A geometric construction of generalized quiver Hecke algebras

Julia Sauter, Universitit Bielefeld,
jsauter@math.uni-bielefeld.de
February 18, 2015

Abstract

We provide a common generalization of the Springer map and quiver-graded Springer map due to Lusztig,
called generalized quiver-graded Springer map associated to generalized quiver representations introduced by
Derksen and Weyman. Following Chriss and Ginzburg for any equivariant projective map n: E — V, there
is an algebra structure on the equivariant Borel-Moore homology of Z = E Xy E, we call it the Steinberg
algebra (of m)!. For the classical Springer map, it is a skew group ring of the Weyl group operating on a
polynomial ring (having the Weyl group ring as degree zero part) and for the quiver-graded Springer map,
it is (one graded part of) the quiver Hecke algebra, this is due to Varagnolo and Vasserot. As our main
result we calculate (under mild assumptions) generators and relations for Steinberg algebra of the generalized
quiver-graded Springer map using the methods of Varagnolo and Vasserot. In the end, we discuss examples.
As a third example we define the symplectic symmetric quiver-graded Springer map and give for quivers
without loops the generators and relations of the associated algebra. We end with an overview table of
known examples.

1 Introduction

Any equivariant projective map w: E — V of varieties gives rise to an algebra structure on the equivariant
Borel-Moore homology of the cartesian product Z = F xy E, defined by Chriss and Ginzburg, | |, chapter
2. We call this algebra the Steinberg algebra (associated to 7). If E is smooth, the Steinberg algebra is
naturally graded. Our aim is to study Steinberg algebras in a set-up which is general enough to include the
later mentioned examples but specific enough to be able to calculate them explicitly.

In Chriss and Ginzburg’s version of Springer theory (loc. cit.), this construction is the main ingredient to prove
the Springer correspondence (a geometric realization of the Weyl group as the degree zero part of the Steinberg
algebra of the Springer map together with its simple modules as isotypic parts of the homology groups of the
fibres of the Springer map). A K-theoretic version of it realizes the affine Hecke algebra and its simple modules,
this is called Deligne-Langlands correspondence.

Indepently, Lusztig constructed (see e.g.| | or subsection 4.2), a map associated to a quiver and a dimension
vector, which we call quiver-graded Springer map following Reineke in | |. Lusztig showed that the direct
summands of the pushforward of the constant sheaf under all quiver-graded Springer maps have a monoidal
structure, which categorifies the negative half of the quantum group (associated to the quiver). Later, Kho-
vanov and Lauda gave a second categorification in terms of graded modules over the quiver Hecke algebra (or
KLR-algebra) and conjectured that the Steinberg algebras of the quiver-graded Springer map gives the graded
parts of the quiver Hecke algebra, which implies that the two categorifications are equivalent (see | |). This
has been proven by Varagnolo and Vasserot and independently by Rouquier (see | I, [ D.

Following Chriss and Ginzburg, other Steinberg algebras have been studied in exotic Springer theory, com-
pare the work of Kato, Achar and Henderson (see | I, [ I, ]). Following Lusztig’s construction,
Stroppel and Webster introduced quiver Schur algebras (see | ]) and KLR-algebras associated to Borcherds
Cartan data have been geometrically constructed by Kang, Kashiwara and Park in | |. You find more
details on the background in the section 4 on examples.

Note that the Springer map as well as the quiver-graded Springer map are instances of collapsings of homoge-
neous vector bundles E over complete flag varieties G/B with G a reductive group and B a Borel subgroup (or
unions of those). The notion of a collapsing goes back to Kempf | |2, cp. definition 1. In this case the
Steinberg algebra has a natural basis parametrized by the torus fixed points of the flag varieties G/B because
Z = FE xy FE is a generalized cellular fibration (see lemma 2.0.1). Varagnolo and Vasserot observed, assuming
no nonzero torus fixed points in the image of m, that the operation of the Steinberg algebra on the equivariant
cohomology of E is faithful. Also, we know that HE(E) is just a (direct sum of) polynomial ring(s).

But in general, for the Steinberg algebra of such a collapsing map, we have no methods to calculate the nat-
ural basis elements as operators on polynomial rings. Therefore, we specialize to a situation where Varagnolo
and Vasserot’s method of calculating the product on the torus fixed points is still available (using parts of the
Goretzky-Kottwitz-McPherson localization theory). The main trick is to use a relative situation where you can
embedd into a Springer map where these products are known. This means we replace the adjoint representation

1Chriss and Ginzburg call Z a Steinberg variety, if 7 is the Springer map. So we always say Steinberg algebra as a shortage for
equivariant Borel-Moore homology (with complex coefficients) of the Steinberg variety with the Chriss-Ginzburg algebra structure
2We exclude Kempf’s assumption that the fibre of the homogeneous bundle is a completely reducible representation.



of the Lie algebra by Derksen and Weyman’s generalized quiver represenations (see | |, and subsection
2.1), here: Given G,B,T a complex reductive group with a Borel subgroup and maximal torus of rank n and
let (W,S) its associated Weyl group. For a subgroup H C T, we denote G := Cg(H)°, B = BN G and W the
Weyl group associated to (G,T). Then, one has

G/B)" =| |G/B, IT=W\W
I

and HE(|]; G/B) can be identified with the induced representation indyy Clz1, . . ., 2,] = P, Clzs(1), ..., zi(n)],
I =W\ W. In particular, if F is a union of vector bundles over G/B indexed by i € I, we get the cohomology
ring HY(E) = HY(| |, G/B) is the induced W-representation from before (see later subsection 3.8).

Our motivation to give a common generalization of Varagnolo and Vasserot’s method to general connected
reductive groups was to clarify the situation by giving a very detailed account and give a playground for a
common investigation of these Hecke-like algebras.

Our main result is a calculation of the Steinberg algebras for a collapsing of homogeneous vector bundles asso-
ciated to Derksen and Weyman’s generalized quiver representation in terms of generators and relations (under
some extra assumptions, see theorem 3.12). In fact, as C-algebras they always have three types of generators
1;,  zi(t), o4(s): where 1; are idempotents corresponding to the disjoint union of homogeneous bundles you
started with, z;(¢) are the generators of the polynomial rings given by the equivariant cohomology of E and
0i(s), s € W are simple reflection coming from the cellular fibration mentioned before. More precisely:

Theorem 1.1. Let (G,B,T),(W,S) and (G, B),W be as before. We choose representatives z; € W of the cosets
WA\W and a G-subrepresentation V' of a direct sum Lie(G)®", we get F; =V N*(LieU)®" i € I where U C B
1s the unipotent radical, this is a B; = "B N G-subrepresentation of V.. Then the collapsing map

m: E = I_l(G B E) =V, g, f] = gf
i€l

is our generalized quiver-graded Springer map. The Steinberg algebra of w is our generalized quiver
Hecke algebra®. It is the subalgebra of Endc(HE(G/B)) given by generators

liyiel, z{),1<t<n,iel, ois),s€S,iel

with 1;,z;(t) the obvious operators and for f in the k-th summand o;(s)(f) = 0 unless k = is and then
ai(s)(f) = a?i(s)s(’;ﬂ if i = is or o;(s)(f) = a?i(s)s(f) if i # is, where ay is the positive oot for s € S
seen under Lie(T)* C Clay,...,xn] as linear polynomial and hi(s) := #{k € {1,...,r} | zi(es) € Py},
V=, V®E V) C LieG and Oy is the set of T-weights of V¥,

Under some limitations for the choices of V' (such that the h;(s) are bounded), we calculate generators and
relations for the generalized quiver Hecke algebras, see theorem 3.12.
The text is structured as follows: We established the basic properties of Steinberg algebras of collapsings of
homogeneous bundles and recall the set-up for generalized quiver representations in section 2. In the third
section, we give our main result. In the last section, we come back to the examples mentioned in the beginning.

2 Collapsings of homogeneous bundles and generalized quiver repre-

sentations
Roughly, following the introduction of Chriss and Ginzburg’s book (| D4,
To introduce this construction, recall for any algebraic group G and closed subgroup P (over C) we call

the principal bundles G — G/P homogeneous. For any P-variety F' given we have the associated bundle
defined by the quotient

GxPF=GxF/~, (9,/))~(d,f): <= thereispe P:(g,f)=(g'p,p""f)

and G x F — G/P, (g, f) — gP. Given a representation p: P — GI(F), i.e. a morphism of algebraic groups,
we call associated bundles of the form G x F — G/P homogeneous vector bundles.

3technically speaking it should be called generalizing a graded part of the quiver Hecke algebra, the horizontal map of the quiver
Hecke algebra is a type A phenomen which does not exist for general reductive groups.

4We take a more general approach, what usually is considered as Springer theory you find in the example classical Springer
theory. Nevertheless, our approach is still only a special case of | |, chapter 8.



Definition 1. Our geometric construction is given by the following: Given (G, P;,V, F;);cs, where T is a finite
set, with

(%) G a connetcted reductive group with parabolic subgroups P;.
We also assume there exists a maximal torus T C G which is contained in every P;.

(%) V a finite dimensional G-representation, F; C V a P;-subrepresentation of V, i € T.

Let B, . =G xFi Fiel

E = LlieIEi [(ga fz)}
/ \
Vv I_liej G/R gfi gP;
Then, £ — V x| |;c; G/P;, (g, fi)] = (9fi,gP;) is a closed embedding (see | ], p-25,26), it follows that =

is projective, we call it a collapsing of a homogeneous vector bundle or sometimes even a Springer map
and its fibres Springer fibres. Via restriction of E — V x | |,.; G/P; to n=(x) = {x} x | ];c; G/P; one sees
that all Springer fibres are via 1 closed subschemes of | |, ; G/P;.

We also have another induced roof-diagramm

Z:=ExyE

/ \
Vv (Wier G/P) x (Uie; G/ Pi)
with p: E xy E 22 E 5 V projective and m: E xy E M E x B 224 (Wier G/P) x (Lier G/ Pi).
Observe, by definition
Z = |_| Zi,ja Zi,j = El Xy Ej.
ijel

We call the scheme Z Steinberg variety (even though as a scheme Z might be neither reduced nor irreducibel).

If all parabolic groups P; are Borel groups, the Steinberg variety Z is an iterated cellular fibration over
| l;c; G/P; (for an apropiate definition of iterated cellular fibration), for the precise statement see the next
lemma. We choose a (co-)homology theory which can be calculated for spaces with cellular fibration property
and which has a localization to the T-fixpoint theory: Let HZ, A € {pt,T,G} be (A-equivariant) Borel-
Moore homology with complex coefficients. There is a natural product * on H2(Z) called convolution product
constructed by Chriss and Ginzburg in | ]

w: HMNZ) x HN(Z) - HA(Z)

(c1,2,62.3) = €12 % a3 7= (q1,3)«(P] 2(c1,2) NP5 3(c23))

where N: H;‘ (X) x HMNY) — H1f+q72d(X NY) is the intersection pairing which is induced by the U-product
in relative singular cohomology for XY C M two A-equivariant closed subsets of a d-dimensional complex
manifold M (cp. | |, p-98, (2.6.16)) and where p,: E X E x E — E x E is the projection on the a, b-th
factors, gq,p is the restriction of p,p to E Xy E Xy E. One has

H;(Zi,j) * H(;‘(Zk’g) C 6j,kH;74+q—ek (Z@g), er = dimg .

If we set

A o A
H[p](Z) T @ He,i-i-e]-—p(Zi,j)
ijel
then H[ﬁ}}(Z) is a graded H?%(pt)-algebra. We call (HA(Z),*) the (A-equivariant) Steinberg algebra for
(Ga Pia ‘/a Fi)iEI-



Convolution Modules (recall from | ], section 2.7).

Given three sets M7, M3, M3 and two subsets S1 2 C My x Ma, Sz 3 C My x Ms the set-theoretic convolution
is defined as

S1,20823 :={(m1,m3) | Ima € Ma: (m1,ma) € S1,2,(ma2, m3) € Sa 3} C My x Ms.
Now, let S; ; C M; x M; be A-equivariant locally closed subsets of smooth complex A-varieties, let p; j: My x
My x M3 — M; x M; be projection on the (i, j)-th factors and assume ¢ 3 := p1,3|p;21(5112)np;é(3273) is proper.
Then we get a map
HMS1,2) x HMS2,3) = HiYy oo dime ity (S1,2 0 S2.3)
c12 % c23 1= (q1,3)«(P] 2€1,2 NP3 3€2,3)-
This way we defined the algebra structure on the Steinberg algebra, but it also gives a left module stucture on

HA(S) for any A-variety S with Z oS = S and a right module structure when So Z = S.

(a) My =My=Ms;=FE,embedd Z=FExy ECEXE FE=FxptCEXE, then one has Zo E = E. If
we regrade the Borel-Moore homology (and the Poincare dual A-equivariant cohomology) of E as follows

@HAi @HEL-H? H[P] (E))

iel el

then H[‘i] (E) and HP(E) carry the structure of a graded left H[‘;‘](Z)—module.

(b) My = My = M3 = E, embedd E C E x E diagonally, then E o E = E, one has H(A*)(E) = H}(E) as

graded algebras where H é)(E) =, Hé‘;i_p(Ei) and the ring structure on the cohomology is given by
the cup product. If we take now Z = E'xy E C E X E then FoZ = Z and we get a structure as graded
left H? (E)-module on H[‘:](Z).

(¢) Mi=My=M3z=EFE, A=ptembedd Z=Exy E C ExE,n~(z) =7 !(z) x pt C E x E, then one has
Z o 1(x) = E. If we regrade the Borel-Moore homology and singular cohomology of 7~1(x) as follows

Hp(m =P He,—p(r; () HP (7' (2)) := P HP(n; (2))
i€l el

then Hpj(n~!(z) and HM (771 (z) are graded left H,j(Z)-module.
We call these the Springer fibre modules.

Similarly in all examples one can obtain right module structure (the easy swaps are left to the reader).

2.0.1 Cellular fibration

We set W := L jer Wiy with Wi ; == W; \ W/W; where W' is the Weyl group for (G,T) and W; C W is the
Weyl group for (LZ,T) with L; C P; is the Levi subgoup. We will fix representatives w € G for all elements
w € W. If all P; are Borel subgroups, then W can be identified with the set of T-fixed points (Lies G/P)T.

Let Cy, = G - (eP;,wP;) be the G-orbit in G/P; x G/P; corresponding to w € W; ;.

Lemma 1. (1) p: C,, C G/P; x G/P; % G/P; is G-equivariant, locally trivial with fibre p~*(eP;) =
lePJ/P]

(2) PiwP;/P; admits a cell decomposition into affine spaces via Schubert cells xBjz~'vP;/Pj,v € W; (and
for a fized x € W such that *P; = P;, B; C P; the Borel subgroup). In particular, Hyqq(P;wP;/P;) =0

and
H*(PZ’LUP]/P]) = @ Cb@j(U), biyj(’l)) = [IEBj‘IilUPj/Pj].
veW;
One has degb; j(v) = 2¢; j(v) where ¢; ;(v) is the length of a minimal coset representative in W for

™ hoW; € W/W;.
(8) For A € {pt,T,G} one has H”,,(Cy,) = 0 and since G/P; is simply connected
HACw)= @ HAY(G/P)® H(PwPy/P), H.(Co)= P Chilw) @b (v),
p+qg=n uEW/Wi,’UGWi

where b;(u) = [B;uP;/P;]* is of degree 2dimc G/P; — 2¢;(u) with £;(u) is the length of a minimal coset
representative for u € W/W; and b; j(v) as in (2).



proof: Is left out because it is standard techniques.
This implies the following properties for the homology of Z.

Lemma 2. (1) Z has a filtration by closed G-invariant subvarieties such that the successive complements are

Zy = m Y Cy),w € W and the restriction of m to Z, is a vector bundle over Cy, of rank d,, (as complex
vector bundle). Furthermore,

H;?(Z) = EB H;?(Zw) = @ H;?—de (Cuw),
weW weW

H.(2) =P P P Chiw) @b;(v)

1,j€El weW; j ueW/W,; veW;
where the last direct sum goes over the u,v with the property 2dim G/P; — 20;(u) + 2¢; ;(v) = n — 2d,,.
(2) HoauZ) = 0, H#(2) = 0.

(3) Z is equivariantly formal (for T and G, for Borel-Moore homology and cohomology).
In particular, for A € {T,G} the following forgetful maps HA(Z)— H.(Z) and H(Z)— H*(Z) are
surjective algebra homomorphisms. It even holds the stronger isomorphism of C-algebras
H.(Z) = H{(Z)/HZo(pt)HL (2)
H*(Z) = HA(2)/H3 (pt)HA(Z)

As a consequence we get the following isomorphisms.
1) HNZ) = H(Z) @c HA(pt)  of HX(pt)-modules
2) Hy(Z)=H*(Z)®c Hy(pt) of Hy(pt)-modules

We can see that H[‘:](Z) has finite dimensional graded pieces and the graded pieces are bounded from below
in negative degrees.

2.1 Reminder on generalized quiver representations
This is a short reminder of Derksen and Weyman’s generalized quiver representations from | |

Definition 2. A generalized quiver with dimension vector is a triple (G, G, V) where G is a reductive group,
G is a centralizer of a Zariski closed abelian reductive subgroup H of G,i.e.

G=Cg(H)={9eG|ghg ' =h Vhec H}

(then G is also reductive, see lemma below) and V' is a representation of G which decomposes into irreducible
representations which also appear in G := Lie(G) seen as an G-module.

A generalized quiver representation is a quadruple (G, G, V,Gv) where (G,G,V) is a generalized quiver with
dimension vector, v in V' and Guv is the G-orbit.

Remark. Any such reductive abelian group is of the form H = A x S with A finite abelian and S a torus, this
implies that there exists finitely many elements hy, ..., h, such that Cg(H) = (N2, Cg(h;), see for example
Humphreys’ book [ |, Prop. in 16.4, p.107.

We would like to work with the associated Coxeter systems, therefore it is sensible to assume G connected
and replace G by its identity component G°. There is the following proposition

Proposition 1. Let G be a connected reductive group and H C G an abelian group which lies in a mazximal
torus. We set G := C(H)° = (Ni~, Cs(hi))°. Then one has

(1) For any maximal torus T C G, the following three conditions are equivalent:

(i) T CG.
(is) HCT.
(iii) {h1,...,hm} C T.

(2) G is a reductive group.



(8) If @ is the set of roots of G with respect to a mazimal torus T with H C T, then ® := {a € @ | a(h) =
1 Vh € H} is the set of roots for G with respect to T, its Weyl group is (s | « € ®) and for all « € O
the weight spaces are equal go = Go (and 1-dimensional C-vector spaces).

(4) There is a surjection

{B C G| B Borel subgroup, H C B} — {B C G | B Borel subgroup }
B—-BNG

If & is the set of positive roots with respect to (G,B,T) with H C T, then &+ := ® N &7 is the set of
positive roots for (G,GNB,T) .

proof: Ad (1): This is easy to prove directly.

(2)-(4) are proven if G = Cg(h)° for one semisimple element h € G in Carters book | ], section 3.5. p.92-93.

In general G = (N2, Cg(h;)°)° for certain h; € H,1 < i < m. The result follows via induction on m. Set

G1 := Cg(h1)°. One has G = (-, Cg, (h;)°)° = Cg, (H)° C Gy and G, is a connected reductive group. By

induction hypothesis, all statements are true for (G,Gy), so in particular G is a reductive group. The other

statements are then obvious. ]
We need to study the relationship of the Coxeter systems (W, .S) and (W,S) corresponding to (G,T) and

(G, T).

Lemma 3. One has GNW =W and WNS C S. Let lg be the length function with respect ot (W,S) and Is

be the length function with respect to (W,S). For every w € W one has ls(w) < lg(w).

proof: Ng(T)N G = Ng(T) implies GN'W = W. The inculsion &+ N s(—®*) c " Ns(—@7) for any s € S
implies WNS C S.

Let w=ty---t. € W, t; € S reduced expression and assume Is(w) < r. It must be possible in W to write w as
a subword of t; ---£;---t, for some i € {1,...,r}. But then r = lg(w) < lg(ty---t;---t,) <. O

Lemma 4. Let (G,B,T), (G,B,T) and (W,S),(W,S) as before. Then GN*B, x € W is a Borel subgroup of
G. Let s €S, then one has

(1) If Was # Wax then GN*B =G N"B.
(2) If Was = W, then ®s € W and GN*B = "*[G N"B].
This gives an algorithm to find for any x € W a z € W such that G N*B = *[G N BJ.

proof: Let s €S,%s ¢ W, then +x(as) ¢ ® and this implies
PNas(®) = 2N [2(2)\ {z(as)} U{—z(as)}] = 2 Na(D).

Therefore, the Lie algebras of the Borel groups G N *B and G N **B have the same weights for T, this proves
they are equal. O

Remark. In the setup of the beginning, we can always find unique representatives x; € W,¢ € I for the
elements in W \ W which fulfill
B, =GN*B=GNB=B.

This follows because for every i € I there is a bijection

Wx; — { Borel subgroups of G containing 7'}
vx; = Y[GNTB]

Then, there exists a unique v € W such that *[G N*B] = G N B, replace z; by va; as a representative for Wz;.
We will call these representatives minimal coset representatives®. Observe for is # i one has z;, = ;5 by
lemma 4, (b), (2).

But since the images of G/B;,i € I inside G/B are disjoint, we prefer not to identify all B;,i € I.

5if G is a Levi-group in G they are the minimal coset representatives, in this more general situation the notion is not defined.



3 Generalized quiver Hecke algebras

Notational conventions: We fix the ground field for all algebraic varieties and Lie algebras to be C. If we denote
an algebraic group by double letters like G,B,U we take the calligraphic letters for the Lie algebras G, B, U
respectively. If we denote an algebraic group by roman letters like G, B,U we take the small frakture letters
for the Lie algebras, g, b, u respectively.

If we have a subgroup P C G of a group and an element g € G we write 9P := gPg~! for the conjugate subgroup.

3.1 Generalized quiver-graded Springer map and the generalized quiver Hecke
algebra

We define a generalized quiver-graded Springer theory for generalized quiver representations in the sense of
Derksen and Weymann. Given (G,B,U, H,V) (and some not mentioned H C T' C B) with

* G is a connected reductive group, H C T is a subgroup of a maximal torus in G, we set G = Cg(H)°
(then G is also reductive with 7' C G is a maximal torus in G).

* T C B C G a Borel subgroup, then B := BN G is a Borel subgroup of G,
We write (W,S) for the Coxeter system associated with (G,B,T) and (W, S) for the one associated to
(G,B,T). Observe, that W C W.

We call a B-subrepresentation U’ C G = Lie(G) (of the adjoint representation which we denote by
(g,2) = 92, g € G,z € G) suitable if (U')T = {0} and U'N*U’ is B-stable for all s € S. Let U = @},_, U®
a B-representation with each U®) is suitable. We call I := WA\W the set of complete dimension
filtrations. Let {x; € W | ¢ € I} be a complete representing system of the cosets in I. We lift every
element of the Weyl groups W (and W) to elements in G (and G) and denote the lifts by the same letter.
For every i € I we set

Bi ="BN G,

this is a Borel subgroup of G, see lemma 4.

*V=@,_, V() with V*) C G is a G-subrepresentation.
F,=®,_, Fl-(k) with Fi(k) = V® n2iyy(*) is a B;-subrepresentation of V().
Then, we get a tuple (G, B;,V, F;);er as in definition 1. Recall the notation, we have the union of the associated
fibre bundles p: E = | |;c; G x"* F; = | ],c; G/B; = (G/B)¥ C G/B where the H-operation is multiplication
——
E;

from the left. We have the Springer map w: E — V, [g, f] — ¢f and we have the Steinberg variety Z = Exy FE =
Ll jer Zi,; with its two maps V & 7™ G/B x G/B. For each i,j € I we write y; = pilg,, 7 = 7|g,, my =
m|z,;,pij = plz,, for the restrictions.

The equivariant Borel-Moore homology of a Steinberg variety with complex coefficients together with the
convolution operation defines a graded C-algebra

Zq:=HE(2),

il

which we call (G-equivariant) Steinberg algebra. The aim of this section is to describe Z¢ in terms of generators
and relations. If we set

HE\(Z) = @ HS oo (Zij), e =dimeE;
i,5€1

then H[C:}(Z) is a graded H{(pt)-algebra We denote the right W-operation on I = W \ W by (i,w) — dw,
iel,weW.

Theorem 3.1. Let & = C[t] = Clx;(1),...,2i(n)], i € I. Then Zg C Endcigw _poa(D;c; &) is the graded
C-subalgebra generated by

1,i€l, z{),1<t<n=rk(T),icl, ois),s€S,iel
defined for k € I, f € & as Li(f) = 0u(f), z:(t)(f) = dir(f) and
a(s) =L (e &) ifi=is=F,

o

ai(s)(f) =S a(s)s(f)  (€&)ifiFis=k als)= [ o €&
0, else, €Dy ,s(a)EPu,
zi(a) €Dy



with @y = |, Py, Py € Home(t,C) C C[ is the set of T-weights for UK and &y = |, Pywy, Py C
Homc (t,C) is the set of T-weights for V().
Furthermore, one has

2(degqi(s)) —2, ifis=1

degli =0, degzi(k) =2, degoils) = {Qdeg 4(s) if is # i

where deg q;(s) refers to the degree as homogeneous polynomial in C[t].

For U = Lie(U)®", where U C B is the unipotent radical, one has q;(s) = o where hi(s) = #{k €
{1,...,r} | zi(es) € Py}, V=, VH.

If Wa; # Was then hi(s) = #{k | V) € R, zi(as) € @y }. We say that this number counts arrows.

If Wa; = Ways, then hi(s) = #{k | V) C g,z:(as) € Py }. We say that this number counts loops.

For U = Lie(U)®" for U C B the unipotent radical we have the following result which generalizes the part-d
subalgebras of KLR algebras to arbitrary connected reductive groups and allowing quivers with loops. In that
case, we call the Steinberg algebra Z; generalized quiver Hecke algebra.

It can be described by the following generators and relations. For a reduced expression w = $182 -« - S we
set

0i(s5152 -+ Sk) 1= 03(51)0is; (52) -+ - Tisysp-vspr (Sk)

If it is understood that the definition depends on a particular choice of a reduced expression for w, we write
oi(w) :=0;(s182 - - - ). Furthermore, we consider

O P Clas(1), ... zi(n)] 2 @ Clai(1), ... 2i(n)], @:(t) = 2(t)

iel iel
as the left W-module Indy, CJt], we fix the polynomials

ci(s,t) :=P(oi(s)(x;(t))) € @(C[zi(l), cozi(n)], i€l 1<t<m, s€S.
icl
If we add in some cases limits to the counting numbers h;(s), we can describe the generators and relations
fully.

Theorem 3.2. Let S C W = Weyl(G,T) be the simple reflections. Under the following assumption for the data
(G,B,U = (Lie(U))®", H,V). We assume for any s,t € S,i € I the following limits for the counting numbers
hi(s), hi(t) (see previous theorem)

(B2) If the root system spanned by o, oy is of type By (or stst = tsts is the minimal relation), then for every
i € I such that is =i = it one has h;(s), h;(t) € {0,1,2}.

(G2) If the root system spanned by as, o is of type Go (or ststst = tststs is the minimal relation), then for
every i € I such that is =i =it one has h;(s) =0 = h;(t).

Then the generalized quiver Hecke algebra for (G,B,U = (Lie(U))®", H,V') is the graded C-algebra with gener-
ators
1,5el, z{),1<t<n=rk(T),icl, ois),s€S,iel
i degrees
2hi(s) —2, ifis=i
degl; =0, degz;(k) =2, dego;(s) = () Zf Z,S Z
2h;(s), ifis £ 1
and relations
(1) (orthogonal idempotents) 1;1; =, ;1;, 1;2,(t)1; = 2(t), Lioi(s)lis = 0i(s)
(2) (polynomial subalgebras)  z;(t)z(t') = z;(¢')z;(t)
(3) ( relation implied by s* = 1)

0 , if is =1, hi(s) is even
oi(8)ois(s) = —20[?"’(3)_102-(5) , ifis =1, hi(s) is odd
(,l)his(s)a?i(s)'ﬁ‘his(s) . ifis 7& i



(4) (straightening rule)

Ci(S,t), ’ Zf’LS =1

oi(8)zi(t) — s(zi(t))os(s) = {

0 , if is # .
(5) (braid relations) Let s,t € S, st = ts, then 0;(s)0s(t) = 0;(t)oi(s)
Let s,t € S not commuting such that © := sts--- = tst--- minimally, i € I. There exists explicit polynomials

(Qu)w<e in ag,ap € C[t] such that oi(sts---) —oi(tst---) = > ., Quoi(w). Observe that for w < x there
exists just one reduced expression.

The polynomials @,, can be made explicit, the interested reader can find them in the proof in the end of
this section, see subsection 3.12.

3.2 The equivariant cohomology of flag varieties

The (co)-homology rings of a point.  Let G be reductive group, T C P C G with P a parabolic subgroup
and T a maximal torus, we write W for the Weyl group associated to (G,T) and X (T) = Homg, (T, C*) for
the group of characters. Let ET be a contractible topological space with a free T-operation from the right.

(1) For every character A € X (T') denote by
S)\ = FET XT C)\

the associated T-equivariant line bundle over BT := ET/T to the T-representation C, which is C with
the operation ¢ - ¢ := A(t)c. The first chern class defines a homomorphism of abelian groups

c: X(T) — H*(BT), X~ ci1(Sy).

Let Sym¢ (X (7)) be the symmetric algebra with complex coefficients generated by X (T'), it can be iden-
tified with the ring of regular function C[t] on t = Lie(T) (with doubled degrees), where X (T') ®z C is
mapped via taking the differential (of elements in X (7)) to t* = Homc_;,(t,C) C C[t] (both are the
degree 2 elements).

The previous map extends to an isomorphism of graded C-algebras
C[t] —» Hy(pt) = H*(BT)

In fact this is a W-linear isomorphism where the W-operation on C[t] is given by, (w, f) — w(f),w €
W, f € C[t] with
w(f): t = C,t — flw Htw),

see | ]. We can choose ET such that it also has a free G-operation from the right (i.e. ET := EG), then
BT = ET/T has an induced Weyl group action from the right given by =7 - w := zwT, w € W,z € ET.
The pullbacks of this group operation induce a left W-operation on Hx(pt).

(2) Hi(pt) = HT, (pt) (Poincare duality), H(pt) = (Hz(pt))"V = (HT (pt))V = HE, (pt) (Splitting princi-
ple).

The cohomology rings of homogeneous vector bundles over G/P. Let G be reductive group, T C B C
P C G with B a Borel subgroup, P parabolic and T a maximal torus.

(1) For A € X(T) we denote be Ly := G xZ C, the associated line bundle to the B-representation C) given
by the trivial representation when restricted to the unipotent radical and A when restricted to T. Let
w: E — G/B be a G-equivariant vector bundle. Then, p*(Ly) is a line bundle on E and

Ky :=EGx% u* (L)) - EGx“E
is a line bundle over EG x& E. There is an isomorphism of graded C-algebras

Clt] = H(F) = H*(EG x© E)
X(T)> Ao cei(Ky).

with deg\ = 2 for A € X(T).
(By definition, equivariant chern classes are defined as ¢§ (u*Ly) := c1(K))).



(2) Let u: E — G/P be a G-equivariant vector bundle, then there is an isomorphism of graded C-algebras

HE(E) — (Hp(pt))"™.

The proofs of these statements:

ad (1) Arabia proved that HS(G/B) = Hy(pt) as graded C-algebras (cp. | |), the composition with the
isomorphism from the previous lemma gives an isomorphism

c: Clt] = HL(G/B), : A c1(EG x9 Ly) =: % (Ly)
Now, we show that for a vector bundle u: F — G/P with P C G parabolic, the induced pullback map
W HG(G/P) = HE(E),  f (Ly) = f (1" Ly)

is an isomorphism of graded H¢ (pt)-algebras. We already know that it is a morphism of graded H¢(pt)-
algebras, to see it is an isomorphism, apply the definition and Poincare duality to get a commutative
diagram

*

HE(G/P) — HE(E)

|

(G/P) *—= HS 1 i (E)

G
Hy4ima /P—k
the lower morphism p* is the pullback morphism which gives the Thom isomorphism, therefore the upper
w* is also an isomorphism.

ad (2) By the last proof, we already know H%(E) = H{(G/P). Then apply the isomorphism of Arabia see
[ |, this gives H(G/P) = Hj(pt). Now, P homotopy-retracts on its Levy subgroup L, this implies
Hp(pt) = Hf (pt), together with the (2) in the previous lemma we are done.

O

The cohomology ring of the flag variety as subalgebra of the Steinberg algebra. Let G be reductive
group, T' C P C G with P parabolic and T a maximal torus. Let V be a G-representation and F' C V be a
P-subrepresentation, let F := G x¥ F and Z := E xy E be the associated Steinberg variety. The diagonal
morphism E — F x E factorizes over Z and induces an isomorphism E — Z. which induces an isomorphism of

algebras
Hé(G/P) — H2GdimE—*(Z€)7

recall that the convolution product on HE(Z.) maps degrees (i,5) + i+ j — 2dim E.
For the proof of the statement: Obviously you have an isomorphism

HE(G/B) = HG(E) 2= HEy(Ze) = Higim p-i(Ze)

where the last isomorphism is Poincare duality. But we need to see that this is a morphism of algebras where

HE(Z.) is the convolution algebra with respect to the embedding Z, =~ F 299, B x E. This follows from
[ ], Example 2.7.10 and section 2.6.15.

O

We observe that the algebra C[t] with generators ¢ € t* in degree 2 plays three different roles in the last

lemmata. It is the T-equivariant cohomology of a point, it is the G-equivariant cohomology of a complete flag

variety G/ B, it can be found as the subalgebra HE(Z.) ¢ HE(Z).

3.3 Notation for the fixed points

Torus fixed points. Let T C P C G be reductive group with a parabolic subgroup P and a maximal
torus T. Let W be the Weyl group associated to (G,T) and Stab(P) := {w € W | wPw~! = P}. For w =
x Stab(P) € W/ Stab(P) we set wP := xP € G/P. Then, one has (G/P)T = {wP € G/P | w € W/ Stab(P)}.
See e.g. | |, satz 2.12, page 13.

Let Py, P, C G be a reductive group with two parabolic subgroup, Fy, Fy C V a G-representation with a Py
and Ps-subrepresentation. Assume (GF;)T = {0}. We write
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(E; =G <P Fy u;: B; — G/P;,7: E; — V) for the associated Springer triple and
7Z :=FE1 xy Ea,m: Z — (G/Py) x (G/P) for the Steinberg variety.
Then, there are induced a bijections ul: EI' — (G/P)T,mT: ZT — (G/P))T x (G/P;)T. More explicit we
have
El' = {¢, := (0,wP;)) € V x G/P; | w € W/ Stab(P;)} C E;
ZT = {¢pyy == (0,2P1,yPy) € V x G/Py x G/Py | x € W/ Stab(P,),y € W/ Stab(P,)}
C Z.

Furthermore, for any w € W/ Stab(P) let Z% := m~Y(G - (P1,wP,)) and my, := m|zw: Z¥ — G- (P, wP,) be
the induced map. There is an induced Bruhat order < on W/ Stab(Ps) by taking the Bruhat order of minimal
length representatives.

(Z)" ={pzw = (0,2P1,z30P) €V x G/Py x G/Py |z € W}
Zv = {bg,20 | €W, 0 <w} = U (z)"

v<w

There is a bijection W/(Stab(P1) N Stab(Pz)) — (Z)T, x = ¢p zu-

For the proof: Obviously, one has EI C VT x (G/P;))T = {0} x (G/P;)T. But we also have a zero section s
of the vector bundle 7: E; — G/P; which gives the closed embedding G/P; — E; C V x (G/F;), gP; — (0,9F;).
One has ZT c VT x (G/P)T x (G/P)T = {0} x (G/P)T x (G/P;)T. But using the description of Z =
{(v,gP1,hP2) € V x G/P, x G/Py | (v,gP1) € Ey, (v, hP2) € Ex}, we see that {0} x (G/P))T x (G/P,)T c Z
and these are obviously T-fixed points.

We have (Z)T € Z% N ZT = {¢y2w | * € W} and one can see the other inclusion, too. Also, we have

Ve (Up<aw 70T = Uvgw(Z”)T. Consider the closed embedding
S:G/P1XG/P2—>Z, (gPl,hPQ)H(O,gPthQ).

Clearly s(G(Py,wP,)) C Z% C Z™, but since s is a closed embedding we have

U (2% ¢ s(G(Pr,wP)) = s(G(P1,wP,)) C Z*

v<w

which yields the other inclusion.

notation. Now, in the set-up of this section, observe, that (||;c, Gi/B:))" = ((G/B)")T = (G/B)”, and
(G/B)T = {wB | w € W}. For any w € W there exists a unique i € I such that 2* := wz; ' € W, this implies
wB = 2 (2;B) = 1;(2'B;) € (G/B;)T. Therefore, we write

(| |Gi/B)" = (G/B)" =| [{wz;B|weW c W}
i€l el
ET = {pus, = (0,wz;B) | i€ [,w e W}
zT = |_| {bwe; we; = (0, wzB, va;B) | we W,v € W}
i,5€l

Let w,v € W and 4,5 € I such that w’ := wx;l € W,vl = vm;l € W. We then set ¢y = @iz, Pw,o =
(bwixi,vj Lyt

As we have bijections (0, wz;B) — wz;B, (0, wz;B,vz;B) — (wz;B,vz;B) between ET and (G/B)”, ZT and
(G/B x G/B)T, we denote the T-fixed by the same symbols.

3.3.1 The fibres over the fixpoints.
Remember, by definition we have F; = p~1(¢,,). For any w = w'zr; € W, w* € W We set

Fy = (w) = i (buin) = Fi = PVE nvu®
k=1

and for x € W
Fx,a:w = m_1<¢w,azw) = Fa: n F:vw

— @ v A x[u(k) N wu(k)]
k=1
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Now assume U = Lie(U)®": . We choose V = @221 V) @ D1 V) with VO c R,1 <k <t, V) = gk)
with g(*) g is a direct summand, t + 1 < k < r. The fibres look like

t r
Fo=PVvPn LieWe f v©H 0 u®
k=1 k=t+1

where u(®) is the Lie subalgebra spanned by the weights > 0 in g(*).

Fy oy = @Vk N ?[(Lie(U)) N *(Lie(U @ Vi N u(k) N u(k)]
k=t+1
Lemma 5. Let U = Lie(U)®" and x € W,s € S we set hz(s) := #{k € {1,...7} | z(as) € Pyw} where
V=@@,_, V¥ and @y C @ are the T-weights of VF) . Ifx = 'z, witha® € W, thenh (s ) = hz:(s) =: hi(s).

One has
Fmi/F:vi,wis = (gzi(%))e}hi(s)_
(1) If*s ¢ W then hi(s) = #{k | V®) C R, zi(a,) € Py }.
(2) If *s € W, then hi(s) = #{k | V®) C g, z;(a) € Dyrw }.

proof: Without loss of generality V' C G,U = Lie(U), set x := x;, we have a short exact sequence
0=VNUNU = VN U—=VNGya,y—0

Now, V N Gya,) = 0 if and only if z(ay) ¢ Oy .

(1) If *s ¢ W then x(as) ¢ ® where ® are the T-weights of g.

That means, if V C g we get h;(s) =0. (2) If *s € W, then z(«as) € ®. This means, if V C R we get h;(s) =0
O

3.4 Relative position stratification
3.4.1 In the flag varieties
Let w e W, 4,5 € I. We define

CY := G N <|_| G/B; x| | G/BZ) . O :=GgopN <|_| G/B; x| | G/Bi>

el el i€l i€l
Cpy=C"N(G/Bi x G/By), CE! = C=¥ N (G/B; x G/By)

One has C¥; 2 G/(B;N*B;NG). The following lemma is due to Varagnolo and Vasserot, see | |, lemma
2.6 They state it for Gl,, but their proof works for connected reductive groups.

Lemma 6. (/ |, Lemma 2.6) Let s € S,i,j € I.
(1) C=% is smooth, it equals C* U C®.
(2) C’%S =0 unless Wx; € {Wa;, Waz;s}.

(3) Assume that Wax; = Wa;s and let j € I such that STy L'e W, then one has

u(G/Bi) #44(G/By), C3 =C;

<s e
i, Cz’fz‘ = Cm‘
and GN*[BN°B] =GN"B, C; =G/(GN™B).
(4) Assume that Wz; = Wa;sW; = Wz, then one has i = j, in particular
Li(G/Bi):Lj(G/Bj)a Czu,}] = zza Jor all w
and the first equality implies (*:B) NG # (**B) N G, there is an isomorphism of G-varieties

G xP (("Pyugsy NG)/P;) — C5F

’LZ’
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3.4.2 In the Steinberg variety
Let w € W, 4,5 € I, recall that we have a map m: Z — G/B.

-1 —
Ziy = my 5 (C7), Z% = |_| Zi;
i,j€Ily
v<w,veEW v<w,veWJ
The next lemma is implicit in the article of | |, we give it as an intermediate step.

Lemma 7. (a) If Cl # 0, the restriction m; ;- Z% — C} is a vector bundle with fibres isomorphic to

F;n x””x;le, it induces a bijection on T-fized points. In particular, all nonempty Z}"; are smooth.

(b) For any s € S the restriction m: Z5 — C=* is a vector bundle over its image, in particular Z* is smooth.
More precisely, it is a disjoint union Z; ; — C’ff with

(1) TSJ # 0 implies Wa; Wy = Wa;sW ;.
(2) Assume that Wa; W ; £ Wx;sW;, then Tsj =Z;; and E = 0.
(8) Assume that Wa;W; = Wx;sW ;, then one has E — C’ff is a vector bundle.

proof:

(a) As (Y is a diagonal G-orbit in G/ B; x G/ By, it is a homogeneous space and the statement easily follows
from a wellknown lemma, cp. | |, p-26, lemma 4.

(b) (1) If Z5; # 0, then Cf; # 0 and by the proof of the previous lemma 6, (2), the claim follows.
(2) If Wx; # Wax;s, then by lemma 6, (3), FJS = (7} is already closed, therefore Z;; is closed as well.

Also, C’Ef = (7, is already closed, therefore Z{; is closed as well.

(3) If Wa; = Ways, then C’ff is the closure of the G-orbit Cj; and by lemma 6, (4) we have G x5
(*"BNG)/B;) — C;)is, (9,hB;) — (9B, ghB;) is an isomorphism. We set X :=

X i={{of9B:ghBi) € GUEN F) x G/B x G/Bi|
geG,f € F,N® F he “BNG}

and we claim ﬁ = X. First, observe that X C Z;; because gf = gh(h™'f) with h™1f € F;n
Tisz; 1Fi. One can easily check the following steps.

*) X — Cfis is a vector bundle with fibre over F; ﬂxi‘sxlei. In particular, we get that X is smooth
irreducible and dim X = dim Z7,.
(*) Z¢; C X.

(*) X is closed in Z;; because we can write it as X = p~L(G(F; N *5% F)) N m’l(CiSj). Since
Fyn@se ' F s (by definition) B;-stable, we get G(F; N wisw;lFl—) is closed in V. This implies X
is closed.

3.5 Convolution operation on the equivariant Borel-Moore homology of the Stein-
berg variety

Let A € {pt,T,G} with T C G as before the maximal torus from the construction data and let Z4 := H?(Z2)
the A-equivariant Steinberg algebra and £4 := H}(E) the A-equivariant cohomology algebra (wrt the cup
product) of the variety E. Recall from the the Chriss and Ginzberg convolution operation that Z4 is a graded
E a-algebra, we denote this operation by ¢, and also that €4 is a graded Z 4-algebra, we denote this operation by
*. From | |, section 5, p.606, we know that the operation of Zg on &g is faithful, i.e. we get an injective
C-algebra homomorphism Zg < End(€g). Recall the cellular fibration property from subsection ??: We choose
a total order < refining Bruhat order on W. For each i, j € I we get a filtration into closed G-stable subsets of
Z; ; by setting Zf;” = Uy<w 27, w € W. Via the first projection pri: C7; — G/B; is a G-equivariant vector

bundle with fibre B;vB;/B;, we call its (complex) dimension di ;, also Z}, — C}, is a G-equivariant vector
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bundle, we define the complex fibre dimension f;. By the G-equivariant Thom isomorphism (applied twice)
we get

m

Hﬁ(zf,j) = HG—zd;j—zf;{j (G/B;).

In particular, it is zero when m is odd and HG(Z”J) is a free HC (pt)-module with basis

by, © € W,degb, = 2dim(B;zB;)/B; + 2dj ; + 2f};.

Using the long exact localization sequence 1n G-equivariant Borel-Moore homology for every v € W, we see that
Z}; is open in ijv with an closed complement ij“. We conclude inductively using the Thom isomorphism

that Hﬁld(ZQ’) = 0 and that Hf(ijw) = @,<, HI(Z};). We observe, that #{w € W | Z;*; # 0} = #W
for every i,j € I. It follows that HE(Z; ;) is a free HE (pt)-module of rank #(W x W), and that every
Hf(fo) b = HE(Z; ;) is injective. We can strengthen this result to the following lemma.

Lemma 8. Let < be a total order refining Bruhat order on W. For any w € W set Z<% := m_l(ngw cY) =
Uy<w Z2°. The closed embedding i: Z< — Z gives rise to an injective morphism of H(E)-modules i : Zé” =
HE(Z=V) — Zg. We identify in the following Zé” with its image in Zg. For all v € W we have

= @ Eg o2V as Eg-module
v<w

1; * Zéw *1; = @ & o [T”]] as E;-module
v<w

where & = H}(E;). Each [Z7] is nonzero (and not necessarily a homogeneous element). In particular, Zg (as
ungraded module) is a free left Eq-module of rank #W.

proof: Now first observe that set-theoretically we have EoZ?¥ = Z¥ (where we use the diagonal embedding for
E again). This implies that the direct sum decomposition HZ(Z) = @, HE (Z") is already a decomposition
of H} (E)-modules.

Now we know that we have by the Thom-isomorphism algebra isomorphims

HE(E) = HG(| | G/B:i) = H;(2"),
i€l

using that #{(i,j) | Z; # 0} = #I. Now, Poincare duality is given by H&(Z;) = HSy 70 o(Z1)),
: : v, :

o+ a-[Z};] the composition gives

c—c-[Z]

K3 11)) K2 7'11]

HE(E;) — HQGdimZ;{ (20

Lemma 9. For each z,y € W with l(z) + I(y) = l(xy) we have

<z <y <zy
Z5"x 257 C 2G

proof: By definition of the convolution product, it is enough to check that for all w < z,v < y one has for
the set theoretic convolution product

; -/
70 Zh {@, JF# 7

Z5Y, =7

for i,7,5',k € I, because by deﬁmtlon Z5% 0 75V = |, w<z <y Z" o Z". Now, the case j # j’ follows directly
from the deﬁnltlon Let j = j'. Let C¥ := G(B,wB) C G/B x G/B. According to Hinrich, Joseph | |, 4.3
it holds C* o C” C C*" for all v,w € W. Now, we can adapt this argument to prove that C}"; o C¥) C C} as
follows:

Since C}'; # 0,C k7 0 we have that wg = TwT; Le W, v = xjvxlzl € W and

cy; = G(Bz,woB ), Clp = G(Bj,v9By). We pick My = G/B;, My = G/B;, M3 = G/Bj, for the convolution
and get

P13(p1s 1Y Npag Cf 1) = {9(By, wobvo By) | g € G,b € By},
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Now since the length are adding one finds B;wgB;voB), = B;(wovg) By, , as follows

-1

woB;voBy = zi[w(* GNB("* GNB)z; "
C z;[wBvB]ry NG C z;[BwvBlz,' NG
= [ B(z;wvz; )™ B] NG = Bwovo By,

For the last equality, clearly B;wovoBy C [“]B%(xiwvx,;l)wklﬂ%} N G. Assume
" B(z;wvz, )" BN G = | BitBx

for certain t € W, then clearly B;tBy C [*B(zwvz; )" B] NG N [*Bt**B] N G as this intersection is empty if
t # (z;wvx, '), the last equality follows.

Then using Z}"; = {g(fi = wofj, Bi,woB;) € V. x G/B; x G/B; | g € G, fi € Fi, f; € Fj} one concludes by
definition that Z;’; o Z7, C Z%¢ ]

We have the following corollary whose proof we have to delay until we have introduced the localization to
the T-fixed point.

Corollary 3.1. For s € S,w € W with l(sw) = l(w) + 1,

[Z5) % [Z%) = [Z5%] in 25°" ) 25°".

Since [ZV] =32, 1er1Z8,] for allv € W, this is equivalent to i, j,1,k € I we have

iz

(2]

| [Z05) = 615[Z57) in 257 /25,

3.6 Computation of some Euler classes

Definition 3. (Euler class) Let T be a torus and t := Lie(T"). Let M be a finite dimensional complex t-
representation. Then, we have a weight space decomposition

M= @ My, My={meM|tm=alt)m}.
a€Homc(t,C)
We define '
eulM):= [[ oM ecC[t]=Hi(pt)
a€Hom(t,C)

For a T-variety X and a T-fixed point x € X, we define the Euler class of z € X to be
eu(X,z) :=eu(T, X),

where the t-operation on the tangent space T, X is the differential of the natural T-action.
Observe, that eu(T} X) = (—1)4m =X eu(T, X).

Recall from an earlier section the notation Z* := m_l(C“_’). We are particularly interested in the following
Euler classes, let w = w*xy, z = iz, y = ya; €W, wk,xt,yl e W
Ay i=eu(FE, ) = eu(T%ka Ey), € H7(pt)
eu(Z%, ¢y y) = (eu(Ty Zo)t, € K := Quot(H7;(pt))

wiagyia; 1

Remember Fy, := p~ (w) = iy (bura,) = “ Fry Fuy = m N¢p,y) = “F,NYF, = F,NF, In
particular, we can see them as t-representations. We also consider the following t-representations

Ny = Torp, G/Pe = gN U™ =" [g N U]

Ny U~

My, = —— =¢gN ———
S ng Ny, S =

where U~ := Lie(U™) with U~ C B~ := “B is the unipotent radical where wg € W is the longest element. The
following properties can easily be seen.

(]‘) Ny = Haefbﬁac*1Q* a.
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(2) If s € S, z € W such that s € W, then eu(n,) = —eu(ngs), eu(myzs) = —eu(mys ) = z(as)
(3) If s € S, x € W such that ®s ¢ W, then n, = ng,, eu(my zs) = eu(Mys ) = 0.
Furthermore, for s € S,z € W,i € I we write set as a shortage

Qm(s) = eu(Fx/Fx,xs)7
Qi(s) == Qu,(s),

(Ji(s) = H Q.

a€dy,s(a)EDy,zi(a)EPY
for x = z'z; with ' € W one has Q.(s) = 24(Q;(s)), Qi(s) = z;(q:(s)), i-e.
Qu(s) = x(gi(s))

Lemma 10. (1) For w € W one has Ay, = eu(F,, ®ny,)
(2) If s€ S,z € W,a, € ®1 with s(as) = —as and *s € W one has

eu(ﬁ7 ¢w,$s) = eu(Fw@s dn, S ma:ws) = x(as) Qw(s)_l Aw
eu(ﬁ7 ¢z,x) = eu(Fm,zs Gn, ma:s,z) = - eu(ﬁ, ¢z,zs)~
(8)If s€ S,z € W and “s ¢ W one has eu(Z°, ¢y 05) = €u(Fy 45 @ 0p) = Qu(s) ' Ay
(4) Let x,w € W. Then, one has eu(Z¥, ¢y zw) = eu(Fy 0w B Ny D My 54)
proof:

(1) We know uy: Ey — G/By, By = GN 7B is a vector bundle, therefore we have a short exact sequence of
tangent spaces
0— T¢wu;1(kak) — T¢wEk — kaBkG/Bk —0

which is a split sequence of T-representations implying the first statement.

ad (3,2) Let i,j € I; such that 2% := xxi_l,yj = xs;vj_l ew.

(2) If“s € W we have that i = j and Z;; — C’E; =~ G xBi (GN™P4y)/B; is a vector bundle. For 2’ € {z, zs}
we have a short exact sequence on tangent spaces

0= Foas = Ty, 28, > Ty, ,C57 =0

Using the isomorphism G x i [(*iP,, N G)/B;] — Cff, (9, hB;) — (9Bi, ghB;) we get
ew(Ty, ., C’fis) =
{eu(TMG xBi[(*Pry NG)/Bi]) = eu(n,) - eu(my,,), @' =
eu(TmG xBi[(*iPry NG)/By]) = eu(n,) - eu(mys,), @’ = s
It follows eu(Z%, ¢y ) = eu(Fy us) - eu(ng) - eu(mys ) and eu(Z5, ¢y ps) = eu(Fy ps © Ny O My zg).

(3) If s ¢ W we get i # j and Z}; is closed and a vector bundle over C7; = G/(G N *B), we get a short
exact sequence on tangent spaces

0— Fpzs — T%MZf’j = T4, 0 C’ij — 0.

We obtain eu(Z5, ¢y 2s) = eu(Fy 45) eu(ny).
(4) Pick i, € I such that € Wa;, zw € Wa;. We have the short exact sequence

0= Frow— Ty, ., 2" = T, ,.,Ci% =0

Then, recall the isomorphism
Cis = Gdrzw — G/(GNTBNTB)
Gpaw — €:=e(GNTBNT'B)
Again we have a short exact sequence
0—-Te(GN*B)/(GN*BN*B) - TeG/(GN*BN*B) —» T:G/(GN*B) — 0

Together it implies eu(@, Du.ow) = eU(Fy gw) eu(ng/(ng Nngy)) eu(ng).
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Corollary 3.2. Let U = Lie(U)®", one has
(1) If s€ S,z € W and *s € W, then hz(s) = hzs(s) and
Ay = (—1)lHhm(p
(7%, b ) = (2(02)) T PFOA,

(2) If s€ S,z € W and *s ¢ W o
eu(ZS, ¢z,zs) = I(Oés))ihf(s)Az

proof: This follows from ¢, (s) = z(a;)"**) and
if *s € W we have that ¢ = j and hz(s) = hzs(s). Therefore we get
eu( ) (E( )h =(s )eu( xrs)
(1)) (@s(0s)) =) eu(Fis )
— (1) eu(F)

Using that eu(n,) = — eu(ng,) we obtain A, = (—1)+r=()A O

3.7 Localization to the torus fixed points

Now, we come to the application of localization to T-fixed points. We remind the reader that Z is a cellular
fibration and E is smooth, therefore in both cases the odd ordinary (=singular) cohomology groups vanish for
Z and E. This implies in particular that E, Z are equivariantly formal, which is (in the case of finitely T-fixed
points) equivalent to Z¢ and £ are free modules over Hf (pt).

If we denote by K the quotient field of Hf(pt) and for any T-variety X

HI(X) = Ho(X) = H (X) @z on) K, a—a®1,

Lemma 11. (1)

= @K%, H*(Z) = @ K'(/)ac,y

weWw z,yeW
where P, = [{Pu}] @ 1, Y5y = [y} @ 1.
(2) For everyi € I, w € Wax; we have a map w-: & = H{(E;) — C[Y], via taking the forgetful map composed
with the pullback map under the closed embedding i, : {dw} — E;
£ = H3(B:) = Hi(E;) = Hi(pt) = Clt,

we denote the map by f— w(f), f € &,w € W. Furthermore, composing the forgetful map with the map
from before we get an injective algebra homomorphism

0i: & — Hi(E;) — HiH(E ~ (P Kiu
weWazx;

c Z A ww

weWa;

We set © = @,;;0:i: Ea = D ew K

proof:

(1) This is GKM-localization theorem for T-equivariant cohomology, for a source also mentioning the GKM-
theorem for T-equivariant Borel-Moore homology see for example | |, Lemma 1.

(2) This is | |, Thm 2, using the equivariant cycle class map to identifiy T-equivariant Borel-Moore
homology of E with the T-equivariant Chow ring.

O
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3.8 The W-operation on &;:

Recall that the ring of regular functions C[t] on t = Lie(T) is a left W-module and a left W-module with respect
tow- f(t) = f(wtw), w € W(D W). The from W to W induced representation is given by

Indy; C[f] = @x;l(C[t],

iel
for w € W,i € I the operation of w on z; 'C[t] is given by

;7 'Cl] — =, C[{

jw—1

o f e wa N f

where we use that wz; 'W =z 1 W

qw—1"
Now, we identify £ = @, ; & with the left W-module Indyy C[{] via & = =; 'C[4.

Furthermore, we have the (left) W-representation on @@, oy K (A3 t);) defined via
w(k(A; " W2)) = k(Agp-1tpp-1), k€K ,weW.

Lemma 12. The map O: Eg = @, ey K (A, 11),) is W-invariant.

proof: Let w € W, we claim that there is a commutative diagram

Ea © @, KA ) I:>§:$€wiz@»Azlwz
Ea © @, KA ') W e 3 in (AT,

We need to see ik (w - ¢) =i}, (c). Let zw € Wax;, x € Wax;,,—1 This means that the diagram

g’i “ gi'w_l
Hi(pt)
is commutative. But it identifies with
7 'Cl) —————a." \C[Y] ' f wr; f
Cl[t] TwT; Ly
The diagram is commutative. O

Remark. From now on, we use the following description of the W-operation on . We set & = C[t], i € I.
Let w e W
w(&) :giw—l, E; :C[t] =) f}—>wf E(C[f] :giw—l.

The isomorphism p := @, ; p; defined by

pi: Clt] — x;l(C[t]
frai (@if)

gives the identification with the induced representation Ind% C[t] which we described before.
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3.9 Calculations of some equivariant multiplicities

In some situation one can actually say something on the images of algebraic cycle under the GKM-localization
map, recall the

Theorem 3.3. (multiplicity formular, | )], section 8) Let X equivariantly formal T-variety with a finite set
of T-fizpoints X', by the localization theorem,

[X1= > A{z)] eHI(X)®K

where AX € K. If X is rationally smooth in x, then AXX # 0 and (AX)~! = eu(X,x) € HL (X), n = dimc(X).

Z9) = > 1Z7]

ijel

Especially 1 = [Z¢] = >, ;[Zf,] is the unit and 1; = [Z7,] are idempotent elements, 1; * 1; = 0 for i # j,

9,0

[Zi ;] = 1; x [Z] % 1;. In particular, for s € S by lemma 11, we have

[Z71= ) 1Z+ Y 12

i€l is=1 i€l is#i

Remark. One has for any w € W

By the multiplicity formula we have

[ZT] _ ZzeW A;xi,mxiszIiﬂ?l’iS + Afcxi,a:xﬂ/}mxi,zri , ifi=1is

oo ZzeW A;Ii7wwisw1$i;93$i5 , ifis #1
with Ay . = (eu(Z;;, ¢y-)) ", for all y,z € W as above
Sl ZweW A;,’Umi,zwiwwl'ﬂi;lﬂ?iw + Zv<w A;Umi,xxw’(/)quz,l‘mv ,ifiw =
77 -

J 0 , ifdw #£ j
with A} = (ew(Z",,, bow, we,w)) * for all x € W,

TL; TT;W 7,5W)

3.10 Convolution on the fixed points
The following key lemma on convolution products of T-fixed points

Lemma 13. For any w,z,y € W one has
77Z}m,w * 'l/)w = Awwr; d)x,w * ww,y == Awwz,y

proof: We take My = My = M3 = E and Z1 5 := {¢,w = ((0,2B),(0,wB))} C E X E,Zy3 := {¢y 4} C
FE x E, then the set theoretic convolution gives

{2y}, fw=u'

{bzw}t o {duw y} = {@, if w#w'

Similar, take My = My = E, M3 = pt, Z12 := {¢pgw}, Z23 = Py X pt, then

¢} ifw=w'
{P2w} o {Pu} = {@7 else

To see that we have to multiply with A,,, we use the following proposition

Proposition 2. (see [ |, Prop. 2.6.42, p.109) Let X; C M,i = 1,2 be two closed (complex) submanifolds
of a (complex) manifold with X := X1 N Xg is smooth and T, X1 N Ty Xy =T, X for all x € X. Then, we have

[(Xa] N [Xo] = e(T) - [X]

where T is the vector bundle T.M/(Tw X1 + T X2) on X and e(T) € H*(X) is the (non-equivariant) Euler
class of this vector bundle, N: HEM (X1) x HBM(X,) — HBEM(X) is the intersection pairing (cp. Appendiz,
or [ [, 2.6.15) and - on the right hand side stands for the H*(X)-operation on the Borel-Moore homology
(introduced in [ ], 2.6.40)
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Set Er := E xT ET,(¢z)r = {¢.} xT ET(2 ET/T = BT). We apply the proposition for M = E3,
Xl = ((bw)T X (¢w)T X ET, X2 = ET X ((bw)T X (¢y)T7 X1 ﬁXQ = {¢170}T(§ BT), then 7 = (T¢,wE) XTET and
the (non-equivariant) Euler class is the top chern class of this bundle which is the T-equivariant top chern class
of the constant bundle Ty E on the point {¢, ,}. Since T, E = @, C\ for one-dimensional T-representations
Cy witht-c:=A(t)e, t € T,c € C=Cy. One has

ctop (T E Hcl (Cy) = H/\ = Ay.
A

Secondly, apply the proposition with M = EZ x (pt)7, X1 = (¢z)1 X (¢w)1 X (pt)1, X2 := E7 X (¢pu)1 X (Pt)T,
to see again e(T) = Ay,.
(I
Now we can give the missing proof of Corollary 3.1

proof of Corollary 3.1: By the lemma 9 we know that there exists a ¢ € £ such that [Z7 ]+ [Z3%] = colZ7Y]

in Zésw /Z5°". We show that ¢ = 1. We pass with the forgetful map to T-equivariant Borel-Moore homology
and tensor over K = Quot(H (pt)) and write [Z7,],2 € W, s,t € I for the image of the same named elements.

Let 4,7,k € I with zij,zl ew.

[qu] * [Z;'ljk] = (Z A;xi,mxiswlﬂ?iﬂ:mis + A;xi,mxiwﬂczi,rn)*
zeW

E A:cz] TT ;W djisz TT;wW + E A:cz] TT ;U wzxj,zfjﬂ)

zeW v<w

- E Arx, xT;8 rx i S, XL swAEiEiSu)IIiyfiiSw + <

zeW terms in Zésw

<sw

Now, this has to be equal to szew Aoz waiswWsa awisw 10 25 /Zé‘““. Comparing coefficients at x gives

eu( 7 (stx,s) eu(Zi’k ’ ¢xzi,m¢isw)
eu(?‘ij, Pra; was) eu(Z;?‘jk, Duz;s,0mi0w)

(gmajzisu— @gﬂwwiu— @gﬁlwb( FZ;{:UL{ ))
eu(g N** U™ O g N (g=g=) © g N "*U™ D g N (= Feagr=))
eu V(l) N wxl(su(l)) @ V) Az (u(l) N swu(l)))
H V(l) Nz Z/{ O NsyY l)) P 14UNe kLD (su(l N swu(l)))

eu(*lg N (z=55z=)])
eu(*lo N () © 0.0 (e Fer))
eu(® VO A 1(¢) 1740NS! (%)])

. H UONsy® SUD Nswy{ (D)
) swif(l)
=1 eu(®[VO N2 ()]
That for each x and each [ € {1,...,r} the big two fraction in the product are equal to 1 is a consequence of
the following lemma. |

Lemma 14. Let T C B C G a mazimal torus in a Borel subgroup in a reductive group (overC), F C Lie(G) =G
a B-subrepresentation. Let (W,S) be the Weyl group for (G, T). Let w € W, s € S such that l(sw) = I(w) + 1,
then one has for any © € W
- SF s wF z SwF
Foer @ Frer) = (Frer
In particular, this holds also for F =u~.

1

).

proof: Let ®r := {a € Hom(t,C) | F,, #0} C &, ®*(y) := " Ny(®7), ®L(y) := PrNP*(y),y € W where
@, &1, ® are the set of roots (of T on G), positive roots, negative roots respectively.

The assumption I(sw) = I(w) + 1 implies ®}.(sw) = s®L(w) U @L(s) and for ®L(y) := —Pf(y), Pr(y) :=
PL(y)UPL(y) = @ \ (PrNy®r) one has ®p(sw) = s®p(w) U Pp(s) and for any x € W one has 2®p(sw) =
2(sPp(w) U Pp(s)). Now, the weights of I(%) are z®@p(sw), the weights of I(FQFF @ S(F;fF)) are
2(sPp(w) U Pp(s)). O
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3.11 Generators for Z;
Recall, we denote the right W-operation on I = W \ W by (i, w) — iw, i € I,w € W.
For i € I we set & = H{(E;) = C[Y] = Clz;(1),. .., z;(m)], we write

w(as) = w(as(@py-1(1), ..., Tiy-1(mM))) € Esy—1

for the element corresponding to the root w(ay),s € S,w € W without mentioning that it depends on i € I.
We define a collection of elements in Z¢

Zi(t = .Z‘l(t) S Zée(C Zg)
oi(s) ==

RS 25*, where is = j

)
)

where we use that &; C Z(S;e C Z¢ and the degree of x;(t) is 2 in Hﬁ](Z) by the definition of the grading. It is
also easy to see that 1; € H[%:](Z) because deg 1; = 2¢; — 2dim Zf; = 0. Furthermore, the degree of o;(s) is

2degq;(s) —2, ifis=1

eis+e —2dim 72}, = e .
’ {2 deg g;(s), if is # 1.

—_—

Recall Zg — End(£g) = End(P,; &) from | |, remark after Prop.3.1, p.12. Let us denote by 1, z;(t), o:(s)
be the images of 1;, z;(t), o;(s).

Proposition 3. Let k € I, f € &, as, € T be the positive root such that s(os) = —a,. One has fl(f) =
Lix f=206ik(f), zi(t)(f) == 2i(t) o f = 0spwi(t) f and

a(s)* D=L ifi=is=k,
ai(s)(f) == ai(s)s(f) ifi #is =k,
07 else.
for U = Lie(U)®" one has q;(s) = o We write 8 = %, it is the BGG-operator from [ |, i.e. for

iS:i,ngi,

i(s)(f) = ¢ (s)ds(f).
proof: Consider the following two maps

0: 6= Er +Er 9 K — P K
weW

&3 [ Y w(HA W

weWay,

C: P Kvbw = P Ktbw, tw > (2] 50w =

weW weW
(X wew Al way Vs s + A;xi,zzisziwwwi,ﬂiswi> * Py
=A% whuwtw + Alys wAwtuws, ifweWg;, i =is
(ZwEW Aizwc% sxi%xi,m sxi) * 77[}w
= Ays whwthuws, if we Ways, i #is
0, if we¢g Wa;s

To calculate [Z7, |+ f, f € & it is enough to calculate [Z7, ]+ O(f) = C(O(f)) because © is an injective algebra
homomorphism.

57;S’k ZwGWml [w(f)Ai),w + w(sf)Aqsﬂ,ws]ww7 le - Z.S

CO(f) =
(f) {6'55’]@ ZwEWa:i [w(sf)Afv,ws]wW7 if ¢ 7& 18

Now, recall,

21



(1) fi=is=k
cor)= Y ula(s) I,

weWax; S

= o) =1

Once we identify & = C[t], k € I, we see that o;(s): £ — &g is the zero map on the k-th summand,
k # i and on the i-th summand
Clt] — C[4

(2) Ifi #is =k,
CO(f) = D [w(sfIA}, usltbw

weWaz;
= O(ai(s)s(f))

Once we identify &, = C[t], we see that 0;(s): E¢ — Eg is the zero map on the k-th summand, k # is and
on the is-th summand it is the map

Clt] — C[Y
= qi(s)s(f)

Lemma 15. The algebra Z¢ is generated as C-algebra by the elements
li,iel, z@),1<t<rk(T),i€l, ois),s€S,iel.

proof: It follows from the cellular fibration property that Zg is generated by 1;,i € I, z(t),1 <t <
rk(T),i € 1,[Z}";],w € W. By corollary 3.1 it follows that one can restrict to the case w € S, more precisely as
free H.(E)-module it can be generated by

o(w) :=o(s1) *---0(s),w € W,w = s7---5; reduced expression ,o(s) := Zai(s),
icl

and this basis has a unitriangular base cange to the basis given by the [Z%].

3.12 Relations for Zg

proof of theorem 3.2. We include the detailed check that the relations hold for the generators of Zg: (1),

(2) are clear. Let always f € C[t] = &;;. We will use as shortage d5(f) := S(’;ﬂ and use that these satisfy the
usual relations of BGG-operators (cp. | D-

(3) If is = 4, then
ai(5)0i(s)(f) = a5 (al
= ali @6, (al s, (f) = ()" = 1ol ai(s)(f)-
If is # i, then
7i(5)(£)1s(5) = alss(ali )s(s(1)) = (~1) Ok Hho) .

(4) (straightening rule)

The case is # i is clear by definition. Let is = 4, then the relation follows directly from the product rule
for BGG-operators, which states 0s(zf)) = 0s(z)f + s(x)ds(f), =, f € C[t].

(5) (braid relations)
s,t €S, st =ts, f € C[t], to prove

0i(8)0is(t)(f) = 0s(t)oie(s)(f)

we have to consider the following four cases. We use the following:

tons) = s, s(ar) = ag, hi(s) = hae(s), hi(t) = his(t), 85(al* D) =0 = 5,(a().
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1. is = 4,1t = i, use d40; = ;0

ai()oi(s)(f) = @y V8, (i Ps,(f)) = al

2. 48 = i,it # i, use dgt = td

ai()oie(s)(f) = o) Dt(alie s, ) = af* Dali®is,(f)
1s(t) h,-(s)(; (t(f))

(
- ah 5.0y 1) = oi()ou(D)()
3. is # 1,4t = i, follows by symmetry from the last case.

4. is #i,it # 1.
0i(H)oie(s)(f) = @ Pt(al O s(f)) = als(ar=De(f))

= 0i(s)ois () (f)-
Let st # ts. There are three different possibilties, either
(A) sts=tst (type As)
(B) stst =tsts (type B2)
(C) ststst = tststs (type Gs2)

We write Stab; := {w € (s,t) | iw = i}. For each case we go through the subgrouplattice to calculate
explicitly the polynomials Q..

(A) sts =tst: (s,t) = Sz, s(o) = t(as) = as + . We have five (up to symmetry between s and t)
subgroups to consider. Always, one has

his(t) = hit(s), hist(s) = hi(t), hies(t) = hi(s)
which implies an equality which we use in all five cases

a4 g0 D) sp(alint ) =

S

Zi(s)(as_i_at)h”(s) hist(s)
= Vt(al @)ts(ar )
Al. Stab; = (s, t), this implies h;(s) = h;(t) =: h by definition (z;(as) € Py if and only if i (as) =

xl(as + at) =zis(ar) € Py & xi(a) € Pyymy) and as a consequence we get
ds(alt(al)) = 0. This simplifies the equation to

0:(8)0s(D)i(s) — 0:(8)()os(t) = 8, (aly(al))o(s) — 6y(ald(a]))ou(t)

note that Q, 1= d,(ald;(a)), Qs := —:(a"5,(al)) are polynomials in g, ;.

A2. Stab; = (s) (analogue Stab; = (t)). One has itst = its. We use in this case
his(t) = hi(t>7 hist(s) = hzt(S) = hi(t)7 hits<t) = hl(S)

0i(8)oi(t)oit(s)(f) — oi(t)oit(s)oies (t) (f)
al 5 (ap De(ali O es(f)) — af Ve(ale D)y D )tssi(f)
= a5 (ap Waal ))es(f) + ol ( v st o ts(£)
=~ Wi(aleOes(ay D )esdi(f) =

Since stds = &;st and ds(alt(as)) = 0.
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A3. Stab; = (sts), then ist = is,its = it.
7i(8)055 (055 (5)(f) — 7i(t)oie(8)7u (1) (f)
= ali®s(ay M5, (ol Os(f))) — oy Dt(al= s, (ar Pt(f)))
= [a ) s(ag )5 (8, (ali=))) — a?w“)t(a;”s“))t(as<a?i“>>>] f

using tdst = sdys.
A4. Stab; = {1} (and the same for Stab; = (st))

0i(8)0is(1)0ist(8) — i (V)i (8)Tits ()
= afi(s)s(af”(t))st(agi“(s))sts - a?"(t)t(ag“(s))ts( “S(t))tst
=0

(B) stst =tsts: < s,t > Dy(order is 8),

tas) = as + oy, st(as) = as + o,  tst(as) = as

s(a) =205 + a,  ts(ag) =205 + o, sts(ay) = ay.
Here we have to consider ten different cases because D4 has ten subgroups. It always holds the following
hitst () = hi(8), hits(t) = his(t), hit(s) = hist(8), hises(t) = hi(t)
which implies
ol s(ag) e W stag) o O stis(a) e = o D) e Ots(ag) e Ot (o) e )
This will be used in all cases, it is particular easy to see that for
Stab; = {1}, Stab; = {1,ts, st, stst}, Stab, = {1, stst}

we obtain that the difference is zero from the above equality. Let us investigate the other cases. Further-
more, the following is useful to notice

85 (t(as)") =0, di(s(a)") =0
B1. Stab; = (s,t). We prove the following
oi(s)oi(t)oi(s)oi(t)(f) = Qsoi(s)oi(t)
+ ol () O st ()" O sts() D gt (f)
+ a5 Dy st(ali ()5 40 (0l D)5,
with Qg = 55(04?’“))515(04?"(3)) + s(ay hi (t))(s (a ?"(s)) + t(a?i(s))éts(a?i(t)) = Qs is a polynomial in
as, a¢. By a long direct calculation (applymg the product rule for the &) several times
i (s h; i (s hi
0i(8)0:(1)os(5)0s(1) (f) = ali 8, (af Vol 5 (g ))du(f)
+[ali@s(ar)s0, (ol 5, (ag" ) + ol 5, (ag oyl s(a) ))]d(f)
+ ah (5)5 (al hi (t)t( (S))ts( hi (t)))(stst(f)
+ a?f'(s)s(at) it )st(as)h’(3)sts(at)hf‘(t)(5stst(f)

We have a look at the polynomials occurring in front of the §,,:

w =t: by the product rule

h (s )(5 ( hi(t) 5( hj(s)(ss(at t)))) h (9)68( (t)) 6 (Oé 7(9))
h(S) ( )é( i“(t))(; (a Z’( ))+a (s)t( i(s) )8 ( ))5ts(0¢i”(t))
Vs(ar ") st(al )b (0" )
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h(s ( h()) ( h(s ( hi(t)))
h(s 5s(c h(t)5( i(s) s(a hi(t))))
fah s(ay"")s8 (") 581 (ali)
ali@s(ay stk g (ar ")
+ah<s s(ar)d(ay )3 (el )
+al @s(ag s (s(ay ™)) sy (k)
+ah (s)s(ai“(t)) St h(s))
= alt®s(ar" )8, (ay )8, (el )
+ (e “>>6st<a’;
()]
)

a
using s(d,(af)) = §,(af) and

w = tst:
h (s )5 ( hi(t) ( hi(S)) ( hi(t))) -0

Now, look at o;(s)o;(t)(f) = b’ <S>5 (D)3 (f) + ki s(a) )6 (f), which implies
o 5(0) ) Qubu(f) = Quoi(s)os(H)(f) — a6, (0} ) Quidi (£)
replace the previous expression and compare coefficients in front of d;(f) again gives the polynomial
ol 05,0y (ol 5,0y ))) — a6, (0 ) Qe =
aﬁﬂs)s(atl<t>>st<a§”<s)>6sts<a?*”>

We conclude

oi(s)oi(t)oi(s)oi(t) — oi(t)oi(s)oi(t)oi(s) = Qstoi(s)oi(t) — Qstoi(t)oi(s)

+ali 50 D) st(al9)ds () D)oy — o Dt(ali®)ts(a) D) gt (al9)5,

Since dg5(al) = 0 = 65t (a¥) for h, k € {0,1,2} since the maps 65, d;s; map polynomials of degree d
to polynomials of degree d— 3 or to zero, the claim follows. In general, if we localize to C[t][a ', a5 ']
we could still have the analogue statement.

B2. Stab; = (s) (analogue Stab; = (t)) and use ds(a ”(t)t( ’”(S))ts(a?”“(t))) =0 to see
0i(8)0is(t)0ist (8)Tists (t) — 04 ()03 (8) Tits (t) Titst ()
_ Oé 8)5 ( hzs(t)t( ut(s))ts( 7sfs(t))t8t(f))
al Dl @) s(afi= st (alive ) tstd, (f)
= agi(s)s(a?“(t))st(a “‘(S))sts(at””(t )ostst(f))
a?i(t)t(a?“(é))ts( ”*(t))tst( “St(s))tstés(f)
—0
because tstds; = dstst.
B3. Stab; = {1, sts} (analogue Stab; = {1,t¢st}). One has its = itst,is = ist. We have
[0—1( )Jze( )stt(s)gzete( ) Ui(t)ait(S)Uits(t)aitst(s)}(f)
*Oéh 5( h“(t))sét( ist(8) (a?ists(t))st(f))
ai (el O)ts(ag D )tssi (ol Ds( )
=al@s(a) W), (al sy ) f) + stlaleet)sts(ar ) so (st ()]
o (el )ts(ag =) [tsd, (b )E(f) + tst(ali ) )Ess (s(£))]
=[a hi(s) s(al his t))sét( m(s)) t(ox n:(S))tS( hits (t) )ts(gt(asmt(S))]Gi(t)(f)

using sdyst = tsdys and sét(asm(s)s(at “"S(t))) = Oz?"(t)sét(a?“‘(s)).
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B4. Stab; = {1, s, tst, stst} (analogue Stab; = {1,t, sts, stst}). One has i = is,it = its,ist = sts,itst =
itsts.
[Ui(S)Uis(t)Uist(S)Uists(t) — 0i(t)0it(8)Tits (t)oitst (5)] (f)
N e R LACHEF))
“”t( B R )
=[a2i<s>as<at““> t(aliot)tsy(eq )]
Ht(al ) sy D)std, (af ) — o Dt () )] oi(s) ()
using §4t0st = t4tds.

This finishes the investigation of the ten possible cases. We also like to remark that in the example in
chapter 5 the case B4 only occurs for Stab; = {1,t, sts, stst}, i.e. the other stabilizer never occurs.

(C) ststst = tststs:  (s,t) = De,
tlas) = os + g, stlas) =2as + oy, tst(as) = st(as),
s(a) = 3as + ap, ts(ag) = 3as + 2a,  sts(ay) = ts(ay).

One has
ztstst( ) (S) hitsts(t) = hzs(t)u ztst( ) (S)
h’LtS (t) - hists (t)v hzt(s) = histst (S)a h7. (t) = hlststs (t)
this implies
agi(S)S(Oéhis(t))St( 1st(s))st5( hlm(t))stst( histst(s))ststs( histstS(t)) —_

ap Ol s(al it est(alive ) sts(ap D) tstst (alitsrs ()

Now, Dg has 13 subgroups. In the following cases the above equality directly implies that o;(ststst) —
oi(tststs) = 0:
Stab; = {1}, Stab; = {1,¢st}, Stab; = {1, sts},

Stab; = {1, ststst}, Stab; = (st} = (ts)
C1. Stab; = (s,t). By assumption we have h;(s) = 0 = h;(¢) in this case, therefore

oi(s)oi(t)oi(s)oi(t)oi(s)oi(t) — oi(t)oi(s)oi(t)oi(s)oi(t)oi(s) =
05005010504 — 0:050:050:05 = 0

because that is known for the divided difference operators, cp | ]

C2. Stab; = {1, s} (analogue Stab; = {1,t}). Then, is = 4, itstst = itststs.

[ ( )st(t)gzst( )J'Lsts(t)aistst(s)oiststs(t)

- 01( )U ( )Uits( )Uitst(s)gitsts(t)o—itstst(s)](f)

ali® (o= Di(alie @) is(ap=e D) st (altore )ists(a ””“(t))tstst( )
—ai"(”t( Rt (e O st (et O st (af o0 D) st st (v )Y eststo ( f)
—ahi )5, (als Op(ahisr))es (o D) sp(ahiset () gsts (ol O estst(f)
=0

using dtstst = tststds and
3s(ap = De(alisyes(ap==D)tst(alio= O ysts(af =) = 0

because
S( Lé(t)t( 7;1(5))ts( L&ts(t))tst( histst(s))tsts( histsts(t)))

'Ls(t)t( ”t(s))ts( u.ts(t))tst( 1Stgt(5))tsts(a?'iststs(t)).
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C3. Stab; = {1,tstst} (analogue Stab; = {1, ststs}). Then its = itst,ists = istst.
[0:(5)0is(t)Tist(5)Tists (t) Tistst (5)Tiststs(t)
— 0i(t)0it(8)0its (1) Titst (8) Titsts (t) Oitstst (8)](f)
=alOs(arD)st(ali)sts(ay ) stsdy (e s(ay D) st())
oy Wt n<8>>ts<a 2 Oty (e s(ay D) st )sts( )
h (s) ( t))st(a “t(s))sts(a ”“(t))stsé( Ristst(s) (aihsms(t)))(g(f)
+ali ( t))st(asm( ))st (a ”“(t))stst(asi“s‘(‘))ststs(oz?“““(t))stsétst(f)
ay Dt(alr)ts(ay e tss, (el sy W) st(a h"““"(s)))s(f)
Jts(aps Dyest(alioer ) yests(af it D) tstst(aliers ) tss, sts(f)
=[s(a)*D)st(ali= ) sts(al = D) stss, (oot () s(afi=re= 1Y)
—ay (el O)es(ay sy (i O s(ag D )]oi(s) ()

h
s
h

h(t ( hit(s) ts

using tsd;sts = stsdyst.

C4. Stab; = {1, s, tstst, ststst} ( analogue Stab; = {1,t, ststs, ststst}). Then is = i, itst = its. Observe,
in this case

hl(t) = hit(t), and hlt(s) = hits(s)
and one has
[Jz(s)gzs (t)aist(S)Uists(t)gistst(S)Jiststs(t)

— 0i(t) ot (5)Tirs (t)Tirst (5) 04 (Ests) Tirsese (5)] (f)
:agi(s)(ss( hzs(t)t( “t(s))ts( zste(t))tsé‘ ( histst(s) (a?iststs(t))st(f)))
_aili(t)t( ”(S))ts( hies( )t85t( hitse(s) s(al usts(t))st( itstst S))St5 ()
:a?i(s)és( ”(t)t( “f(s))ts(a ists( )tS(St( histst(s)s(ailzsf,sts(t))))_f

h

+aki (s>5( i t)t( m<s))ts( ”“())tst(asf‘““(s))tsts( e O s8,5t(f)))

—I—a (h”(t))s( “‘(g))sts( ”ts(t))stst(a?ist“(s))ststs(ozt”“ts(t))
5ts§tst(f)
—a;'® < D)t (o )tsdy (it s (o O) st 9))g ()

—a? ”(s))ts( hits )tst( ”“(s))tsts(a?“m())tstst( “““’(s))

tsétsté (f)
=[98, (o t(aliOts(ay  tss, (el s (ay e D)) f
—|—[S(at”(t))8t( hist(s ))sts( hists( )Sts(gt(asiszst(‘)S(a?iststs(t)))
—a V(o @ as(ar e ytsd, (ol sy ))oi(s) ()
using d,ts0;st = tsdystds.
C5. Stab; = {1, sts, tst, ststst}. Then is = ist,it = its. Observe, in this case

hi(s) = his(s), and h;(t) = hi(t)
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and and has
[0:(8)0is(t)Tist(8)Tists(t)Tistst(S)Tiststs(t)
— 0i(t)0it(8)0its (1) Titst (8) Titsts (t) Titstst ()] (f)
1O s (g D) sdp(alie @ s(ay o ) st(ali ) stoy (g o Va(1)
fai” talie D )t6, (ay o Ol (D) (a0 D )tssy (aleet ()5 )
hi(s) ) 50y () hist(s) s(atms(t))st( h,,-stst(s))st(ss(a?iststs(t))),f
Nst(altier @) sts(a) o D) stst(alios @) ststd, (af = D) ss,s( f)

h15(t )

his(t )

e his (1) 55, (aliet () g (altisrs D) st (ahister ()Y st s (st Oy, 1 f)
)
)

s(ay
+ah’ s(ay
L) s(a

—l—a? 5) s(ay his (t) st(a hist(s) )sts(a ””(t))stst(ag“‘“(s))ststs(a?”t“s(t))
- 80y stost(f

—ay (el )t o "*“t( e Ois(a Dpsifate ) - S

)t
—a (ol @) s (ol D) st (oo (D) tsts (o ’“”(t))tstsd( et (9))e6 1 f)
_a? ( n(é))t ( hits(t) (a?““(s))ts( hitsts(t ))tst( hitstse(s )))S(Sts(f)

)

_a? n(S) ts ( hits( tst( ztst(s))tsts( ItStS(t))tStSt( 1t¢tst(5))

- 10 ts&ts( )
_Pf+[ hi(s) (a ia( ) ( zbt(s))sts( ””(t))stst( h'istst(s))Stst(ss(a?iststs(t))
—al Dyl @)es, (i Dl yes(afie= D )st(aliver (9)))]s6,s(f)
—i—[agi(s)s(atzs )85,5(&5“”(8)8( hists(t)>8t( h”“"(s))sts( msts(t)))
_a?i(t)t(aislm(s))ts(ailits(t))tst( hitst (s ))tsts(at 1tsts(t))t8t86t( Rivarst (s ))]t6st(f)
using sd;stdst = tdstsdrs where P. is a polynomial in oy, as. Then we look at
G'i(S)O'iS(t)O'ist(S)(f) — hi(s) ( his(t) )55( Zst(s)) f
+ar@s(ay)stal)sds(f)
oi(D)oi(8)ois(£)(f) = aliDt(aliyes, (=B . f
+ ah (t) ( hit(s) )tS( hits(t) )tdst(f)

and we observe for the coefficient in front of sd;s(f) that it is divisible by
‘(S) s(a h”(t))st( m(s))

and the one in front of tdst is divisible by
(t)t( ”(s))ts( ”S(t)) Observe h;st(s) = hi(s), hits(t) = hi(t). Use the following simplifictaions
at”s(t)t( hitst(s))ts( ”“*(t))tst( mm(S)))
ay“t(a “b) ts(ay st )
)8y Vil ) st(al )
=s(ay"* ) (10, (o) Vt(altO))tst(al ) + ts(ay )tst(al )b st(ali )]
=s(ar D)5t (a1 ) [l O 15, (af ) + ts(a) D)o (ol )
—ts(ay” " )to,t(al )]
=@ s(a, )5tk )16, (o)

and analogously
sd (ol s(a “*S“Ust(a?m“(s))sts( )

=s0,(al@s(ar ) st(ak ) sts(ag )
—a h () t(c “(s))t8< hi(t) )S(St(agi(s))
Then a simple substitution gives that the difference above is of the form
Qef + Qst50i(8)0is(t)0ist (8)(f) + Qustoi(t)Tit(s)oirs (t)

for some polynomials Q., Qsts, Qisr N g, Q4.
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Now, let A be the algebra given by generator 1;, z;(t), o;(s) subject to relations (1)-(5). Then, by the straight-
ening rule and the braid relation one has that if w = sy -+ s, =t - - -t are two reduced expressions then

oty ty) € > Eoa(v).

v<s1---si reduced subword

Therefore, once we have fixed one (any) reduced expression for each for w € W, one has
A=Y €oo(w).
weW

Since the generators of Z¢ fulfill the relations (1)-(5), we have a surjective algebra homomorphism

A—>ZG

mapping 1; — 1, Z:EZ) — 2 (t), :;l-\(g — oi(s). Since Zg = P
it follows that

wew € ©0(w) and the map is by definition £-linear

A:@So;@)/)

weW

and the map is an isomorphism. O

4 Examples

4.1 Classical Springer Theory

This is the case of the following initial data

(¥) G an arbitrary reductive group,

(x) P = B a Borel subgroup of G, denote its Levi decomposition by B = TU
with T maximal torus, U unipotent.

(¥) V = g the adjoint representation,

(x) F =n:= Lie(U).

It can be obtained as a generalized quiver-graded Springer theory (in the sense of 3.1) by choosing (G = G,B =
B,U=F,H =T,V =Lie(G)).

We set N := Gn, i.e. the image of the Springer map, and call it the nilpotent cone. We consider the Springer
map as m: E = G xPn — N. Explicitly, we can write the Springer map as E = {(n,gB) € N xG/B |n € 9b :=
Lie(gBg~1)} == N. Here, 7 can be identified with the moment map of G, in particular, E = T*(G/B)
is the cotangent bundle over G/B and 7 is a resolution of singularities for A/. But most importantly, this
makes the Springer map a symplectic resolution of singularities and one can use symplectic geometry (see for
example [ ]). The Steinberg variety is given by Z = {(n,gB,hB) € N x G/B x G/B | n € 9b N "b}.
Recall, that we had the stratification by relative position Z% := m~Y(G - (eB,wB)),w € W where W is the
Weyl group of G with respect to a maximal torus 7' C B. Here Z* — G - (eB,wB) is a vector bundle,
dimZ% = dimG — dim7T = dim F =: e, so Z is equi-dimensional of dimension e with irreducible components
Zw w € W. That implies that the top-dimensional Borel-Moore homology group Hy.,(Z) has a C-vector
space basis given by the cycles [Z%]. Here in fact, they give a vector space basis of the top-dimensional
Borel Moore homology Hy,,(Z) which is the graded degree zero subalgebra of H.(Z). Here, it even holds
Hyop(Z) =2 CW, [Z5] — s—1. Furthermore, there is a the well-known bijection between the simple CW-modules
and the set {(x,x) | # € N rep of G-orbits ,x € Simp(C(z)), Home(y) (X, Hiop(m (2))) # 0} where C(z) =
Stabg(x)/ Stabg(z)? is naturally operating on Hyop (7! (z)). This is called Springer correspondence.
There are several alternative constructions of the Springer correspondence to the one of Chriss and Ginzberg
(in | D), see e.g. | |, section 5 and classically | I, |, then Kazhdan-Lusztig | |, Slodowy

[ |, Lusztig | |, Rossmann | D-

4.2 Quiver-graded Springer Theory

Let @ be a finite quiver with set of vertices Qg and set of arrows (1. Let us fix a dimension vector d € Ngo and
a sequence of dimension vectors d := (0 = &, ..., d" = d), df < df“. Quiver-graded Springer Theory arises
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from the following initial data

[(+) G =Gl = [] G,
1€Qo
(x) P=P(d H P(d?) where P(d}) is the parabolic in Glg, fixing a (standard) flag
1€Qo

V;* in C% with dimensions given by d,

(¥) V. =Rq(d) = H Hom(C%,C%) with the operation (gi)(M;_j) = (gMi_jg ")
(i—=))eQ

is called representation space.

| (¥) F = F(d) := {(Mi;) € Rq(d) | Mij(Vf) C V§, 0<k<v}

Given d, n:= Y0, dirset I:={d=(0=4d",...,d") |d" < d""" d" = d}. Then the data

(Gly, P(d),Rq(d),F(d))der can be obtained from the generalized quiver-graded Springer theory with G =
Gl,,, B standard Borel, U = Lie(U)"” where r the maximal number of arrows between any two vertices, H = G#.%0
is the diagonal torus with the same scalars in the diagonal blocks of seizes d;, i € Qo, V = Rq(d) embedded as
a Glg = Cg(H)-subrepresentation into Lie(G)".

Ford € I'let Eq = {(M,U*®) € Rq(d) xFlg | i V—O‘>j € Qi: Mo (UF) € Uk, 1 <k <}, then the first projection
T I—ldel Eq — Rq(d) is the quiver-graded Springer map. It has been first defined by Lusztig (cp. e.g. | D.
One has

dim Eq = dim Flg + dimF(d) = ) de R VR Z dk —d<h
i€eQo k=1 (i—j)eQ1 k=1
The (Glg-equivariant) Steinberg algebra is the quiver Hecke algebra (for @, d). If the quiver @ has no loops, its
generators and relations have been calculated by Varagnolo and Vasserot in | ]. They check that this is the
same algebra as has been introduced by Khovanov and Lauda in [ | (and which was previously conjectured
by Khovanov and Lauda to be the Steinberg algebra for quiver-graded Springer theory with complete dimension
vectors). Independently, this has been proven by Rouquier in | |

Theorem 4.1. (quiver Hecke algebra, [ /[ ]) Let Q be a quiver without loops and d € N§° be a
fized dimension vector. The (Glg-equivariant) quiver-graded Steinberg algebra for complete dimension filtrations
Rg = HE(Z) for (Q,d) is as graded C-algebra generated by

Lyiel, zk)icl,1<k<d, oi(s)iclse{(1,2),(23),...,(d—1,d)}=S5,

where d := 3", o do, 1= Iq:= {(i1,...,ia) | ix € Q()?ZZ:l i = d} and we see S C Sq as permutations of
{1,...,d}, we also define
hi((4,0+1)) = Pig 1 = #{a e Q| a:igpr — i} and let

2hi((6,€+1)) =2, ifig = iena

degl; =0, degz;(k) =2, dego;((¢,£+1)) = {2h»((£ (1)) ifie L ion
i ) ) +

subject to relations

(1) (orthogonal idempotents) 1;1; = §; ;1;, 1;04(s)lis = 04(s), Lizi(k)1; = 2 (k)

(2) (polynomial subalgebras) z;(k)z; (k') = z;(k)z: (k)

(8) For s = (k,k+1), i = (i1,...,1q) we write is := (i1, ..., k41, ks - - -,1q) and set o := ;s := z;(k) —2;(k+1)
if it is clear from the context which i is meant. We denote by h;(s) := #{a € Q1 | a: i = ip41}-

0, ifis =i
7i(8)0is(s) = (_1)hm(s)ai}i(s)Jrhis(S) if is # i.

(4) (straightening rule) For s = (¢,€+ 1) we set s(z;(k)) = z;(s(k)) and

—1;, ifis=id,s=(k,k+1)
O'Z‘(S)Zis(k) — S(le(k))JZ(S) = 1i; Zf 1S = i, s = (]6 — 1,](?)
0,  ifis#i.
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(5) (braid relation) Let s,t € S, st = ts, then 0,(s)o;s(t) = 0;(t)oi(s). Leti € I, s = (k,k+1),t = (k+1,k+2).
We set s(a) := (zi(k) — zi(k + 2)) =: t(as)

Py ifists =1,is £ 1,1t #1

0, else.

Ji(S)O'is(t)Uist(S) — Ji(t)Uit(S)O'its(t) = {

) his(s) his(s) Jhis(s) . hi(s) h;i(s) Jhi(s)
h;(s) —(=1)"is ¥y his(s) a —(—=1)"i ¥
where Ps ¢ := o (#) (a ) -y (s) e (as )at L

—ar is a polynomial in z;(k), z;(k+1), z; (k+2).
We call this the quiver Hecke algebra for Q,d.

Using the degeneration of the spectral sequence argument from lemma 2 we get

Corollary 4.1. Let Q be a quiver without loops and d € NOQO. The (non-equivariant) Steinberg algebra Ry :=
H,(Z) is the graded C-algebra generated by

li,iel, z(k),iel,L1<k<d oi(s),icl,se€{(1,2),(2,3),...,(d—1,d)}
with the same degrees and relations as Rg and the additional relations
P(zi(1),...,2i(d) =0, i€l, PeClry,...zq)"
where W C Sq is the Weyl group of Glg.

The main result in quiver graded Springer theory is that the graded projective modules over the quiver
Hecke algebra(s for all d € NOQO) have a monoidal structure which categorifies the negative half of the quantum
group associated to the quiver (for the definition see | ). Here categorifies means that its Grothendieck
group carries the structure of a twisted graded Hopf algebra which is after tensoring with Q(g) isomorphic to
this quantum group. The basis of this quantum group obtained by this isomorphism as the image of the classes
of the graded projective modules is precisely Lusztig’s canonical basis. This has been proven by Khovanov
and Lauda, and Varagnolo and Vasserot (cp. | I, [ D-

4.3 Symplectic quiver-graded Springer theory

This construction works in general for (general) symplectic and (special) orthogonal groups (and products of
them) rather analogously to the quiver-graded Springer theory. Partly these constructions overlap with | ]
Before we start we recall some basics about the symplectic group.

The root system of the symplectic group. The group Sp,, = {(45) € Gly, | 'AC = 'CA,'DB =

‘BD,*AD —'CB = E,} has the following maximal (split) torus T}, := {(é t91) | t € Gl, diagonal }. Its Lie

algebra is
SPoy, 1= Lie(San) = {A (S Mgnxgn | AtJ = —JA} — {A S M2n><2n | A= At} = S2CQH
A— JA

which maps the adjoint representation on the left hand side to B- A := BAB? on the right hand side. A general

. . (X Y
element of the Lie algebra is ( 7 _xt

the i-th diagonal entry 1 <14 < n, for two map A\, pu: T'— C* we write A + p: T — C*,t = AO)p(t),—A: T —
C*,t— \(t)™1,0: T — C*,t + 1, the roots are

> with Y, Z symmetric. If we denote by ¢;: T'— C* the projection on

0,e; — €5, €i+e5, —e;—€j5, 268 —2¢, 1<4,j<ni#]j

The root system is of type C,,, the Weyl group is defined as W = Ngp, (T)/T = S, x (Z/27)", we fix the
following set of elements in Ngp, (7') whose left cosets generate W:

For 7 € S,, we write 7 := <l;7 ](D)r) with Pr = (e;(1),---,€r(n)) € Gly,
- N .. (E,—E;  Ej; .
for o; = (0,...,0,1,0,...,0) € (Z/27) Wewrlteai—< "B, En_Ei),lSzSn.

The positive roots are 0,¢; + €5,&; — €5, 24, the simple roots are ¢; — €;41,1 <7 <n—1,2¢,. Let S C W
be the set of reflections defined at the simple roots, it gives a generating set of W. As usually we identify
S =1(1,2),...,(n—1,n),0,} C Sp,,. The Borel subgroup whose Lie algebra equals the sum of the positive
weights is our standard Borel subgroup.
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Definition 4. A symmetric quiver (Q, o) consists of a finite quiver @ and two maps o: Qo — Qo,0: Q1 — Q1
with 02 = id such that o(k — ¢) is an arrow o(k) — o(l).

We call the vertices QF = {k € Qo | o(k) = k} black vertices and we set Qo \ QF = Qp U o(Q) for one fixed
subset Q) C Qo and call them white vertices.

For a,b € Q¢ we write
hap = #{a € Q1| a:a—b, o(a) # a}
hoo =#{a€ Q1| a:a— o(a), o(a) =a}

and we will always assume that the symmetric quiver (Qq, o) fulfills
ha,o’ = ha,o(a)a Va € QO'

Furthermore, we define
I:={a € NJ° | ax = ay@), for k € QF ay € 2No}.

Observe, that I' is a sub-semigroup of (Ng“)". For a sequence i = (i1,...,i,), i; € Qo we define [i| :=
> i1 (ij +0(iz)). We define
I:= {(1'1,...77:7,) | ’L.j S Qo} — |H| =T
0= (l1,...,0) — g
Then we define a generalized quiver-graded Springer theory (G,B,U, H,V) associated to (@, o) and |i| =

Zker ai -k € I'. We take G = Sp,,, with n = M and B the standard Borel mentioned before. The
other data are constructed as follows.

(1) Let [i| = > 4cq, ar - k € T', we define

G =Gy =[] Spoex x [] Glay-

keQg keQy

When we have fixed a numbering of the vertices ()9 we can define an inclusion G|; —+ G = Spy,,,n =

> ag .
ZekeQq Mk via
2
A; B,
®: G);| — Spyy,, (<CJ DJ' Ji<j<r, (@i)1<i<i
j j
al
ap
A1 Bl
A, "B,
(e~
(ap)™!
Cl Dl
‘o, "D,

which makes it the stabilizer of an appropiately chosen subgroup H of the torus T, (observe: For r > 1
it is not a standard Levi subgroup)

(2) We write @1 \ Q = Q] Uo(Q}) for one (fixed) subset Q] C Q1.
V.= ‘/M = @ SQCak S @ Magxak- (C)
(a: k—o(k))EQY (a: k—=0)€Q]

where S2C® := {A € M,x,(C) | A ='A}. This is (roughly) Derksen and Weyman’s representation space
(see | |). For k € QF U Q) we write Gy, for the corresponding factor of G;) and Gy (1) := Gj. On
each direct summand the operation of G; is given by

1. For a: k — o(k) € Q7 it is gvgt, v € S?C%*,g € G,
2. Fora: k—LeQ)itis g;lvgk, v € My,xa,(C), 90 € Gy, g € G-
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The assumption hq s = hg o(q) ensures that we have for every type of arrow in Qo an associated inde-
composable G = (G|;))-direct summand of sp which we used to define the representation space above. To
understand this remark look at the schematic picture below.

Let W,, & S,, x (Z/2Z)" be the Weyl group of G with respect to the diagonal torus. The embedding gives
an inclusion of the Weyl group W; of G|; into W,,. We fix a bijection

Wig \ Wy = i = {j € T[ |j] = l4[}

Using the transitive right operation on I); defined as follows:

See i as a function i: {1,...n} U{1*...,n*} — Qo with 37, (i(j) + i(j*)) = [i| with the property
i(j) = v < i(j*) = o(v). Then the operation of w € S,, is given by iw := i o (w U w) and the operation
of (Z/2Z)" is given by swapping k and k*, 1 < k < n. Then, the stabilizer of every point is isomorphic
to W);. We choose the point which is given by the numbering of Qo := {k1, k2, ...} which is of the form
1= (kl,kl,...,kg,...) S ]IM

Let B,, C G, the upper-triangular standard Borel in the symplectic group, By; := G|; NB,. We will choose
the unique representatives x; € W,,,4 € I};| of the right cosets W); \ W,, which satisfy G|; N "B, = Bj;|.
We set B; := By;| as our parabolic subgroup.

F; == Vi N *UFt where U,, = Lie(U,), U, C B, is the unipotent radical, here we use the embedding
Vg C spSt t = #Q1 + #Q' coming from the matrix block description (see below). There is a different
description of F; in terms of elements of V; which stabilize a complete isotropic flag (given by z; applied
to the standard flag).

Schematic pictures of the G|;-subrepresentations of spy, associated to the arrows

) ° a (o) . o o/ a(0) o(o)
/ \ / : \
o [p— o *
o) e A
o(o) o(0)
. J a (o) it
\ / \ /
o . o (o) . o . o .
/ \ \
o *1 *2 o *2
o €Q] ° ° *% ° €& o’ ° *g
o(o) o *4
L[] _*ﬁ ) ° 7*3
\ / \ /
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/ \ / \
[e] * o]
O O [EH *2
© €Q) ¢ . €Qy . *1 =4
o (o) —xt (o)
. : ) . ot —x
\ ) \ " ')

As a compromise for readability, I will from now on assume that the quiver @ does not contain any loops.

Theorem 4.2. Let (Q,0) be a symmetric quiver, @ without loops and fix |i| € T C (N(?U)". Set I :=1}; =
{i=01,--,dn) | Jx € Qo,>_ jx +o(Jr) = |i|}, S C S, X (Z/2Z)™ the set of positive roots.

(1) Fori € I we set & := Clx;(1),...,z4(n)]. We consider @,;c; Clzi(1),...2:(n)] as the left W := S, x
(Z,)27)"-module Indyy Ct,] via f € Clzi(1),...zi(n)],w € W map to w(f) € Clzjp-1(1),... Tip-1(n)].
In particular, we write s € &; for the polynomial corresponding to the simple reflection s € S and
w(as) =€ Ep—1, w € W without mentioning that it depends on i € I when this is clear from the context.

Then Z|; C Endc_1in(D;¢; &) is the C-subalgebra generated by

Li,zi(t),0i(s), i€l,1<t<n,s€S

defined by:
Letk eI, f € &. One has 1,(f) = 6 v f, z:(t)(f) = i kxi(t) f and
S CIEE if i = is =k,
o)) = L o Os(s) ifisis=k,
0, else.

where hi(s) = #{a € QT U QY | for V :i= (Vij))a, zi(as) € Py} with Oy is the set of T-weights of V.
One has for i = (i1,...,ip) €L and sp = ((,£+1) € Sp,en =(0,...,0,1) € (Z/2Z)"

h’L(SZ) = hi[+1,ig7 h’Z(en) = ha‘(in),a'
Observe, that there is a natural grading on Z; by

-2 ifis=i

degl; = 0,degz;(n) = 2,dego;(s) = {Qh(s) ifis 41

(2) Let W be the Weyl group of (G, Ts| = Tn). We consider @,.; Clzi(1),...2(n)] as the left W :=
S,, x (Z./27)™-module Indyy, C[t,] defined as before. Then Zy; is the Z-graded C-algebra with generators

li,iel, z@),1<t<n=rk(T),i€l, oi(s),s€S,iel

of the degree as in (1) and relations 1;,1; = 6; ;1;, 1,2;(t)1; = 2z;i(t), L,0:(s)lis = 0i(s), zi(t)z(t') =
0 ifis=1i
2i(t)zi (1), oi(8)ois(s) = s o ’
)50, 07 =3 e

(%) If is # 12 0i(8)2is () — 5(zis(t)oi(s) = 0
Ifis=iand s=s,=((,0+1

_1i7

)
0:(8)zi(£) — z; (L + 1)o;(s)
0i(8)zi(L+ 1) — z;(£)o;(s)
oi(s)zi(t) — zi(t)oi(s)

(2

1
0, ifte {00+1)
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Ifis=1iand s=e,

0i(8)zi(n) + zi(n)oi(s) = —1;
oi(s)zi(t) — zi(t)oi(s) =0, ift#n
(*) For s,t €S, st =ts: 0,(s)0s(t) = 0:(t)oit(s)
Let s=sp=((,L+1),t = 5041
0i(8)0is(t)Tist(5) — 03 ()0 (5)Tis(t)
a5l ) — D5, (), ifists = dis £yt £
B 0, else.

Let s=(n—1,n),t=e,

Uzst( )Uzsts(t) - Ui(t)Jit<S)Uits(t)Uitst(S>

( )Uzs (t)
(

Pyoy(t), if ists = 1,18 £ i,it £ 1
) Psoi(s), if itst = 4,4t # i,is # 1
| Reou(t) + if it =i = ists,is # i

0, else.

where
P — ah ( )86 ( stt(s)) t ahzt( ))tS(S ( Ltst(s))

(o
(af @)t (af )
18)55( hist( ))

P, =al" W5, (alres t)) s
R ( hit S))tSCSt( hitst S))
R — 5t( “(g))sat 'Ltst( ))

Using the degeneration of the spectral sequence argument from lemma 2 we get

Corollary 4.2. Let (Q,0) be a symmetric quiver, Q) without loops and fix |i| € T' C (N(C)QO)”. Then, thee

(non-equivariant) Steinberg algebra Hp, (Z) is the graded C-algebra generated by

liyiel, z(k),iel,1<k<d oi(s),icl,se{(1,2),(2,3),....,(n—1,n),0n}
with the same degrees and relations as Z); and the additional relations
]Wm

P(z(1),...,z(n) =0, iel, PeClxy,...z,

For the symmetric quiver-graded Springer theory, our exspectation is that the graded projective modules
categorify the Hall module (see e.g. Young, | D.
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Table 1: List of known Steinberg algebras.

Hiop(Z,C) H,(Z,C) HE(Z,C) K$*C (Z) @z C
(G, B,g,u) cw Clt]/Iw #C[W] C[f|#C[W] affine
classical ST degenerate affine Hecke algebra

Hecke algebra

(G, B,{0},{0}) C Endc—in(H*(G/B)) | Endpy ) (HE(G/B))
nil ST (affine) nil Hecke ?
ie. Z=G/BxG/B algebra
quiver-graded ST ? Cor 4.1 (graded parts of) ?
(complete dim filtrations) quiver Hecke algebra
sym. quiver-graded ST ? Cor 4.2 see thm 4.2 ?
(complete dim filtrations)

? means unknown to us. Further known examples are:

(1) There is an exotic Springer map (defined by Kato | I, [ ], Achar and Henderson | ). The K-theoretic Steinberg algebra K(?X(C*)S (Z) ®z C is

isomorphic to the Hecke algebra with unequal parameters of type Cnl). Also Kato gave an exotic Deligne-Langlands correspondence.

(2) Quiver-graded Springer maps for the oriented cycle quiver (allowing only nilpotent representations) gives that H&(Z2) is isomorphic to the quiver Schur algebra
(compare the work of Stroppel and Webster, | 1)

(3) Replacing the usual Glz-operation for the quiver-graded Springer map by a Gl x [[ G#%'-operation gives Steinberg algebras which realize the graded parts
of KLR algebras associated to Borcherds-Cartan data, see Kang, Kashiwara and Park | |
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