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ON ONE GENERALIZATION OF THE ELLIPTIC LAW FOR
RANDOM MATRICES

F. GOTZE, A. NAUMOV, AND A. TIKHOMIROV

ABSTRACT. We consider the products of m > 2 independent large real ran-
dom matrices with independent vectors (X;Z%X,i;”) of entries. The entries

X](.Z), X,gg) are correlated with p = IEX(q)X ‘J]) The limit distribution of the

empirical spectral distribution of the elgenvalues of such products doesn’t
depend on p and equals to the distribution of mth power of the random
variable uniformly distributed on the unit disc.

1. INTRODUCTION

Let m > 1 be a fixed integer and X(@ = n_l/Q{X(q Tp=100 = 1,...,m, be
independent random matrices with real entries. We suppose that the random
variables X;fllg, 1<j,k<n,g=1,..,m, are defined on a common probability
space (2, F,P) and satisfy the following conditions (CO0):

a) random vectors (X](k),X (Q)) are mutually independent for 1 < j < k < n;
b) forany 1 <j<k<n

EXY =0and E(X{)? =1,
c)forany 1 <j<k<n
E(X\DXY) = plpl <14
d) diagonal entries and off-diagonal entries are independent.

We say that the random variables X](.qk?, 1 <4,k <n,g=1,..,m, satisfy the

condition (UTI) if the squares of X (g) ’s are uniformly integrable , i.e.
(1.1) maXE| k|2]l{| k|>M}—>0 as M — oo.
0.5:k

Here and in what follows I{B} denotes the indicator of the event B.
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The random variables Xj(z) may depend on n, but for simplicity we shall not
make this explicit in our notations. Denote by Aq,..., A, the eigenvalues of
the matrix W := H;n:1 X (@ and define the empirical spectral measure of the
eigenvalues by

1
pn(B) = E#{l <i<n:\ € B}, BeB),
where B(C) is a Borel o-algebra of C.

We say that the sequence of random probability measures m,(-) converges
weakly in probability to the probability measure m(-) if for all continues and

bounded functions f: C — C and all € > 0
s) =0.

lim P(/f(x)mn(dz) —/f(:v)m dz
We denote a weak convergence by the symbol weak,

A fundamental problem in the theory of random matrices is to determine the
limiting distribution of w, as the size of the random matrix tends to infinity.
The following theorem gives the solution of this problem for the matrices which
satisfy the conditions (C0) and (UI).

Theorem 1.1. Let m > 2 and X9 = n’l/Q{X(Q) Tr=1:4 =1,...,m, be inde-

pendent random matrices such that the random variables X](Z),j, k=1,...,n,q=
1,...,m, satisfy the conditions (CO) and (UI). Assume that |p| < 1. Then

Lhn ‘weak, w in probability, and p has the density g:
1

m(z? +y2) "

9(z,y) = _I{z? + 42 < 11,

which doesn’t depend on p.

Remark. Theorem [Tl was announced in the talk of F. Goétze “Spectral Dis-
tribution of Random Matrices and Free Probability”, Advanced School and
Workshop on Random Matrices and Growth Models, Trieste, Italy. Recently
O’Rourke, Renfrew, Soshnikov and Vu, see [15] , proved the result of Theo-

rem [T under additional assumptions on the moments of XJ(.Z).

Remark. Girko [6] showed that for m = 1 under the additional assumptions that
the distribution of r.v.’s X (.1) has a density the limit measure ,u has a density
= p)2 + (1+ < 1}. This
result is called “elliptic law”. For Gaussian matrices the elliptic law was proved
n [I8]. The elliptic law without assumption on the density of distribution of

entries X5 was proved by Naumov in [I3]. Nguyen and O’Rourke in [I4] and
Gotze, Naumov, Tikhomirov in [7] extended the elliptic law on the case when

of uniform distribution on the ellipse & = {(z,y) :

XJ(.}C) ’s have only finite second moment and non-identical distribution.
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Remark. For m =1 and p = 0 we have the circular law, i.e. the limit distribu-
tion p is uniform distribution on the unit disc. The circular law was first proved
by Ginibre in [4] for matrices with independent standard complex Gaussian en-
tries. Girko in [0] have considered the general case under assumption that the
distributions of entries have bounded densities and the fourth moments of en-
tries are finite. Z. Bai (see [I]) rely on the fruitful Girko’s ideas gave a correct
proof of the circular law under the same assumptions. Go6tze and Tikhomirov
in [I0] have proved the circular law without assumption on the density of en-

)

tries, but assuming the sub-Gaussian distributions of r.v.’s Xj(l,lg . Later Pan and

)]4 < 0. Gotze and
Tikhomirov in [8] proved the circular law assuming the logarithmic second mo-

Zhou in [I7] proved the circular law assuming that E ]X](ll§

ments (E \X](.llg)ﬂ log \X;?Ha < oo with some « sufficiently large). And finally
Tao and Vu in [19] proved the Circular law for i.i.d. case under the assumption
on the second moments only.

Remark. In the case p = 0 and Xj(z) and X,g(;) are independent for 1 < j < k <mn,

Theorem [Tl was proved by Gotze and Tikhomirov in [§]. See also the result of
O’Rourke and Soshnikov [16].

1.1. Proof of the elliptic law. In the following we shall give the proof of
Theorem [T We shall use the logarithmic potential approach first suggested
for the proof of the circular law by Gotze and Tikhomirov in [I0]. This approach
was developed in many papers (see, for instance [§], [9] and [2]). We define the
logarithmic potential of the empirical spectral measure of the matrix W by the
formula

Un(z) = —/(Cln\w — 2|, (dw)

and will prove that

lim U,(z) =U(z) := —/(Cln|w — z|p(dw).

n—o0

Let us denote by s1 > s > ... > s, the singular values of W — zI and introduce
the empirical spectral measure v, (-, z) of squares of singular values. We can
rewrite the logarithmic potential of u, via the logarithmic moments of measure
vy by

1
U, (2) = — /cln |z — w|pn (dw) = —Eln |det (W — 2I)]
1 i} 1 [
=——Indet (W —2I)" (W —2I) = —= In zvy, (dz).
2n 2 0
This allows us to consider the Hermitian matrices (W — zI)*(W — zI) instead
of W. To prove Theorem [[.T] we need the following lemma.

Lemma 1.2. Suppose that for a.a. z € C there exists a probability measure v,
on [0,00) such that
weak . -
a) vy — v, as n— oo in probability
b) In is uniformly integrable in probability with respect to {vy }rn>1.
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Then there exists a probability measure v such that

a) tn ‘weak, W oas n — oo in probability

b) for a.a. z € C
Uu(z) = —/0 Inzv,(dz).

Proof. See [2][Lemma 4.3] for the proof. O

Proof of Theorem [ 1. From Lemma it follows that to prove Theorem [L.T]
it is enough to check conditions a) and b) and show that v, determines the
logarithmic potential of the measure p. In Theorem 2Tl we find the limit distri-
bution of singular values of the shifted matrix W (z) = W — zI (Section [2)). The
solution of this problem is divided into several steps. We make symmetrization
of one-sided distribution functions. Then we reduce the problem to the case of
truncated random variables. Next we show that the limit of empirical distribu-
tion of singular values of product of matrices with truncated random variables
is the same as one of the product of matrices with Gaussian entries. Finally, we
show that the limit of expected distributions of singular values of matrices with
Gaussian entries exists and its Stieltjes transform s(z) satisfies the following
system of equations

1+ ws(a,z) + (1) w™s(a, 2)™ T =0,
(w — ) + (w — a) — 4|2*s(a, 2) = 0.

From the paper [9] we know that the measure with the Stieltjes transform s(z)
which satisfies this system of equations determines the logarithmic potential of
the measure pu.

In Section [l Lemma[3.9we show that In(-) is uniformly integrable in probability
with respect to {vp }n>1. O

By C (with an index or without it) we shall denote generic absolute con-
stants, whereas C'( -, -) will denote positive constants depending on arguments.
For any matrix A we shall denote by ||A|l2 the Frobenius norm of matrix A
(|JAJ|3 = Tr AA*) and by ||A|| we shall denote the operator norm of matrix
A ([[A|l = supyx|=1 IAX|]). Here and in the what follows A* denotes the
adjoined (transposed and complex conjugate) matrix A

2. THE LIMIT DISTRIBUTION FOR SINGULAR VALUES DISTRIBUTION OF
SHIFTED MATRICES

In this Section we prove that there exists the limit distribution for the empir-
ical spectral distribution of the matrices W — zI. Let s; > ... > s, denote
the singular values of the matrix W — zI. By G, (x, z) we denote the empirical
spectral distribution function of the matrix (W — 2I)(W — zI)* (the distribu-
tion function of the uniform distribution on the squared singular values of the
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matrix W — 2I). This distribution function corresponds to the measure v, (-, z)
introduced in the previous section. Let G, (z, 2) := EG,(z, 2).

We say the entries XJ(.qk), 1<j,k<n,qg=1,..,m, of the matrices X(@ satisfy
Lindeberg’s condition (L) if

1 n
forall 7 >0  Lp(r) = Jmax > EXZI(X > 7v/n) — 0 as n — oo.
=
It easy to see that (UI) = (L)

We prove the following Theorem

Theorem 2.1. Let X](Z) s satisfy the conditions (CO0) and (UI). Then there
exists a distribution function G(x,z) such that:
1) Gp(z,2) = G(x,2) as n — o0;

2) the Stieltjes transform s(a, z) of the distribution function G(x,z), defined by
the equality s(a, z) :== [ ﬁdG(m, z), satisfies the following system of equations:
1+ ws(a,z) + (1) w™s(a, 2)™ T =0

(w — )% + (w — @) — 4]z]*s(a, 2) = 0,
where Im(w — a) > 0 for Ima > 0.
Remark. 1t is well-known that the distribution function with Stieltjes transform
satisfying the system exists and unique. Moreover, this distribution is finitely

supported and has a density. (See, for instance [9]). In particular, if G, (z, 2)
convergence to G(z, z) then this convergence is uniformly in x € R, i.e.

li_>m A, (z) = sup |Gy (z,2) — G(z, z)| — 0.

Remark. By Lemma [£.4] one may show that G, (z, z) weakly converges in prob-
ability to G(z, 2).

2.1. The proof of Theorem [2.Il As we noted before we divide the proof into
several steps.

2.1.1. Symmetrization. We will use the following “symmetrization” of one-sided
distributions. Let §2 be a positive random variable with the distribution func-
tion F'(x). Define £ := €€ where ¢ denotes a Rademacher random variable with
P{e = £1} = 1/2 which is independent of {. Let F(z) denote the distribution
function of £. It satisfies the equation

(2.1) F(z) = 1/2(1 4 sgn{z} F(2?)),

Lemma 2.2. For any one-sided distribution function F(x) and G(x) we have

sup F(2) = G(z)| = 25up |F(z) — G(z)],

where F(z) (G(z)) denotes the symmetrization of F(z) (G(x) respectively) ac-
cording to (21)).
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Proof. By (2.1]), we have for any > 0

F(z) =2F(vVz) — 1

G(z) = 2G(Vz) — 1.

This implies
sup|F(x) ~ G(x)| = 25up | F(v/3) = G(v/3)| = 2sup |F(x) - G()]

Thus Lemma is proved. O

We apply this Lemma to the distribution of the squared singular values of the
matrix W — zI. Introduce the following matrices

V:<(‘)N Vf,’) J@«):(?I ZS) J=3(1), and V(z)=VJI—I(2),

R :=(V(z) —al)™!,

where I denotes the unit matrix of the corresponding order and o = u+iv € C
(v > 0). Note that V(z) is a Hermitian matrix. The eigenvalues of the matrix
V(z) are —s1,...,—Sp, Sn, ..., S1. Note that the symmetrization of the distribu-
tion function G, (z, z) is a function G, (z, z) which is the empirical distribution
function of the eigenvalues of the matrix V(z). According to Lemma 2.2 we
get

Ap(z) = Sl;p |Gn(x,2) — G(z,2)| = 281$lp Gn(z,2) — G(z, 2)| =: 28, (2).

Up to now we shall proof that lim,, . ﬁn(z) = 0. In what follows we shall
consider symmetrizing distribution function only. We shall omit symbol 7~ in
the corresponding notation.

2.1.2. Truncation. We shall now modify the random matrices X(@, g = 1,...,m,
by truncation of its entries. Let {7, } is a sequence such that

lim L,(r,) =0
n—oo

and

lim 7,v/n = oo.
n—oo

It is well-known that such sequence there exists since lim, oo L,(7) = 0 for
any 7 > 0 and L, (7) is non-decreasing function of 7.

Introduce the random variables X](Z’c) = (|X | < C’Tn\/_ ) and X x\29)
X(q’c) — EX(q’c). Introduce the matrices X(q ¢ = \F{X (4,€) k , and X(q’ 9 _

\/_{X (.c) }7 k=1 We define the corresponding matrices w) W(C) v V(C)
and R(© R( ) replacing X(@ in the notation of V, W and R by X(@¢) X X\,
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Denote by sgc) > ... > sﬁf) and s(c) > ... > ESLC) — the singular values of the
random matrices W(®) — 2T and W( °_ 21 respectively. We define the empirical
distribution functions of the matrices V(°)(z) and V(c)(z) by

1
(c) _ _ (9
ga:z— EH nEH(SkSCU)
k=1
(c a _(c 1< —(c
Gy (w.2) = 5 ;_1:}1(3,2)<x)+%k_1]1(—s§€><m)

Let sp(a, 2), s%)(a z) and 3¢ ( ,z) denote the Stieltjes transforms of the dis-
tribution functions Gy, (z, 2), G e () :=E g9 (z, z) and Eff) (x,2) = Eagf) (z,z)

respectively.

Lemma 2.3. Under the assumptions of Theorem [I1] the following holds: for
any 6 >0

i _ 3 —
T}eréolsn(z,a) 57 (o, 2)] =0

uniformly in o = u + iv with v > 9.

(C)(

Proof. We compare the Stieltjes transforms s,(a, z), sy
sequentially. First we note that

a,z) and Esf)(a, z)
(2.2) sn(a, z) = iIETrR and s9(a, z) = iIETr R,
e 2n ’ L 2n
Applying the resolvent equality
A+B-—al) '=(A-al) ' —(A—-al) 'B(A+B —oal)™!

we get
2.3 spla, z —s( a,z <—IE TrRO(V — VO JR].
2n
Let
X®) o) X 0
(v) — (o) _
H - <O X(m—u+1)*> and H - <O X(m—u+1,c)*>
Introduce the matrices
b b
(2.4) V= H H®, ng?, — H H (@),
q=a q=a

(Vop =T1if a > b). We have

(2.5) V-V = Zv(vq J(HD —H@O)V,
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Inequalities max{||R|, [R©[|} <v~!, || Tr AB| < ||A||2 | Bll2, inequality @23,
and the representations (2.5]) together imply

[sn (e, 2) = 5179 (2)] <

C m—1 B ( o
(2.6) NG qzl E> [|(HY )l

1 5 c
‘2 HVq+1 mRR( )Vl,q—lug-

We use here that Tr AB = TrBA as well. Applying well-known inequalities
for matrix norms [|[AB|2 < [|A|/||B]|2 and relation ||AB||2 = [|BA||2 together,
we get

E||Ve1mRROVE) |3 < —E V) Vasiml3

In view of Lemma [£.2] we obtain

(2.7) E [V RROVE 3 < 7.

Direct calculations show that, for any ¢ = 1,...,m,

1
- (@) _ x(g,0))2 (Q)
- E|X X\9|5 < ; 1 ,; 1E ]X {\ij)\zcrm/ﬁ} < CLyp(1p)-

This inequality implies that

(2.8) max E[H — HO |, < OLy (7).

Inequalities (2.6)), (2.7) and (2.8)) together imply
C\/ Ly (1)

[sn(er,2) = s (@, 2) < ——

(c)

Furthermore, we compare the Stieltjes transforms s’ («, z) and ng) (o, 2). By

definition of XJ(.?, we have

IEX(T)| = |[EXWH| X;0] > erav/n}] < E X PI{| X 6] > erav/n}.

n\/—
This implies that
CL, (1)
2.9 EX@|2 < € EXq’ <
(29) jExaoz< £33

jlkl

Note that H”? = H@¢) — EH©@¢). Similar to the inequality (Z6]) we get

m
s (e2) = 53¢ Z IHEH(“ H TE* Vel nROROVIG 3.
Analogously to mequahty 21, we get
Cn
(210) IEH\[qulm (C)R(C)qu 1”2
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By the inequality (2.9),

|EX @) |, < SV En(Tn),
o CTp
This implies that
C\/L
1) max [EHS)|, <2 max [EX@9)), < SV En(m),
1<g<m 1<g<m CTn

The inequalities (2.10) and (ZI7]) together imply that

Cy/Lp(1y)

(c) _ o < v n\nj

(2.12) 37 (e 2) = s 2)| < =2 5
O

According to Lemma 23] the matrices W and W(C) have the same limit distri-
bution. In the what follows we shall assume without loss of generality that for
anyn>1landg=1,...,mand j,k=1,...,n,

(2.13) EXJ(Z) =0 and |X](.Z)| < cmavn
with 7, — 0 such that

Ly(1,) =0 and Ta/n — 00 as n — 00.
We also have that
1 n
(2.14) 5 > |B(XP) =1 < CLa(ma),
j=1
1 n
(2.15) = IEX{D XY — p| < CLy(7).

2.1.3. The universality of the limit distribution of singular values of shifted ma-
trices. In this Section we show that the limit distribution of singular values
of product of random matrices satisfying assumptions of Theorem 2.1] doesn’t
depend on the distribution of matrix entries. Let Y, ..., Y™ be n x n in-

dependent random matrices with independent Gaussian entries n~/ 21/}(13) such
that

EYj(g):O, E(Yj(,g))Qzl, forany ¢g=1,...,m, jk=1...,n;
IEYj(g)Ylfj):p forany ¢q=1,....,m,1<j<k<n.

Vectors (Y}f),Yk(f)) and r.v.’s YlEQ) forq =1,....m, 1 < j < k < n and
I =1,...,n,are mutually independent. For any ¢ € [0, ] andany v =1,...,m,
introduce the matrices

ZW) () = X® cos o + Y sin o

where

1 1

ZD (o)) 1 = ik = s

cos ¢ + Yj(kq sin ).
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We define the matrices W(y), H@ (), V(¢), V(¢), R(y) by
- (¥)
W(p) =[] 2% (), HY(p) = [ 2 (g@)) Z(mgn((p)
v=1
V(e) = [[HY (), Vi) =V, R(p)=(V(e)=JI() —aD) "
v=1

Recall that I (with sub-index or without it) denotes the unit matrix of corre-
O zI

sponding order, J(z) = [ 21 O

] and O denotes the matrix with zero-entries.

~

In these notation the matrices W(0), H®)(0), V(0), V(0), R(0) are generated
by the matrices X, v = 1,...,m, and W(Z), H")(Z), V(Z), {7(%), R(%)
are generated by YW, v =1,... m. Let sn(a, z, ) denote the Stieltjes trans-
form of symmetrized expected distribution function of singular values of the
matrix W(gp) — zI. Then s,(a, z,0) = s,(a, z) denote the Stieltjes transform
of distribution function Gy (z,z) and s, (o, 2z, §) denote the Stieltjes transform
of symmetrized expected distribution function of singular values of the matrix

W (5) — zI generated by Y@, ¢g=1,...,m. We prove the following Lemma.

Lemma 2.4. Under the assumptions of Theorem [I1 the following holds: for
any d >0
T
|sn(a, 2, 5) —sp(@,2,0)] =0 as n— oo
uniformly in o = u + iv with v > 9.

Proof. By Newton—Leibnitz formula we have

Ean
Su(0,2,5) = sul@,2,0) = /0 Mgijwdw_

Applying the formula for the derivative of matrix resolvent we get

(2.16) snla,2,0) _ —% E Tr R(go)a‘(;i(“’)m(@).

Op ¥
We shall omit in what follows the argument ¢ in the notations of R and V if

it doesn’t confuse. By the definition of the matrix V and V,; (see ([24))), we

have
m

ov oH@
a—sp = Z l,quWVqul,m-
q=1
Furthermore, by the definition of H@, for ¢ = 1,...,m, we have
OH@ Z”: Z": OH@
Op j=1k=1 < GZJ(»E)

z\)  gmw dzj Y

dep +az}’,j‘q+” dip

where we denote by e; = (0,...,0,1,..., 0)7 the column vector of the dimension
2n with all zero entries except j-th one, which equal to 1, 7 = 1,...,2n. In
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these notations we have

3H(q)_ 1 g OHW@ 1 -
[ N e B

for j,k =1,...,n. By the definition of Z](Z), we have

dz\?
ﬁ =— j(z) sin ¢ + YJ%D COS .

After a simple calculation we get

Z Z Z <V1 g—1€j€; Vq+1 m(— X](k) sin ¢ + Y(q) Ccos )

qulkl

+V17qflek+ne?+nvq4r1,m(_Xj(’lrcnqurl) sin ¢ + Y(m T cos @)) :

Introduce the following functions

ull) = ~TrRVy ,_1ejef Vi1 mIR,

J(Z) =Tr RV1,q718k+nej+n Ver1mJR,

forg=1,...,m, and j,k =1,...,n. In these notations we have
Osn(z,0) | =
Bcp =21 + =g,
where
Shuhy (0 (0
== Z E(— k81ngo+Yq cos ©))u
2n\/ﬁq 1j=1k=1
n n
o = Qn\/— ZE smgp—i—Y( )Cosgo)) (a)
q=1 j=1 k=1
First we investigate =;. Let f (k) coS go + Y(q) sin . In what follows we

shall consider the functions u(i‘ = u]k (5( ,£kj ) as functions of X]('k)’X(z)’ Yj(k)
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and Y,;]‘.]). Applying Taylor’s formula, we may write

oul? oul?
uD (WD &) =l (0,0) + é” 2(0,0) + €9 —2(0,0)
q)
(9 jk kj
924, D)
Bo(¢ji) )21 - 0)— L (0657, 067)
(9) J J
82u( )
(9) gk (q) (q)
+2[Ey §k f 7( §k79§k')
242
(2.17) +Eo(6)(1 = 0)— L5065 06,7,
9%

Here 6 are uniformly distributed on [0,1] and is independent of all X](Z) and

Yj(,g), and Ey denotes the expectation with respect to the random variable 6.

Furthermore, we introduce the random variables

éﬁ) = — _](k) sin + Y(q) COS .

Multiplying (217 by EJ(.Z) and taking expectation, we rewrite = as =1 = 211 +
=12, where

au(q) ey
21 = EEPEPE—(0,0) + EED eV E—L(0,0),
8§ ) J (Q)
jk kj
8211,(»(1))
Eip = EE(Z)(f](k)) (1-19) (2;62 (6 £]k ’ 51(5'))
oelt
82 ()
+2qu §]k§kj 7( 53(%7 5 )
8§]k 8 k}j
32u(q))
E(g))2E ) (1 - 0)—L- o€\ 0¢l?).
(9£k]

It is straightforward to check, that
EEDED = cos psin o B[(V,P)? — (X))
EEDe? = cospsinp B[ v — X0 x(7]

We introduce the following matrices

Q) . T
ng .:V17q_1ejek Vq+17m.
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In these notations we get uﬁ) =—"Tr Bﬁ)J R2. It is easy to check that

ult) 9B ov
ik @ pela)y jk 2 (@) T2
(0,657, 06,0) = — T et JR? + TrBlYJR —g(q)JR
jk Jk J
+Tr B%JR%JRQ =L+ 5+
¢!
ik
Furthermore,
8Bﬁ) 1

= —=Vim—¢kn€] 1 Vin—qi2.q-1€j€4 Variml{m — ¢ < g —1}
LV e,V T v Im—q>
+ \/ﬁ 1,g—1€j€g g+1,m—q®k+n€j4n vV m—qg+2,m {m q= Q},

and

ov 1 1
(2.18) 9@ ﬁvl,qflejezvﬁl,m + %Vl,m*qek—l—ne?;—nvm*quZm-
ik

Note that [Vi,—g124-1]jj4n = 0 and [Vgirim—glitnk = 0. These equalities
imply that

I =0.
Using (2.18) we get
(2.19) Iy = Iy + 12,
where
1 T 2 T
121 = % Tr V17q_1ejek Vq+17mJR V17q_1ejek Vq+17mJR,
1 T 2 T
I = % Tr Vl,q—lejek Vq—l—l,mJR Vl,m—qekJrnej-‘rn Vm—q+2,mJR

We shall bound each term in (2.19). Note that

1
In = —=[Var1mIBR*V1g-1]65 [V 1,m IRV 1 g 1]

vn

It is straightforward to check that
|Ta1| < Co™2n 2|l Vi1 ml3Vig-16513-

Note that the random variables in the r.h.s of the last inequality conditionally
independent with respect to 5](.2) and f,(g). We may write

E{|I21|‘5ﬁ),§;(£)} <

C
7 E{ e VarmlB|ed 60 E {11850 60 ).

Applying Lemma [£3], we get
E {|121|‘£]('Z)a£](§3')} < Cn M7,
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Similarly we estimate Iso and I5. It follows from these bounds, (2.14]) and (2.15)
that

|EH| S Cv_3Ln(Tn).

We now estimate =15. Without loss of generality we may assume that

max { €01, 6], €17, |E121} < Crav/,

If we prove that there exists a constant C' such that, for any ¢ = 1,...,m,
1<j5,k<n,

max { ‘ E { 621:§)q

@)
|E {%( oest et 6 3}

(060, 06| ¢l4 €9 }

o€\ o\ oe?
(2.20) < Cn~ o™,
we get
) )
IEEDuld) (el e1)] < 7-
The last bound implies that
(2.21) |Z12] < Crpv™
Furthermore,
2 (q) @ " (9V oV
q)\ __ q 2
( 5jk 067) = —2Tr B/ JR WJR
5 3
—2TrBYJR 8Y JR2 8V IR - 2T B!7JR 8X)JR%JRZ

:T1+T2+T3.

We bound T} now. The estimates for 75, T3 may be written down in the similar
way. Using (2.1I8]) we get

(2.22) =T+ +Tua,
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where
Ty = —2% TrVig-1ejer’ Vyi1mIR?
x Vi 1ejer’ Vo1 mIRVy . 1ejer’ Vi mJR,
Ti» = —2% Tr Vi, 1ejer’ VyrimIR?
X Vig-1€ier’ Vo1 mIRV gl ineiin’ Vinogr2mIR,
Tiz = —2% Tr Vi, 1ejer’ Vi1 mIR?
X Vim—q@hin€iin’ Vin—gromIRV1 4 1ejer’ Vi1 IR,
T4 = —2% Tr Vi, 1ejer’ Vyi1mIR?
X Vim—qkin€itn Vin-gi2mIBV1m—gerin€jin’ Vin—gi2mIR,
We shall bound each term in (2.22]). Note that
Ty = —2%[Vq+1,mJR2V1,q71]kj[Vq+1,mJRV1,q71]kj [Vgtr1,mI RV 1 1]k
It is straightforward to check that

T31] < Co™'n " lew Voriml3Vig-1e5]13.
Note that the random variables in the r.h.s of the last inequality conditionally
independent with respect to 5](2) and f,(g). We may write

E{ITul|¢l? &0 } <

C
(2.23) - E{lles VorimlB €0, 7 E{IVigores )00 60 }-

Applying Lemma 3], we get
E {\T31"§§Z)a§;($)} <Cn~lo™
Furthermore, we represent T3, in the form

T3y = —2%[Vq+1,mJR2V17q,1]k7j[Vq+1,mJRV1,qu]k,k+n[meq+2,mJRV1,q*1]j+n,j'
Similar to (2.23]) we get
| Ts2| < Co™ '™ ler Virrml3 [ Vig-1€513
|V im—qertnllz lejrn” Vinogramlla-

Applying Hélder’s inequality, we get

C _1 1
E{|To |0, 62} <~ B} { e Vs mlld]62, 60 } B2 {IIVg-resl18f¢ 62}
1 1
X B {[Vim-qersnlB[650 €7} ES {llejin Vin-gramllB[€), 62 }.
Using Lemma [£3] we get

E {|T12| ‘5](%),5,(5)} < Cvin L
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Analogously we get the bounds for other terms 77y, for I = 3,4. We have
E {\Tﬂ‘ﬁﬁ)’ﬁ,ﬁ?)} <Cuvtnh
This proves (Z20) and (Z2T)). Similarly we may estimate the term =y
‘EQ’ < CTnU_4.
It follows that there exists some o > 0 such that
) T
nlgr(; |sn(a, 2, 5) — sp(a, 2,0)] =0,

for all v > §. The last inequality proves the Lemma 2.4] O

2.1.4. The Limit Distribution of Singular Values of V(2) in the Gaussian case.
In this Section we find the limit distribution of singular values of shifted prod-
ucts of Gaussian random matrices. Recall that

, Y®) o) O zI
H():< o Y(m”+1)*>7 J(2) ::( =1 O>’ and J := J(1).

For any 1 < a,b < m, put

Vi o= sza H® . for a <b,
@8 = 1 otherwise,

and
V(z) :=VI-J(z), R=(V(z)—al)™"
It is straightforward to check

sul2) = > ER(0, 7))
j=1

1 n
(2.24) =~ D ER(e, 2)]j4njin = 5= > E[R(a, 2)];;.
j=1
We introduce the following functions
1o 1
tn(aa Z) - E Z E[R(a7 Z)]j+n7j7 un(a7 Z) = E Z E[R(a7 Z)]j,]—l—n
j=1

We prove the following statement

Statement 2.5. Let r.v.’s Y}(g), q=1,...,m, j,k=1,...n are Gaussian and
satisfy the conditions (CO0). Then the following limit exists

g=g(a,2) = Tim sn(a,2),
and satisfy the system equations

1+ wg + (1) ey tgm+l =
(2.25) glw—a)? + (w—a) —g|z|* =0,

with a function w = w(a, z) such that Im(w — a) > 0.
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Corollary 2.6. Under the assumptions of Theorem [21] for any z € C there
exists a distribution function G(z,z) such that lim, oo Gp(x,2) = G(x,2) and
g=gla,z) = [~ —L_dG(x, 2) satisfy the system of equations [Z25) and

o0 rT—o

(2.26) Ap(z) ==sup|Gp(z,2) — G(z,2)| =0 as n— oo.

Remark. Note that the second equation of (Z.57) implies

w— o Im{w — a}(jw —af® + |2%)
mg =~ { T TR = Jw— o <P

This equality implies that Im(w — «) > 0.

Proof. Statement In what follows we shall denote by e,(«, z) a generic

error function such that |e,(«, 2)| < C:;f{

the resolvent equality, we may write

for some positive constants C, q,r. By

1
14 asp(a,z) = o ETrV(2)R(a, 2)

1 1 1
(2.27) = o ETr VIR (a, 2) — §ztn(0z, z) — §Eun(a, z).
In the following we shall write R instead of R(«, z). Introduce the notation
1
A:=—ETrVJR
2n
and represent A as follows
1 1
A - 5-’41 + 5-’427
where

I I
= Z E[VIR]j;, As=— Z E[VIR, 1 jtn-
J=1 J=1
By definition of the matrix V and the matrix H(Y) | we have

Ay = \F Z EY) [VaomIRl

7,k=1

In the Gaussian case we may represent the random variables Yj(,? and Yk(jq) in
the form

(2.28) v\ =a ](,2 bn](‘,?,
where a = \/ , b= \/ and f ko 1 k) are mutually independent standard

Gaussian r.v.’s. We shall use the well known equality for the standard Gaussian
r.v. £ and any smooth function f

(2.29) ESf(E) =E f(§).
First we represent A; in the form

A = A+ Ajg + Ass,
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where

A = EY) [VomdRlg,
" >3 :

J=1k=j+1

Alp = ZEY(l [VomdR]jj,
n j—

Agg = 7 kZ:: D[V IR

First we note that

IN

I &1 1 /1< 9\ 3
Ao < —= 3 E? el 'Vy , JRe; > < —(— > Ele! Vs, JRej| )
ny/n st Vvnin =

( ZEHeTVQmH )< Sﬁ

We use here the inequalities [|[JRe;|| < [|[JR| < v~! and ’e}—‘VZmJRGj’ <
|||e?V27m||HJRej||. We may write now

(2.30) Ao = ep(a, 2).
Furthermore, we consider A;; and A;3. Using (2.28]), we get
Ap = f Z Z (aE €5 [Va,md Ry + bEN) [VamIR]g).
J=1k=j+1

Applying ([2:29]), we get

kj kj

A simple calculation shows that

Ars = \/—Z > (€ VTR, — bEnY[VaTR]).

J=1 k=j+1

By the equality (2:29]), we have

Ay = IZ Z (o [MLJW[MLJ

1
j=1k=j+1 3§jk) 377;-12
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Note that for 1 <j <k <n

OV R OVa, JR Vs IR
VomIR _ |
o€ty v}y oy
OV, JR OVa, JR  OVa,JR
(2.31) O O 0
onL oy ] oy,

Computing the matrix derivatives

OVanJR 1 T
———— = —=Vom-1€ e, JR
) ,m nvj+n
oY}, vn
1
_ %VZmJReJe{ VomdR = Vo JRV1 1) 4n€] IR,
OVanJR 1
% = %VQ,m—lej—I—neernJR
kj
1
(2.32) — —V27mJReke]TV2,mJR - V2,mJRV1,mflej+ne£+nJR‘

vn
Combining the equalities (2.31)) and ([2.32)), we get

Ve dJR 1
Z T amy :a% (V2,m71 (ek+ne]T+n + ejJrneg—f—n)JR

1
o€ty
— VomJR(eje] +epe] ) Vo JR
= VoI RVim_i1(ersne] 1, +ejineiy, ) JR)
OV IR 1 T T
— 05— =~ b—=(Vom-1(€x+nej iy — €jtnepin) IR
A

~ VanJR(ejef — ekeJT)VZmJR

— Vo IRV m_1(€r4n€] 1y — €j4neii, ) IR).
Using the previous steps we may write

(2.33) A+ Ay = A + ..+ A,
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where
./4111 = —— Z Z V2 mJR JJ [V2 mJR]klm
J=1 k=j+1
A = —— Z Z (VZ,mJR]?k + [VzvaR]ij),
J=1 k=j+1
Az = —— Z Z ( [Vomd RV o 1]kksn [ IR j4n, 5
J=1 k=j+1

+ E[V2,mJRV1,mfl]j,j+n[JR]k—i—n,k) ,

n—1 n
Ania = —% > (E[VZMJRVl,mfl]kJﬁ-n[JR]/H-n,j
=1 k=j+1

+ E[V27mJRV1,m—1]j,k+n[JR]j+”7k> :

We use here [Vaom—1lik+n = [Vom—1ljktn = [Vom—1lkj4n = [Vom—1ljjen =0
and a® 4+ b? =1, a®> — b> = p. We prove the following lemma.

Lemma 2.7. Suppose the conditions of Theorem [2.1] hold, we have
C
Ali2],|A < —.
max{[ Az, [Anal} < —

Proof. 1t is straightforward to check that

1
Aro] < 5 E[[Vam IR,

1 1 1
(A < 5 E2 [VomIRVam 1|3 E> [ JR]3.

Using well-known properties of Frobenius norm for matrices, ||AB|j2 = |BA|2
and [AB[l2 < [|A[[[[Bll2, we get

1
|A112| < R E[[Vaml3,

Anal € 5 B [V, d RV 1[3E? [TRB,
Furthermore, we note
E|[Vamd RV 1|2 = EHO 'V, IRV i |12
—E[HO I+ aR + J(2)R) Vi1
<E (Va1 +HY ™ (@I +I(2)RV1 1 [3)

al + |z2])?
< 2( B [Va a3 + LS

(lof +]2])?
2

-1
E[VimHO|3)

<2(1+

VE [Va,m-1l3-
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Applying Lemma [4.3] we conclude the proof. O
By Lemma 2.7, we may write

A = A + Az +en(a, 2).

Lemma 2.8. Under the assumptions of Theorem [21] we have

C
|A111] < W(l +v72).

Proof. A simple calculation shows that

1
e Z Z E[V2mIR]j;[VomI Rk = — > E[VamIR]j[VomI Rl
J=1k=j+1 1<j#k<n

By Lemma 2.7

We may write
2

Applying Lemma 5] we obtain
2

1< C 5
(2.34) -~ ZlE[VQ,mJR]j,j < —(1+v7)
j=
Note that H@, ¢ = 1,..., m have a symmetric joint distribution of entries, i.e.
H@ has the same joint distribution of entries as —H@, for any ¢q =1,...,m.
It follows immediately that
(2.35) ETrVy,,JR = 0.

To prove (2.35]) we may replace the matrices H® and H? in the definition of
Vo nJR by —H® and —H®. The resolvent matrix R still the same, since
HZLZI H(Q) = (_H(l))(_H(Z)) HZL::)) H(Q) and we get

E[VamdR]j; = —E[V2,,JR];; = 0.

The inequality (2.34])) and equality (2.35]) together imply the result of Lemma.
Thus Lemma 2.8 is proved. O

Finally, we prove that

9 n—1 n
Ar=-— Zl kz—i_lE[Vg,mJRVLml]k,k—f—n[J RJjin;
J=lk=j

) Y D EVemIRVimoi]jjsnlIR]sn + enl, 2).
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This equality we may rewrite as follows

1
A1 =—-—=E Z ([Vo,mdRV 1 1]k ktn[IR]jin
" <zk<n
(2.36) + E[VomJRV1maljjtn IRk k) + en(e, 2).

It is straightforward to check that
1 n
—IE > VIRV 11l n[IR]j1n ]
j=1

C C
(2.37) < 5 E? |Vo,, JRV i [} < —5.
n2uv nv

Relations (2.36) and (2.37) together imply

1 n n
Ar=-—E 2; ;([Vzvava,m_l]k,m[J Rjin,j
1= =

+ E[VQ,mJva,m—l]j,j-i-n[JR]kJrn,k) + En(Oé, Z)
By Lemma [£4] Lemma and &30 B[R] jin = 5 20 EJR]jyn; =

sn(a, 2), we get

1 n
A= =020 S BV BV s

(2.38) + [Vg,mJRVLm_l]j_FnJ) + en(a, 2).
Consider now the quantity A,. Similar to (2.38]), we obtain

1 n
Az = —sn(a, Z)(E Z E([Vo,mJRV1m-1]j4n,;

j=1
+ [VomJRV1 1] j4n) + enl(a, 2).

Introduce the notation, for v =2,...,m

&
(2.39) fo=~ ]Zl E[VymIRVim—qi1ljjin
and

1
fir = ;E[JRDJM = sn(a, 2).

We rewrite the equality (2.38]) using these notations
(2.40) A1 = —fasn(e, 2) +enla, 2).

We shall investigate the asymptotic of f,, for ¢ = 2,...,m. By definition of the
matrices Vg, and H | we have

n

1

e
k

EY 3 [Vor1,mIBV 1 m—git )k jin-
7j:1
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We represent f, in the form

(2'41) fq:fq1+fq2+fq37

where

n—1 n
1
fu= 17w 2 2 BV eetmIRY i griliin
j=1 k=j+1

1 n
fi2 = DBV Vg tm IRV L gliin
j=1

n j—1

1
fo3 = o > EYfﬁ’ [Var1,mI RV 1m—g 1]k j4n-
=2 k=1

Similarly to the previous steps we get

1 n
fq= n ;E[Vq+l,mJRV17mq]k’k+"

1< 1<
- E Z E[Vq—i—l,mJRVl,m—q]k,qunE Z E[Vm—q+2,mJRV1,m—q+1]j+n,j+n
k=1 j=1

1 n
= fu+1(1 - E Z E[Vm—q+2,mJRVl,m—q—l—l]j—i—n,j-l—n) + En(aa Z)
j=1
Note that
1< 1<
E Z; E[Vm—u—i—Q,mJRVl,m—u—l—l]j—l—n,j-‘,—n = E Z; E[Vl,mJR]j-‘rn,j—i—n-
J= j=
Furthermore,
n
1 _
(2.42) - Z E[VimdR]jin,jtn = 1 + asp(, 2) + Zup (o, 2).
j=1
Relations (2.39)-(2.42) together imply
fq = for1(—asp(a, 2) — Zuy (o, 2)) + en(a, 2).

By induction we get

(2.43) fo= (1) Hasn(a, 2) + Zun(@, )™ su(a, 2) + enla, 2).
Relations (2.40) and (2.43]) together imply
(2.44) A = (1) (asn(a, 2) + Zup (o, 2))™ 1 s2 (a, 2) + e, 2).

Introduce now the notations

1 n
hq = n ZE[quJRVmequl]qun,j’
=1



24 F. GOTZE, A. NAUMOV, AND A. TIKHOMIROV

for g =2,...,m, and

1 n
ham1 = > EIR]jin; = sa(a,2).

j=1
Similar to (2.43]) we get that
(2.45) hy = (=)™ Nasn(a, 2) + 2tp(a, 2))" Lsu(a, 2) + enla, 2).
and
(2.46) Ay = (=1)™(asp(a, 2) + ztp (o, 2)™ L s2 (a, 2) + e, 2).

Consider now the function ¢, («, z) which we may represent as follows
1 n
Oétn(Oé, Z) = E Z E[V(Z)R]jﬂ”%]"
j=1
By definition of the matrix HV), we may write

1 « m
(2.47) aty(a,z) =~ 3 EY 3" [VoumdR] ik — 7 sn(a, 2).
G k=1

The first term in the r.h.s. of (2.47]) we represent in the form

1 n
Bii=—3" EY" [VomIR]jns = Bui + Bia + Bus,
jk=1

where

1 n—1 n
B = o Z Z EY]'(]:n) [VomdR]jtn ks
J=1k=j+1

1 n
B =~ ZlEYJ'(/:n) [VomIR]jink,
=

n j—1

1
Bz = - Z; ;Eyj(,:n) [VomdR]j1n ks
=2 e

Previous relations together imply

1 n
aty (o, 2) = - ZE[Vz,mJRVLm—l]j—f—ij
j=1 k=1

—Zsp(, 2) + epla, 2)
= hy th(a, 2) — Z sp(a, 2) + en(a, 2).
Applying the equality (2.45]), we obtain
aty(a, 2) = (=1)™(asn(a, 2) + ztu (e, 2))™ Lsp(a, 2)t (@, 2)

(2.48) —Z spla, 2) + ep(a, 2).
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Analogously we obtain

Qtp(a, z) = (=1)™(asy(a, 2) 4+ Zup (o, 2)™ s, (a, 2)up (o, 2)

(2.49) — 2 spla, z) +en(a, 2).
Since |a| > v, we may rewrite these equation as follows
tn(a, 2) = (=1)™(asp (@, 2) + 2ty (a, 2))™ Lo s, (a, 2)th (a, 2)
—Z sp(a, 2)at + e,(a, 2)
n (0, 2) = (—=1)™(asp (o, 2) + Zup (o, 2))™ La s, (o, 2)un (a, 2)
— 2 sp(a, 2)at + en(a, 2).
The rest of the proof is the same as in the proof of Theorem 3.1, [9], p. 11-13.

For the readers convenience we repeat it here. We note that, for some numerical
constant C' > 0,

lasp(a, 2)| <1+ ‘%ETrRV‘ <1 —I—v_l%(E% W3 + n|z])
(2:50) <C(1+ ’i—‘),
and
(251) mace{ [ @ ). 1, )} < .

Introduce notation
P := P(a,z) = asp(a, 2) + Zuy(a, 2)
Q = Q(a,2) = asp(a, z) + zty(a, 2).

Multiplying (2:48]) by z and (2.49]) by Z and subtracting the second one from
the first equation, we obtain

2ty (o, 2) — Zup (o, 2) = (2t (o, 2) — Zup(a, 2))
X sp(a, 2)2tp (o, 2)a (P2 + QP™ 3 - + Q™ ?)
(2.52) + Q™ s, (a, 2)a M2ty (a, 2) — Zun (o, 2)) + e(a, 2).

Using inequalities (Z50), (Z51) and [s,(a, 2)| < v™L, we get
Cmim (1 Elym—2

v

[sn(@, 2)ztn(a, 2)a” (P72 + QP2 - 4 QM T7)| <

-1 2] ym—2
cm (1 + % )m
v3 '
From relations (2.52) and (2.53) we may conclude that there exists Vp =
Vo(m, z) depending on m and z such that for all v >V}

v3 ’

(2.53) Q" sn(a, 2)a | <

(2.54) ztn (@, 2) = Zup (o, 2) + en(a, 2).
The last relation implies that
(2.55) Al = Ay + ep(a, 2).
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Relations (2.27)), 2:44)), (2.46), (2.54] and (2.53]) together imply
14+ asn(o, 2) = (=)™ (asp (o, 2) + 2 ta(a, 2))™ 152 (a, 2)
(2.56) — 2 tp(a, 2) + en(a, 2).
Introduce the notations
z tn(a, 2)
Y
Using these notations we may rewrite the equations (2.56) and (2.54) as follows

Gn = Sp(a, 2), wy:=a+

1+ wpgn = (_1)mg171n+1wrrznil + an(a, Z)
(2.57) (wy, — a) + (wy, — @)%g, — gnl2|* = enla, 2).
Let n,n’ — oo. Consider the difference g, — g,». From the first inequality it
follows that
|6n7n’(a’ 2)| + |wy, — wi||gn + (_1)m+19:ﬁ+1(w:{1_2 R w::ff?”
Jwp 4 (= 1)y (wy, + (1) ™ g+ 4 gl

‘gn _gn” <

Note that max{|gn|, [g,/[} < 1 and max{|wy|, |w.|} < C+v for some positive
constant C' = C(m) depending of m. We may choose a sufficiently large V
such that for any v > Vjj we obtain

|5n,n’(0" z)|

(258) |gn - gn’| < + ;|wn — ’U)n/|.

Furthermore, the second equation in (2.57]) implies that
(wy, — wp) (1 4 gn(wy, + Wy — 2a0))
= (gn — g )((wn — a)2 - ’2‘2) + Ennr (@, 2).

It is straightforward to check that max{|w, — al, |wy —al} < (1+ e, (a, 2)|)|2].
This implies that there exists V4 such that for any v > V3

(2.59) [wn = wi| < lenw (o, 2)| + 412 |gn — gl

Inequalities (Z58]) and (Z59) together imply that there exists a constant Vj =
max{V{, V1 } such that for any v >V}

’gn - 9111‘ S lsn,n/(a, Z)‘?

where €, ,/(a,2) = 0 as n,n’ — oo uniformly with respect to v > Vj and
lul] < C (o =u+iv).

Since gy, g are locally bounded analytic functions in the upper half-plane we
may conclude by Montel’s Theorem (see, for instance, [3], p. 153, Theorem
2.9) that there exists an analytic function go in the upper half-plane such that
limg, = go. Since g, are Nevanlinna functions, (that is analytic functions
mapping the upper half-plane into itself) gy will be a Nevanlinna function too
and there exists some distribution function G(a, z) such that

e

00 0 — O
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and
An(z) :==sup|Gp(a,z) —G(a,z)] >0 as n — oc.

The function gg satisfies the equations ([2.25]). Thus Proposition is proved.
]

The Lemma 2.4] and Proposition together conclude the proof of Theorem
2.1l Thus Theorem 2.7]is proved.

3. THE MINIMAL SINGULAR VALUE OF MATRIX V(2)

We shall use the following theorem which was proved in [7].

Theorem 3.1. Assume that X, 1 < j,k < n, satisfy the conditions (CO)and
(UI). Let X = {Xj} denote a n x n random matriz with the entries X, and
let M, denote a non-random matriz with |M,|| < Kn® =: K,, for some K > 0
and @ > 0. Then there exist constants C, A, B > 0 depending on K,Q and p
such that

(3.1) P(s, <n B) <Cn4,
Lemma 3.2. Under the conditions of Theorem [l there exists a constant C
1

such that for any k < n(1 — CAZ7(2)),

P{si < An(2)} < CATT(2).

Proof. We may write, for any k =1,...,n,

P{sr < An(2)} <P{Gn(sk,2) < Gn(An(z),2)} <P{
Applying Chebyshev’s inequality, we obtain
nEG,(An(2), 2) < n(G(An(2), 2) + 2A,(2)

n—k - n—k '
It is straightforward to check that from the system of equations (2.25]) it follows

Plsp < An(2)} <

G(A,(2),2) < C’Aﬁ (2).

The last inequality concludes the proof of Lemma O
Lemma 3.3. Let ny := [n — nd,] + 1 and ny := [n — n?] for any sequence
0p — 0, and some 0 < v < 1. Under the conditions of Theorem [1.1 we have
1
m — (x(@)y — _ _
nh_)r{)lon Z Ins;j(X'") =0, for ¢g=1,...,m—1,
n1<j<na
1
m = (x (m) —
Jim — Z Ins;(X™ 4+ M,) =0,
n1<j<ne

where ||M,|| <n® for some Q > 0.
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Proof. The claim follows from the bound

(3.2) sj(X(”)—l—Mn)ch_], 1<j<n-n"
n

To prove this we need the following simple Lemma.

Lemma 3.4. Let lim, o 0, = 0 and let g;, forny < j <ng with0 <y <1
denote numbers satisfying the inequalities

n—3j

n®>q;>c -

for some constant QQ > 0. Then

1
lim — Z Ing; = 0.

n—oo N -
n1<j<ng

Proof. Note that
1
0< — E In g; <Qn " V1nn—0, as n — .
n .
n1<j<ng: q¢;>1

Without loss of generality we may assume that 0 < ¢; < 1. By the conditions
of Lemma, [3.4], we have

052 Y mg>t 3 m";j}:A.

n
n1<j<nz n1<j<ng

S

After summation and using Stirling’s formula, we get

1 711! v—1
(3.3) \AISEIH{W}S(Sn\lnén\—i—(l—'y)n Inn — 0 as n — oco.
This proves Lemma, [3.41 O

We continue the proof of Lemma B3l It remains to prove the inequality (3.2).
Similar result for matrices with independent entries was proved by Tao and Vu
in [19] (see inequality (8.4) in [19]). It represents the crucial result in their proof
of the circular law assuming the second moment only. For completeness we give
here a simple modification of their proof for the case of random matrices with
correlated entries. We start from the following

Statement 3.5. Let 1 < d < n —n" with % <<l and 0 <ec<1, and
H be a (deterministic) d-dimensional subspace of C". Let X; be independent
random variables with E X; = 0 and E \Xj]2 =1, squares of which are uniformly
integrable , i.e.

(3.4) max B | X; 2 T{|X;| > M} -0 as M — occ.
J
Let xT = (X1,...,X,) + (my,...,my) where m” = (my +...,m,) is non-
random vector. Then
(3.5) P{dist(x +m,H) < cv/n — d} = O(exp{—n=}),

where dist(X,H) denotes the Euclidean distance between a vector X and a sub-
space H in C™.
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Proof. Tt was proved by Tao and Vu in [19] (see Proposition 5.1). Here we
sketch their proof. As shown in [I9] we may reduce the problem to the case
that EX = 0. For this it is enough to consider vectors x’ and v such that
x =x + v and Ex’ = 0. Instead of the subspace H we may consider subspace
H' = span(H, v) and note that

(3.6) dist(x, H) > dist(x’, H').

The claim follows now from a corresponding result for random vectors with
mean zero. In what follows we assume that Ex = 0. We reduce the problem to

vectors with bounded coordinates. Let §; = I{|X;| > nliTw}, where X; denotes
the j-th coordinate of a vector x. Note that p, ;= E¢; < n~(1=7). Applying
Chebyshev’s inequality, we get, for any A > 0

P{> "¢ >2n"} < exp{—hn"} exp{np,(e" — 1 — h)}.
j=1

Choosing h = %, we obtain

(3.7) P> ¢ >2m7} < exp{—%}.
j=1

Let J C {1,...,n} and Ey = {[[;c,(1 = &) ];¢,& = 1} Inequality (B.7)
implies
P E n
>1— ——1
t U Erzi-enlt)
J:|J|>n—2n7

Let J with |J| > n — 2n” be fixed. Without loss of generality we may assume

that J = 1,...,n/ with some n —2n? < n’ < n. It is now sufficient to prove
that

v
(3.8) Pr{dist(x, H) < ev/n — d|E;} = o(exp{_%}).

Let 7 denote the orthogonal projection 7 : C* — C". We note that
(3.9) dist(x, H) > dist(m(x), 7(H)).

Let X be a random variable X conditioned on the event |X| < n'™7 and let
X = (Z1,...,%y,). The relation (B.8)) will follow now from

[P{dist(;',H,) < C\/HHI“H < nl—v’j ¢ J} = O(exp{—%}),

where H' = 7(H) and X’ = m(X). We may represent the vector Xas X = x' + v,
where v = EX and Ex’ = 0. We reduce the claim to the bound

(3.10)  P{dist(x’,H") < evn —d|laj| <07, ¢ T} = O(exp{_%})’

where H” = span(v,H’). In what follows we shall omit the symbol ’ in the
notations. To prove (B.10) we shall apply the following result of Maurey. Let
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X denote a normed space and f denote a convex function on X. Define the
functional @) as follows

o2
QF (@) == mf[f(y) + 2= Y

yeX 4

Definition 3.6. We say that a measure p satisfies the convex property (1) if
for any convex function f on X

| ew(@sidn [ expi=fian <1

We reformulate the following result of Maurey (see [12], Theorem 3). Following
Maurey we shall say that v has diameter < 1 as a short way to express that v
is supported by a set of diameter < 1.

Theorem 3.7. Let (X;) be a family of normed spaces; for each i, let v; be a
probability measure with diameter < 1 on X;. If v is the product of a family
(vi), then v satisfies the convex property (7).

As corollary of Theorem [B.7] we get

Corollary 3.8. Let v; be a probability measure with diameter < 1 on X, i =
1,...,n. Let g denote a convex 1-Lipshitz function on X". Let M(g) denote a
median of g. If v is the product of the family (v;), then

vllg — M(g)| > b} < dexpf~"1.

Applying Corollary B8 to v;, being the distribution of Z;, we get

(3.11) P {|dist(;<, H) — M (dist(%, H))| > ml%”} < dexp{—r?/16}.
The last inequality implies that there exists a constant C' > 0 such that
(3.12) | E dist (X, H) — M (dist(X, H))| < Cn 2,

and

(3.13) E dist (%, H) > /E(dist(X, H))2 — Cn 2 .

By Lemma 5.3 in [19]

(3.14) E(dist(x, H))? = (1 — o(1))(n — d).

Since n —d > n” the inequalities (312]), BI3) and BI4) together imply (B.5).

Now we prove ([3.2)). We repeat the proof of Tao and Vu [19], inequality (8.4).
Fix j. Let A, = X® — zM,, and let A’ denote a matrix formed by the first
n’ = n — k rows of /nA, with k = j/2. Let o; (o)), 1 <1 < n—k, be the
singular values of A, (A/) (in decreasing order). By the interlacing property

and re-normalizing we get
1

/
2 %Jn—j'

On—j
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By Lemma A.4 in [19]
(3.15) Ti=o\ 240l 2 =disty 2+ +dist, 2,
with
dist; = dist(x;, H;),
where x; is the j-th row of matrix A] and H; denotes hyperplane generated by

the n’ — 1 rows X1,...,X;-1,Xj4+1,...,X,y. Let 7; denote the projector onto
R?il in R™ defined by 7;(x) = (X1,...,X;-1,0.Xj41,...,X,). Then we have

dist(x;, H;) > dist(m;(x), 7; (H;)).

Note that vector 7j(x) and subspace 7;(H;) are independent and vector ;(x)
has independent coordinates. From (B.15])

. 2 ] -2 J o
T Z (] — ]C)O'/nfj = 50'/”7]' = %Un—j'

Applying Proposition B0 we get that with probability 1 — exp{—n"}

T<Z.
J
Combining the last inequalities, we get ([3.2]). Thus Proposition is proved.
g
This finishes the proof of Lemma. O

Lemma 3.9. Assume the assumptions of Theorem [I1] hold, then In(-) is uni-
formly integrable in probability with respect to {vy}n>1.

Proof of Lemma[3.9 Tt is enough to check that

(3.16) lim lim P (/ | In z|vy, (dx) > t> =0
0

t—o0o n—00

1
Let kg = [n(1 — CA; (2))]. We introduce the event
Qo :=Qp :={we :sn(X(Q)) >n b g=1,...,m—1,
50 (XM £ M) > n7b s, > An(2)}.
for some b > 0 which will be chosen later and M,, = —z([[7;* X(@)~1. Note
that the matrices X(™ and M, are independent and it follows from Theo-
rem B0 that | M,||2 < n® for some Q > 0 with probability close to one. From

Theorem B and Lemma B.3] we conclude that lim,,_ P(Q§) = 0. It follows
that it is enough to prove that

lim lim P (/ |Inz|v, (dz) > t,Qo> =0

t—00 Nn—00 0
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We may split the integral [ |Inz|vy,(dz) into three terms

An
Ty := —/ In zv, (dx, z),
0
Ant
Ty ::/ |In z|vy, (dx, 2),
Apn
[e.e]
T3 ::/ In zvy, (dz, 2).
Afl

Denote by n/ := kg + 1 and n” := [n — n'=?]. We consider the term 7} which
we may rewrite as

We shall use the following well-known fact. Let A and B be n X n matrices
and let s;(A) > --- > s,(A) resp. (s1(B) > --- > 5,(B) and s1(AB) > --- >
sn(AB)) denote the singular value of a matrix A (and the matrices B and AB
respectively). Then we have

(3.17) ﬁs] AB) > ﬁ
j=k j=k

and . .
Hsj(AB) = Hsj(A s
it i

for any 1 < k <n (see, for instance [I1], p.171, Theorem 3.3.4). From (BI7) it
follows that

1 m—1 n 1 n
T < - Z | Z In s;(X@) — " Z In s;(X™ +M,) =
q=1 i=n'+1 i=n'+1
——Z Z In s;(X(@) — Z In s;(X™ + M,,)
q=1 i=n/+1 Z n/+1
——Z Z In s;(X@) — — Z In s;(X™ + M,,)
q=1 i=n'"+1 z n'/ 41

From Lemma B3] inequality (8.3]) and definition of g it follows that
Ty <Cn” 'lnn+ AplInd,| — 0 asn — oo

For the term T3 we may write the bound
o
T35 < A, lnAn|/ 22, (dz,z) — 0 as n — oo,
0

where we have used the fact that 272 Inz is a decreasing function for z > \/e.
It remains to estimate T,. Integrating by parts and using (2.20) we write

AT
ET, < CA,|InA,| +/ |In z|dG(z, z) < 0o
Aqp
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Using Markov’s inequality we finish the proof of Lemma. O

4. APPENDIX
Lemma 4.1. Under the conditions of Theorem [ we have, for any j, k =
1,...,n, and forany 1 < a <8 <m,

E[Vaglir =0

Proof. For a = 3 the claim is easy. Let a < . Direct calculations show that

Pa Pa+1 Pp—1
(e) y(a+1) ®
E[Vo‘ Z Z Z EX] JIX]17]2 Xjﬁfouk =0
n T J1=lj2=1  jg_qa=1
Thus the Lemma is proved. O

In all Lemmas below we shall assume that
(4.1) EXY) =0, EXPP=1 [X)|<cravn a s
Lemma 4.2. Under the conditions of Theorem [L1l assuming ({.1]), we have,

for any1<a<B<m,
E|Vagl < Cn

Proof. We shall consider the case @ < 3 only. The other cases are obvious.
Direct calculation shows that

2 (@) y(at1) B 12
E HVO‘ﬁHQ T B—at1 Z Z Z Z ZE g1 J17J2 ”‘Xjﬁfavk]
J=1j1=1j2=1  jg_o=lk=1
By independents of random variables, we get
E|[Vagl3 < Cn
Thus the Lemma, is proved. ]

Lemma 4.3. Under the condition of Theorem [I1l and assumption ({-1]) we
have, for any j,k=1,...,n, andr > 1,

(4.2) E [ Vagerly < Cry B[ Vagejinld <C,

and

(4'3) E HejTVa,ﬁH%r <C, E Hek-i-nTVa,ﬁH%T <G,

with some positive constant C,. depending on r. Moreover, for any q=1,...,m
and any l,s =1,...,n,

(4.4) E{lle;"Vasld | X0, xP} < C,.

and

(4.5) E{[Vasell 13X, x$} < .
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Proof. By definition of the matrices V, g, we may write

lel Vi ﬁuz——Z S 3 XX

=1 |ja=1  jg_1=1
Using this representation, we get

1
n(ﬁ*a)r

XZZEH Z Z Z Z AJa, wdB—1rasi—1)

l1=1 lr=1 ¢=1 \Jja=1 J,@‘ 1= 1,](1_1 -]B 1=1

E|le] Vol =

where
A(l ) =
(Gavseedifm1d s erdf—1)
()57 () y(a41) - (at1) (B-1) (B-1) (8) (8)
(47) ij"‘Xﬁan"‘ja“Xjajaﬂ XJB 2Jp- 1X3,8—275—1X35 lquJB s

Rewriting the product on the r.h.s of (L6]), we get

1 *x lg)
T
(4.8) Ellej Vasls = (72 EH (<q> @ ~0) @)
TL I 7]5 171 --7]5_1)
where Y™ is taken over all set of indices 559 ...,jé'lzl,lq and ;... ,5};’21
Where],g),j(Q) L...oop, k=a,....,6=-1,1l;=1,...,nand ¢ = 1,...,r

Note that the summands in the right hand side of (£7)) is equal 0 if there is at
least one term in the product (A7) which appears only one time. This implies
that the summands in the right hand side of (4.8]) is not equal zero only if the
union of all sets of indices in r.h.s of (A7) consist from at least r different terms
and each term appears at least twice.

Introduce the random variables, for g =a+1,...,6 —1,
C(((Il)) (r) (1) (r) (1) () (1) ()
jq 10 7jq 17](] 7 7](1 7jq 10 7jq 17](1 7 7](]
x@ ..x@9 o x@9 o .x9
a5 PRI i)
and
(@) — X(C“) . X( a) X(C“) . 'X(a)
0,030,500 = Rgge Koy, X K e,
B 8 B) (6) B)
C () (1) =(r) 1 =X (1) X (T) l X LA XA(T) lg :
.]B 12" 7]ﬁ 17.7ﬁ 10 7]ﬁ 19 q .]B 19 ]ﬁ 1°9
Assume that the set of indices j((xl), ey jf{),j(&”, e ,%ér) contains ¢, different
indexes, say iga),. zga) with multipll(:ltles k% ), e ,kéj) respectively, k%”‘) +

4 k:(a) = 2r. Note that mln{k: krt(g)} > 2. Otherwise,



PRODUCT OF RANDOM MATRICES 35

\EC( ) 50 A(T)\ = 0. By assumption (@I, we have
7 Ja Ja s
2r—2t0
(49 B g, ol S i/
Similar bounds we get for |IEC Rk T |. Assume that the set

T 7]1 Jglindgiila

of indexes {]5 Lreee ,jg)l, jy\é )1, . ,jﬁ_l} contains tg_; different indices, say,

-(5*1) ()

1y » 1y~ with multiplicities
k%ﬁ ) kt((;)l respectively, k:gﬁ g kég)l = 2r. Then

(4.10) rEdm s e, | < Clr/n)P e

—12J1 75 19" 7]5 17

Furthermore, assume that for o +1 < ¢ < 8 — 2 there are ¢, different pairs of
indices, say, (ia,iq),-- - (its,iz,) in the set

G 0 FO TG00 T ) with mul
plicities
k‘gq), e ,k:gg). Note that

KO kO 2y

and

2r—2
(4-11) |E<((1) (r) (1) () 1) () (1) "(T)|<C(TTL\/_)T b,

Jg=1 7.]q 17.7(1 5. 7.]q WJg—1rJq=12Jq s3]

Inequalities (4.9)-(@I1) together yield

(4'12) ‘E H A(l (q) -(q) "(q) ’T(q) )’ < C(Tn\/ﬁ)%(ﬁ_a)_z(tl+"'+t’8_a).
IN 7]5 17] . /3_1

It is straightforward to check that the number N (tq,...,t3) of sequences of
indices

(1 ~(1 = 1 ~1 - .
{jé)a ,]ér),]g{), .. ’]gd)"" a]é )1"",jér)1’.]é )1""’jér—)1’l1"" ’lr} Wlthta""
of different pairs satisfies the inequality
(4.13) N(ta, ... tg) < Cnlet-tls
with 1 <t <r, i=aq,...,08. Note that in the case t, = --- = t, = r the
inequalities (£.9)— (@I1]) imply

4.14 E ¢ . oy am SC
(4.14) C]y)l, I T O R I R

The inequalities (L13]), [@I2)), (AIZ), and the representation (0] together
conclude the proof of inequalities (£.2]) and ([@3]). To prove the inequalities (£.4)),

(LX) note that in the case ¢ ¢ [, 8] and m — q ¢ [, 5] we have
E{lle;" Vasl¥

E{|Vasejnl3

ls

D} =Elle/ Vasl

x@ X(q>} =E|[Vagejinlly-

ls
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Thus in the case ¢ ¢ [a, f] and m — ¢ ¢ [a, (] the inequalities ([44]) and (435
are proved. Consider now the case ¢ € [a, f] and m — ¢ ¢ [a, §]. In this case
we may write

(4.15) Vs = Va1 (HO + X Dee,” + X Pee ) Vg,

ls sl

where the matrix H@b%) is obtained from the matrix H@ by replacement

the entries Xl(g) and Xilq) by zero. Note that the matrix H(@5%) and random

variables Xl(g) and Xl(sq) are independent. Let foqé’s) = Va7q—1H(q’l’s)Vq+175.
We may rewrite (£I5) in the form
(4.16)
vil, L T L T
Va,ﬁ = V‘(Jhﬁ 9 + %Xl(g)va,y—leles Vq+1,5 + %Xs(?)Va,q—lesel Vq+1’5
From the independence of Vi 4-1, V441,35, Xl(g), Xilq) and |Xl(sq)|/\/ﬁ < Ty, the
equality (416 it follows that

E{[[Vasel |13

60,60} <o (BIVELesl

+ T E[[Vau-1edly Elle” Vor1,pei3).

The last inequality concludes the proof of inequality (4£.4]) in the case q € [, f]
and m — q ¢ [a,5]. The proof of inequality (&3] is similar. The proof of
both inequalities (44 and (43 in the cases q ¢ [a, f] and m — q € [a, f] and
q € |, 8] and m — q € [, 8] is analogously. Thus Lemma [4.3] is proved. O

Lemma 4.4. Under conditions of Theorem [L1l assuming (4.1]), we have

1  C
E|-(TtR-ETrR)| < —.
n nv

Proof. We define the following matrices
H@) — H@ — eje;fFH(q) — H(q)eje;fp,
and

H(m—a+15) — gim—g+l) _ fp(m—q+1) H(m—atD)

T T
€j+n€jtn — €j+n€jin

for g =1,...,m and j = 1,...,n. For simplicity we shall assume that ¢ <
m — g+ 1. Define

q—1 m—q m
V) = [THP H) ] H@AM-) [ HO.
p=1 B=q+1 p=m—q+2

Let V(@9)(2) = V@1)J — J(z). We shall use the following inequality. For any
Hermitian matrices A and B with spectral distribution function F4(x) and
Fp(x) respectively, we have

rank(A — B)

(4.17) | Tr(A — o)™ = Tr(B —od) | < —"— 2,
(%
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where o = u + iv. It is straightforward to show that

(4.18) rank(V(z) — V%9 (2)) = rank(VJ — V(@) J) < 4.
The inequalities (£17)) and (@IS together imply

<.

nv

1 A
—(TrR — TrR@7)| <
n

After this remark we may apply a standard martingale expansion procedure. We
introduce o-algebras F ; = O’{Xl(k), <Lk <mn XI(;?), B=q+1,...m,ps=
1,...,n,} and use the representation

m n
TTR-ETTR=) Y (E ;-1 TTR-E,; TrR),

q=1 j=1
where E, ; denotes conditional expectation given the o-algebra F, ;. Note that
Fan = Fgi1,0 and E ;1 TTR@) =B, ; Tr R@9). O
Lemma 4.5. Under the conditions of Theorem [ 1l we have, for 1 < a < m,
2

1 [ - C

E|- kzl[vaﬂ,mJRVLma]mn —E}%[Va+1,mJRV1,ma]kk+n <
= ]:
and, for 1 <a<m—1,
2

L[ - C

E E Z[Vm—a-l—Q,mJRVl,m—a—l—l]k,k - EZ[Vm—a—i—Z,mJRVl,m—a—l—l]kk < W

k=1 j=1

Proof. We prove the first inequality only. The proof of the other one is similar.
Let H(@) and H(™—9t19) be the matrices defined in the previous Lemma,

for ¢ = 1,...,m and for j = 1,...,n. We introduce as well the matrices
X(27) = X(@) — ejeJTX(q) — X(q)eje?. Note that the matrix X(%9) is obtained

from the matrix X@ by replacing its j-th row and jth column by a row and
column of zeros. Similar to the proof of the previous Lemma we introduce the
matrices V( 7) by replacing in the definition of V.4 the matrix H@ by H@J)

and the matrlx H(m—at1) by H(m—a+19) For instance, if c<m —q¢g+1 < d we
get

‘ qg—1 ‘ m—q _ ‘ d
ngc}]) — H H® H @) H H® F(m—a+1.9) H H®.
B=c B=q+1 p=m—gq+1
Let V(@) .= Vg?;i) and RU) := (V(@9)(z) — aI)~'. Introduce the following
quantities, forg=1...,mand j=1,...,n,

n n

Eq,j = Z[VaJrl mJRVI ,m— a+1 kk+n — Z ngijl JR qj)V(qrr]L) a+1]kk+n
k=1 k=1
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We represent them in the following form

(1) (2) ®3)

S =2 0 T =05
where
n
Eéla) = Z[(V%Lm - Vt(zﬁ]i),m)Jva,m—a+1]k‘,kJrna
k;;l
51(12]) = Z[ng«ﬁji),mJ(R —RYYINIVai 1]k ptns
k:l
Eégj) = Z[Va]ll,mJR(q’j)( Vim—a+1 — Vg(,];i)—a-i-l)]k,kJrn-
k=1
Note that

Varim = VI = Va1 (HO —HOD) V4,
+ Va+17q—1H(q’j)vq—l—lm—l/(ﬁm—q-kl - ﬁgf—q-ﬁ-l)vm—q—klm-

By definition of the matrices H%J and ﬁm_‘ﬁ'l’j, we have

n

Z[(V‘H_l’m - V((;zgl{m)JRVLm—q-i-l]k,kJrn = [Vq-i-l,mJRVl,m—a—I—ljVa-f—LQ]jJ
k=1

+ [Vm—q—l—Z,mJRVl,m—a—i—ljva—i—l,m—a—l—l]j—l—n,j-‘rny
= (O 2 |
1-(3 o)

E < Vot BV e a1 Va1 gl il

where

This equality implies that

+ | [meq+2,mJRV1,mfa+1jVaJrl,quJrl]jJrn,jJrn|-

Using the obvious inequality Y7, a?

: o105 < |A3 for any matrix A = (aji),
1, k=1,...,n, we get

n
Ty =Y EIEV] <E Vet mIRVim-ar13 Vil
j=1

+E "Vm—q+2,mJRV1,m—a+1jva+17m—q+1 H%
By Lemma 4.2 we get

Cn

C
(4.19) Ty < WE Vart.mVim—at1ls < )

Consider now the term

n
—(2
T, =3 EIE"
7j=1
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Using that R — RY) = —RU)(V(2) — V(@9 (2))R, we get

<D IVIEDIRV)  reje] Vi mBY 1)k k|
k=1

=(
=
=

q,
< FTHOV 0 (JHO DV, RV, VY TRV

This implies that
Ty < CE||[Vy1.mIRV1 Vo IRV, |I5.

It is straightforward to check that
C 3 ,
(420) To < S E[ViodHO Voo o HM IV 003 = E(Q3

The matrix on the right hand side of equation ([4.20]) may be represented in the
following form

Q= ﬁ H(Q)”‘f’
q=1

(9)

where s, = 0 or 5, = 1 or s, = 2. Since XP =0, for 52 =1 or » = 2, we have

C
E[H?, 2 < =,
HOGP < =
This implies that
Similar we prove that
=)
—(3
(4.22) Ty:=>» E|Z;7> < Cn.
j=1

The inequalities ([A19]), ([A21)) and (£22)) together imply

n
ZE Zq5” < On

j=1

Applying now a martingale expansion with respect to the o-algebras F; gener-

ated by the random variables X lg(llﬂ) with 1 < k < j,1 <1 <n and all other
(@)

random variables X o

except ¢ = a+ 1, we get

2
n

n

C
E [VaJrl,mJRVl,mfa]kk—i—n -E E [VaJrl,mJRVl,mfa]kk—l—n < ’I’LU4.
k=1 j=1

E

S|

Thus the Lemma is proved. O
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