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discriminants and resultants
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Abstract

Let n € N be fixed, @ > 1 be a real parameter and P,,(Q) denote the set of polynomi-
als over Z of degree n and height at most @. In this paper we investigate the following
counting problems regarding polynomials with small discriminant D(P) and pairs of poly-
nomials with small resultant R(Py, Ps):

(i) given 0 < v <n—1 and a sufficiently large Q, estimate the number of polynomials
P € P,(Q) such that
0<|D(P)| < @272,

(ii) given 0 < w < n and a sufficiently large Q, estimate the number of pairs of polyno-
mials Py, Py € P, (Q) such that

0 < |R(Py, Py)| < Q%" 2w,

Our main results provide lower bounds within the context of the above problems. We
believe that these bounds are best possible as they correspond to the solutions of naturally
arising linear optimisation problems. Using a counting result for the number of rational
points near planar curves due to R. C. Vaughan and S. Velani we also obtain the comple-
mentary optimal upper bound regarding the discriminants of quadratic polynomials.
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1 Introduction

Throughout this paper n will denote a positive integer. In what follows, given a poly-
nomial P = a,2" + - - - + ag € Z[z| of degree n, let

H(P) := max |a;|

0<i<n
denote the standard (naive) height of P and, given a real parameter () > 1, let
Pu(@) ={P € Zlz] : deg P =n, H(P) < Q} (1)
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denote the set of integral polynomials P of degree n and height H(P) < (). Throughout,
D(P) will stand for the discriminant of a polynomial P and and R(P;, P») will stand
for the resultant of polynomials P;, P,. The formal definitions and basic properties of
these important number theoretic characteristics will be recalled below.

In this paper we investigate the following counting problems regarding the discrim-
inant and resultant of polynomials in P, (Q).

Problem 1. Let n > 2 be an integer. Given 0 < v < n — 1 and a sufficiently large @),
estimate the number of polynomials P € P,(Q) such that

0 < [D(P)] < Q2. (2)

Problem 2. Let n > 1 be an integer. Given 0 < w < n and a sufficiently large @,
estimate the number of pairs of polynomials Py, Py € P,(Q) such that

0< |R(P1,P2)| < Q2n—2w .

These natural problems of intrinsic interest originate from transcendental number
theory. For instance, Davenport’s estimate [21] for the sums of reciprocals to square
roots of | D(P)| was crucial to Volkmann’s proof [35] of the cubic case of a long standing
conjecture of Mahler on S-numbers [28]. Mahler’s conjecture was eventually settled by
Sprindzuk [31]. In it worth mentioning that properties of discriminants and resultant
form the backbone of Sprindzuk’s techniques as well as various generalisations, see for
instance [11, [8, 9] [10] 14} 19, 26, [32].

There are also p-adic and ‘mixed’ analogues of the above problems which alongside
the size of the discriminant and resultant address their arithmetic structure. More
precisely, their formulation requires that the dicriminant/resultant is divisible by large
powers of given prime numbers, see [6] for an overview. In recent years there has been
substantial activity in attempting to resolve Problems 1 and 2, see [4] [5, (111, 23] 24], 27],
as well as their p-adic versions, see [12| [15] and also [6].

The discriminant and resultant naturally encode the information regarding the dis-
tance between different algebraic numbers including conjugate algebraic numbers - see
definitions (B]) and () below. Thus Problems 1 and 2 naturally complement various
questions regarding close algebraic numbers. Studying the latter dates back to a work
of Mahler [29] who proved a general lower bound on the distance between two algebraic
numbers. Establishing ‘correct” upper bounds as well as quantitative results have been
the subject of numerous papers including [3, 16l 17, 18] 9] 20, 22, B30], which thereby
further motivate understanding the above problems.

We now proceed by recalling some basic facts regarding discriminants and resultants.
Given a polynomial P = a,2" + - -+ + a9 € Z[z] of degree n, the discriminant of P is
defined by

D(P)i=ay? [ (2 —ay)?, (3)

1<i<j<n



where oy, ..., a, € C are the roots of P. Given two polynomials
P =a,a" +---+ag and Py =b,z™ 4+ -+ by

of degrees n and m respectively, the resultant of P, and P, is defined to be

R(Py, By) = apty, | (ei=8) =ay [[ Polew) = (=)™R(Py, P),  (4)

1<i<n 1<i<n
1<j<m
where a4, ...,a, € C are the roots of P, and f4,...,,, € C are the roots of P,. It is

clear that D(P) = 0 if and only if P has a repeated root, while R(P;, P») = 0 if and
only if P, and P, have a common root.

It is well known and easily verified that

n(n-1) ,
p(py= CL BT )

Qn

where P’ is the derivative of P. Furthermore, there is a classical explicit formula for
D(P) and R(P, P») via the determinant of a Sylvester matrix composed from the
coefficients of the polynomials, see [33]. Namely, R(P;, P») can be computed as the
following (n +m) x (n +m) determinant

Ay Ap—1 ... ag 0 ... 0
0 ap  Op_1 ap 0
0o ... 0 ap Qp—1 ... G«
R(PLP) = T g (6)
0 bm bm_l bO 0
0 0 bm bm—l bO

The corresponding formula for D(P) can be found from the above expression and ().
Two obvious consequences of (B) and (@) are that D(P) is an integral polynomial of
the coefficients of P, while R(P;, P,) is an integral polynomial of the coefficients of
Py and P,. In particular, D(P) and R(Py, P,) return integer numbers for any choice
of P, P, P, € Z[z] \ {0}. Hence, whenever D(P) # 0 we have that |[D(P)| > 1 and
whenever R(P;, P;) # 0 we have that |R(Py, P,)| > 1 for all choices of non-zero integral
polynomials P, Py, Ps.

Another straightforward consequences of (@) is that D(P) and R(Py, P,) are
bounded in terms of the heights and degrees of the polynomials. In particular, it
is readily verified that for every n > 2 there exists a constant v > 0 which depends on
n only such that for any P € P,,(Q) we have that

|D(P)| < Q"2 (7)

This together with the inequality |D(P)| > 1 clarifies why the range of v is [0,n — 1]
within the context of Problem 1.



Similarly, for any n € N there exists a constant p > 0 which depends on n only such
that for any two polynomials Py, P, € P,(Q) we have that

[R(Py, Po)| < pQ*" .
In turn, this together with the inequality |R(P;, P»)| > 1 clarifies why the range of w

is [0, n] within the context of Problem 2.

Regarding Problem 1, in order to deal with the ‘extreme’ case v = n — 1 efficiently
we will weaken inequality (2]) by introducing the constant v the same way it appears
in (7). Thus, when addressing Problem 1 we will be rather estimating the size of the

following subset of P,(Q):

Diy(Q,v) = {P € Pu(Q) : 1 < |D(P)| <@ 7} (8)

In the case v = 1, we will write D,(Q,v) for D, ,(Q,v). Similarly, in order to deal
with the extreme case w = n within Problem 2 we will be estimating the size of

Rp(Q,w) = {(Pr, P2) € Pu(Q)* : 0 < [R(Py, P)| < pQ*" 2"}, (9)

where p a fixed constant, 0 < w < n and @ is sufficiently large. In the case p =1, we
will write R,,(Q, w) for R, ,(Q, w).

In what follows we will use the Vinogradov symbol <. By definition, X <« VY
means that X < CY for some constant C' which will depend on n only. Also we will
write X <Y if X <Y and Y < X simultaneously.

We now briefly recall the results that have been obtained to date. The first general
estimate regarding Problem 1 was established in [11] by showing that

#D,(Q,v) > QT (10)
for 0 < v < 1/2. In the case of quadratic polynomials it was shown in [24] that
#D2,(Q,v) = 20(1 + In2)Q*™* + O(Q*™™ + Q?) (11)

for if 0 < v < 1/2. This was obtained by calculating the volume of the body in R?
defined by the inequality |a? — 4asag] < Q*72¥, which clearly contains all the integer
vectors (ag, aq,ag) that define the polynomials of interest.

Once again, by calculating the volume of relevant bodies, this time in R*, it was
shown in [23] that

#Ds,(Q,v) = Q173" (12)

for 0 < v < 3/5. The latter estimate was in some way surprising as it led to the
realisation of the fact that (II]) is not in general sharp. One of the main goals of this
paper is to make a further sept in determining the ‘right size’ of D,,(Q,v). The following
main result of this paper extends the lower bound given by (I2]) to the full range of v
and to arbitrary degrees n.



Theorem 1 Letn € N, n > 2 be given. Then there exists v > 0 depending on n only
such that for any sufficiently large @ and 0 < v <n — 1 one has that

n+2U
n

#®”77(Q7 U) > Qn+1_ ) (13)

where the constant implied by the Vinogradov symbol depends on n only.

Remark. If we require that v < n — 1, then v within the above result can be taken to
be any constant, in particular 1. This readily follows from the following trivial equality

Dn,’Y(Qv U) = Qn,’Y'(Qv U/>

which holds whenever +/Q* = yQ?"'. Since v and 7' are fixed, whenv < n — 1 we
will also have that v < n — 1 for sufficiently large ). Hence (I[3)) will imply the
corresponding bound for #D,, ./ (Q,v").

Our second main result concerns resultants and improves upon the previously ob-
tained lower bounds [5].

Theorem 2 Let n € N be given. Then there exists p > 0 depending on n only such
that for any sufficiently large () we have that

Q2n+2—2w Zf 0 S w S nT—l—l’
#Rnp(Q, ) > (14)

Q2n+2—2w—%(2w—n—1) if ntl <0 <
2 —_ [ )

where the constant implied by the Vinogradov symbol depends on n only.

Remark. If we require that w < n, then p within the above result can be taken to be
any constant, in particular 1. The proof is similar to that given within the remark to
Theorem [II

Theorems [I] and 2] are obtained by constructing polynomials (resp. pairs of polyno-
mials) in P, (Q) with a prescribed configuration of roots. This method is not new and, in
view of (3]) and (), is not surprising. Indeed, the distribution of roots instantly gives an
estimate for the discriminant /resultant of polynomials. However, previously the config-
uration of roots was designed by using ‘hands-on techniques’ and unluckily resulted to
not so sharp bounds for #D,,(Q,v) and #XR,,(Q,w). In this paper we develop a general
approach which enables us to determine the optimal configuration that maximises the
number of choices for polynomials while keeping their discriminants/resultants under
a given bound. Indeed, the approach boil down to a linear optimisation problem and
the estimates for #D,,(Q,v) and #R,(Q, w) we obtain correspond to optimal solutions
to these problems. As a result, we believe that the estimates obtained in the above
theorems are best possible, perhaps up to an arbitrarily small additive constant § > 0
in the exponents within (I3]) and (I4]).

In should be noted that the case v = 0 within Problem 1 corresponds essentially
imposing no restriction on the discriminant. Naturally, our lower bound for #D,,(Q, v)



in this case gives > Q™! which is however quite trivial. Nevertheless, a much more
detailed insight into the distribution of such (typical) values of the discriminant is
provided in [25]. The main result of [25] proves as asymptotic formula for the number
of polynomials P € P,(Q) such that

with a logarithmically small error term.

2 Rational points near planar curves and the quadratic case

Considering the case n = 2 in this section we obtain the complementary upper bound
for Dy(Q, v) which holds for all v € (0,1) and thus extends (1)) the full range of v.

Theorem 3 For any v € (0,1) and any sufficiently large QQ we have that
#D5(Q,v) < Q> (15)

By Theorem [T, we only have to prove the upper bound, that is Dy(Q,v) < Q372.
The proof will be based on the following counting result for rational points near planar
curves due to Vaughan and Velani which is a straightforward consequence of Theorem 3
from [34]. Note that the case f(z) = z? that will be of interest for us is also treated
within |7, Appendix 2 and Case (c) of §2.1].

Theorem 4 (Vaughan & Velani [34]) Let f : [, 8] = R be a C® function. Sup-
pose that
: "
Lot 17 (x)] > 0.
Let
N(T,e) :=#{(a,q) € ZxN:q<T, ag<a<fqlqf(a/q)ll <e},
where || - || denote the distance to the nearest integer. Then for any T > 1, € € (0, 3)
and any 0 > 0 one has that
N(T,e) < eT? 4 2pY20 4 c=oiHs

where the implied constant in the Vinogradov symbol depends on f and & only.

Proof of Theorem[3. First of all note that there is no loss of generality in assuming that

v > 0 as otherwise the statement of Theorem [ is trivial. Note that any polynomial
P € P5(Q) is of the form

P=ax*+bx +c, a,b,c € Z, a # 0, max{|al,|b|,|c|} < Q.



Thus the cardinality of Dy(Q, v) is bounded by that of the set
{@bc) € Z*: max{lal, bl |} <@ 0< [ —dac| < @ >}, (16)

We shall consider two cases depending on the size of the coefficients a, b, c.

Case 1: max{|al, |c[} < §]b|. Then, |4ac| < 3[b|* and therefore [b? — 4ac| > 1]b]. Since
we are interested in the triples (a,b,c) lying in (I6]), we get that |b] < Q*~Y. Since
max{|al, [b]} < 1]b|, we also have that max{|al,[b|} < Q'*. Thus, the number of
triples in question is < (Q*)° = Q373 < Q%2 and we obtain the required bound.

Case 2: max{lal,|c|} > 1[b|. Since the discriminant b* — 4ac does not change if we
swap a and ¢, without loss of generality we can assume that |a| = max{|al,|c|}. In
particular, we have that |b] < |a] < Q. Next, for each a as above there exists an
integer ¢ > 0 such that 2! < Q and 2! < |a| < 2!, Then dividing the inequality in
(I6]) through by a we get that

la(b/a)? — de|] < g :=271Q* . (17)
If £, < 1, then using Theorem M with
f(z) =22, T=2 E=¢
[, B] = [0, 3], § = min{3 — 3v,v™ " — 1},
where the choice of ¢ is justified by the conditions 0 < v < 1, we conclude that the

number of triples (a, b, ¢) in (I6) such that |a| = max{]al, |c[} > $]b] and 2" < |a| < 2+
1s

< Et22t ‘l’ 8;1/22t(1/2+5) + Et—(SQt(l-HS) < 2tQ2—2U ‘l’ 2tQ—1+U2t(5 ‘l’ Q2v52t ] (18)

This estimate also holds when &; > % Indeed, for g, > % the number of different
integers ¢ satisfying (I7) is < ;. Also the number of different integer pairs (a, b) such
that 2° < |a| < 2*! and £|b| < |a| is < 2%, Hence, when ¢, > 5 the number of triples
(a,b,c) in question is < 2!Q??.

Summing (I8) over non-negative integers ¢ such that 2* < @ gives the following
estimate for the number of triples (a, b, ¢) in question:

< Q3—2v + Qv+5 + Q1+2v6

which is < Q372 since § = min{3 — 3v,v~! — 1}. The proof is thus complete.

3 Auxiliary lemmas

We begin with the following statement which is a version of Lemma 4 from [3]. In
what follows, given a Lebesgue measurable set X C R, | X| will stand for its (ambient)
Lebesgue measure.



Lemma 1 Letn > 2 and vy, ..., v, be a collection of real numbers such that
vo+...+v,=0 (19)
and that
vg > v > ... > v, = —1. (20)

Then there are positive constants oy and co depending on n only with the following

property. For any interval J C [—%, %] there is a sufficiently large Qo such that for all

Q > Qo there is a measurable set Gy C J satisfying
|Gyl = 3|J] (21)

such that for every x € G there are n + 1 linearly independent primitive irreducible
polynomials P € Z|x] of degree exactly n such that

Q™™ < |P(z)] < @™,
50Q™ < |[PU(z)] < Q™  (1<j<n).

(22)

Remark. Note the constant % is not crucial for the above lemma and can be replaced
with any other positive constant strictly less than 1.

We now establish a general statement that relates the derivatives of P and its roots.

Lemma 2 Let x € C be a fixed point, P be a polynomial with complex coefficients of
degree deg P =n > 0 and let aq, ..., «a, be the roots of P ordered so that

[t —aq| < |z —ag| < ... < |z — . (23)
Let a,, be the leading coefficient of P. Then for 0 < j < n we have that
[PO(@)] < (}) lan] |z = aja| -+ |2 — aul, (24)

where as usually (?) = ﬁlj), 1s a binomial coefficient. If we further assume that for
some 7 >0

o —1
v —ajl <5(}) e = eyl (25)

then we also have that

[PU(@)] > glan] |2 — ajia] - |2 — au] - (26)

PROOF. First observe that

POz)= a, >  (r—ay)(x—a, ). (27)

1<ip < <ip_j<n

Note that the right hand side contains exactly (?) terms. By (23)), the largest of these
terms in absolute value is T = (x — a;41) - - - ( — o) and so (24) readily follows from

@D).



Further, (20) is trivially true when j = 0 (it actually becomes an equality when the
factor 1 is removed). When (28) is satisfied for some j > 0, then any term of the sum

in the right hand side of (27)) different from 7" is < %(?)_1\T| Hence,

Z (r—ai)...(x =, ;) = T| < 5|T]|

1<i1 < <ip—j<n

whence (26]) readily follows upon using the triangle inequality. X

Now we apply Lemma [2] to inequalities (22]) to obtain the following

Lemma 3 Let n, m and v; be the same as in Lemmal[l. Let
dj = Uj—l — Uj (1 S j S n) (28)

Suppose that
di>dy>...>d, >0 (29)

and that for some x € C and Q) > 1 inequalities (22)) are satisfied by some polynomial
P over C of degree deg P = n. Then there are roots o, . ..,a, € C of P such that

z— oyl < Q% (1<j<n), (30)
where
2¢o n n
= ncdy ! d ci = — 2¢( 1<j<n-1).
¢ =ncydy  and i max{50 <j+1) c](])} (1<j<n-1)
PROOF. Since P is of degree n it has n complex roots, say ay, ..., a,. Order the roots

with respect to their distance to z, thus ensuring the validity of (23)).
First take 7 = 1. Then, by Lemma 2 we have that
P(x
|P'(z)| < nlay||lr —as] -+ |z — a,| = nM :
|z — |

Then, by (22), we obtain that
|z — 1| < nepdy P QT = neydy QT

as required. We proceed by induction. Suppose ([B0) holds for some j < n and we now
want to prove it for j + 1. If (28] is fulfilled, then we are in a position similar to the
case j = 1. Namely, by Lemma [, we have (26]) while, by ([24)) written for PU+Y(z), we
have

[PUD ()] - |2 — ajn] <

This together with (26]) now gives
PO 1 — ] < 2(,7) PO (2)].

Jj+1

slanlle = ajial -l = anl. (31)

9



By [@2), we get

|flf — Oéj+1| S 200 (jzl)(so_lQ_vj'i'Uj‘H = 2C0 (J:L-I) 50_1Q_dj+1 S Cj+1Q_dj+1.
On the other hand, if (25]) is not fulfilled, then, |z — a;j41] < 2(;‘)|:E — a;j|. Therefore,
using induction and (29) we obtain that

‘:L’ - Ozj+1| < 2(?)ch—dj < 2(?>CjQ—dj+l < Cj+1Q_dj+1-

This completes the proof. X

The last auxiliary statement, which will only be used in the proof of Theorem 2]
concerns measurable sets in the plane lying near the line y = x.

Lemma 4 Let I C R be a finite interval, 0 < A < |I| and
Xa={(z,y) eR?: |z —y| <A},

Let A be a Lebesque measurable subset of I such that |A| > A|I| for some A € (0,1).
Let A% .= {(z,y) € R? : v,y € A}. Then

|A%2 N XAl > 27NA .
PROOF. Let T be an integer such that

|1 2|1]
<<=,
A A

The existence of T" follows from the inequality A < |I|.

Divide I into T' equal subintervals I,...,Ip. By B2), A < |[I;] < A. Let N be
the number of intervals J; such that [A N I;| > 1AA. Then

(32)

|A| < IAAT + NA.
On the other hand, using (B2)) we get that
|A| > AI] > 3AAT.

Hence %AAT < i)\AT + NA whence we obtain that N > i)\T.

Since |I;] < A we trivially have that I7 C Xa. Hence, for each j we have the
inclusion

(ANI)? C A>N Xa.

In particular, when |(AN1;)?| > £A2A? whenever |[ANI;| > $AA. Recall that we have
N > i)\T intervals I; satisfying this condition. Hence,

B2 1
|A2N XAl > N - 1—16>\2A2 > 270\3T7Ar > 2_6>\3|A_| A? =279\ |1|A
as required. <

10



4 Proof of Theorem [

Let vy, ..., v, be given and satisfy (I9)), (20) and let the parameters d; be given by (28))
and satisfy (29). First of all let us show that

n

> jdj=n+1. (33)
j=1
Indeed, by (28), we have that v;_; = d; + v;. Hence v;_; =d; + ---+d,, + v,. Since
v, = —1 we have that v;_y +1 =d; +--- +d,. Also v, +1 = 0. Summing these
equations over j = 0,...,n, by (I9), we get

n n—1 n—1 n
ntl=> (n+1)=> (+1) = (dig+-+d)=>_jd;
=0 =0 =0 j=1
as stated in (33)).
Now, let J = [—%, %], @ be sufficiently large and € GG;, where GG is the same as in

Lemma [l By Lemma [l inequalities (22)) are satisfied for some irreducible polynomial
P € Z[z] of degree n. Then, by Lemma 3] we have (30). Hence, for any pair of integers
(1,7) satisfying 1 <i < j < n we have that

i — ] < o —ai| + |2 — oy < Q7Y
By (22)), we have that

H(P) < hoQ (34)
for some constant hy which depends on n only. Therefore, using (3]) we conclude that
1< |D(P)‘ < Q2n—2 H Q—2dj _ Q2n—2—22?:2(j—1)dj ' (35)

1<i<j<n

Note that the left hand side inequality is due to the irreducibility of P. The goal is to
construct polynomials with

1< |D(P)] < Q™7™ (36)

with some suitably chosen constant . By (BH), inequalities (B6) are fulfilled if we
impose the condition )7 ,(j — 1)d; = v. Subtracting this from (B3) we obtain the
equivalent equation

ddi=n+1-v. (37)
j=1

Now, we estimate the number of polynomials that we can obtain this way. By (30)
and Lemma [], for every x € G; we have that |v — o, (P)| < Q™% , where P arises from
Lemma [Il Therefore, since (B6) holds whenever (37) is satisfied, we have that

éGe U Uler-a®<a@},

PEDy A (hoQu)  j=1

11



where v and ¢; depend on n only. Here we have used bound (34)) on the height. Hence

8 =31J| < 2nc1Q " #D, 4, (hoQ, v)

and we get that
#D (hoQ,v) > QM.

To obtain the best lower bound we should maximise d; subject to conditions (29]),
B3) and ([B7). This is a linear optimization problem. By (33]), d; would be maximal
if we could ensure that dy = --+ = d,,. Then (33]) and (37)) give a system of two linear
equations with two variables, namely d; and ds, from which we easily find that

2v n+2

—i=d =—"" — 1 —
dg dn n(n_ 1) and dl n +

.

A quick check shows that d; > dy because v < n — 1. Thus (29) is also fulfilled. One
can also verify that

Vo=n—1 and vj=—1+Mn—-7j)d (1<j<n-1).

Thus,

#Dnq(ho@,v) > QM 2 Q.
To complete the proof it remains to rescale the bound on the height by making the
following change of variables () = ho() in the above expression. This results in the

required lower bound
n+2

#@nﬁ(@/’ U) > @n+l—Tv

and completes the proof.

5 Proof of Theorem

The start is the same as in the proof of Theorem [Il Let v, ..., v, be given and satisfy
(19) and (20) and let the parameters d; be given by (28) and satisfy (29). Equation
([B3) is then again satisfied.

Let J = [—%, %], @ be sufficiently large, G ; be the same as in Lemma[land (z1, z5) €
G% N Xg-+, where X+ is Xa with A = Q7" as defined in Lemma @l By Lemma [I]
for each ¢ = 1,2 there is an irreducible polynomial P; over Z of degree n such that
inequalities (22)) with = = x; are satisfied. Furthermore, by Lemma [, we can assume
that P, and P, are linearly independent and therefore coprime. Since they are also
irreducible, P; and P, have no common roots and therefore |R(Py, P»)| > 1. We will
impose the condition

di >t > ds. (38)
By Lemma [3] there are roots aq,...,a, € C of P; such that

|1 —ay| < Q™% (1<i<n) (39)

12



and there are roots (y,..., 3, € C of P, such that
w2 = Bl < Q7% (1< <) (40)

Hence, for any pair of integers (i, j) such that 1 < ¢, j < n using the triangle inequality
we obtain that

i = Bj| < |1 — @] + |1 — il + |22 — B;] < Q@ Mnbdidi}

By ([22]), we have that
H(P;) < hoQ (t=1,2) (41)

for some constant hg which depends on n only. Therefore, by (@), we get that

1 <|R(P, P)| < QQ" H Q—min{t,di,dj}'

1<i,j<n
In view of ([29) and (B8) we then have that
1 < |R(Py, By)| < Qi =dn 2 cicicnds | (42)
The goal is to construct pairs of polynomials P;, P, with
1< |R(Py, Ry)] < pQ* ™2 (43)

with some suitably chosen constant p. By (42]), inequalities (43]) are fulfilled if we
impose the condition

t+dyt-+d,+2 Y dj=2w. (44)

1<i<j<n

Using (B3]) we get that

n

> dj:Z(j—Udj:nH—idj.

1<i<j<n j=1 j=1
Hence ([@4) transforms into
2d; —t+ ) dj=2n+2-2uw. (45)
=2

Now, we estimate the number of pairs (P, P,) that we can obtain this way. By
Lemma [ we have that |G3 N Xg—| > Q7Y J| = Q'. Next, by Lemma [ (&Il
and (43)), we have that

" — Q4 P, < —dy
G?} ﬂXQ—t C U U {(1’1,1'2) : ‘1’1 @ ( 1)| > CIQ } ’
7j=1

J— . < —dl
(P1,P2)ERn,p(hoQ,w) %] |£L’2 5](P2)| > ClQ

13



where p and ¢; depend on n only. Hence
Q7' < |GI N Xg-o| € QM # Ry 5 (hoQ, w)
and we get that
# R o (hoQ, w) > Q1"

To obtain the best lower bound we should maximaze 2d; — t subject to conditions

29), (33), (B]) and ([@H). This is again a linear optimization problem. By ([B3)), 2d; — ¢
would be maximal if we could ensure that dy = --- = d,,. Assuming these equations,

29), 33), (B8) and [{@H) give
2di + (n—1)(n+2)dy = 2n+ 2,
(n? —1)dy +t = 2w, (46)
di>t>dy.

Thus, we we have to maximize 2d; — ¢, bearing in mind that 0 < w < n together with
the above constrains. In particular, the first two equations of (46]) imply that

2y —t+ (n—1)dy =2n+2 — 2w. (47)

Clearly, the best we can get is 2d; —t = 2n + 2 — 2w in the case dy = 0. However, this
does not a priori mean that the last condition of (46]) is fulfilled. For this reason we
are forced to consider the following two cases.

Case (i): w < 2. Then we can indeed take dy = 0, d; =n + 1 and ¢ = 2w. Clearly,
the last condition of (@) holds. In this case
vo=mn, v;j=-1 (1<j<n-1)

and we get that
#Rn,p(hoQ, w) > del_t > Q2n+2_2w ‘

Case (ii): " < w < n. In this case dy = 0 would imply via [{@G) that ¢ > n+1 > dy,
contrary to the requirement d; > t. It is easily calculated from (46]) that the smallest
value of dy which enables the condition ¢ < d; is

d dw—2n -2
7 -1

In view of (1) this maximises 2d; — t. Then, from (46]) we obtain that
t=d; and di=2n+2-2w—-22w—-n—-1).

A quick check shows that 0 < dy < d; since "TH < w < n. Thus, all the required
conditions are met and we have that

#:Rn,p(h()Q, w) > Q2d1—t — le > Q2"+2_2w_%(2w—n—1) .

Finally, to complete the proof it remain to re-scale the bound on the height the same
way as we did in the proof of Theorem [I], that is by setting Q) = hoQ.
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6 Comparing the estimates for different degrees

Givenn € N, n > 2, () > 1 and z > 0, consider the set
Den(Q,x) = {P € Z[z] :2<deg P <n, H(P)<Q, 1 <|D(P)| <~Q"}.

This set is composed of the polynomials of degree up to n with a given restriction on
the discriminant. By Theorem [I] there is a v > 0 which depends on n only such that
the number of polynomials P € P,(Q) lying in this set is

_k+2
>>(Qk+1 % v’

where v is determined from the equation x = 2k — 2 — 2v when x < 2k — 2 and v =0
when x > 2k — 2. Let

fe(x) =k+1-— %(1@ — 1 —min{k — 1,x/2}>

2k

P+ B if 0<a<2k-2,
B E+1  if x> 2k —2.

Then the number of polynomials P € P,(Q) lying in D, (Q, z) is > Q@) . Conse-
quently,
Den(Q, ) > Q@) | where d,(x) = max fi(z).

2<k<n

Since the slopes of the lines y;, = % + %x and the points of their intersection with the
y-axis get smaller as k gets bigger, the graph of y, lies under the graph of any other
line y,,, with m < k. Hence, f; will always intersect dy_; at some x > 2k — 4. Hence
the contribution to D, (Q, z) by polynomials of degree k will outweigh only when the
contribution by polynomials of smaller degrees is no longer growing. This may seem
rather counterintuitive as there are generally many more polynomials of higher degree.
Below we sketch the graph of d,(x) for the case n = 4, which is enough to exhibit the

‘staircase’ nature of this function.
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The following explicit formula for d,,(x) is also readily computed:

( T

k
2

k

\ n

1 if 0<z<2,
. 4
+1 if 2k—4<x<2k—4+ for3<k<n,
k+2
k+2 4
%x if 2h—d+ 5 <e<%k-2fr3<k<n,
+1 if z>2n-2.

Resultants. Given n € N, () > 1 and x > 0, consider the set

Rgn(Q,SL’) = {(Pl,PQ) c Z[QIZ‘] X Z[QIZ‘] :

1 < [R(Py, P)| < p@Q°

b

By Theorem [2] there is a constant p > 0 such that the number of pair of polynomials
P, P, € P1(Q) lying in this set is

> Q2k‘+2—2w — Qw-‘r?’

where w is determined from the equation x = 2k — 2w when 0 < 2w < k + 1. This
gives the following restriction on x: k — 1 <z < 2k. Consequently,

RS”(Q? ZL’) > Q:H_Z

for 0<z<2n+2.

16



Acknowledgements. The first and second authors are grateful to EPSRC for the support
of their exchange visits through grant EP/J018260/1 and to SFB701 for supporting
their visits to the University of Bielefeld.

References

1]

V. BERESNEVICH, On approximation of real numbers by real algebraic numbers, Acta Arith. 90
(1999), no.2, 97-112.

V. BERESNEVICH, Rational points near manifolds and metric Diophantine approximation, Ann.
of Math. (2) 175 (2012), no. 1, 187-235.

V. BERESNEVICH, V. BERNIK, F. GOTZE, The distribution of close conjugate algebraic numbers,
Compos. Math. 146 (2010), no. 5, 1165-1179.

V. BERESNEVICH, V. BERNIK, F. GOTZE, Simultaneous approximations of zero by an integral
polynomial, its derivative, and small values of discriminants, Dokl. Nats. Akad. Nauk Belarusi 54
(2010), no. 2, 26-28, 125. (in Russian).

V. BERESNEVICH, V. BERNIK, F. GOTZE, On the distribution of the values of the resultants of
integral polynomials, Dokl. Nats. Akad. Nauk Belarusi 54 (2010), no. 5, 21-23, 125. (in Russian).

V. BERESNEVICH, V. BERNIK, F. GOTZE, O. KUKso0, Distribution of algebraic numbers and
metric theory of Diophantine approximation. Limit theorems in probability, statistics and number
theory, 2348, Springer Proc. Math. Stat., 42, Springer, Heidelberg, 2013.

V. BERESNEVICH, D. DICKINSON, S. VELANI, Diophantine approximation on planar curves and
the distribution of rational points. With an Appendix II by R. C. Vaughan. Ann. of Math. (2)
166 (2007), no. 2, 367-426.

V. BERNIK, A metric theorem on the simultaneous approximation of zero by values of integer
polynomials, Izv. Akad. Nauk SSSR Ser. Mat. 44 (1980), no. 1, 24-45, 238. (in Russian).

V. BERNIK, An application of Hausdorff dimension in the theory of Diophantine approximation,
Acta Arith. 42 (1983), 219-253. (in Russian). English transl. in Amer. Math. Soc. Transl. 140
(1988), 15-44.

V. BERNIK, The exact order of approximating zero by values of integral polynomials, Acta Arith.
53 (1989), no. 1, 17-28. (in Russian).

V. BERNIK, F. GOTZE, O. KUKSO, Lower bounds for the number of integral polynomials with
given order of discriminants, Acta Arith. 133 (2008), 375-390.

V. BERNIK, F. GOTZE, O. KUkso, On the divisibility of the discriminant of an integral poly-
nomial by prime powers, Lith. Math. J. 48 (2008), 380-396.

V. BERNIK, N. BUDARINA, D. DICKINSON, A divergent Khintchine theorem in the real, complex,
and p-adic fields, Lith. Math. J. 48 (2008), no. 2, 158-173.

V. BERNIK, N. BUDARINA, D. DICKINSON, Simultaneous Diophantine approximation in the real,
complex and p-adic fields, Math. Proc. Cambridge Philos. Soc. 149 (2010), no. 2, 193-216.

N. BUDARINA, D. DICKINSON, YUAN JIN, On the number of polynomials with small discrimi-
nants in the euclidean and p-adic metrics, Acta. Math. Sinica 28 (2012), no. 3, 469-476.

N. BubparINA, F. GOTZE, Distance between conjugate algebraic numbers in clusters. Translation
of Mat. Zametki 94 (2013), no. 5, 780-783. Math. Notes 94 (2013), no. 5-6, 816-819.

Y. BUGEAUD, M. MIGNOTTE, On the distance between roots of integer polynomials, Proc. Edinb.
Math. Soc. 47 (2004), no. 2, 553-556.

17



18]

[19]

[35]

Y. Buceaup, M. MIGNOTTE, Polynomial root separation, Int. J. Number Theory 6 (2010),
587-602.

Y. BUGEAUD, Approximation by algebraic numbers. Cambridge Tracts in Mathematics, Vol. 160,
Cambridge University Press, Cambridge, 2004, 274 pp.

Y. BUGEAUD, A. DUJELLA, Root separation for reducible integer polynomials, Acta Arith. 162
(2014), no. 4, 393-403.

H. DAVENPORT, A note on binary cubic forms, MATHEMATIKA 8 (1961), 58-62.

J.-H. EVERTSE, Distances between the conjugates of an algebraic number, PUBL. MATH. DE-
BRECEN 65 (2004), 323-340.

F. GOTzE, D. KaLiaDpA, O. KUKsO, The asymptotic number of integral cubic polynomials with
bounded heights and discriminants, Lith. Math. J. 54 (2014), no. 2, 150-165.

F. GOTZzE, D. KALIADA, M. KOROLEV, On the number of quadratic polynomials with bounded
discriminants, Mat. Zametki, to appear. (in Russian).

F. GOTZE, D. ZAPOROZHETS, Discriminant and root separation of integral polynomials, Preprint
arXiv:1407.6388.

J.F. KoksMa, Uber die Mahlersche Klasseneinteilung der transzendenten Zahlen und die Ap-
proximation komplexer Zahlen durch algebraische Zahlen, Mh. Math. Phys. 48 (1939), 176-189.

O. Kukso, Optimal regular systems consisting of the roots of polynomials with small discrim-
inants and their applications, Vestsi Nats. Akad. Navuk Belarusi Ser. Fiz.-Mat. Navuk, 2007,
no.2, 41-47, 124

K. MAHLER, Uber das Mass der Menge aller S-Zahlen, Math. Ann. 106 (1932), 131-139.

K. MAHLER, An inequality for the discriminant of a polynomial, Michigan Math. J. 11 (1964),
257-262.

M. MIGNOTTE, Some useful bounds, Computer algebra, Springer, Vienna, 1983, 259-263.

V. SPRINDZUK, The proof of Mahler’s conjecture on the measure of the set of S-numbers, Izv.
Akad. Nauk SSSR, Math. Series 19 (1965), 191-194. (in Russian).

V. SPRINDZUK, Mahler’s problem in the metric theory of numbers, Amer. Math. Soc., Vol. 25,
Providence, RI, 1969.

B.L. VAN DErR WAERDEN, Algebra. Springer-Verlag, Berlin, Heidelberg, 1971.

R. C. VAUGHAN, S. VELANI, Diophantine approximation on planar curves: the convergence
theory. Invent. Math. 166 (2006), no. 1, 103-124.

B. VOLKMANN, The real cubic case of Mahler’s conjecture, Mathematika, 8 (1961), 55-57.

Victor Beresnevich
UNIVERSITY OF YORK, HESLINGTON, YORK, YO10 5DD, ENGLAND
FE-mail address: victor.beresnevich@york.ac.uk

Vasili Bernik
INSTITUTE OF MATHEMATICS, SURGANOVA 11, MINSK, 220072, BELARUS
E-mail address: bernik@im.bas-net.by, bernik.vasili@mail.ru

Friedrich Gotze
UNIVERSITY OF BIELEFELD, 33501, BIELEFELD, GERMANY
E-mail address: goetze@math.uni-bielefeld.de

18



	1 Introduction
	2 Rational points near planar curves and the quadratic case
	3 Auxiliary lemmas
	4 Proof of Theorem ??
	5 Proof of Theorem ??
	6 Comparing the estimates for different degrees

