Fundamental groupoids of digraphs and graphs

Alexander Grigor’yan Rolando Jimenez
Department of Mathematics Instituto de Matematicas
University of Bielefeld UNAM, Unidad Oaxaca
33501 Bielefeld, Germany 68000 Oaxaca, Mexico

Yuri Muranov
Faculty of Mathematics and Computer Science
University of Warmia and Mazury
10-710 Olsztyn, Poland

July 16, 2015

Abstract

In this paper we introduce the notion of fundamental groupoid of a digraph and prove
its basic properties. In particular, we obtain a product theorem and an analog of the Van
Kampen theorem. Considering the category of (undirected) graphs as the full subcategory
of digraphs we transfer the results to the category of graphs. As a corollary we obtain
the corresponding results for the fundamental groups of digraphs and graphs. We give an
application to graph coloring.
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1 Introduction

In this paper we develop further the homotopy theory for digraphs (=directed graphs) initiated
in [9], [8], and [10]. In the category of digraphs, the homology and the homotopy theories were
introduced in [8] in such a way that the homology groups are homotopy invariant and the first
homology group of a connected digraph is isomorphic to the abelization of its fundamental group.
By a natural way we can consider the category of nondirected graphs as a full subcategory of
digraphs. Thus, the homology and homotopy theories of digraph can be transferred to the
category of nondirected graphs, thus leading to similar results for the latter category.



In the case of undirected graphs the fundamental group was first introduced in the papers
[3] and [4], were they described the relation of the fundamental group of graph to the Atkin
homotopy theory [1], [2]. Note that for undirected graphs the notions of fundamental groups of
[8] and [3, 4] coincide.

In the present paper we introduce the notion of the fundamental groupoid of a digraph that
is a natural generalization of the notion of fundamental group of digraph from [8]. Our definition
of groupoid has essentially the origin in the discrete nature of graphs and is not related to the
notion of fundamental groupoid of a graph as a topological space from [5] and [13].

We prove basic properties of the fundamental groupoid of digraphs, in particular, a product
formula for the fundamental groupoids for various notions of product of digraphs as well as an
analogous of the Van Kampen theorem for groupoids Considering the category of nondirected
graphs as a full subcategory of the category of digraphs we transfer these results to the category
of nondirected graphs. Note, the Van Kampen theorem for the fundamental group of graphs
was obtained also in [3] and [4].

The paper is organized as follows. In Section 2, we give a preliminary material, necessary
definitions, and some useful constructions in the category of digraphs based on [8], [9], and [12].

In Section 3, we define the fundamental groupoid of a digraph and describe its basic prop-
erties. In fact, we define a functor from the category of digraphs to the category of groupoids.
We prove the results concerning fundamental groupoids for various products of digraphs. We
also give application to the first homology group of the products.

In Section 4, we construct a functor A (geometrical realization) from the category of digraphs
to the category of 2-dimensional CW-complexes, that provides a natural equivalence of the
corresponding fundamental groupoids on the vertices of digraphs. As a consequence of the
geometric realization we obtain an analog of the Van Kampen theorem for groupoids of digraphs.

In Section 5, we transfer the aforementioned results to the category of nondirected graphs
and compare our results with that of [3], [4].

In Section 6, we give an application to coloring of graphs.
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2 Category of digraphs and homotopy theory

In this Section we give necessary definitions and preliminary material (see [9] and [8]) which we
need in the following sections. We prove also several technical results.

Definition 2.1 A directed graph (digraph) G is a couple (Vi, Eg) consisting of a set Vi of
vertices and of a subset Eg C {Vi; x Vg \ diag} of ordered pairs. The elements of E¢g are called
arrows, which are denoted by (v — w), where the vertex v = orig (v — w) is the origin of the
arrow and the vertex w = end(v — w) is the end of the arrow.

A based digraph G* = (G, %) is a digraph G together with a based vertex v = * € V.

If there is an arrow from v to w, then we write v — w. For two vertices v, w € Vg, we write
v =w if either v = w or v — w.



Definition 2.2 A digraph H is called a subdigraph of G is Vi C Vg and Fy C Eq¢.

Definition 2.3 A digraph map (or simply map) from a digraph G to a digraph H is a map
f: Vg — Vi such that v — w on G implies f (v) =f (w) on H.

A digraph map f is non-degenerate if v — w on G implies f(v) — f(w) on H.

A digraph map of based digraphs f: (G,v) — (H,w) has additional property that f(v) = w.

The set of all digraphs with digraph maps form a category of digraphs that will be denoted
by D. The set of all based digraphs with based digraph maps form a category of based digraphs
that will be denoted by D*.

For two digraphs G and H we denote by Hom(G, H) the set of all digraph maps from G to
H. For two based digraphs G* and H* we denote by Hom(G*, H*) the set of all based digraph
maps from G* to H*.

Definition 2.4 For digraphs G, H define two notions of their product.
i) Define a O-product 11 = GOH as a digraph with a set of vertices Vi1 = Vg x Vg and a set
of arrows Epp given by the rule

(v,y) — (') fz=2"andy — 3, or z — 2’ and y = 3/,

where x,2’ € Vi and y,y’ € V. The O-product is also referred to as the Cartesian product.
ii) Define a x-product P = G x H as a digraph with a set of vertices Vp = Vi x Vi and a
set of arrows Ep given by the rule

(r,y) — (2',y) fz=2"andy -y ,orz — 2" and y=y',or z — 2" and y — 3.

Let G and H be digraphs. For any vertex v € Vg there are natural inclusions ¢,: G — P and
ju: G — II given on the set of vertices by the rules

iy(z) = (xz,v) € Vp,  ju(x) = (x,v) € Vi1 for z € V.

Similarly, there are natural inclusions i,,: H — P and j,,: H — II for any w € V.
Also we have natural projections p: P — G, ¢: P — H given on the set of vertices by the
rule
p(z,y) =2 € Vg, qlx,y)=y e Vg for x € Vg,y € V.

Similarly, there are projections II — G and II — H.
In what follows we use the sign U to denote a disjoint union.

Definition 2.5 i) Let f: G — H be a digraph map of digraphs G, H. Define a digraph Cy =
(Ve, Ec) as follows

Vo = VgOVH, Ec = EgUEHUE[, where FEj = {(U — f(v)) | v e VG'}.

The digraph Cy is called the direct cylinder of the map f. The inverse cylinder Cy of the map
f has the same set of vertices V¢ as Cy and the set of arrows

Eq- = EGUEgUE-, where E;—- ={(f(v) = v) |ve Vg}



Let us recall now the basic notions of the homotopy theory of [8]. Let I,, n > 0, denote
a digraph with the set of vertices V;, = {0,1,...,n} and the set of arrows Ej  that contains
exactly of one of the arrows (¢ — (¢ 4+ 1)) or ((¢ +1) — ) for any ¢ = 0,1,...,n — 1, and no
other arrow. The digraph I, is called a line digraph. There are only two line digraphs with two
vertices, which will be denoted by I = (0 — 1) and I~ = (1 — 0).

Denote by I} the based digraph (I,,,0). Let Z, (or Z;) be the set of all line digraphs (or
based line digraphs) with the vertex set V,, and set

I=\Jz., Tv={J7;.

n>0 n>0

Definition 2.6 Let G, H be digraphs.
i) Two digraph maps f;: G — H, i = 0,1, are called homotopic if there exists a line digraph
I, € 7 and a digraph map F': GOI,, — H such that

Fleogoy = fo: GO{0} — H, Fleogy = fi: GB{n} — H.

In this case we shall write fo ~ f1. If I,, = I; then we shall refer to I’ as an one-step homotopy
from fy to fi and to the maps f; as one-step homotopic.
ii) Two digraphs G and H are homotopy equivalent if there exist digraph maps

ftG—-H, g:H—-G

such that
fog~Idy, gof>~Idg.

In this case, we write H ~ (G, and the maps f and ¢ are called homotopy inverses to each
other.
iii) A digraph G is contractible if it is homotopy equivalent to the one-vertex digraph.

Thus we obtain a well defined category D’ of digraphs with the classes of homotopic maps
as digraph maps in D'.

A homotopy between two based digraph maps f,g : G* — H* is defined as in Definition
2.6 with additional requirement that F ‘{*}D 1, = *. Then we obtain a homotopy category D*' of
based digraphs.

For any I,, € Z,, define the line digraph fn € T, as follows:

i—jinl, & (n—i)— (n—j)in I,

For any two line digraphs I,, and I,,, define the line digraph I,4+y, = I, V I, € Zpym by
identification of the vertices n € I, and 0 € I, and keeping the arrows in I, .

Definition 2.7 i) A path-map in a digraph G is any digraph map ¢ : I, — G, where I,, € Z,,.
A based path-map on a based digraph G* is a based digraph map ¢ : I; — G*. A loop on a
based digraph G* is a based path-map ¢ : I; — G* such that ¢ (n ) *.
ii) For a path-map ¢ : I, — G define the inverse path-map é: I, — G by ¢( ) = ¢(n —1).
iii) For two path-maps ¢ : I,, — G and ¢ : I,;, — G with ¢(n) = 1(0) define the concatenation
path-map ¢ NV ¥ : Iy — G by

o(i), 0<i<n
Y@ —n), n<i<n+m.

¢V¢(i):{



Definition 2.8 A digraph map h : I,, — I, is called a shrinking map if h(0) =0, h(n) = m,
and h (i) < h(j) whenever i < j.

Definition 2.9 Consider two path-maps
¢: I, — G, ¢: I, — G such that ¢(0) =(0), ¢(n)=1(m). (2.1)

A one-step direct Cy-homotopy from ¢ to 1 is a pair (h, F'), where h : I, — I, is a shrinking
map and F' : Cp — G is a digraph map such that

F|[n:¢) and F‘]m:¢. (2.2)

If the same is true with Cj, replaced everywhere by C, then we refer to an one-step inverse
Cg-homotopy.

Now we define an equivalence relation on the set of path-maps of a digraph G.

Definition 2.10 Let ¢, v be path-maps as in (2.1). We call these path-maps Cy-homotopic and

C
write ¢ =~ 1 if there exists a finite sequence {or )i, of path-maps such that ¢, = ¢, ¢,, = 1
and, for any k = 0,...,m — 1, ¢, is one-step Cy-homotopic to ¢, or inverse ¢, is one-step
Cs-homotopic to ¢y

C
As follows from Definition 2.10, the relation ¢ ~ 1 is an equivalence relation. Note, that
for the based loops in a based digraph G*, our notion of Cy-homotopy from Definition 2.10
coincides with the notion of C-homotopy of [8, Definition 4.10].

Theorem 2.11 [8] Let m1(G*) be the set of equivalence classes under Cy-homotopy of based
loops of a digraph G*. The Cy-homotopy class of a based loop ¢ will be denoted by [¢]. Then
m1(G*) is a group with the neutral element [e], where e : I — G* is the trivial loop, the inverse
element of @] is [¢], and the product is given by concatenation of the loops [§)[¢)] = [¢ V 1))].

Now we discuss properties of the x-product of digraphs.
Proposition 2.12 For any line digraph I,, and any digraph G
GxlI,~d@a.
Proof. Consider the case n = 1 and the digraph G x I. We have a natural inclusion
j:G—-GxI, jw)=vx{0}, vely

and a natural projection p: G x I — G such that the composition po j: G — G is the identity
map. Now we prove that the composition j o p is homotopic to the identity map Idgxs. Define
a homotopy

H:(GxDNHOI™ —-GxI

as follows:
Hy=Idgxr: (Gx1)O{0} - G x I, Hy(v,t,0)=(v,t,0), v € Vg, t eV,
on the bottom, and the composition

jop: (GxI)O{1} — G x {0}, Hi(v,t,1)=(v,0), veVg, teVy, 1€V,



on the top. The map H is a well defined digraph map of digraphs.

The case of G x I~ is similar, which settles the claim for n = 1. The claim for general n is
proved by induction in n. =

Let D,G, H be arbitrary digraphs. For a given a digraph map

f:D—GxH,
consider the digraph maps
fi=pof:D—G, fa=gqof:D— H,
where p: G x H — G, q: G x H — H are natural projections.

Proposition 2.13 There exists a one to one correspondence between the sets Hom(D,G x H)
and Hom(D, G) x Hom(D, H), given by the rule

e (fi, f2).
Proof. Let r be the map of sets
Hom(D,G x H) — Hom(D, G) x Hom(D, H), r(f) = (f1, f2)- (2.3)

Let f # g € Hom(D,G x H). Since the digraph maps f and g are defined on the set of vertices,
there exists a vertex v € Vp, such that

f(v) = (v1,v2) # g(v) = (w1, w2) where (vi,v2), (w1, w2) € Vaun.

Hence, at least one inequality vy # wi, v # wy is true. Hence (f1, f2)(v) # (g1, 92)(v), since
fi(v) = v;,9i(v) = w;. Thus the map r is a one-to-one inclusion. The map r is a surjection,
since any two maps f; € Hom(D, G), fo € Hom(D, H) are defined by the maps of vertices

fi: Vo= Ve, f2:Vp— Vi
which define a map of vertices
f=(f1.f2): Vb = Voun = Vo X Vi
that is a well defined digraph map of digraphs f: D — G x H, for which r(f) = (f1, f2). =

Lemma 2.14 Consider a path map ¢ : Iy — I, x I, such that ¢ (0) = (0,0) and ¢ (k) = (n,n).
Then ¢ is Cy-homotopic to the diagonal path map A : I, — I, x I, given by A (i) = (i,1) .

Proof. Using [8, Prop. 3.6] it is easy to construct a deformation retraction r from I,, x I,
onto its diagonal diag, which leads to a homotopy

F: (I, xI,)0I — I, x I,
such that F|1, w1, 000y =1d, Fl(1,%r1,)0¢k} = 7 and additionally
Flaiag0(iy = iddiag (2.4)
for any i € I. For any path-map ¢ : Iy — I, x I, define a digraph map

¢0idy, : I,OI, — (I, x I,) O,



Then the composition
¢ := Fo(¢0idy,) : LLOI, — I, x I,

has the following properties: ®| r,0{oy = ¢ and | 1,0{k} 1s the digraph map onto diag such that
®(0,k) = (0,0), ®(s,k) = (n,n). Now by (2.4) ®|;,070y = ¢ and ®|; g4y are homotopic and,
hence, Cs-homotopic. It remains to observe that the path-maps

®|r,opy : Is — diag
and A : [, — diag are Cy-homotopic (for example, using [8, Thm. 4.13]). m
Definition 2.15 Let ¢: I, — G be a path-map. An extension ¢¥ of ¢ is any path-map
oF: I, -G, I,eT.
that is given by the composition ¢ o h, where h: I, — I, is a shrinking map.

Note that any extension ¢¥ of ¢ by means of shrinking map h: I, — I, satisfies the
conditions

¢7(0) = $(0), ¢"(n) = ¢(m).

The following technical result will be used in Section 3 to describe the fundamental groupoid of
the product of digraphs.

Proposition 2.16 Let ¢ = (q,19): I, — G x H be a path-map and hy,hy: I, — I, be
shrinking maps that induce extensions 1/11E: I, — G and sz: I, — H. Consider the digraph
map

O = T ) I — G x H.
Then o 2 .

Proof. Consider the commutative diagram

L, = I,
L A, e A\
LyxI, "™ 1w, "2 GuH
T Am /w
L,

in which A; denotes the natural diagonal inclusions, and § = (hj X hy)oA,. By Lemma 2.14 the
path-maps ¢ : I, — I, x I, and Ay, : I, — I, X I, are Cy-homotopic. From commutativity

C
of the diagram, it follows that 1) ~ /. m
For two digraphs G, H define a digraph Dhom(G, H) with set of vertices

VDhom(G,H) = HOHI(G, H)
and f — ¢ in Dhom(G, H) if there is an one-step homotopy as follows:

F:GOI — H, Fleoy =1 Fleogy =9 (2.5)



Theorem 2.17 For digraphs D, G, H, there is a natural isomorphism of digraphs
Dhom(D, G x H) = Dhom(D, G) x Dhom(D, H).

Proof. By the proof of Proposition 2.13, the map r from (2.3) defines a bijective map of
vertices

Vbhom(D,GxH) — VDhom(D,@) X VDhom(D,H)-
Let F' be the homotopy of (2.5) that gives an arrow f — ¢ in Dhom(G, H). Then

poF: DOI — G
provides a homotopy between po f and p o g, and
qo F: DOl — H

provides a homotopy between ¢ o f and ¢ o g. Hence, the map r maps arrows to arrows, and it
is an injective map on arrows.
Now we prove that it is surjective. Consider a part of the digraph Dhom( D, G) xDhom(D, H)

f1 - g1

ag

(f1,92) — (91,92)

92 Tar  aw Tas (2.6)
}2 (f1, f2) o (91, f2)

which is obtained by the x-product of the arrows f; — g1 and fo — ¢2. Let us show that a;
belongs to the image of the map r on arrow, for any ¢ =0, ..., 4.

Consider, at first, the case ¢ = 0. By definition of the digraphs Dhom(D, G) and Dhom(D, H)
it follows from (2.6), that there is a homotopy F;: DOI — G between f; and g1, and there is a
homotopy Fo: DOI — H between fo and go. Let d: DI — D be the natural projection. The
map

(Fl,ggod):DDI—>G>4H

gives a homotopy between the map (f1,92): D — G x H and the map (g1,92): D — G x H.
The homotopy (F, g2 o d) represents an arrow in Dhom (D, G x H) that maps by means 7 to the
arrow ag in (2.6).

The cases ¢ = 1, 3,4 are similar. Consider the case 1 = 2. Let ¥ denote the composition

por "B oo G« H

where the second map is the natural inclusion. This map gives a homotopy between the map

(f1,f2): D — G x H and the map (g1,92): D — G x H, and hence represents an arrow in

Dhom(D, G x H) that maps by means r to the arrow ag in (2.6). The theorem is proved. =
For two based digraphs G*, H* define a based digraph Dhom(G*, H*) with the set of vertices

VDhOm(G*,H*) = HOH].(G*, H*)

consisting of based maps and the base point is given by the trivial map *: G — x € H. There
is an arrow f — ¢ in Dhom(G*, H*) if there is a one-step homotopy

F: G*DI*—)H*,*:OGI, F|GD{O}:f7 F|GD{1}:Q- (27)

The products [ and x of digraphs are defined naturally in the category D* of based digraphs,
where x = x[Jx € GLIH is a based vertex and, similarly, *x =% xx € G x H.



Corollary 2.18 For based digraphs D*, G*, H*, there is a natural isomorphism of based digraphs
Dhom(D*,G* x H*) 2 Dhom(D*,G*) x Dhom(D*, H*).

Proof. The result follows from Theorem 2.17 since the correspondence f < (f1, f2) given
in Proposition 2.13 preserves the based maps. =

3 Fundamental groupoids of digraphs

In this section we define a notion of the fundamental groupoid of a digraph and describe its basic
properties. We prove the theorem about fundamental groupoid of the products of digraphs. As
a corollary we obtain the corresponding results for the fundamental groups of digraphs. Our
definition is motivated by the classical definition of groupoid from [13, 1 §7 and 3 §§6,7,8].

A groupoid is a small category in which every morphism is an equivalence.

Definition 3.1 i) An edge of a digraph G = (V, E) is an ordered pair (v, w) of vertices such
that either v = w or there is at least one of the arrows v — w or v «— w.
ii) An edge-path £ of a digraph G is a finite nonempty sequence

(v, v1)(v1,v2) ... (Vn—2,Vn—1) (Vpn—1,Vn) (3.1)

of edges of the digraph G, where n is any natural number. The vertex vg is called the tail of
the edge-path ¢ and v,, the head of {. We shall write vy = t(£) and v,, = h(&).

iii) A closed edge-path at the vertex vy € Vi is an edge-path £ such that ¢(£) = h(§) = vp.

iv) If £, and &, are two edge paths with h(£;) = t(£5), then we define the product edge-path
£,&, consisting of the sequence of edges &, followed by the edges of &,.

v) For any edge-path ¢ from (3.1) define the inverse edge-path ¢! by

&= (U, Vp_1)(Vn_1,Vn_2) ... (v1,00).
We collect some obvious properties of edge-paths in the next statement.

Lemma 3.2 The edge-paths of a digraph G satisfy the following properties:
(5152)53 = 51(5253)7

(€t =¢

t(&1€2) = t(&1), h(&1€2) = (&),

t(€) = h(¢™1), h(&) =t(E™),

where we assume that all the products are well-defined.

Definition 3.3 i) We shall say that the sequence of three vertices (vg,v1,v2) of a digraph G
forms a triangle if there is a permutation 7 of (vg, v1, v2) such that the map i — m (v;), i = 0,1, 2,
provides the isomorphism from the following triangle

0 — 1
N
2

to the subdigraph of G with the vertices m(vg), w(v1), 7(ve).



ii) We shall say that the sequence of four vertices (vg, v1,v2,v3) of a digraph G forms a square
if there is a cyclic permutation 7 of (vg,v1,ve,vs) such that the map ¢ — = (v;), i = 0,1,2,3,
provides the isomorphism of the following square

1 —- 3
7 T
0 — 2

to the subdigraph of G with the vertices 7(vg), w(v1), w(ve), 7(v3).
Now we introduce the edge-path groupoid of a digraph.

Definition 3.4 Two edge-paths &; and &, are called equivalent (and we write &, ~ &,) if £; can
be obtained from &, by a finite sequence of the local transformations of the following types or
their inverses (where the dots “...” denote the unchanged parts of the edge-paths):

i) ...(vo,v1)(v1,v2)... — ...(vo,v2)..., provided (vg,v1,v2) forms a triangle in G.

i) ...(vo,v1)(v1,v3)... = ...(vo,v2)(v2,v3)... provided (vg, vy, va,v3) forms a square in G.

111) ) (1}0,1)1)(’1)1,’[)3)(’[}3,1}2) — ...(vg, v2)... provided (vg,v1,ve,v3) forms a square in G.

iv) ...(vo, v1)(v1,v0)... = ...(vo, vg)... provided vy — v; or vy — vy, Or Vg = Vy.
V) (0, v9) (vo, v1) .. — ...(V0, V7).

Using transformation iv) and v), we obtain also that

Vi) ...(Uo, vl)(vl, Ul)... — ---(’UO, ’Ul)...
It follows directly from definition that the relation ~ has the following properties.

“©. oo»

Proposition 3.5 The relation “~7 is an equivalence relation on the set of edge-paths of the
digraph G. It has the following properties:

i) If & ~ & then (&) =1(&), h(&1) = h(&s).

i) If & ~ &1, &~ & and 1(&) = h(&y), then & & ~ E18).

i11) Let t(§) = vo,h(§) = v1, then (vo,v0)& ~ & ~ &(vy,v1).

) If & ~ & then &' ~&5"

For a path-map ¢: I, — G with v; = ¢(i) € V, we have, for any i = 0,...,n — 1, at least one
of the following relations:

Vi = Vi+1, Vi = Ui+1l,  Vi41 =7 V5.
Hence, the path-map ¢ determines the following edge-path in G:
s = (6(0),9(0))(¢(0), (1)) ... (¢(n — 1), 6(n)).

Theorem 3.6 Two path-maps ¢ : I, — G and ¢ : I, — G with ¢(0) = ¥(0),p(n) = ¥ (m) are
Cay-homotopic if and only if §y, ~ &,.

Proof. The proof is similar to [8, Theorem 4.13] where the case of loops was treated. m
Proposition 3.7 The following identities are true for path-maps ¢ and ¥ on G
(f¢)71 ~ fgﬁ §¢v¢ ~ §¢§¢7

where gAb is the inverse path-map and ¢ V ¢ is the concatenation of ¢ and ¥ assuming that it is

well-defined.

10



The proof is trivial.
Denote by [¢] the equivalence class of the edge-path £ under the relation “~”. As follows
from Proposition 3.5 the following notations make sense:

and
(€7 = [571] s [€] o [€o] = [€160],

provided &£, is well-defined. The following statement follows from Lemma 3.2 and Proposition
3.5.

Theorem 3.8 For any digraph G, the vertex set of G as the set of objects and the set of the
equivalence classes of edge-paths & as morphisms from t (§) to h (&), form a category E(G) that
is a groupoid. The composition of two morphisms [{;] and [&y] is given by [&1] o [€,], and the
inverse morphism of [£] is [¢]7L.

The groupoid £(G) is called the fundamental groupoid of the digraph G. We shall denote
by Homg gy (v, w) the set of morphisms from v € V to w € V' in the category &(G), or simply
Hom(v,w) if the digraph G is clear from the context.

Let v € Vg be a vertex in a digraph G. Consider the edge-paths ¢ in G with ¢(§) = h(§) = v.
These edges-paths form a group with the neutral element (v,v) and with the product of edge-
paths. Denote this group by E(G,v).

Proposition 3.9 We have an isomorphism
E(G,v) = m(GY).

Proof. For any path-map ¢: I,, — G with ¢(0) = ¢(n) = v we already define an edge-path
4 with t(§4) = h(§4) = v. By Theorem 3.6, the map

©: m(G,v) — E(G,v)
O(gl) = [&]

is well-defined and preserves the group operations by Proposition 3.7. The map © is an epimor-
phism and a monomorphism as follows from Theorem 3.6. =

Let G and H be groupoids. We shall consider a functor F: G — H as a morphism of
groupoids. Thus we obtain the category Grpd of groupoids and morphisms of groupoids.

Proposition 3.10 The fundamental groupoid is a functor
E:D — Grpd.
Proof. Let f: G — H be a digraph map. For any edge-path
&= (vo,v1)...(Vn—-1,vn)
of the digraph G define an edge-path f.(§) of the digraph H by the rule

fe(&) = (f(vo), fv1)) -+ (f(vn-1), f(vn))-

By Definitions 2.3 and 3.1 the edge-path f.(§) is well defined. Using Definition 3.4 it is an
easy exercise to check that &, ~ &, implies fi(&;) ~ f«(§3). Thus we obtain a well defined
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function fy: £(G) — E(H) that satisfies the relations f;(1,) = 14, (v € V) and fy(§1 0 &y) =

fi(€1) o f3(&p). ™
Now we recall the definition of product of groupoids [5, §6.4]. The product C; x Cs of two

groupoids C; and Cj is a groupoid with the set of objects Ob(C; x C3) consisting of all ordered
pairs (A1, A2) where A; € Ob(C1), A2 € Ob(Cz). The set Mor((Ai, As),(B1, Ba)) consists of
ordered pairs of morphisms (f1, fo) where f1: Ay — By, fo: As — Bs are the morphisms of the
categories C; and Co, respectively. The composition of morphisms and the inverse morphism in
C1 x Cy are defined by a natural way

(91,92) © (f1, f2) = (g1f1,9202), (fi, f2) "t = (fih 1)

We have the natural projection functors
m1:C1 xCy —C1, me:C1 XCqy—Cy

such that for any functors f1: B — Ci, fo: B — Cs there is a unique functor f: B — C; x Cy
such that w1 f = f1, maf = fo.

Theorem 3.11 Let G,H be digraphs. Then the groupoid E(G x H) is isomorphic to E(G) X
E(H).

Proof. The natural projections of digraphs p: GxH — G,q: GxH — H induce morphisms
of groupoids

E(p): E(GxH)—EG), Eq):E(GxH)— EH)

which determines a morphism of groupoids
[:E(GxH)— EG) x E(H).

Recall that Ob(E(G x H)) = Ob(E(G) x E(H)) = Vg x V. The morphism f is the identity map
on the set of objects Vg x Vi, and for any morphism in £(G x H) that is given by a class [¢] of
an edge-path £ we have

FED) = ([pe(&)]; [ax(E)))-

We prove, at first, that the map f is surjective. For an edge-path &; = (vo,v1)...(vp—1,v,) in
G and an edge-path &, = (wp,w1) ... (Wpm—1,wy,) in H, we define an edge-path £ in G x H such
that

FUED = ([pe(O)]; [a:(O)]) = (€], [€2])- (3.2)

Without restriction of generality we can suppose that n > m. By Definition 3.4, we have

&y ~ &L= (wo, w1) . .. (W1, W) (Wi Wiy )y -+« (Wi, Wiy )

n—m times

Define an edge-path £ in G x H as

&= ((vo,wp), (v1,w1)) ... ((Vm—1, Wm—1), (Vms W) « . (Vn—1, W), (Vn, W)) .

By definition of x-product this is, indeed, an edge-path and the condition (3.2) is satisfied.
Hence the map f is surjective.

Now we prove that the map f is injective. Let &; and &, be two edge-paths in G x H such
that

t(&1) = t(&2) = (vo,wo), h(&1) = (&) = (vn, wn)
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and

pi(&1) ~ pi(&2), @(&1) ~ as(€a)- (3.3)

Define path-maps ¢: I, — G x H and ¢: I, — G x H in such a way that §; = £;,§y = §y.
Note, that these path-maps can be not unique. From definition of the projections p and ¢ and
Theorem 3.6 we obtain

pti(ﬁl) = 5p¢, pﬁ(fz) = 5p¢, %(51) = fq¢, %(52) = §q¢

and

¢ “py in G, (3.4)
qo % qy in H. (3.5)

C,
We would like to conclude from (3.4)-(3.5) that ¢ = . Then, by Theorem 3.6, {; = &, ~ &, =

Coa
&y, and hence the map f in (3.2) is injective. It is sufficient to prove ¢ = ) in the following
cases:

1) in (3.4) we have an one-step direct Cy-homotopy and in (3.5) equality;
2) in (3.4) we have an one-step inverse Cy-homotopy and in (3.5) equality;
3) in (3.4) and in (3.5) we have an one-step direct Cy-homotopy;
4) in (3.4) and in (3.5) we have an one-step inverse Cy-homotopy;

5) i

in (3.4) we have an one-step direct Cy-homotopy and in (3.5) an one-step inverse Cy-

homotopy.

From these cases the general case follows. Note that the cases 1 and 2 follows directly from the

cases 3 and 4. We consider only the case 5. In other cases the argument is similar and simpler.
Let (hi, F1) be a one-step direct Cy-homotopy from p¢ to pip that is given by a shrinking

map hp: I, — I, and the commutative diagram

In - Ch1 — Im

¢ {J

This diagram extends to the commutative diagram

L, = I, * q

l ! |
Lor- 2 o, & ¢ (3.7)
T 1 |
, o, 2og
It follows from (3.7) that
po ~phy in G, (3.8)
which implies
(pd, qoha) = (pbha, qphe) in G x H. (3.9)
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Let (hg, Fy) be a one-step inverse Cy-homotopy from g¢ to g1 that is given by a shrinking map
ho: I, — I, and the commutative diagram

L — Cp, < In

1499 I 19¥ (3.10)
H = H = H

This diagram extends to the commutative diagram

L, S I, “ H
! ! I
S _ F:
Lo oo fom 3.11)
7 7 I

L, o om

It follows that
q¢ ~ qphy in H
and, hence,
(pg, q9) = (pd, qphs) in G x H.
Together with (3.9) this yields

(P9, qp) =~ (phi1,qpha) in G x H.

By Proposition 2.16 we have

(pohy, qha) < (p, ) in G x H,

which implies
Co

¢ = (po,q9) ~ (p¥,q¥) =1 in G xH,

which was to be proved. m
Corollary 3.12 For based digraphs G* and H* there is a natural isomorphism
(G x H*) 21 (G*) x m(H”)
where w1 (G*) x w1 (H*) is the direct product of fundamental groups.
Proof. Follows from Proposition 3.9 and Theorem 3.11. =

Theorem 3.13 For digraphs G and H, the natural inclusion o: GOH — G x H induces an
isomorphism of fundamental groupoids

E(GOH) = E(G x H).
In particular, for the based digraphs, this map induces an isomorphism
m (G*OH") 21 (G* x H*) 2 11 (G*) x m (H")

of fundamental groups.
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Proof. The inclusion ¢ induces a morphism oy : £(GOH) — £(G x H) of groupoids. We
will prove that it is surjective and injective.

For any edge-path £ in G x H, define an edge -path €7 in GOH, such that £ ~ ¢ in G x H.
To that end we transform any diagonal edge ((v1,w1), (v2,w2)) of £ in G x H to the edge path

((v1,w1), (v1, w2))((v1, we), (v2, w2)), (3.12)

that lies in GOH, using transformation (i) of Definition 3.4 in G x H. Doing that to all diagonal
edges of £, we obtain an edge-path fD as was claimed above. This implies immediately, that o
is surjective, since oy ({fDD = [¢].

Now let us prove the following claim: if £, 7 are edge-paths in G x H which are equivalent in
G x H, then ¢ ~ oY in GOH. If this is already known, then, for any two edge-paths & and 7
in GUH, such that £ ~ 7 in G x H, we have §D =¢, nD =, and, hence, £ ~ n in GLOH, which
implies the injectivity of oy.

To prove the above claim, it suffices to assume, that 7 is obtained from & by one elementary
transformation in G x H. By Definition 3.4 any elementary transformation is done along an
embedded digraph S C G x H, where S is isomorphic to one of the following digraphs: a single
vertex digraph, 0 — 1, 0 = 1, the triangle, the square. Let P be projection of S onto G and Q
be projection of .S onto H. Then PUQ is a subgraph of GLH. By inspecting all the above cases
of S, one sees that PLIQ is always contractible. By the assumption that n is obtained from ¢
by one elementary transformation, we have

§=mavy, 1="7872,

where 7, 75 are edge-paths in Gx H, a, 3 are edge-paths in Px @, and t(«) = t(3), h(«) = h(p),
where « is transformed to 3 along S. By definition of the operation & — 55, we obtain

7 =Py, T =787,
where

t(a") = t(87), h(a") = h(s").
By the contractibility of POQ, the edge-paths a-, ™ are equivalent in POQ. Hence §D ~nH
in GOH, which finishes the proof. =

The notion of homology groups Hy, (G, Z) of digraphs was introduced in [10] (see also [6], [7],

[9]). The physical applications of homology (cohomology) theory of digraphs requires develop-
ment of effective methods of computing of these groups.

Using isomorphism between the first homology group and the abelization of the fundamental
group for digraphs [8, Thm. 4.23] and applying Theorem 3.13, we obtain the following result.

Theorem 3.14 For any two connected digraphs G, H we have
H(GOH,Z) = Hi(G x H,Z) = H\(G,Z) ® H\(H,Z).

4 Geometric realization and Van Kampen theorem

In this section for any finite digraph G = (V, E) we construct a 2-dimensional finite CW-complex
K = A(G) (with topological space |K|) for which the set of 0-dimensional cells coincides with
the set of vertices V. We prove the functoriality of A and obtain an isomorphism

Homg (g (v, w) = Homp () (v,w), v,w eV
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where Homg ) (v, w) is the set of morphisms from v to w of the groupoid £(G) and Homp |y (v, w)
is the set of morphisms from v to w of the fundamental groupoid P(|K|) of the topological space
|K| [13, Chapter 1, §7]. This implies, in particular, that for any vertex v € V'

m1(G,v) 2 1 (|K|,v).

Then we obtain a Van Kampen theorem for the fundamental groupoids of digraphs and provide
several examples which illustrate this theorem.
At first we need several technical definitions and lemmas.

Definition 4.1 Let {G;},. 4 be a family of subdigraphs of one digraph, where A is any index
set.
i) The union G = J,c4 Gi of digraphs G; is a digraph G such that

Vo =|JVa,, Eo=JEq,
i€A €A

ii) The intersection G = ;. 4 Gi is a digraph G such that

Vo =()Va,, Ea=[)Eaq,.
icA i€cA

Now, for any finite digraph G = (V, E'), we construct functorialy a 2-dimensional cell complex
K = A(G).

The 0-dimensional skeleton K9 of K consists of the set of vertices V. Let D! = [0, 1] denote
the standard closed unit interval which is a closed 1-cell with the boundary dD! = {0, 1}.

Let P be the set of all ordered pairs (v, w), where v,w € V', such that v — wj if also w — v
then we choose in P only one of the pairs (v, w), (w,v). For any pair (v,w) € P, we attach a
one-dimensional cell D! to K, using attaching map

¢v,w: 6D1 - KO’ ¢v,w(0) =0, d)v,w(l) = w.

Now, we define 1-dimensional skeleton K' of K by attaching to K° 1-dimensional cells D'
according to the maps ¢, ,, for all (v,w) € P.
Let T be the set of subdigraphs of G that are isomorphic to the triangle from Definition 3.3
i). For any subdigraph
Vo — U1
r= N\ | (4.)

V2,

from T, we attach to K' a standard triangle D?> C R? with the vertices {ag,a1,as} and with
boundary 0D? = [ag, a1] U [a1, az] U [ao, az] using attaching map

¢, 0D* = K', ¢, ([ai, a;]) = [v3,v)].

Let S be the set of all subdigraphs of G that are isomorphic to the square. For any subdigraph

Yo — U1
o= ! (4.2)
Vo — U3
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from S, we attach to K' a standard square D? C R? with the vertices {ag,a1,as,az} with
boundary dD? = [ag, a1] U [ao, az] U [a1, a3] U [ag, ag] using attaching map

¢p: OD* =K', ¢, (las, a;]) = [vi,v]. (4.3)

Now we define A(G) = K = K? as the cell complex that is obtained from K! by attaching all
the triangles and squares as above.

Proposition 4.2 For any digraph map f: G — H we can define a cellular map
Ar: A(G) = A(H)

which coincides with f on the set of 0-dimensional cells (that is, with Vi) in such a way that
we obtain a functor A from the category of digraphs D to the category of CW-complexes (with
cellular maps).

Proof. By definition of a digraph map, f can map triangles to triangles or edges or vertices,
and squares to squares or triangles, or edges, or vertices. Now, it follows that the map A ¢, that
is firstly defined on vertices as f, extends uniquely to a cellular map A(G) — A(H). =

For a digraph G = (V, E), let P(|K|) denote the fundamental groupoid of the topological
space |K|, where K = A(G). The class of the path ¢: [0,1] — |K| in P(]K|) we denote by [¢].
For the points v, w € |K| we denote by Homp k) (v,w) the set of morphisms from v to w in
P(|K|). Any vertex v € V determines a 0-dimensional cell in K and a point in | K|, which we
continue to denote by v.

Let J,, be the CW-complex that is the subdivision of the closed unit interval [0, 1] in n equal
parts (1-cells) by O-cells io = 0,...,i, = 1. For any edge-path & = (vg,v1) ... (vp—1,v,) in the
digraph G, define a cellular map ¢,: J,, — K by ¢¢(ix) = vj on the set of 0-cells, and

Pelin, ik41] = [Uk, Vk41]
on the 1-cels. This map defines a path in |K| by
|bel: [0,1] — [K], [d¢](0) = vo = t(£), [d¢](1) = vn = h(§).

Lemma 4.3 i) Let & ~ &, be edge-paths in a digraph G. Then the maps |¢¢ | and |¢g,| are
homotopic relative to the boundary.
i) If h(&1) = t(&s), then |¢ ¢ | is homotopic to the path ¢ |+ |d¢,| relative to the boundary

Proof. Follows from Definition 3.4 and the construction of A(G) (this result is a cellular
analog of the simplicial case [13, Chpt. 3, §6, 9-11]). =
It follows from Lemma 4.3 that for any two vertices v,w € V the map

pt Home(q (v, w) — Hompse) (v, w), p([€]) = [|e¢] (4.4)
is well-defined.
Proposition 4.4 For any two vertices v,w € V' the map p in (4.4) is a bijection.

Proof. This is a cellular version of the simplicial theorem [13, Chapter 3, §6, Theorem 16].
The proof is standard using cellular approximation theorem [11, Chpt. 4.1, Th. 4.8]. =
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Corollary 4.5 For any digraph G = (V, E) and v € V we have isomorphisms
m1(G,v) = E(G,v) = 71 (JA(G)],v).

Now we recall several notions from the category theory (see, for example, [5, 6.6]). Let C be
a category. A commutative square C

C &
L2 L (4.5)
c, B8 ¢

in the category C is called a pushout, if for any commutative diagram

c oo
1 i L)
c, B

in the category C there is a unique morphism ¢: C' — C’ such that cu; = u}(i = 1,2).
Now let X be a CW-complex with CW-subcomplexes X1, X5, such that X = X; U X5, and
set Xg = X1 N Xy . Then we obtain a pushout X of natural inclusions

X0l % |Xl
12 L (4.6)
1Xo| 3 |X]

in the category of topological spaces [5, Chpt. 4 and 6].

Let A C X be a subset of a topological space X. Then we can define a full subgroupoid
Pa(X) of the fundamental groupoid P(X) by the following way [5, Chpt. 6.3]. The elements
of P4(X) are all classes of homotopy paths relative to the boundary in the space X, joining
points of A. Thus, for example, P,(X) = (X, *) where * is a base point. Any inclusion of
topological spaces j: Y — X induces a morphism of groupoids j.: Pa(Y) — Pa(X). A set
A is called representative in X if A meets each path-component of the space X. We need the
following result.

Theorem 4.6 (Van Kampen Theorem [5, Chpt. 6.7.2]) Let X be a path-connected space and
let X be the pushout (4.6). If the set A C X is representative in Xg, X1, Xo then the square

Pa(Xo) B Pa(Xy)
Pa(Xo) =& Pa(X)

18 a pushout square in the category of groupoids.

Definition 4.7 We shall call by a cell of a digraph G any of the following subdigraphs:
i) any subdigraph that consists of two adjacent vertices of G with all arrows between them;
ii) any subdigraph that is a triangle;
iii) any subdigraphs that is a square (see Definition 3.3).

18



Theorem 4.8 (Van Kampen Theorem for digraphs) Let a connected digraph G be the union
of two subdigraphs G = G1 U Go such that any cell of the digraph G lies at least in one of the
subdigraphs G;(i = 1,2), and let Go = G1 N Ga. Then the square

E(Go) — E(Gh)

! l (4.8)
E(Gy) — E(Q),

in which all morphisms are induced by natural inclusions, is a pushout in the category of
groupoids.

Proof. The inclusions of digraphs induce the inclusion of topological spaces of their CW-
complexes
|A(Go)] — [A(GY)
l ! (4.9)
A(G2)] —  [A(G)].

Now the result follows from Theorem 4.6 and Proposition 4.4, since the set of vertices V is

representative in |A(Go)|, |A(G1)|, and |[A(G2)|. =

Corollary 4.9 Let G* be a based connected digraph with connected based subdigraphs G} (i =
1,2), such that G = G1 UGy and Gy = G1 NGy is connected. Under the assumptions of Theorem
4.8

m(G7) = mi(G) * m(G3) /N, (4.10)

where N 1is the normal subgroup of the free product generated by all the elements of the form
[#] % 2]~ where x is a based loop in Go.

In the following examples we show, that the conditions of Theorem 4.8 cannot be relaxed.

Example 4.10 i) Consider the following based digraph G*

1 — 2
AN /

| * 1 (4.11)
/ AN

3 — 4

and let G1 be the subdigraph that is obtained from G by removing the vertex 4 with adjacent
arrows, and let G — by similarly removing the vertex 1. Clearly, G = G1UG32 and the intersection
Gy = G1 N Gs is the following line digraph

2 — x — 3.

There are deformation retractions of G7, G5, and G* to the following cyclic subdigraphs
respectively

AN e e AN and N /

* 3 — 4 *
(see [8, Example 3.14]). Hence, by [8]
m(G) = mi(Gy) = mi(GY) =7, m(Gp) = {e}, (4.12)

19



which implies that (4.10) is not satisfied. In this case Corollary 4.9 does not apply since the cell
given by the square {1,2,3,4} lies neither in G nor in Ga.
ii) For the based digraph G*

—— W
¥ — N

—
AN
=

there is a deformation retraction of G* onto (x = 1). Hence, by [8], 7m1(G*) = {e}. The digraph

G is the union of two digraphs

3 — 2 3 — 2
Gl = l l and G2 = \ l (4.13)
1 <:> * *
Then Go = G1 NGy = (3 — 2 — %), and
m(GY) = m(G1) = m(GY) ={e}, m(Gs) =72,
so that (4.10) fails. In this case the cell
3
N
1 «— =%
does not lie in G or in G5 and Corollary 4.9 is not applicable.
iii) Consider a digraph G*
1
N (4.14)
2 — x <« 3

There is an evident deformation retraction of G* onto (* & 1), hence 7;(G*) = 0. We can
present G* as the union of two digraphs

(4.15)

* = =
* — =
T/

Gy = /

and Ga = /
2 —

Then GOZGlﬂGQZ(l <—2—>>I<), and

m1(G") = m1(GY) = mi(Gp) = {e}, m(G3) =Z.
In this case the cell (x = 1) does not lie in G; or in Gg, Corollary 4.9 is not applicable, and
(4.10) fails.

5 Fundamental groupoids of graphs

The deep connections between Atkin homotopy theory and a homotopy theory for graphs was
exhibited in [3] and [4]. In particular, the new notion of the fundamental group for undirected
graphs was introduced there. In [8] the notion of the fundamental group for digraphs was
introduced, and it was transferred to the category of graphs, using isomorphism between the
category of graphs and the full subcategory of symmetric digraphs. The so obtained fundamental
group is isomorphic to the fundamental group from [3].
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In this section we transfer the results about fundamental groupoids of digraphs to that of
undirected graphs, similarly to [8].

We recall shortly notation from [8, §6], that we shall use in this section with minimal changes.
To denote graphs and the graph maps, we shall use a bold font, for example, G = (Vg, Eg),
f: G — H.

Definition 5.1 A graph G = (Vg,Eg) is a couple of a set Vg of wvertices and a subset
Eg C {Vg x Vg \ diag} of non-ordered pairs of vertices that are called edges. We shall write
v ~w for (v,w) € Eg.

A graph map from a graph G = (Vg,Eg) to a graph H = (Vyg, Eg) is a map

f: Vg - Vu
such that for any edge v ~ w on G we have either f (v) = f (w) or f (v) ~ f (w).

As usually, a based graph G* is the graph G with the fixed vertex * and a based graph map
preserves base vertexes.

The set of all graphs with graph maps forms a category G. Let us associate to each graph
G = (Vg,Eg) a symmetric digraph O(G) = G = (Vi, Eg) where Vg = Vg and Eg¢ is defined
by the condition v — w < v ~ w. Thus, we obtain a functor O that provides an isomorphism
of the category G and the full subcategory of symmetric digraphs of the category D.

The functor O allows us to transfer the notions and results obtained in category D to the
category G. In particular, we obtain in this way the definition of the fundamental groupoid of
a graph as below.

Definition 5.2 i) A formal edge of a graph G = (V,E) is an ordered pair (v, w) of vertices
such that v ~ w or v = w.
ii) An edge-path £ of a graph G is a finite nonempty sequence

(vov1)(v1,v2) ... (Up—1,Vp) (5.1)

of formal edges of the graph G. The vertex vg is called by the tail of the edge-path £ and v,
the head of the edge-path &. We write vy = t(§), v, = h(§).

iii) A closed edge-path at the vertex vy € V is an edge-path £ such that ¢(£) = h(&) = vp.

iv) For two edge paths & and & with h(&;) = t(§,), we define a product edge-path &,
consisting of the sequence of formal edges &; followed by the formal edges of &,.

v) For any edge-path ¢ from (5.1) define the inverse edge-path ¢! by

571 = (Una Un—l)(vn—lu Un—2) ce (Ula UD)-

It follows directly from the Definition 5.2 that the edge-paths of a graph G satisfy the
following properties:

t(&1€2) = t(§1), h(&162) = h(&y),

t(€) = h(E™1),h(E) = t(E™),

(5152)53 = 51(5253),

€EhHt=¢
were we suppose that all products are defined.

Define an edge-path groupoid of a graph similarly to Section 3.
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Definition 5.3 Two edge-paths £; and &, in G = (V,E) are called equivalent (and we write
& ~ &) if &, can be obtained from &, by a finite sequence of the following local transformations
or their inverses (where the dots “...” denote the unchanged parts of the edge-paths):

i) ...(vo,v1)(v1,v2)... — ...(vg, v2)... where vy ~ vg or vy = Va.

i) ...(vo,v1)(v1,v2)... — ...(vo,v3)(v3,v2)... where the vertices vy, vy, va, v are different and
vo ~ v3 and vg ~ vs.

iii) ...(vo,v1)(v1,v2)(v2,v3)... — ...(vg,v3)... where the vertices vg, v1,vs, v3 are different and
Vg ~ V3.

Note, the list of local transformations in Definition 5.3 follows from Definition 3.4 using
inverse functor O~! on the subcategory of symmetric digraphs, which allows to simplify this
list.

The relation “~” on the set of edge paths of a graph G is an equivalence relation. We shall
denote by [£] the equivalence class of the edge-path £. For equivalence classes the following
notations and operations are well defined

t([€]):=t(€), h([€):=h(€). for t(&1) = h(&1) [&4] o [a)=[6:&], €71 = [€71].

Theorem 5.4 For any graph G, the vertex set of G as the set of objects and the set of the
equivalence classes of edge-paths & as morphisms from t (§) to h (), form a category E(G) that
is a groupoid. The composition of two morphisms [{;] and [&] is given by [&1] o [£,], and the
inverse morphism of €] is [£]7.

The groupoid £(G) is called the fundamental groupoid of the graph G.

We denote by Homgg)(v,w) the set of morphisms from v € V to w € V in the category
&(G), or simply Hom(v, w) if the graph G follows from the context.

Let v € V be a vertex in a graph G. Consider the set of equivalence classes [¢] of edge-paths
¢ of G such that ¢(£) = h(§) = v. This set is a group with the neutral element [(v,v)] and
with the groupoid product of £(G). Denote this group by E(G,v). Note, that the fundamental
group 71(G*) of a based graph G* was introduced in [3], [4, Proposition 5.6]. It follows from
[8] that

E(G, ?}) = 7T1(GU).

Definition 5.5 Let G = (Vg,Eg) and H = (V, E) be two graphs.
i) Define the Cartesian product I = GOH as a graph with the set of vertices Vi = Vg x Vg
and with the set of edges Egy such that (z,y) ~ (2/,¢') if and only if

either 2’ =z andy~9y', or x~2' and y=1v'.

ii) Define a x-product P = G x H as a graph with the set of vertices Vp = Vg x Vg and
there is an edge
(x,y) ~ (2',y) for x,2" € Vg;y,y € Vu

if one of the conditions is satisfied
¥=x,y~y; or Y=y x~2; or xz~2,5 y~y.
Theorem 5.6 We have an isomorphism of groupoids
E(GOH)=E(GxH)=ZE(G) x EH).
In particular, for based graphs we have an isomorphism of fundamental groups

7 (G*OH") 2 71 (G* x HY) 22 711 (G*) x 7 (H")
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This property of fundamental groups of graphs is new. We think, that the direct proof of
this result, using the definition of 71 from [3] and [4], can be very nontrivial.

Now we state the Van Kampen Theorem for the fundamental groupoids of graphs. For the
fundamental group of graph it was proved in [4].

The union and intersection of subgraphs is defined in the same way as those for digraphs in
Definition 4.1.

Definition 5.7 We shall call by a cell of a graph G any of the following subgraphs:
i) a full subgraph consisting of three vertices (triangle);
ii) a subgraph consisting of four vertices forming with the edges a square.

Theorem 5.8 (Van Kampen Theorem for graphs) Let G = G1 UGy be a connected graph, such
that any cell of G lies in one of the subgraphs G, Ge. Set Gog = G1 N Go. Then the square

E(Go) — £&(Ga)
! ! (5.2)
E(Ga) — £(G),

in which all morphisms are induced by natural inclusions, is a pushout in the category of
groupoids.

Corollary 5.9 [}/Let G* be a based connected graph with connected based subdigraphs G} (i =
1,2), such that G = G1 U Gg and Go = G1 N Gg is connected. Under the assumptions of
Theorem 5.8 we have

m(G") = m(Gy) * m(G3)/N,

where N is the normal subgroup of the free product generated by all the elements of the form
[z] % [2] ! where = is a based loop in Go.

6 An application to coloring

Now we formulate and prove a natural generalization of the classical Sperner Lemma, using the
results of Section 3.

Let G = (V,E) be a planar (nondirected) finite connected graph which provides a simplicial
triangulation of a simply-connected closed domain D C R?. Let H be the subdigraph of G that
lies on the boundary dD. Let any vertex of G be colored by one of three colors, say {0, 1,2}.
Define a digraph G = (V, E) by putting V = V and defining the set F of arrows according to
the colors of vertices as follows:

051,152 250,050,151, 252.

In particular, we obtain a subdigraph H = (Vi, Ep) of G, that lies on 0D. Let us fix a vertex
x € Vi and set n = |Vg|. Going along 0D clockwise, starting and ending at *, we obtain a loop
¢: 1) — H* C G".

Theorem 6.1 i) If [¢] # [e] in m1(G*) then there is at least one 3-color triangle in the trian-
gulation of D.
i1) If rank w1 (G*) = r then there are at least r 3-color triangles in the triangulation of D.

Proof. Follows from the description of local transformations in Section 3 and the method
of [8, Theorem 4.20]. m

Corollary 6.2 The number of 3-color triangles in the triangulation of D is at least rank H1 (G, 7Z).
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