth-and-death process are completely
described by

Qi (o)) = gl wen nel ©
A fnu (@) e vy = L EIE ¢ g g e,
where (B + D)(n) = [ga b(z,n)dz + 3 ., d(z,n).

The followmg two propositions establish a rigorous relation between the unique solution to
(2) and L defined by (1). To formulate the first of them, let us consider the class %}, of cylindrical

functions F': I'g — R4 with bounded increments. We say that F' has bounded increments if

wp  (F(nU {z}) — Fl)) < oo.
n€lg,reRd

We say that F is cylindrical if for some R = Rp > 0
F(n) = F(¢) whenever nN B(oq4, R) = ( N B(og, R),
where B(z, R) is the closed ball of radius R around z, and oq is the origin in RY. We recall that

the filtration {.#,¢ > 0} appeared before Definition 2.2.

Proposition 2.7. Let (n:)¢>0 be a weak solution to (2). Then for any F € %, the process

F(n:) — / { /b(x, 8, Ms—)[F(ns— U{z}) — F(ns-)]dx
0 Rd

- Z d(@,s,ns—)[F(ns— \{z}) — s—)]}ds

TENs—

is an {S,t > 0}-martingale. In particular, the integral in (7) is well-defined a.s.

2.2 Aggregation model

Here we consider a specific time-homogeneous model, which we call an aggregation model. This
model has a property that the death rate decreases as the number of neighbors grows. We treat
here the death rate given below in (8), and, in addition to previous assumptions, we require the
birth rate to grow linearly on the number of points in configuration in the sense (9). We prove
in Proposition 2.8 that the probability of extinction is small if the initial configuration has many
points in some fixed Borel set A C R, Propositions 2.9, 2.10 and Theorem 2.11 describe the

pathwise behavior of the process.



Let
d(z,n) = exp{— > oz —y)}, (8)

yen
where ¢ is a nonnegative measurable function. Proposition 3.2 ensures existence and uniqueness
of solutions, and that the unique solution is a pure jump type Markov process.

We want to show that, if the initial configuration has m points in some bounded region, then,
under some assumption on b and ¢, the probability of extinction declines at least exponentially
fast by m. Also, we will give a few statements describing the pace of growth of the number of
points of the system.

More specifically, let A be a measurable subset of R, the birth rate and the initial condition

7o satisfy the same condition as in Proposition 3.2, and, besides that, the inequalities

[ ¥ade = dnnial, net, (9)
A

and
b(z,n') < b(z,n?), n',n*€Tlo,n' Cn? (10)

hold for some positive ¢. We assume also that

inf ¢(x—y)>loga, (11)
zyen

where a > 1.
We say that the process (n:)i>0 extincts if inf{t > 0 : n, = @} < oo. This infimum is called

the time of extinction.

Proposition 2.8. Let C > 0. Then there exists mo = mo(C) € N such that, whenever m > mo,
Pa{(nt)tz(] extincts } <Cc™m

for all a satisfying |a N Al =m

Proposition 2.9. For all o € Ty,
Pa<{|17tﬁA|—>oo}U{E|t':Vt>t’,\77tﬂA :®}> =1. (12)
Remark. Note that we do not require b(-, @) = 0; if [, b(x,@)dx > 0, then (12) implies
Po{|m M A[ — oo} = 1.

The next proposition is a consequence of the exponentially fast decay of the death rate.



Proposition 2.10. With probability 1 only a finite number of deaths inside A occur:
Pa{\m NA| — |~ NA| = =1 for infinitely many different t > 0} =0, a €Tly.
Theorem 2.11. Let o € T'g. For Py-almost allw € F := {tlim |n: N A| = 0o} we have
—00

Ine N A
ect

lim inf > 0. (13)
t—o00

Corollary 2.12. For all configurations o with a N A # &,

E A
inf 7{1’7715 NA| > 0.

>0 ect (14)

Remark. If A has a finite volume and the birth rate is given constant within A, that is
b(x,m) =c3 >0, xz€A,

then from the proofs we can conclude that Theorem 2.11 and Corollary 2.12 still hold provided
that we replace (13) by

o e NA|
lminf = Vol (1)
and (14) by
EqlmeNA
inp Balm OAl (16)

10 ¢5Vola(A)
Here c3Volg(A) is the d-dimensional volume of A. These two growth estimates stand in contrast
to the mesoscopic behavior of the system [FKKZ14]. Theorem 5.3 in [FKKZ14| says that for
some values of parameters the solution to the mesoscopic equation started from sufficiently
small initial condition stays bounded. On the contrary, the microscopic system grows whenever

it survives, and the density always grows.

3 Proof of Theorem 2.6 and Proposition 2.7

Let us start with the equation

B = [ g (N s dodudy) + m(B), (17)
(0,t]x Bx[0,00)xT'2

where b(z,n) := sup b(x,s,&). Note that b satisfies sublinear growth condition (4) if b does.
s>0,6Cn

This equation is of the type (2), with b being the birth rate, and the zero function being
the death rate, and all definitions of existence and uniqueness of solutions are applicable here.

Later a unique solution of (17) will be used as a majorant of a solution to (2).

10



Proposition 3.1. Under assumptions (4) and (5), strong existence and pathwise uniqueness

hold for equation (17). In particular, the unique solution (7:)i>0 satisfies
E|] < o0, t>0. (18)

Proof. For w € { [ b(z,no)dz = 0}, set {; = no, o, = 00, n € N.

Rd
For w € F :={ [ b(z,no)dz > 0}, we define the sequence of random pairs {(on, (,,)}, where
Rd
Opt1 = inf{t > 0: / I b ¢y, ) (WN (ds, do, du, dry) > 0} +opn, 00=0,

(on,on+t]xBx[0,00)xT'y

and

CO = To, CO’n+1 = Ccrn U {zn—l—l}

for zpy1 = {x € RY: N({on11} x {2} x [0,b(2,(,,)] x ') > 0}. The points z, are uniquely
determined almost surely on F. Furthermore, 0,11 > 0y, a.s., and o, are finite a.s. on F (in
particular because b(z,(,,) > b(z,n0)). For w € F, we define {; = (,, for t € [0, 0,41). Then
by induction on n it follows that o, is a stopping time for each n € N, and (,, is %5, N F-
measurable. By direct substitution we see that ((;):>0 is a strong solution to (17) on the time
interval t € [0, nh_)rrolo o). Although we have not defined what is a solution, or a strong solution,
on a random time interval, we do not discuss it here. Instead we are going to show that

lim o, =00 as. (19)
n—oo

This relation is evidently true on the complement of F'. If P(F') =0, then (19) is proven.

If P(F) > 0, define a probability measure on F, Q(A) = %, Ae ¥ :=FNF, and define
Iy =FNF.

The process N is independent of F', therefore it is a Poisson point process on the probability
space (F, .7, Q) with the same intensity, compatible with {.#; };>¢. From now on and until other
is specified, we work on the filtered probability space (F,.#,{.%}+>0,Q). We use the same
symbols for random processes and random variables, having in mind that we consider their
restrictions to F'.

The process ((t)teo, lim o,) has the Markov property, because the process N has the strong

Markov property and independent increments, see Appendix. Indeed, conditioning on .%, ,

[b(z, ¢, )dz

_ B
f 5(x7 Co'n)dx’
Rd

E [I{QanH:Co"Um for some z€B} | jo'n]

11



thus the chain {(,, }ncz, is a Markov chain, and, given {(,, }ncz,, Ons1 — 0n are distributed

exponentially:

E{I{Jn+1—an>a} | {(Un}nez+} = exp{—a/b(a:, Can)dx}'
Rd
Therefore, the random variables v, = (0, — 05—1)( [ b(z, (s, )dz) constitute a sequence of inde-

Rd
pendent random variables exponentially distributed with parameter 1, independent of {(s, }nez, -

Theorem 12.18 in [Kal02] implies that (Ct)te[o, 1im o) i @ pure jump type Markov process.

The jump rate of ((t)ico, lim o,) IS given by
cla) = /b(x,a)d:n.
Rd

Condition (4) implies that c(a) < ¢1]a| + c2. Consequently,

c(Co,) < ]G] + c2 = c1|Co] + c1n + 2.

We see that ) ﬁ = 00 a.s., hence Proposition 12.19 in [Kal02| implies that o,, — cc.
Now we return again to our initial probability space (§2,.%#,{.%}+>0, P). We have proved
the existence of a strong solution. The uniqueness follows by induction on jumps of the process.

Namely, let ((;)i>0 be another solution of (17). From (vii) of Definition 2.1 and the equality

/ I[O,E(x,no)} (u)N(ds,dzx, du,dy) = 0,
(0,01) xR x [0,00] x T2

it follows that P{C~ has a birth before o1} = 0. At the same time, the equality

{o1}xRdx[0,00] X2

which holds a.s., yields that f has a birth at the moment o7, and in the same point of space at
that. Therefore, Q: coincides with ¢ up to o1 a.s. Similar reasoning shows that they coincide up

to oy, a.s., and, since o, — 00 a.s.,

P{( = ¢ for all t >0} =1.

Thus, pathwise uniqueness holds.

Now we turn our attention to (18). We can write

12



|Gl = [mo| + ZI{’CH —[no| = n}
n=1

= lmo| + 3 I{on < 1}, (20)
n=1

Since o), = Z C Thec i Ve have

- Vi
{on <t} = {Z—Ca) t}C{;WSt}

n Vi B B )
C{;(Clﬂz)(lno!ﬂ')St}—{Zt Zy > n},

where (Z;) is the Yule process, i.e. the birth process on Z, with transition rates py 41 =
(c1 4+ c2)k, pry =0, 1 # k+ 1, see, e.g., [ANT2, Chapter 3, Section 5|. Here (Z;) is defined as

follows: Z; — Zy = n when

n n+1

i Vi
~ <t< =)
; (c1 + c2)(Imol +4) ; (c1 + c2)(Imol +19)

and Zy = |no|. Thus, we have |(;| < Z; a.s., hence E|(| < EZ; < co. The constructed solution

is strong. O

Proposition 3.2. Under assumptions (4)-(5), pathwise uniqueness and strong existence hold

for equation (2). The unique solution (n;) satisfies
Eln| < oo, t>0. (21)

Proof. Let us define stopping times with respect to {F,t > 0}, 0 =09 < 0; <03 < 03 <

and the sequence of (random) configurations {7y, }jen as follows: as long as
_pb d
0n+1 = 9n+1 A 0n+1 + 9n < o0,
where

0n+1 inf{t >0: / T0.5(2,5,m0, ) (W N (ds, dz, du, dry) > 0},

(0r,0n+t] x R4 x [0,00) x'2

09, =inf{t>0: > / Tj0,d(wi,rna,)) (V) g (dr; dv) > O},

qeTuT, (6n,0rn+t] x[0,00)
Tq€EMY,

13



we set 9g,,, = Mo, U {znq1} if 65, < 0., where {241} = {z € R : N({0, + 05} x
{2} x Ry x T2) > 0} 1g,py = 7, \ {zna1} if Oy > O54q, where {zp41} = {24 € g,
Yq({0n + 6031} x Ry) > 0}; the configuration ng, = 7o is the initial condition of (2), = ng,
for t € [0, 0,+1). Note that

b d . b d
P{9n+1 = 9n+1 ‘ mln{9n+170n+1} < OO} = 07
the points z, are a.s. uniquely determined, and

P{zni1 €mg, | 05, <051} =0.

If for some n

97’L+1 = 00,

we set O =00, k€ N, and ny =mng,,, t > 0.
Random variables 6,,n € N, are stopping times with respect to the filtration {.%;,t > 0}.
Using the strong Markov property of a Poisson point process, we see that, on {6, < oo}, the

conditional distribution of 6%, given Zy, is

On+p
P{O%,, > p} = exp{— /9 bz, 575, )ds)

and the conditional distribution of 62, ; given %y, is

9n+p
P{Ggﬂ > p} = exp{—/e d(x,s,mg, )ds}.

b9d

nr’n

In particular, 6 >0,neN.

We are going to show that a.s.
0, — 00, N — 0. (22)

Denote by ). the moment of the k-th birth. It is sufficient to show that 6§, — oo, k — o0,
because only finitely many deaths may occur between any two births, since there are only finitely
particles. By induction on k' we can see that {0} }rren C {04 }ien, where o; are the moments of
births of (7;)¢>0, the solution of (17), and 1, C 7, for all ¢t € [0,lim,, §,,). For instance, let us
show that (7;)i>0 has a birth at ;. We have 9g: _ D 7o = o, and g, — C 1 [¢=0= 70, hence for
all z € RY

b(‘r7ﬁ0’1—) > 5(3777763—) > b('fcanell—)
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The latter implies that at time moment 6] a birth occurs for the process (7;)¢>0 in the same

oint. Hence, 1y C 7,5, and we can go on. Since g, — 0o as k — oo, we also have 0, — oo

1% ) 7791 7791’ g k ; k )
and therefore 8,, — oo, n — oc.

Let us now prove the inequality from item (vi) of Definition 2.1,

TENs—

Eo/ds[R[b(a:,s,nS_) + Z d(a:,s,ns_)} < oo, t>0. (23)

Denote the number of births and deaths before ¢ by b; and d; respectively, i.e.

by = #{3 : ‘778| - |778—‘ = 1} = / I[O,b(az,s,ns_)] (U)N(ds7 d$)du7d7)
(0,¢]xRd x [0,00) x "2
and
dy = #{S : ’778‘ - ’778—’ = _1} = Z I[O,d(xi,r,m,)](U)P)/q(dra d’l})
(0,¢]x[0,00) 4eIuT,
TqENr—

Note that |n

= by — dy + |no| and 6y, are the moments of jumps for ¢; := b, + dy, so that

= Hop<t}, t=>0.

keN

For n € N define

(" = / Tostesm yonl () {[2] < n}N(ds, dz, du, dv)

(0,4] xRd x[0,00) xI"2

+ / S Todtesrm ynm@)I{2] < n}rg(dr, do).
0,¢]x[0,00)

qeETUT
Tq €nNr—

Then

¢
Mt(n)( —Ct //|< (z,8,Ms— )/\nds—//|< d(z,s,ms—) An)ds
0

is a martingale with respect to {-#;}. By the optional stopping theorem EMé:L/)\t = 0, hence

01Nt

/ / (b(z,5,m5—) An+d(z,s,ms—) An)ds < P{f; <t} <1.
|z|<n

15



Similarly,
Om+1 /At

/ / (b(z, 5,m5—) An+d(z, s,ns—) An)ds < P{b, < t}.
z:|z|<n
Om At

Consequently,

¢

// (b(z, 5,m5—) An+d(z,s,ms—) An)ds
z:|z|<n

0

m+1

0
< ZE / / (b(z, s,m5—) An+d(z,s,ms—) An)ds
m=1 4 z:|z|<n

m

<Y P{n<t}=> P{a>m}=Eq.
m=1 m=1

Letting n — oo, we get by the monotone convergence theorem

t

//d (b(m,s,ns,) + d(a:,s,nsf))ds < Eg¢
R

0

Only existing particles may disappear, hence the number of deaths d; satisfies
dy < b + |no.

Thus,
Ecp < 2Eby + Elno| < 2E[m| + Elno| < oo. (24)

Since ¢ C 7, a.s., Proposition 3.1 implies (21).

If follows from the above construction, (22) and (23) that (1) is a strong solution to (2).
Similarly to the proof of Proposition 3.1, we can show by induction on n that equation (2) has a
unique solution on [0, #,,]. Namely, each two solutions coincide on [0, 8,,] a.s. Thus, any solution
coincides with (1) a.s. for all ¢ € [0, 6,,].

O

Remark 3.3. Assume that b and d are time-homogeneous. Let 1y be a non-random initial

condition, 79 = «a, a € T'y. The solution of (2) with 79 = « will be denoted as (n(a,t))i>0. Let
P, be the push-forward of P under the mapping

Q3w (n(e,-)) € Dryl0,00). (25)

It can be derived from the proof of Proposition 3.2 that, for fixed w € €2, the unique

solution is jointly measurable in (¢,«). Thus, the family {P,} of probability measures on

16



Dr,[0,00) is measurable in . We will often use formulations related to the probability space

(Dr, [0, 00), B(Dr,[0,00)), P,); in this case, coordinate mappings will be denoted by 7,

ne(x) = x(t), « € Dr,[0,00).

The processes (7t)ic[0,00) and (1(a, ))se[0,00) have the same law (under P, and P, respec-
tively). As one would expect, the family of measures {P,,a € I'g} is a Markov process, or a
Markov family of probability measures; see Proposition 3.8 below. For a measure y on I'g, we

define

pP,= / Pyp(da).
We denote by E, the expectation under P,,.

Remark 3.4. Let b1,d; be another pair of birth and death rates, satisfying all conditions
imposed on b and d. Consider a unique solution (7;) of (2) with rates by, d; instead of b, d, but
with the same initial condition 79 and all the other underlying structures. If for all ( € D,
where D € B(To(RY)) | bi(-,¢) = b(-,C), di(+,¢) = d(-, ), then fiy =n; for all t < inf{s >0:
ns ¢ D} =inf{s > 0:7s ¢ D}. This may be proven in the same way as the theorem above.

Remark 3.5. Assume that all the conditions of Proposition 3.2 are fulfilled except (5). Then
we could not claim that (21) holds. However, we would still get a unique solution on [0, 00). We
are mostly interested in the case of a non-random initial condition, therefore we do not discuss

the case when (21) is not satisfied.

Remark 3.6. We solved equation (2) w-wisely. We can deduce from the proof of Proposition
3.2 that 0, and z, are measurable functions of 79 and N in the sense that, for example, §; =
Fi(no, N) a.s. for a measurable function Fy : ToxI'(Ry xRYxR, xT'y) — R,. As a consequence,
there is a functional dependence of the solution process and the “input™ the process (7:)¢>0 is

some function of 1y and V.
The following corollary is a consequence of Proposition 3.2 and Remark 3.6.
Corollary 3.7. Joint uniqueness in law holds for equation (2) with initial distribution v satis-

fying

[¥lv(dy) < oo.
o
As usually, the Markov property of a solution follows from uniqueness.

Proposition 3.8. The unique solution (nt)ic(o,00) 0f (2) is a Markov process.

17



Proof. Take arbitrary ¢t > tg > 0. Consider the equation

t
&(B) = / Tostesomy (W) / Tode ) (0)1(dr, dv) = OYN(ds, dz, du, dv)
(to,t]x Bx[0,00)xT'a °
t
T / T Toatwrn p(@01(drdo) = Opin(de. )+, (B). =10 (26)
0
BXFQ

The unique solution of (26) is (7s)sefty,00)- As in the proof of Proposition 3.2 we can see that
(Ms)seto,00) 18 measurable with respect to the filtration generated by random variables of the form
N([s,q]x BxUxZ), and n,(B), where B € B(RY),i € Z, tg < s < q, U € B(R1) E € B4(T2).

Poisson point process have independent increments, hence for any U € %(Dr,[to, >0))

P{(t)tefto,0) EU | Fio} = P{(Mt)telto,o0) EU | Mo }

almost surely. O

Proof of Proposition 2.7. Let N be the image of N under the projection
(57 x’ u? /Y) }_) (57 x’ u)'

The process N is a Poisson point process on Ry x RY x R, with intensity measure dsdzdu. We

have

t
(B) = / Tostesmy (W) / Todte ) (0)(dr,dv) = O} N(ds, de, du, dv)
(0,t]x Bx[0,00) xI'2 °

t
+ / I{/O I[O,d(a},r,nrf)] (U)’Y(dr> dU) = O}ﬁO(dx> d’)/)
BXFQ

- / Lo p(w,s,ms ) (W) N1(ds, d, du) + no(B)

(0,¢t]x Bx[0,00)

- Z / I{$q € an}I[O,d(a:,r,nrf)] (’U)’)’q(d?”, d’U)
1€TUT (0 1] % [0,00)

By Ito’s formula for F' € %

F(ne) — F(no) = / Tio.b(z,5.5 ] (W) { F(ns— U ) — F(ns—) } N1(ds, dz, du)
(0,6]xB(og,Rr) x[0,00)

18



+ Z / I{xq € nr‘f}I[O,d(m,r,m,)] (U){F(nsf \7) — F(nsf)}'Yq(dTv dv).
9€IUT (0,4 %[0,00)

We can write

I[O,b(a:,s,nsf)] (U){F(nsf U $> - F(Us—)}Nl (dS, dl‘, du)

(0,t]xB(04,RF)%x[0,00)

= [ oo ){FUs) - F))deds
(O,t}XB(Od,RF)

4 / T p(osm 3 (W F (e Ux) — F(ne_)} N (ds, de, du),
(0,t] xB(04,Rr)x[0,00)

where N = N — dsdazdu. Since F € %, the process
I[O,b(m,s,ns,)] (u){F(nS* U :U) - F(nsf)}Nl (dsv dl‘, du)
(0,¢t]xB(04,Rp)*x[0,00)
is a martingale by item (vi) of Definition 2.1, see e.g. [IW81, Section 3 of Chapter 2|. Similarly,
> / H{zg € o agerin, ) (0){F(ns— \ @) = F(n,-) }yg(dr, dv)
9€2UT (0,41 x[0,00)

can be decomposed into a sum of

+ / Z d(x,r, nr_)]{F(ns_ \z) — F(ns_)}dr

(0,4 ¥

and a martingale. The desired statement follows. O

3.1 Coupling

Here we discuss the coupling of two birth-and-death processes. As a matter of fact, we have
already used the coupling technique in the proof of Proposition 3.2.

Consider two equations of the form (2),

t
k
Ig )(B) - / I[O by (x, s,§(k) U I{/ I[O,dk(:t,ﬁﬁq(nkf))] (’U)’}’(d?“, d'l)) = 0}

(0,t]x Bx[0,00) xI'2

X N (ds, dx, du,d) + / I{/ 0. (2D (v)y(dr,dv) = 0}no(dx,dy), k=1,2.
BXFQ

(27)
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Assume that the initial conditions §ék) and the rates by, dj satisfy the conditions of Propo-

sition 3.2. Let (ft(k))te[o,oo) be the unique strong solutions.

Proposition 3.9. Assume that almost surely &gl) C 562), and for any two finite configurations
n't <P,

bi(z,s,n") <ba(w,s,7%), z€RYs>0 (28)
and

dl(%sﬂll) 2d2($a5an2)7 $€771,320

Then

M e, telo ). (29)

We will show by induction that each moment of birth for (5,5(1)),56[0’00) is a moment of birth for
(5252)),;6[0’00) too, and each moment of death for (§§2))te[0m) is a moment of death for (5,5(1))te[0,oo)
if the dying point is in (§§1))t6[07oo). Moreover, in both cases the birth or the death occurs at
exactly the same point. Here a moment of birth is a random time at which a new point appears,
a moment of death is a random time at which a point disappears from the configuration. The
statement formulated above is in fact equivalent to (29).

Here we deal only with the base case, the induction step is done in the same way. We have
nothing to show if 7 is a moment of a birth of (£t(2))te[0700) or a moment of death of (ft(l))te[o,oo)-

Assume that a new point is born for (ft(l))te[()m) at 7,

eDN\ €Y = {a1).

The process (5(1))%[0,00) satisfies (2), therefore Ny({z} x {m} X [O,bk(xl,ﬁ,{g)_)]) = 1. Since

eD =g ce? =2,

by (28)
Ni({a} x {m} x [0, blanm, €50 = 1,
hence
D0\ el = {a1).
The case when 75 is a moment of death for (5252)),;6[0’00) is analyzed analogously. O
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4 Aggregation model: proofs

The main idea behind our analysis in this section is to couple the process (7:);>0 with another
birth-and-death process, to which we can apply Lemma 5.1.

To do so, let us introduce another pair of the birth and death rates, b1, d;, and an initial
condition & = g N A, such that by (z,1) = di(z,n) = 0 for x ¢ A, di(z,n) = a1l for = € A,
b1(z,n) < b(x,n) for all x,n, and for some constant ¢ > 0

/bl(:z:,n)d:c =cnnA|l, nely.
A

There exists a function by satisfying these assumptions.
Functions b1, d; satisfy conditions of Theorem 2.6. Furthermore, the conditions of Proposi-

tion 3.9 are fulfilled here: for n',n? € Ty, n' C n? we have
bi(x,n') < b(w,n') < bz, n?)

as well as

di(z,n") > d(z,n") > d(z,n?).

Denote by (&:):>0 the unique solution of (2) with the birth and death rates b1, d; and initial
condition &. By Proposition 3.9, & C n; hold a.s. for all ¢ > 0.

In this section we will work on the canonical probability space
(Dry [0, 00) x Dry[0,00), Z(Dr, [0, 0) x Dr,[0,00)), Pa),
where P, is the push-forward of the measure P under
Q5w (n(a,-), (&(a,-)) € Dr,[0,00) x Dr,[0, 00).

Consider the embedded Markov chain of the process (&)i>0, Y := &, where 75, are the
moments of jumps of (&). It turns out that the process u = {ug}ren, where uy := |Yy|, is a

Markov chain too. Indeed, the equality

P, {IY1| =k} = P, {|Y1| =k}, keNael,.
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holds when |a; N A] = |aa N AJ, since both sides are equal to

m lf k':|061mA|+1,
—|apNA| .

C-T—Tilrw lf k‘:|041ﬁA|—1,

0 in other cases.

Therefore, Lemma 5.1 is applicable here, with f(-) = |- |.
Proof of Proposition 2.8. Having in mind the inclusion & C n; (Py-a.s.), we will prove
this lemma for (&).

The transition probabilities for the Markov chain {uy}rez, are given by

ﬁ lf ] — Z + 1,
pij=Poluk =j || =it =§ = if j=i-1, (30)
0 in other cases,

fori € N,j € Zy, and po; = Ifj—gy, see Remark 5.2 and (6).
Since the zero is a trap and it is accessible from all other states, there are no recurrent states
except zero, and the process u has only two possible types of behavior on infinity:

P,{3l e Ns.t. yy=@ or lim u,, =o0}=1.
— 00

m

We will now use properties of countable state space Markov chains, see, e.g., [Chu67, §

12, chapter 1]. Chung considers there Markov chain with a reflecting barrier at 0, but we

m
may still apply those results, adapting them correspondingly. Denote o, = g :’;: Then
E=1""

o0
the probability P,{3k € N s.t. u = 0} equals to 1 if and only if ) p; = oo, whichever initial
j=1

o0
condition «, |aNA| > 0, we have. Moreover, if ) 0; < oo and Py{up = ¢} = 1 (or, equivalently,

j=1
> o
la N A| = q), then p, := P,{3k € Ns.t. up, = 0} = ———. From (30) we see that in our case
1+ 21 25
Gt "
0j=c7Ja” 2 ,an
00 i o0 2
> i 1Y S cdaT
J=q Jj=q
Pq = X Gy~ S (31)
1+ > cJa "2 1+ > c¢cJa™ 7
j=1 g=1

Now, for arbitrary C > 1 choose ¢ € N for which a3 < L. For j > g we have
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: — L —q i
cVa" T <cda"2 =(cla 2 ) < C7J, and

cha 2<ZC’]=71_0717
J=q J=q
so that the statement of the lemma for (&;);>0 follows from (31). O

Note that the number of particles of the process will go to infinity with probability 1 even
though the probability of extinction is positive, unless b(-, @) = 0 almost everywhere with respect

to the Lebesgue measure. However, if b(-, @) = 0, then

P<{|§t| =0 for large t } U {|&] = 00 ,t — oo}) =1

and

P({]§t| = 0 for large t } N {|&| = o0 ,t — oo}> =0.

The following equality is also taken from [Chu67, § 12, chapter 1]; for ¢ > s and all § with
IBNA| =g,

S 0(s)

P3{3k e N:|uy = s} = —4——
L+ > oi(s)
Jj=s+1
m
where o, (s) = L ALas P c*(mfs)a_%(m_s)(m‘*'s‘*'l); in our case
k=51 Pk,k+1
o) . 1. .
S ¢ i=8)g30=8)Gts+D)
Ps{3k e N: |uy| = s} = ——L =g < 1. (32)
1+ 3 ci=9)g 2l=9)0tstD)
Jj=s+1
Note that
cq+11— 0, g— o0 (33)

Proof of Proposition 2.9. Let (Xj)rez, be the embedded chain of (7;)¢>0. First we will
show that for all m € N and « € Ty,

P,{| Xk N A| = m infinitely often } = 0. (34)

Let g €T, |BNA] =m, m € N (the case of m = 0 is similar, and we do not write it down).
Denote k = min{k € N : X;; N A # Xo N A}. Since & C 7, holds Pg - as.,
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Pﬂ{|XkﬂA| >m,\7k‘2z}} 2P5{|Ykﬂ1\‘ >m,Vk21} (35)
= Pg{uk >m, Vk > 1}.

By (32), the probability Pg{u, > m,Vk > 1} is positive and does not depend on 3, [BNA| =

S i= Pg{ug > m,Vk > 1} > prms1(1 = cmg1,m) > 0. (36)

Define ki, i € N, subsequently by k7%, = min{k > k" : [X} N A] = m and Ik < k-

| X% NA| # m}, k' = 0. Note that for all 3
PB{HnO (| X NA| =m for all n > no} =0.
By the strong Markov property,

Poé{|X;,C N A| = m infinitely often } < Pa{@n < o0,Vj e N}

= [[ Po{k}i1 < oo | K < 00} =0,
j=1

by (35) and (36). Indeed, if Po{k]" < oo} >0, then

Ealfim <o) Pxym {kT" < 00}
Po{K, < oo | KT < 00} = ;

EaI{k;”<oo}

Balfip <o} (1= Py {|Xk N A > m, Vk > })

EaI{k;.“<oo}

Eaf{k;"<oo} (1 — PX,C? {u, > m,vk > 1})

=1—-s, <1

Eolfrm<ooy

Having proved (34), we observe that

{lmNAl = o0} U{3t :Vt >0, |nNA| =2}

} ‘ (37)
= ( U {|Xk N A| =m infinitely often}) :
m=1

Note that if for some element of probability space w € €2 the process (1;):>0 is stuck in a trap
v, yNA = &, then w belongs to the set on the left-hand side of (37) and does not belong to the

set {| X} N A| = m infinitely often}, m € N.
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The statement of the proposition follows from (34) and (37). O
Proof of Proposition 2.10. Define 7; := n; N A and let X, = 7s,, Where ¢ is the ordered
sequence of jumps of (7:)¢>0. Of course, the process {1 }+>0 is not Markov in general, and neither

is {)?k}keN- However, for all a € To(RY) the inequality

Pof{|X1] = [Xol = 1} = plana)janal+1

holds, because for every ¢ € I'g, ¢ 0" A = m, the integral of the birth rate b(-,{) over A is larger

than em, and the cumulative death rate in A, > d(z,(), is less than ma™"™.

xeCNA
The probability of the event that absolutely no death occurs is positive, even when the initial

configuration contains only one point inside A:

Pa{\ﬁt\ — || > 0 for all ¢> o} = Pa{)“('k+1| — | Xkl =1forall ke N}

=TT 2o {1 %l = 1l = 1] Kl = Kit] = 1 | K| = | Kol = 1

keN
>T[  inf  PAIXi| - X[ =1}
ren . SEMP(RY),
|CNA|=|anA|+k
> Ion=11 == 0 =) >0
i=|al i=|a i=|af
00 i 00
because the series cia—i converges. In particular, [[ pii+1 — 1 as m goes to co. Also,

i=|al i=m

Py {m| = |m-| > 0forall t>0} =1, | NA|— . (38)

It is clear only an a.s. finite number of deaths inside A occurs on {3t' : Vt > ¢/, |;, NA| = @}
By Proposition 2.9, it remains to show that only an a.s. finite number of deaths inside A
occurs on {|n: N A| — oo} = {|m:| = oco}. Let us introduce the stopping times o, = inf{s € R:
|s| > n}, which are finite on {|7:| — oo}. Only a finite number of events (births and deaths)
occur until arbitrary finite time Pg-a.s. for all 3 € I'g, hence for n € N
P, ({\ﬁt\ — |nt—| > 0 for all but finitely many ¢t > 0} N {|m:| — oo})

> Pa<{|77t| —|m—| >0 for all t>o,}N0{|n| — oo})

= POcI{\ﬁd%oo}Pnan {|ﬁt| - ‘TN]t_’ 2 0 for all ¢ Z 0}
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From |7, | > n we have by (38)
Py, {lm| = |m-| >0forall t>0} =1, n— oo
Therefore,
Pa<{]ﬁt] — |fie—| > 0 for all but finitely many ¢ > 0} N {|7| — oo}) = P {|7] — oo},

O
Proposition 2.10 is also applicable to (§)¢>0, since by, d; satisfy all the conditions imposed

on b, d.
Proof of Theorem 2.11. First we prove the Lemma for (£);>0: we prove that for P,-almost

allw e Fy := {tlim |& N A| = oo},

lim inf M > 0.

t—00 ect (39)
There is no loss in generality in assuming ug = [aNA| > 0. Let 0 =79 < 71 < 72 < ... be the
moments of jumps of (&)¢>0, so that &, = Y;. We recall that the random variables u,, = |Y,,]

constitute a Markov chain. Denote ¢(n) = cn +na™". Then

/bl(x,Yk)dx 3 dia, Yi) = efYi| + [Yila ™™ = ().
A CEEYk

By Theorem 12.17 in [Kal02| the random variables v := ¥ (ug)(Tk+1 — k), k € Zy are
independent and exponentially distributed with parameter 1. Furthermore, the sequence {7}
is independent of Y. In particular, it is independent of {uy}rez, -

From Proposition 2.10 we know that only a finite number of deaths inside A occur a.s. on

Fy. Particularly, there exists a positive finite random variable m such that the inequalities

up+n>u, >uy+n—-—mw), neN (40)
hold with probability 1.
We can write
n—1 n—1 ~ n—1 ~
k k
To =Y (Tep1 — 7k) = > :
k=1 i V) i ot ck
o0
Due to Kolmogorov’s two-series theorem, the series ) - is divergent (we recall that
-1 o+c

E~, = Dy, = 1). Hence 7, — o0 a.s.



We will show below that
ctp <Ilnmn+c¢y, neN, (41)

where 4 is some finite random variable. Using (41), we obtain

ct eCTn+1
P, >————t>0'=P, >———neN
a{‘gt’ - (m+1)ec,y7 = } Ot{‘ng’ - (m_’_l)ec,Y?n }
= Pa{un > — 1eCT"+1*d,n € N} = Pa{ In(uyp) + In(m+ 1) > crpp1 — ¢y, n € N} =1.

Therefore, (39) holds.

Inequality (41) follows from the convergence of the series

> <w<7§k> - c1k> “2)

k=1

To establish the convergence of (42), we note that

i <¢Z7jk) - Cka) 43)

k=1

converges by Kolmogorov’s theorem:

- Y Y = uga” 1 a ™
- —— =) m———< =) %
> (g~ ) = X i S @
lew 1 < l e a% 1 a7
=S tE X Sl tal
k=1 k=m+1 k=1 =1

and -
1 1
- 44
Z (ck cuk) (44)
converges by (40).
The convergence of the series in (42) follows from the fact that (43) and (44) converge.

We have thus proved (39). To establish the statement of the theorem, note that &,, = inf{¢t >
0: || > n} is finite on F' and

{hminf'"ter;AI =0,|n] — o0} C {hminff;' = 0}.

It follows from what we have already proved that

P[g{ hHllnfE;| = 0} = PB{(ft)tZO extincts}, ﬁ S Fo.
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Therefore, by Proposition 2.8 and the strong Markov property (for the latter see e.g. [Kal02,
Theorem 12.14])

NAl NAl

P, {hmmf’ =0,|n = 00} = PaPy, {hmmf‘ =0, |n| = oo}

1

< P, Py, {hmlnf _0}§é‘",

where C is the constant that appeared in Proposition 2.8. Since n is arbitrary,

NA
P, {hmmf‘ | =0,|n] = o0} =0.
O
Proof of Corollary 2.12. Let us fix a configuration a, a N A # @. We saw in the proof of
Theorem 2.11 that for almost all w € F = {w : lim inf ‘"th > 0} we have
—00
P > et >0} =1.
a{|£t| - (m+ 1)6676 v }
Let Fy, be the set {w: W > 1}. Then kLeJNFk = F, and, since P,(F) > 0,
Pa(Fk) >0

for some k € N. Hence

1
Eu|m 0 Al > Eoln 0 A|Ip, > %eCtPa(Fk). 0

5 Appendix

5.1 Markovian functions of a Markov chain

Let (S,%(S)) be a Polish (state) space. Consider a (time-homogeneous) Markov chain on
(S,#(5)) as a family of probability measures on S*°. Namely, on the measurable space
(Q,.7) = (5,%(5*°)) consider a family of probability measures {Ps}scs such that for the

coordinate mappings

X, : Q=8
Xn(s1,52,...) = Sn

the process X = {X,,}nez, is a Markov chain, and for all s € S
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PS{XO == S} = 1,
Ps{Xn+mj S Aj,j =1,...k ‘ ﬂn} = PXn{ij S Aj,j =1, ...,kl}.

Here A; € #(S), mj € N, ky € N, #, = 0{X1,..., X;,}. The space S is separable, hence
there exists a transition probability kernel @ : S x Z£(S) — [0, 1] such that

Q(s,A) = P{X, € A}, se€8, Aec A(S).

Consider a transformation of the chain X, Y, = f(X,), where f : S — Z, is a Borel-
measurable function, with convention %(Z,) = 2%+. In this section we will give sufficient

conditions for Y = {Y, },ez, to be a Markov chain. A similar question was discussed in [BR58].

Lemma 5.1. Assume that for any bounded Borel function h : S — S

Eh(X1) = Egh(X1) whenever f(s) = f(q), (45)

Then Y is a Markov chain.

Remark. Condition (45) is the equality of distributions of X; under two different measures,
P, and F,.

Proof. For the natural filtrations of the processes X and Y we have an inclusion

FXDZY, neN, (46)

since Y is a function of X. For £ € N and bounded Borel functions h; : Z; — R, j =1,2,....k

(any function on Z is a Borel function),

k

k
By | [T hi(Vas) | 7| = Bx, [ s (F(X5)) =
j=1

= (47)

/ Qo dr1 )b (f(21)) / Q(ar, daa)ha(f(22)-.. / Q@1 dn)n(f ()
S S S

zo=Xnp

To transform the last integral, we introduce a new kernel: for y € f(S) chose z € S with

f(z) =y, and then for B C Z define

Qly, B) = Q(a, f1(B)). (48)

The expression on the right-hand side does not depend on the choice of x because of (45). To
make the kernel Q defined on Z, x %(Z, ), we set
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Q(y, B) = Ioeny, y ¢ f(9).

Then, setting z, = f(x,), it follows from the change of variables formula for the Lebesgue

integral that

/S Qv den)hn(f(en) = [ QU @no)sdzn)hn(zn).

Ly

Likewise, setting z,-1 = f(xn—1), we get

/ Qtn—2,dn 1) hn(F(n 1)) / Q1 dig)hn(f(20)) =
S S

/S Q@ns, den)hn(F@n1) | QU @) dn)hn(z0) =

Ly

@(f(xn—Z)v dzn—l)hn (Zn—l) @(zn—la dzn)hn(zn)-
Z. zZ.

Further proceeding, we obtain

/ Q(wo, dz1)ha(f (1)) / Qr, ds)ha(f (22))... / QUtn 1. din)n(f (100)) =
S S S

i Q(z0,dz1)h1(21) i Q(21,dz2)ha(22)... i Q(zn—1,dzn)hn(2n),

where zp = f(zo).
Thus,

k
Es

J

hj(Yn4j) | %f} =
1

QU (Xo), )i (1) /

Ly

Q(Zl,dZQ)hQ(ZQ).../ Q(zn_1,dzn)hn(zn).
Zy Zy
This equality and (46) imply that Y is a Markov chain.

Remark 5.2. The kernel Q and the chain f(X,) are related: for all s € S, n,m € N and
M CN,

P{f(Xn41) € M | f(Xn) =m} = @(m, M)

whenever Ps{f(X,+1) = m} > 0. Informally, we can say that @ is the transition probability
kernel for the chain {f(X,)}nez, -

Remark 5.3. Clearly, this result holds for a Markov chain which is not necessarily defined on

30



a canonical state space, because the property of a process to be a Markov chain depends on its

distribution only.

5.2 Strong Markov property of the driving process

Let N be compatible with a right-continuous complete filtration {.% }+>0, and 7 be a finite a.s.
{Z}1>0-stopping time. For vy € T'a, v = > 0(s,,u,), let 07y = D7 O5,—7u,)- Also, for Z € B(I's)
[ 1:8;>T

we define the shift
0, =2={yely |0,y E}

Introduce another point process N on Ry x R4 x Ry x Iy,

N([0,s] x UXE)=N((r,7+ 5] xU x 6,Z), s>0, Uec BRIxR,), ZeBIy).

Proposition 5.4. The process N is a Poisson point process with intensity measure ds x dx x

du x 7, independent of F..

Proof. To prove the proposition, it is enough to show that

(i) for any b > a > 0, open bounded U € RY x R, and open Y C I'y, N((a,b) x U x Z) is a
Poisson random variable with mean (b — a) x [(U) x 7(Z), where [ is the Lebesgue measure on
the corresponding space, and

(ii) for any by > a > 0, k = 1,...,m, open bounded U;, C RY and open Z; C T such that
((ai, b;) x U; x Z3) N ((aj,bj) x U; X E;) = &, i # j, the collection {N((ak, bx) X U X Zg) bee1.m
is a finite sequence of independent random variables, independent of .%..

Let 7, be the sequence of {7 }4>o-stopping times, 7, = 4= on {7 € (51, £}, k € N. Then
TwdTand 7, — 7 < 2% The stopping times 7, take only countably many values. Therefore the

process N satisfies the strong Markov property for 7,,: the processes N,,, defined by
N, ([0,8] x U X Z) := N((Tp, T + 8] x U x 0, =),

are Poisson point processes, independent of .77, .

To prove (i), note that N, ((a,b) x U x Z) — N((a,b) x U x Z) a.s. and all random variables
N, ((a,b) x U x Z) have the same distribution, therefore N((a,b) x U x Z) is a Poisson random
variable with mean (b — a)l(U)7(Z). The random variables N, ((a,b) x U x Z) are independent

of Z;, hence N((a,b) x U x =) is independent of .Z,, too. Similarly, (ii) follows. O
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