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DISTRIBUTION OF COMPLEX ALGEBRAIC NUMBERS

FRIEDRICH GOTZE, DZIANIS KALIADA, AND DMITRY ZAPOROZHETS

ABSTRACT. For a region Q C C denote by ¥(Q;€2) the number of complex
algebraic numbers in € of degree < n and naive height < ). We show that

o QU .
\I’(Q,Q)—mfﬂib(f«')l/(df«')JrO(Q ), Qoo

where v is the Lebesgue measure on the complex plane and the function v will
be given explicitly.

1. INTRODUCTION

Baker and Schmidt E] showed that the set of real algebraic numbers of degree
at most n forms a regular system: there exists a constant ¢, depending on n only
such that for any interval I C R for all sufficiently large @ € N there exist at least

Cn|I| Qn+1/(10g Q)Bn(nJrl)
algebraic numbers aq, ..., ax of degree at most n and height at most @ satisfying

i — aj| > (log Q)*"" T /Qn*!, 1<i<j<k

Later Beresnevich E] proved that the logarithmic factors can be omitted. Bernik
and Vasil'ev ﬂﬂ] showed that the analogous result holds for the set of complezx al-
gebraic numbers. For a more detailed discussion of the literature we refer to an
excellent survey monograph by Bugeaud B]

Note that the number of algebraic numbers of degree at most n and height at
most @ is of order Q™! as Q — oco. Thus the results of such type show that for
any fixed n the algebraic numbers of sufficiently large height are distributed quite
regularly. However they describe the behaviour of a part of algebraic numbers only.

In 1971 Brown and Mahler ﬂa] introduced a natural generalization of the Farey
sequences: the Farey sequence of degree n and order @ is the set of all real roots
of integral polynomials of degree n and height at most ). An important question
in this respect had been asked by Mahler in his letter to Sprindzuk in 1985: what
is the distribution of algebraic numbers of a fixed degree n > 27

The following answer to this question was suggested in [22] (see also [21], [2d]
for the case n = 2). Fix n > 2 and consider an arbitrary interval I C R. Denote by
®(Q;I) the number of real algebraic numbers in I of degree at most n and height
at most Q). Then

Q! !
1 Q)= ———— xda:—l—O( " Jog!™ ) — 00
(1) (@; 1) 2C(n+1)1@() Q"log™™Q), Q :
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where ((-) denotes the Riemann zeta function and [(n) is defined by

) = {1, n=2,

0, n>3.

The limit density ¢ is given by the formula

p(z) = /B Zkthkfl

k=1
where the domain B, is defined by

dty . ..dtn,

x

Bw:{(tl,...,tn)ER" o max |tg] <1, |tnx”—|—---+t$|§1}.
1<k<n

If 2 € [-1+1/v2,1 —1/v/2], then ¢(x) can be simplified as follows:

o(x) = 2n3—1 (3 + i(k + 1)2x2k> :

k=1

In HE] this result was generalized to the limit correlations between real algebraic
conjugates. Note in passing that 27" 1y coincides with the density of the real
roots of a random polynomial with independent coefficients uniformly distributed
on [—1,1] (see, e.g., |17, Section 3]).

The aim of this note is to obtain a complex counterpart of (I): we are interested
in the distribution of the “complex” Farey sequence of degree n and large order Q.
The real and complex cases are quite different from each other. In particular, the
result for the non-real numbers can not be deduced from the real case. Therefore
we use a different approach to solve this problem.

Let us give a very brief overview of some related works. There are numerous
papers studying the distribution of distances between algebraic conjugates. In this
active research area, notable results were obtained in ﬂ%]], [16], [4], b], 9], [1d].
This problem is closely related with the problem of the distribution of polynomial
discriminants [7], [19].

In [4] Beresnevich, Bernik and Gétze obtained the following result. Let n > 2
and 0 < p < 2L Then for all sufficiently large @ and any interval I C [—1, 1]
there exist at least %Q"+1_2P|I | real algebraic numbers « of degree n and height
H(a) =, @ having a real conjugate o such that |a — a*| =<, Q7.

Using potential theory Pritsker ﬂﬁ] considered the case when n — oo and found
the asymptotic distribution of the roots of an integral polynomial whose generalized
Mahler measure satisfies some conditions. As a corollary he obtained the solution
of Schur’s problem on traces of algebraic numbers. The paper Hﬂ] also contains a
number of references on this subject. Pritsker’s results are closely related to the
problem of the distribution of the complex roots of random polynomials with i.i.d.
coefficients when n — oo. The landmark result of Erddés and Turdn HE] implies
that the arguments of the complex roots are asymptotically uniformly distributed
(see @] for the proof without any additional assumption). Moreover, under some
quite general assumptions the roots are clustered near the unit circle (see [30], [20]).

Some papers are devoted to the asymptotic behavior of the number of algebraic
elements « of a fixed degree n and a bounded multiplicative Weil height H(a) < X
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over some base number field (as X tends to infinity). Let Q,(X) denote the number
of such elements over the field of rational numbers Q. Masser and Vaaler HE]
established the following asymptotic formula using a result by Chern and Vaaler

[13):
QulX) = 0 X" 10 (X 1og ™M X ), X = o0,

where the explicit factor o, and the implicit big-O-notation constant depend on n
only. Here the Weil height H(«) can be expressed in terms of the Mahler measure
by H(a) = M(a)'/™. Note that X is of order @'/, where Q is the upper bound for
the corresponding naive heights. In ﬂﬁ] Masser and Vaaler generalized this result
to arbitrary base number fields. References and some historical results related to
the topic can be found in ﬂﬂ, Chapter 3, §5]. Note that these results are based on
the use of the Weil height and do not overlap with ours.

2. MAIN RESULT
For an integral polynomial
p(x) = apa™ + -+ a1z +ao, an #0,

its height is defined as H(p) := maxo<i<n |a]-

A minimal polynomial p of an algebraic number « is an integral nonzero polyno-
mial of the minimal degree with coprime coefficients such that p(«) = 0. Given an
algebraic number «, its degree deg(a) and height H(«) are defined as degree and
height of the corresponding minimal polynomial.

We always assume that degree n is arbitrary but fized. Hence the constants in
different asymptotic relations (as Q — oo) in this paper might depend on n.

For a complex region Q C C denote by ¥(Q;2) the number of algebraic numbers
in  of degree at most n and height at most Q. We always assume that €2 does not
intersect the real axis and that its boundary consists of a finite number of algebraic
curves.

Theorem 2.1. We have that

n+1
) Vi) = iy [ vl + 0@, Qo

where v is the Lebesque measure on the complex plane. The limit density 1 is given
by the formula

2
Imzk"’l
3 ty | (k+1)z dty...dtn,—1.
B v Dz;k( n e
The integration is performed over the region
Dz:{(tl,...,tn_l)ERn_l . max |tk|§1,
1<k<n—1
Im zF+1 i
¢ -——|<1 teIm 2R <13
S (- e S <

The implicit constant in the big-O-notation in (2)) depends on n, the number of
the algebraic curves that form the boundary 0f2, and their maximal degree only.
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The proof of Theorem 2I]is given in Section Bl Now let us derive several prop-
erties of the limit density 1.

Proposition 2.2. The function v is positive on C and satisfies the following func-
tional equations:

¥(=2) = ¥(E) = v(2),
0 6 (2) = 1.

Proof. The positiveness as well as the first relation are trivial. To prove (@),
note that for any integral irreducible polynomial g(z) of degree n, the polynomial
2"g(2~1) is also irreducible and has the same degree and the same height. Hence
for any region Q C C it holds

U(Q; Q) =v(Q; 71,

where Q71 is defined as Q7! = {z‘l eC:ze Q} Letting @ tend to infinity, we
get by applying Theorem 2.]

(v ud) = | v vaz).

Q-1
On the other hand, after the substitution z — 1/z, we obtain

[vewtn = [ el vl
Q Q-1
Since the class of regions Q is sufficiently large, (@) follows. O

Proposition 2.3. Near the real line the density v admits the following asymptotic
approximation.:

() P(xo +iy) = Aly[- (1 +0(1)), y—=0,

where the constant A does not depend on y and can be written explicitly as follows:

A= /
Dy

Here the integration is performed over the region

2
dty...dty—1.

n—1
> k(k+ Dty
k=1

D,, = {(tl,...,tnl) eR™ ' max |t <1,
1<k<n—1

n—1 n—1
> ktraft <1, D (k4 Dtraf §1}.
k=1 k=1

Relation () may be regarded as a “repulsion” of exponent 1 of complex roots
from the real axis.

Proof. Since
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it follows that

Im zF+1 k ) .
k _ k— j 3]
(k+1)z [ Z z Z7)
7=0
i1 k
=(z—2) Z 2k Z LmlmmeEm — (2 — %) Z 5257 1zk—s,
j=1 m=0 s=1
Hence 1(z) and D, can be rewritten as follows:
—4|Imz|/ Zthszs Lzh=sl dty ... dtp_1,
D= k=1 s=1

and

D, = {(tl,...,tnl) eR": max |t <1,
1<k<n—1

n—1 k n—1 k
Sty AT E < Y n Yy A<
k=1 j=1 k=1 j=0

Note that lN)zo = Dyy40.i- Letting Im z — 0 concludes the proof. O
Proposition 2.4. For |z| > 1, the function (z) can be estimated by
_ |Img]
Q/J(Z) —n |Z|6 ’

where the implicit constant depends on n only.

Proof. Tt follows from Proposition 23] that ¢(z) =, [Imz| for |z] < 1. Hence ()
yields the proof. O

If |z]| is relatively small or relatively large, then it is possible to write the limit
density in a simpler form.

Proposition 2.5. If |z| <1 — 1/\/§ then
2

2n 1 I k+1
W(z) = (k +1)2F — 2%
Im z
If |z2| > 24 V2, then
n—1 n-l k+1 |2
1 Im 2
= k+1)z"

Proof. For |z| <1 —1/+/2 it holds
S (k=1lF <1, and Y k[ <1,
k=2 k=2
which leads to
D, =[-11""
and a straightforward integration yields the first relation. The second statement
follows from the first one and ({@). O



6 F. GOTZE, D. KALIADA, AND D. ZAPOROZHETS

Let us conclude the section by considering the case n = 2.
Example. In the case of quadratic algebraic numbers the density function takes
the form

2 2
= — t1 dt
P(2) Tz /| m z|” dt,
D,

where

1 1
D,=lteR:|t| <min(1,— — )\
{ "-“““( BE 2|Rez|>}

By some elementary transformations, we obtain
Sy, if 22 +9? <1, and |z] < 1,
Yz +iy) = { 5, if (Jz| —1)24+y* <1, and |z] > 3,
B(szyym’ if (|(E|—1)2+y2>1, and $2+y2>1.

3. PROOF OF THEOREM [2.1]

We start with some notation.

For any Borel set A C R? denote by Vol(A) the Lebesgue measure of A, denote
by A(A) the number of points in A with integer coordinates, and denote by A*(A)
the number of points in A with coprime integer coordinates. The Riemann zeta
function is denoted by ((-) and the Mébius function is denoted by p(-).

Denote by Pg the class of all integral polynomials of degree at most n and height
at most . The cardinality of this class is (2Q + 1)"*!. Recall that an integral
polynomial is called prime, if it is irreducible over Q, primitive (the greatest common
divisor of its coefficients equals 1), and its leading coefficient is positive.

For k € {0,1,...,n} denote by 7 the number of prime polynomials from P¢ that
have exactly k roots lying in €2. For any algebraic number its minimal polynomial
is prime, and any prime polynomial is a minimal polynomial for some algebraic
number. Therefore,

(6) V(Q:) = kv
k=1

Consider a subset Ax C [—1,1]""! consisting of all points (to,...,t,) € [—1, 1]
such that the polynomial t,x" 4 - - -+ t1x + £y has exactly k roots lying in 2. Then
the number of primitive polynomials from Pg which have exactly k roots in Q is
equal to \*(QAy). By the definition of a prime polynomial, we have that

(7 = 52 (Qux)

where R denotes a number of reducible polynomials (over Q) from Pg. Note that
the factor % arises in the above inequality because prime polynomials have positive
leading coefficient. It is known (see [33]) that

8) Ro=0 (Q” logh(™ Q) . Q= o

There do not exist reducible over Q integral quadratic polynomials having non-real
roots. Hence it follows from (@), (@), and (8) that

< Rg,

(9) WQ:0) = L Y RN QAN 0@, Qo
k=1
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To estimate A*(QAy), we need the following lemma.

Lemma 3.1. Consider a region A C R?, d > 2, with boundary consisting of a finite

number of algebraic surfaces only. Then

Vol(A)
¢(d)

Here the implicit constant in the big-O-notation depends on d, the number of the

algebraic surfaces, and their mazimal degree only.

(10) A*(tA) = 40 (td_l log!® t) - oo,

The results of this type are well-known, see, e.g., the classical monograph by
Bachmann [1, pp. 436-444] (in particular, formulas (83a) and (83b) on pages 441
442). For the readers convenience we include a short proof here.

Proof. Note that
[Nt]+1

a= 30

where N is chosen to be so laﬂ%e that A C [N, N]¢. Applying the classical Mobius

inversion formula (see, e.g., [28]) yields
[Nt]+1 ;
(11) R WO
=1

By the Lipschitz principle (see [14]) it follows that

() wen] e )

for some constant ¢ depending on the number of the algebraic surfaces and their
maximal degree only. Applying this to (1) we get

(12)

[Nt]+1 () Nt]+1 1
(13) N (tA) = Vol(Ayt Y B2 <o —
— =
j
It is well known (see, e.g., [2d]) that
S
d
= ¢(d)
Therefore,
iy ( 1 > 1 1
14 — ——1 < - <
" Z @@ S T
=1 j=[Nt]+2

Furthermore, it holds that

N Cd—1), d>3,
(15) Z = = _
= log([Nt]+1)+1, d=2.

Combining ([I3)), (I4), and (&) completes the proof. O
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The right-hand side of (I0) is estimated by the right-hand sides of (I2)) and (I4)
which are of the same order. The one involving the Mobius function can be made
slightly sharper (by a logarithmic factor) using an unconditional estimate for the
Mertens function (see, e.g., M]) Assuming the Riemann hypothesis the latter can
be improved more (see @]) However, the error term in the Lipschitz principle can
be made smaller for special type of regions only (see [31]), which is not our case.

Since the boundary of € consists of a finite number of algebraic curves, the
boundary of Ay consists of a finite number of algebraic surfaces. Thus it follows
from Lemma (&) that

VO](Ak)
C(n+1)
which together with (@) implies

n+1 n
(16) T(Q:0) = % S kVol(4) + 0(Q"), Q- oo,
k=1

A (QAL) = Q" +0(Q"), t— oo,

To calculate Y _, kVol(Ay), we need the following result from the theory of
random polynomials. Let &y,&1, ..., &, be independent random variables uniformly
distributed on [—1,1]. Consider the random polynomial

G(x) = &ua" + &1+ + Gz + .
Denote by N () the number of the roots of G(z) lying in . By definition,
Vol(Ay) = 2" P(N(Q) = k),

which implies

(17) Zn:kVol(Ak) = 2" EN(Q).
k=1

The right-hand side of the latter relation was calculated in @] in more general
setup: it was shown that if the coefficients £y, &1, ..., &, have a joint probability
density function p(xg,x1,...,x,), then EN () is given by the formula

(18)

r2

IEN(Q):/drda / dty ... dt,_1 —

Sin o

(9] Rn—1
n—1 . (k 1) 2
+ 1o
St ( (k+ 1) cos(k + L)a — cosa o2
X l kT (( +1)cos(k+ 1)a — cos s
2
_|_

n—1
Z ktpr*Lsin(k 4+ 1)a
k=1

—1 n—1
13 . 1
X trrP sinka, — trrEsin (k+ Do, ty, ...yt |,
p(sina; F sina; i ( ) ! nt

where r = |z] and o = argz are polar coordinates in the complex plane. The
corresponding formula in [34] contains a typo. Here we use the correct version.
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In the case when the coefficients are independent and uniformly distributed on
[—1, 1], their joint probability density function equals

p = 2_n_1]]_[_171]n+1.

Thus it follows from ([7) and (@) that to finish the proof, it is enough to show
that for this specific p the right-hand side of ([I8) is equal to

vtz
Q
where v is defined in (B]).

Indeed, the integrand in (B]) can be transformed as follows:

Imz Tm 2P+t
te [ (k+1)z te | (k+1)2" 1 —
Z k( + Im ~ )‘ Z k( + i Im 2

= :z::l tpr® ({(kz + 1) cos(k + 1)a — cosa w} +1 {k sin(k + 1)04]> |2 ;

2

S @

and the functions that define the region D, can be transformed as follows:

Imz’”‘1 Im zk+1
k+1
E tk( s ) E tr (Rez — Rez s )

n—1
1
=|= E tpr 1 (sinaccos(k + 1)a — cos asin(k + 1)a)
sina £~

1 .
= |— E tkrk+1s1nka,
sin av
k=1

and
n—1

1
Z ter®sin (k + 1)a

sin av

n—1
1 E+1
k=1
The proof follows.
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