arXiv:1405.7820v4 [math.PR] 2 Jul 2015

Optimal Bounds for Convergence of
Expected Spectral Distributions to the
Semi-Circular Law

F. Gotze A. Tikhomirov!
Faculty of Mathematics Department of Mathematics
University of Bielefeld Komi Science Center of Ural Division of RAS,
Germany Syktyvkar State University
Russia
|
Abstract

Let X = (X))} -, denote a Hermitian random matrix with entries
Xk, which are independent for 1 < j < k < n. We consider the rate
of convergence of the empirical spectral distribution function of the
matrix X to the semi-circular law assuming that EXj;, = 0, EXJZk =1
and that

sup sup E|Xj|* = s < o0,
n>11<j,k<n
and
sup | Xjk| < Don.
1<j,k<n
By means of a recursion argument it is shown that the Kolmogorov dis-
tance between the expected spectral distribution of the Wigner matrix

W= ﬁX and the semicircular law is of order O(n~1).

1 Introduction

Consider a family X = {X,;}, 1 < j <k < n, of independent real random
variables defined on some probability space (€, M, Pr), for any n > 1. As-
sume that X, = Xj;, for 1 < k < j < n, and introduce the symmetric
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matrices
X1 X2 o Xig
1 Xor Xoo -0 Xop
W= — . . .
an Xn2 o er
The matrix W has a random spectrum {\1,...,\,} and an associated

spectral distribution function F,(z) = L card{j < n : \; < z}, =z €
R. Averaging over the random values X;;(w), define the expected (non-
random) empirical distribution functions F,(z) = E F,(z). Let G(x) de-
note the semi-circular distribution function with density g(z) = G'(z) =
V4 — 22[_5 9)(x), where Ij, ;) () denotes the indicator-function of the in-
terval [a,b]. The rate of convergence to the semi-circular law has been stud-
ied by several authors. We proved in [13] that the Kolmogorov distance be-
tween F,,(x) and the distribution function G(z), A} := sup, |Fn(z) — G(z)|
is of order Op(n_%) (i.e. n%AfL is bounded in probability). Bai et al.[I], [2]
and Girko [§] showed that A,, := sup, |F,(z) — G(z)| = O(n_%). Bobkov,
Gotze and Tikhomirov [4] proved that A, and EAY have order O(n_g) as-
suming a Poincaré inequality for the distribution of the matrix elements. For
the Gaussian Unitary Ensemble respectively for the Gaussian Orthogonal
Ensemble, see [12] respectively [21], it has been shown that A, = O(n™1).
Denote by vp1 < ... < Ypnp, the quantiles of G, i.e. G(vp;) = %, and intro-
duce the notation llog,, := loglogn. Erdos et al. [6], [7] showed, for matrices
with elements X, which have a uniformly sub exponential decay, i.e.

Pr{|Xx| > t} < Aexp{-t"}, (1.1)

for some s > 0, A > 0 and for any ¢ > 1, the following result

=

Pr{3j: Ay — | = (logn) ™% | min(j, N = j+1)| "n73}
< Cexp{~(log n)° 80},
(1.2)

for n large enough. It is straightforward to check that this bound implies
that

Pr{sup | F(z) — G(z)| < Cn~(log n)cuog"} > 1 — Cexp{—(logn)cloen},

(1.3)
From the last inequality it is follows that EAZ < Cn~!(logn)® "°8=. Similar
results were obtained in [20, Theorem 32|, assuming additionally that the
distributions of the entries of matrices have vanishing third moment.
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In this paper we derive the optimal bound for the rate of convergence
of the expected spectral distribution to the semi—circular law. Using argu-
ments similar to those used in [I7] we provide a self-contained proof based
on recursion methods developed in the papers of Gotze and Tikhomirov [13],
[9] and [22]. It follows from the results of Gustavsson [14] that the best pos-
sible bound in the Gaussian case for the rate of convergence in probability
is O(n='y/logn). The best possible bound for A,, is of order O(n~1). For
Gaussian matrices such bounds were obtained in [I2] and [2I]. Our setup
includes the case that the distributions of X, = X](.Z) may depend on n. In
the following we shall investigate the rate of convergence of expected spec-
tral distribution function F,,(z) = EF,(x) to the semi-circular distribution
function by estimating the quantity A,. The main result of this paper is
the following

Theorem 1.1. Let EX; =0, EXJZk = 1. Assume that

sup sup E|Xj|* = < 0. (1.4)
n>11<j,k<n

Assume as well that there exists a constant Dy such that for all n > 1

sup | Xkl < Doni. (1.5)
1<jk<n

Then, there exists a positive constant C = C(Dy, pg) depending on Dy
and pg only such that

A, = sup |F,(z) — G(z)] < Cnt. (1.6)

Corollary 1.1. Let EXj;, =0, Eijk = 1. Assume that

sup sup E|[X;;|® = us < cc. (1.7)
n>11<j5,k<n

Then, there exists a positive constant C = C(ug) depending on us only such
that
A, <Cn™l (1.8)

Remark 1.2. Note that the bound (L) in Theorem[I1 and the bound (L8
in the Corollary [ 1] are not improvable and coincide with the corresponding
bounds in the Gaussian case.
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We state here as well the results for the Stieltjes transform of the ex-
pected spectral distribution of the matrix W. Let R denote the resolvent
matrix of the matrix W,

R:=R(z) = (W —2I)" %,

Here and in what follows I denotes the unit matrix of corresponding dimen-
sion. For any distribution function F'(z) we define the Stieltjes transform
sp(z), for z = u +iv with v > 0, via formula

sF(z):/oo ! dF ().

e T — 2

Denote by m,,(z) the Stieltjes transform of the distribution function F, (z).
It is a well-known fact that

1~ 1 1
n = — = —-TrR.
mn(2) njzz:l)\j—z n

By s(z) we denote the Stieltjes transform of the semi-circular law,

—2+V22—4
s(z) = —

The Stieltjes transform of the semi-circular distribution satisfies the equation
s2(2) 4+ zs(z) +1=0 (1.9)

(see, for example, [13], equality (4.20)]).
Introduce for z = u + 7v and a positive constant Ag > 0

v := Agn™ Y, and v = ~(2) == |2 — |u]]. (1.10)
For any 0 < e < %, and Ay > 0, define a region G = G(Ag,ne) C C4, by
G={z=u+iveCi:—2+e<u<2—¢v>v/\/v(2)}  (1.11)

Let a > 0 be a positive number such that

l/ L u-— % (1.12)

2
T Jjuj<a U=+ 1

We prove the following result.
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Theorem 1.3. Let 1 > ¢ > 0 be a sequence of positive numbers in (11
such that

(NI

€2 = 2upa. (1.13)

Assuming the conditions of Theorem [I1l, there exists a positive constant

C = C(Dy, Ao, p14) depending on D, Ay and py only, such that, for z € G

C C
[Emn(2) —s(2)| £ —5 + = I
nvi  n2v2|z2 — 41

1.1 Sketch of the Proof

1. We start with an estimate of the Kolmogorov-distance to the Wigner
distribution via an integral over the difference of the corresponding Stielt-
jes transforms along a contour in the upper half-plane using a smoothing
inequality (ZI)) and Cauchy’s formula developed by the authors in [11I] The
resulting bound (2.3)) involves an integral over a segment at a fixed distance,
say V = 4, from the real axis and a segment u +iAgn~(2 — |u|)_%, lu| <2
at a distance of order n~! but avoiding to come close to the endpoints 2
of the support. These segments are part of the boundary of an n-dependent
region G where bounds of Stieltjes transforms are needed. Since the Stieltjes-
transform and the diagonal elements R;;(z) of the resolvent of the Wigner-
matrix W are uniformly bounded on the segment with Imz = V by 1/V
(see Section [3.I]) proving a bound of order O(n~!) for the latter segment
near the x-axis is the essential problem.

2. In order to investigate this crucial part of the error we start with the 2nd
resolvent or self-consistency equation for the expected Stieltjes transform
resp. the quantities R;;(z) of W (see ([B:2) below) based on the difference
of the resolvent of W) (jth row and column removed) and W. For the
equivalent representation for the difference of Stieltjes transforms ( see (33)))
we have to show an error bound of order O((m})_%]zz — 4\_i) for z € G.
To prove this bound we use a recursive version of this representations as in
(532). Obviously bounds for E|R;;[P for z = u + iv close to the real line
are needed for the sufficiently large p, (p = O(logn)), which follow once the
error terms ¢; are small in the region G. But proving that E|¢;|P is small
requires in turn again bounds of E|R;;|?P.

An approach suggested recently in [I7] turns out to be very fruitful in deal-
ing with this recursion problem. Assuming that E|R;;|?’ < C’gp for some
z = u + v, we can show that E|R;;|? < C¥ with z = u + iv/sy with some
fixed scale factor sg > 1. This allows us to prove by induction a bound of
type E|R;;|? < C{ for some fixed ¢ (independent of n) and z = u + v with
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v > Cn~! starting with E|R;;[P < CF for p = s{ and 2z = u + iv for fixed
v = 4, say. The latter assumption can be easily verified.

Note that one of the errors, that is €2, in ([8.2) is a quadratic form in indepen-
dent random variables. Thus, in case that W has entries with exponential
or even sub-Gaussian tails, inequalities for quadratic forms of independent
random variables, like [I1], Lemma 3.8, or [17], Proposition A.1 could be
applied.

Assuming eight moments in Corollary [IL.T] or four moments and a trunca-
tion condition in Theorem [I.1] only, we can’t use these strong tail estimates
for quadratic forms anymore. Our solution is an recursive application of
Burkholder’s inequality for the pth moment resulting in a bound involving
moments of order p/2 of another quadratic form in independent variables in
each step. This is the crucial part of the moment recursion for R;; described
above. Details of this procedure are described in Sections 5.1l and

3. In Section [0l we prove a bound for the error A, := Em,(z) — s(z) of the
form (m})_% + (nv)_% |22 — 4|_i which suffices to prove the rate O(n!) in
Theorem[LIl Here we use a series of martingale-type decompositions to eval-
uate the expectation Em,,(z) combined with the bound E|A,|? < C(nv)~2 of
Lemma in the Appendix which is again based on a recursive inequality
for E|A,|? in (Z71). A direct application of this bound to estimate the error
terms €4 would result in a less precise bound of order O(n~'logn) in Theo-
rem [Tl Bounds of such type will be shown for the Kolmogorov distance of
the random spectral distribution to Wigner’s law in a separate paper. For
the expectation we provide sharper bounds in Section involving m/, (z).
4. The necessary auxiliary bounds for all these steps are collected in the
Appendix.

2 Bounds for the Kolmogorov Distance of Spectral
Distributions via Stieltjes Transforms

To bound the error A,, we shall use an approach developed in previous work
of the authors, see [13].

We modify the bound of the Kolmogorov distance between an arbitrary
distribution function and the semi-circular distribution function via their
Stieltjes transforms obtained in [13, Lemma 2.1]. For = € [—2,2]| define
v(z) := 2 — |z|. Given § > ¢ > 0 introduce the interval J. = {z € [-2,2] :
v(z) > e} and J, = J. /. For a distribution function F' denote by Sr(z) its
Stieltjes transform.
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Proposition 2.1. Let v > 0 and a > 0 and % > e > 0 be positive numbers
such that . 1 5

and
2va < e2. (2.2)

If G denotes the distribution function of the standard semi-circular law, and
F is any distribution function, there exist some absolute constants C1 and
Cy such that

A(F,G) = sup |F(x) — G(z)]

r ) v 3
< 2su Im/ Sr(u+i—) — Sg(u+i—))du| + Civ + Caez.
x€£| _Oo( al \/’7) el \ﬁ)) |+ C 5

Remark 2.2. For any z € J. we have v = ~(z) > € and according to
condition (2.2)), % <s.

For a proof of this Proposition see [I1], Proposition 2.1] .

Lemma 2.1. Under the conditions of Proposition [2.1, for any V > v and
0<wv< % and v = v/\/7,7 = 2 — |z|, v € J. as above, the following
inequality holds

/I (Im (Sp(u+ ') — Se(u+w'))du

—00

sup
FISHA

g/ 1S (u+iV) — Se(u+iV)|du

—00

+ sup
zeJL

1%
/ (Sr(z + tu) — Sg(z +iu)) du| .

!

Proof. Let x € J. be fixed. Let v = y(z). Put z = u + iv’. Since v/ =
% < &, see (2.2), we may assume without loss of generality that v < 4
for z € JL. Since the functions Sp(z) and Sg(z) are analytic in the upper
half-plane, it is enough to use Cauchy’s theorem. We can write for z € J.

/m Im (Sp(2) — Sg(2))du = Im{ lim ’ (Sp(u+iv') — Sa(u +iv'))du}.

— 00 L—oo —L
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By Cauchy’s integral formula, we have

/x (Se(2) — Sex(2))du = / (Se(u+iV) — Se(u +iV))du

—L —-L

|4
+ / (Sp(—L + iw) — Sa(—L + iw))du

/

v
- / (Sp(x + iu) — Sa(z + iu))du.

/

Denote by £ (resp. 1) a random variable with distribution function F'(x)
(resp. G(z)). Then we have

1

_ 2
EEE— =1 —
A — <w Pr{]§\>L/2}+L,

|SF(—L +iu)| = ‘E

for any v/ < u < V. Similarly,
- 2
[Sa(—L +iu)| < o' Pr{ln| > L/2} + 7.

These inequalities imply that

1%
/ (Sp(—L+iu) — Sg(—L + iu))dul -0 as L — oo,

which completes the proof. O
Combining the results of Proposition 2.1] and Lemma 211 we get

Corollary 2.2. Under the conditions of Proposition [21] the following in-
equality holds

A(F,G) §2/ ‘Sp(u—i-iV) —SG(U+iV)‘dU+01UO+CQE%
o y
+ 2 sup / |SF(x 4 iu) — Sg(z + iu)|du, (2.3)
xeJ. Jo'

Vo

where v/ = el with v = 2 — |z| and C1,Cy > 0 denote absolute constants.

3 Proof of Theorem [1.1]

Proof. We shall apply Corollary to prove the Theorem [l V\ée choose
V =4 and vg as defined in (I.I0) and use the quantity € = (2avg)3 .
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3.1 Estimation of the First Integral in (2.2]) for V =4

Denote by T = {1,...,n}. In the following we shall systematically use for

any n X n matrix W together with its resolvent R, its Stieltjes transform m,,

etc. the corresponding quantities W) | its resolvent R®) and its Stieltjes
(4)

transform my, ’ for the corresponding sub matrix with entries Xz, j,k € A,
AcCT={1,...,n}. Observe that

=t (A) — 4
Let To = T\ A. By M) we denote the o-algebra generated by X, with
I,k € Ty. If A = () we shall omit the set A as exponent index.
We shall use the representation
1
Rjj = 1 1 ()’ (3-1)
=2+ = X — a2k ger, Xip X Ry

(see, for example, [13, equality (4.6)]). We may rewrite it as follows

z + mn(Z) z + mn(Z) IR

Rjj=—
where €j=¢€j1t¢€j2+¢Ei3+¢€j54 with
o 1
€1 = TXJJ’ €j2 = —— Z lel )
" tier,

1 .
&3 :--Z X% 1R, &= ~(TrR — TrRY).
=

Let 1
Ay =AM (2) i=mp(2) — s(z) = ETrR — s(z).

Summing equality (3.2) in j = 1,...,n and solving with respect A,,, we get

Ty
z+mp(2) +s(z)’

Ay =my(z) — s(z) = (3.3)

where

1 n
= ; Z&jRjj.
j=1
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Obvious bounds like |z+s(2)| > 1, [A\j—z|7! < vt max{\Rgf‘];) (2)], ]mg)(z)]}
v~1, imply that for V =4 and for any J C T,

m{(2)]
|5() = mP ()]

IN

IN

1
< Sle+s(2)]

(NN SN
IN

1
§|z + s(2)|, a.s.

IN

and therefore,
1
2+ m{ () + 5(2)] > lz sl 2 +m{ ()] > 5 !8(2) +z. (34)

Using equality ([3.3]), we may write

EA, = -3 B0

nig et mp(z) + s(2)
4 n
1 gjus( €j —s(2))
— _ E Jv ]V ]
1;1”;:1 Z 4 iy ( +Z Z z—i—mn + s(2)

We use that E{¢;, oMU} =0, for v = 1,2,3 and obtain

=-E - .
2+ mn(2) + 5(2) (z+mP (2) + 5(2)) (2 + ma(2) + 5(2))
Thus, according to inequalities (3.4]), Lemmas [7.8] [7.9] [7.10] in the
Appendix and equation (L9]), we obtain

1< gjvs(z
B L T ZE|6J46W|< £

= z—|—mn(2)+8( )

1 Z 511/8 z) 3 €jvejas(z)

) \

I\

N\OJ

where C depends on 4 only. For v = 4, Lemma [.12] in the Appendix,
inequality ([3.4]) and relation (EI:QI) yield

Z ’2+mn ’8]4‘ ( )’ — %’3(2)’2 (3'5)

with some absolute constant C'. Furthermore, applying the Cauchy — Schwartz
inequality and inequality (3.4]) and relation (LJ]), we get

3
‘Z ]E: Zej—ymn —I—(S ‘_ |Z;ZE2|€JV| E2|RJJ s(2)]%.

(3.6)

N
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We may rewrite the representation ([3.2)) using A,, = m,(z) — s(z) and (L9)
as (compare ([3.1])

Rjj = s(z) — s(2)e;Rj5 — s(2) An Ry (3.7)

Applying representations (3.3) and ([B.7) together with 34) and |R;;| < 1,

we obtain
E|Rj;(z) — s(2)” < Cs(2) ZE!Q\Q (3.8)

Combining inequalities (3.6]) and (B.8]), we get

4 n
\Z Z SAB =) | < clst YD B 69
Applying now Lemmas [T.8] [7.9] [[.T0] and [7.12] we get
ciulRig —5(2) | Ol 510
z + mn + s(2) n
Inequality ([B.3) and (3I0) together imply
|EA,| < %|3(z)|2. (3.11)

Consider now the integral

Int(V) = /OO |[Emy,(u+1iV) — s(u +1iV)|du

—00

for V' = 4. Using inequality (B.I1]), we have

Int(V)] < %/ ls(u+ Vi) 2du.

— 00

Finally, we note that

/_Z )l dw</ / mdudF( ) < % (3.12)

Therefore,

/ |Emy, (u+1iV) — s(u+iV)|du < % (3.13)
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3.2 Estimation of the Second Integral in (Z3)

To finish the proof of Theorem EI:I] we need to bound the second integral
in (Z3) for 2 € G and vg = Agn~!, where ¢ = (2cwo)3 is defined in such
a way that condition (2.2)) holds. We shall use the results of Theorem [L[3]
According to these results we have, for z € G,

¢ + . C : (3.14)

‘Emn(z) - 3(2)‘ < 3 3 3 1
1 n2v2’22—4‘4

nv

We have
v \%
dv 1 d
/ |E(mp(x + iv) — s(x + iv))|dv < — " / v — + / _g

T [, 3
NG W“ ny/ny1 J 2% w2

After integrating we get

v 1
/ B(ma(z +iv) — s(@+i)ldv < £+ — < (315
Uo/ﬁ n n\/_74v(; n
Inequalities (B.I3) and (3.I5) complete the proof of Theorem [Tl Thus
Theorem [Tl is proved. O

4 The proof of Corollary I.1]

To prove the Corollary [[.T] we consider truncated random variables X 51 de-
fined by

1
X1 = Xul{| Xy < eni}. (4.1)

Let F, ( ) denote the empirical spectral distribution function of the matrix
—~ NP
W = T(le )-

Lemma 4.1. Assuming the conditions of Theorem [I1l there exists a con-
stant C' > 0 depending on ug only such that

IN
s 1a

E{sgp |F(2) — Ful)|}

Proof. We shall use the rank inequality of Bai. See [3], Theorem A.43, p.
503. According this inequality

E{sgp | Fplz) — Fu(z)|} < %E{rank(X - X))
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Observing that the rank of a matrix is not larger then numbers of its non-
zero entries, we may write

~ 1 — 1 1 — C
E{sup | F,(z)—F,(z)|} < - Z EI{|X;x| > Cni} < 3 Z E|Xjk|8 < :8‘
X
j?k:]- j?k:]-

Thus, the Lemma is proved. O

Note that in the bound of the first integral in ([2:3]) we used the condition
(T4]) only. We shall compare the Stieltjes transform of the matrix W and
the matrix obtained from W by centralizing and normalizing its entries.
Introduce X]k = Xjk — EX]k and W = T(Xjk)gk .- We normalize the
r.v.’s Xjk. Let ij =E|X k|2 We define the r.v.’s X k=0 X jk- Finally,
let mp(z) ( resp. mp(z), mp(z)) denote Stleltjes transform of empirical
spectral distribution function of the matrix W = %(Xjk) Tp—1 (resp. W,

Remark 4.1. Note that
X < Dini, EXj; =0 and EX} =1, (4.2)

for some absolute constant Dy. That means that the matriz w satisfies the
conditions of Theorem [L.3.

Lemma 4.2. There exists some absolute constant C depending on ug such

that
C

E[mn(z) — mn(2)] <
Proof. Note that
. 1w L1 N 1 L1
My (2) = ETY(W —2I)7 = —TrR, myu(z) = =Tr (W —2zI)7" =: —TrR.
Therefore,
_ . PR DU
mp(z) — mp(z) = ETY (R-R) = ETr(W — W)RR. (4.3)

Using the simple inequalities |[Tr AB| < [|A||2]|B||2 and ||AB||2 < || A]/||B]|2,
we get

~ o _ 1.5 ~ 1,557 %
Eliit(2) — ()| < n7'E2 |R|*|R|ZE? [W — W3, (4.4)
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Furthermore, we note that,

W W = (1= ) %), (4.5)
and
IW = Wiz < max {1—0j}[Wl,.
Since
0<1l—oj < 1—0]2-k < Cn_%,ug,
therefore

E|W - W3 < Cpdn 2. (46)
Applying Lemma inequality (Z.I1]) in the Appendix , we get

N
N

< v_%\/ﬁ(lmﬁln(z)) :

(4.7)

G u
B2 [RIZIRIZ < o ' BIRIZ < o' (Y BIRP)
7.k

Usin now inequalities (4.6) and (4.1), we obtain

(NI

_ . s 3/l & <
Elin(2) = i (2)] < Cndo7E (1) BIRy )
j=1

According Remark 1] we may apply Corollary [£.14] in Section [B] with
q = 1 to prove the claim. Thus, Lemma is proved. O

Lemma 4.3. For some absolute constant C > 0 we have

~ ~ Cus
E[mn(2) —mn(2)| £ —5—5-
n2v?2
Proof. Similar to (£3)), we write
| PSR I
My (2) — mp(z) = ;Tr (R-R)= gTr (W —W)RR.
This yields
E|iit(2) = min(2)] < 07 E[R[[|R[2|[EW 2. (4.8)

Furthermore, we note that, by definition (4.I]) and condition (I.7]), we have

IEX ;i < Cnips. (4.9)
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Applying Lemma [0 inequality (Z.I1]), in the Appendix and inequality
(@3), we obtain using ||R| < vt

E|fitn(2) — fin(2)] < 010" 2E2 |, (2)].

By Lemma [£.2]
E|mn(2)| < Elma(2)| + C,

for some constant C' depending on ug and Ag. According to Corollary [5.14]
in Section with ¢ =1

1 &
E|m < — | <
[ (2)] < n ZE|R]J| <,
7=1
with a constant C' depending on g4, Dg. Using these inequalities, we get

~ - Cus Cus
E‘mN(Z)_mn(Z)’< 7 3 < 3 3°

- niv?2 - n2v2

Thus Lemma [4.3] is proved. d

Corollary 4.4. Assuming the conditions of Corollary L1, we have for z €

G,
c C

+ .
(nv)% nzvzﬁ

Proof. The proof immediately follows from the inequality

|[Em,(z) — s(2)|] <

[EMman(2) = s(2)| < [E(Mn(2) — min(2))] + [Emn(2) — s(2)],
Lemmas and [£.3] and Theorem L3l d
The proof of Corollary [IT] follows now from Lemma ET] Corollary 2.2]
inequality (B.13) and inequality

v C
sup / |Em,(z + iv) — s(x + iv)|dv < —.
rE€Je vo/ﬁ n
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5 Resolvent Matrices and Quadratic Forms

The crucial problem in the proof of Theorem [I.3]is the following bound for
any z € G

E|Rj;[" < CP,
for j =1,...,n and some absolute constant C' > 0. To prove this bound we

use an approach similar to the proof of Lemma 3.4 in [I7]. In oder to arrive
at our goal we need additional bounds of quadratic forms of type

ot s (%)

To prove this bound we recurrently use Rosenthal’s and Burkholder’s in-
equalities.

5.1 The Key Lemma

In this Section we provide auxiliary lemmas needed for the proof of Theorem

L1
For any J C T introduce Ty = T\ J. We introduce the quantity, for some

JcCT,
5= o 2 (X me)]

qeTy reTy

By Lemma [(.6] inequality (.I12]) in the Appendix, we have

EBY) <v? ZE[R . (5.1)
q€eTy

Furthermore, introduce the quantities

Ql(jj’k) = Z ‘ Z Xkral(fky) )

€Ty reTyn{1,...,1-1}
J.k
Q' = 3l
reTy
J,k
Qz(/2 = Z (XZ, — Daldrv D),
reTy
QY = 3 X Xpgalfh ), (5.2)

r#q€Ty,



Rate of Convergence to the Semi-Circular Law 17

(J;k,0)

where, agr are defined recursively via
1,k,0 Ik
afh? = ngr ),
fﬁik v = Z afﬁlﬂ’k’u)ﬁg’k’u), forv=0,...,L. (5.3)

le{max{q,r}+1,...,n}NTy 1,

Using these notations we have

QPP = QY + Q%M + QY. (5.4)
Lemma 5.1. Under the conditions of Theorem [I.1] we have
> e < (3 R (3 GHIE). 6
reTy k L,reTy g, 1eTy 1

Moreover,

Z |aszx+1)| §( Z |aJku)|)‘ (56)

q,m€Ty 1 q,7€Ty 1

Proof. We apply Holder’s inequality and obtain

k Ik, Ik,
‘a.,]I u+1 SZ’afﬂ v,zzy( v)

IGTJ’k lETJ k

Summing in ¢ and r, (5.5) and (5.6]) follow.

Corollary 5.2. Under the conditions of Theorem [I.1] we have
Z lalJk))2 < <<Imm( )(2) + i) U_1>2V
q,m€Ty 1 v - nv

and

2v—1
Z \a (k) |2 < <<Imm D(z) + i) U_1> n_lv_llmR(gﬂ’k).
nov

reTy
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Proof. By definition of aé{’k’o), see (B3), applying (Lemma equality

(TII) in the Appendix), we get
1 1y _
> P <L Y IREOR < () + )t 6
q,r€Ty k q,r€Ty k
and by definition (5.3)),
1
D lagtOr < 30 IRGOP. (5:8)
TET‘]],)C " TET‘]]V)C

The general case follows now by induction in v, Lemma[5.Il and Lemma
inequality (ZI2]) in the Appendix. O

Corollary 5.3. Under the conditions of Theorem [I.1] we have

ov—1
a(Lkv+l) < <<Imm9)(z) + i) v_1> n~ o™ Hm RIA), (5.9)
nv
Proof. The result immediately follows from the definition of aﬁ’ﬁ’”’ and Corol-
lary O

In what follows we shall use the notations

VO = tmmf§(z) + -, (AG)? = BEO)E 02, T~ B,

AD =14 Er|wd)P, (5.10)

Let s denote some fixed number (for instance sg = 2%). Let A; be a constant
(to be chosen later) and 0 < v; < 4 a constant such that vy = Agn~t < vy
for all n > 1.

Lemma 5.4. Assuming the conditions of Theorem[I 1l and for p < Ay (nv)%
E\Rgf‘]]]-)]p < CP. forv>wy, forallj=1,...,n, (5.11)

we have for v > vi/sy and p < Al(mj)%, and k € Ty

Q) < oSy o1
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Proof. Using the representation (5.4 and the triangle inequality, we get
J.k J.k J.k
ElQINP < 3 (EIQUYI + EIQUY) + EIQWY ). (5.13)

Let 9™ denote the o-algebra generated by r.v.’s X, for j,1 € Ty, for
any set A. Conditioning on 9MU+*) (A = JU {k}) and applying Rosenthal’s
inequality (see Lemma [7]1]), we get

E|Q92”“)|”§O{’pp<E( > laEopR)

TETJk

p
L X Bl PP,
TEka

(5.14)

where C denotes the absolute constant in Rosenthal’s inequality. By Re-
mark .11 we get

J.k 2 »1
E|Q,(j2 )|pgcfpp< Z |aJkw+1)2) 25 Z E|a&1711,k,y+1)|p)‘

r€Ty k reTy k

(5.15)

Analogously conditioning on 9MU*) and applying Burkholder’s inequality
(see Lemma [T.3]), we get

Bop <o (s( S 1 X Xuaeop)

€Ty g€Ty xN{1,...,r—1}

P
2

n—1 q—1
+ D B[D Xt !pE!qu\p) , (5.16)
q=1 r=1

where C5 denotes the absolute constant in Burkholder’s inequality. Condi-
tioning again on MUF) and applying Rosenthal’s inequality, we obtain

q—1

v v £

Bl Y Xpalf 0P < Clpr (B(Y laly o)
r=1

7‘€']T.]]71c

+ 3 Bl IPEIX ). (5.7)
TET}],)@
Combining inequalities (5.16) and (1), we get
BIQy"l < CRPBIQUITE + CTCh™ 37 B( Y g™ P TBIX
q€Ty . 1€,
LI Y Y Bla B X, B

QET‘]]V)C TET‘]]V)C

(5.18)
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Using Remark [4.1] this implies

E|Q(Jk |p < CpppE|Qy+1 |2 + C'pCp 2pn§ Z Z |a Tk, u+1 g

QETJ k TETJ k

+ CPClp 2Pnz 5 > > ElalFIP. (5.19)

qE’]TJ k TETJ k

Using the definition (5.2) of Q(Jk and the definition (B.3]) of coefficients

ﬂ’“ VH), it is straightforward to check that
J.k p
BQY P <E[ 3 jaltP]” (5.20)
q,r€Ty i

Combining (5.15), (5.19) and (5.20), we get by (G.13)
o
2

3 PE|QWH) |P<CppPE|QV+1|2 +CPCPp 2pn4_ Z < Z ja@ kD) )

qETJ k r€Ty k

» 1
+OPCEpnE — 0 Y Blagghtlp

qE’]TJ k T‘GTJ k

+CYC3E[ ) lag™ PP

q7T€TJ,k
g 1
+C{>c«§pp<E< Z ja(dk+1)) >2+ngE Z E|a(Jku+1)|>
TETJk TET‘]]V)C

(5.21)

Applying now Lemma 5.1l and Corollaries and 5.3, we obtain

BIQPIP < ChPBIQULE + CER(Tmim, (2) + o) ~pu= ("1

+ e P EB(Imm D () + )08 (25T [REN|E)

nv n
q€Ty
+Cgp%n—%v—?”PE(Immg)(z)+i)<2”—1>1’(1 > IREH) )
nv n g€T 1

(5.22)

where C3 = 3C1C5. Applying Cauchy—Schwartz inequality, we may rewrite
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the last inequality in the form

BIQPIP < CIPBIQUY S + CER(mmiD)(2) + )¢yt

y 1 o 1
+ Clp?y 2P B2 (Imm{) (2) + —)@ PR3 RUK) 2P
spPuT " P ER (Immy (2) + —) (=) 1RGN

qETJk

2p, —L —2vppal J L @ -1)2 )12

+ Chp?Pn B VB2 (Inm]) (=) + —) VP Ez ( ;T:\R %),
q Ik

(5.23)

Introduce the notation

l\)l»—l

Fp( =

Z |R(Jk

qETJk

We rewrite the inequality (5.23]) using I',(z) and the notations of (5.10)
as follows

TR < (Cap)PTSY )+ CRAG y=@ =0

v,p/2

L v
+ (Copy (v 28 (AL) )ATE () + 0 2P B AT, (2)). (5.24)

Note that

Aé{]l), = 1, AI(/J) 14+ E(\IJ(J))2P <1+ E%(\I/("H))Llp,

<
p/2Y =

where UU) = Immg)(z) + L. Furthermore,

L
v

Fp/QV S PI% .

Without loss of generality we may assume p = 2% and v =0,...,L. We
may write

1
T < (CopP TN + CF + (Cop?)Po (n i3 (2) + 8T, (2)).
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By induction we get

L L -1
Ik v J,k) y v ol .
T(ip ) < H(C’ p/2")P/% T( —i—A(J Z <H Cyp/2")P/? ) (2'—1)p/2
v=0 =1 v=
-1

L
AP S (TT(Cop/2ey) (n~PI2)arst
v=0

=

T‘)—l

1

L
AP ( (Csp/2") W”) (nPL,2)2T. (5.25)

=1 v=0

It is straightforward to check that

Note that, for [ > 1,

=1 v 2p(1-271) 2p(1—-271)
I1 (Csw/2)"™* = (G~ gy (@) T (5.26)
v=0

Applying this relation, we get

L I-1 1
ADS (T (Comf2 ™ )om @0 < A SR S0 ().

=0 v=0 1=0
Note that for [ > 0, % or < 5 and recall that p = 2~. Using this observation,
we get

L - L-1 L—1

D /2°) =@ -0p/2 < 4@ (3P y2p, - ( - )2

AS Z<H03p/2”p Yo < AD (SR rar Y s

I=0 v=0 = 3
This implies that for 02 5 < 1

Furthermore, by definition of T,,,p7 we have

( k) _ <EZ (JkL

q,r€Ty
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Applying Corollary and Holder’s inequality, we get
T < B ey < vrAD, (5.27)

By condition (5.11I), we have
T, = Tp(u+iv) < siPCP

Using this inequality, we get,

A5 ‘pZ <H Cap/2 )" )n g

L
—pz (H C3p/2") W”)( 104n~1)T T (5.28)
=0 v=0
Applying relation (5.26]), we obtain

L
A(J —pZ(H Csp /2" )P/% )n T Flgll

=1 v=0
< <%>2PA§;H —pz22p i (@) ( 04 _1)
= (5) "4 ‘pZW (S2) " (stctn )t

<C\Y/3§> P AW pz< 8000))

Cspn

2L7l+1

Without loss of generality we may assume that C3 > 2(Cpsg). Then we get
e —PZ (H Cap/2' )/ Y AT < (Cop) A~
Analogously we ggt
—pz (H (Cp/2")7/* )n™ ATTT < (O PAD. (5.29)

Combining inequalities (5.20), (527), (528), (529), we finally arrive at
ToH < 6(Cyp) o P AD. (5.30)

Thus, Lemma [5.4] is proved. d
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5.2 Diagonal Entries of the Resolvent Matrix
We shall use the representation, for any j € Ty,
1

@ _
Rjj o 1 1 (J3.9)
—z+ %ij Zk JETy ; X XjRy

(see, for example, equality (4.6) in [13]). Recall the following relations (com-

pare (3.2),B.7))
1 1
RY + e;RY), (5.31)
e T T
or s I N (]
R = () s RS —s(2)eV R (5:32)
where a§ " (J) + E(J) + E(J) + E(J) with
@ 1 L J.9) —
ST TXm gz . Z Xk, y3 = Z DR
k;éleTJJ kETJa
) = (RO - wRED) AD = mD(2) - s(2) = ~TrRO — s(2).
n n
(5.33)
Since |s(z)| < 1, the representation (5.32) yields, for any p > 1,
R <30+ 3l PIRG) P+ 3P AL PR (5-34)

Applying the Cauchy — Schwartz inequality, we get
J 1.3 1 J 1 1 J
ERDP < 37 + 3Ez |V 2Bz |RY > 4 3Bz |AQ PE2 Y%, (5.35)

We shall investigate now the behavior of E\Eg-"]])]zp and E\Ag)lzp. First we
note,
4
J J
E[eV <42 N gl .
v=1
Lemma 5.5. Assuming the conditions of Theorem [I1l we have, for any

p>1, and for any z =u+1iv € Cy,

@) 2p Ha
Ele " < —5
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Proof. The proof follows immediately from the definition of €;; and condi-

tion (L4). O

Lemma 5.6. Assuming the conditions of Theorem we have, for any
p>1, and for any z = u+1iv € Cy,

@2 1
Eleji ™ = n2pp2p”
Proof. For a proof of this Lemma see [13] Lemma 4.1]. O

Let A; > 0 and 0 < v; <4 be a fixed.

Lemma 5.7. Assuming the conditions of Theorem [I1l, and assuming for
all ] C T with |J| < L and all 1 € Ty

E|R1(2H)|q <CY, for1<g< Al(m;)i and for v > vy, (5.36)
we have, for all v > v1/sg, and for all J C T with |J| < L —1,

E|e) 2 < (C1p)?PnPsPCF, for 1< p < Ay(nv)7.

Proof. Recall that so = 2* and note that if p < Al(nv)% for v > vy /sp then
g=2p < Al(nv)% for v > vy. Let v/ := vsg. If v > vy /sg then v/ > vy. We
have ) ) )

q=2p < 2A1(nv)1 = 24, (nv'syt)1 = Ay (n))1. (5.37)

We apply now Rosenthal’s inequality for the moments of sums of indepen-
dent random variables and get

J — J.J J.J
Ele\) | < (C1p)*n 2p(E( STIRGIR)? +ElX Y EIR; J>|2p>.
leTJ,j IGT‘HJ

According to inequality (5.37]) we may apply Lemmal[7.7land condition (5.36])
for ¢ = 2p. We get, for v > vy /s,

E\E%)]Qp < (Clp)2pn_ps(2)pC02p.

We use as well that by the conditions of Theorem [T} E|X;|* < D=y,
and by Jensen’s inequality, (& ZleTj \Rl(l]) 2y < L ZleTj \Rl(l]) |?P. Thus,
Lemma [5.7is proved. O
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Lemma 5.8. Assuming the conditions of Theorem [I1, condition (5.36)),
forv>wv; and p < Al(nv)i, we have, for any v > v1 /sy and p < Al(mj)i,

B3 [ < 6(Cap)"PnPu P AL +2(Cyp) PnPu P (Coso)P-

Proof. We apply Burkholder’s inequality for quadratic forms. See Lemma
[3]in the Appendix. We obtain

ElS) 1 < (Cip)*n~ ( (Y1 Y xR

1€Ty,; reTy,;N{l,..,.1—1}

+maxE|X[” Y Bl ) Xerl(f’j)\2p>~

leTy ; r€Ty;N{1,...,I—1}

Using now the quantity Q(J’J for the first term and Rosenthal’s inequal-
ity and condition (L4) for the second term, we obtain with Lemma [7.6]
inequality (7.I12), in the Appendix and C3 = C1C,

Bl % < (Cop)nPE|QS P

3p 1 -
@S STE( YRR

leTy,; reTy ;n{1,...,I1—-1}
eSS BRI
IGTJJ r€Ty ;N{1,....1—1}
_ j 1
< (Cop)PnPEIQEY P + (Cop = F o 37 BIRGIY
lET.]]J
Cap) PP L EIREDp
+(3p)nvn22|u|-
IGT‘]],J'

By Lemma [T.7] and condition (5.36]), we get
B}y [ < (Cap)*'n PE|QG™ P + 2(Cap)*n~"v " (Coso)".
Applying now Lemma[5.4] we get the claim. Thus, Lemma[5.8]is proved. O
Recall that

l RO Dy = L W) p@)
;TrR( ) —s(z), and TW(z)= - Z g R

J€ETy

AD) =
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Lemma 5.9. Assuming the conditions of Theorem [I1] we have

AP < O/ 1T (=) + V—E)

Proof. See e. g. inequality (2.10) in [I7]. For completeness we include short
proof here. Obviously

s(2)(1Y) (2) — )

O () , .
A (2) z+2s(z) + Ag)(z) (5.38)
Denote by I
T,(2) = s(:)(T0 () - 1,

First we assume that |z+2s(z) —i—As{H)\ > \/|T(2)| Then the claim of Lemma
£ holds. In the case |z + 2s(2) + AY | < \/|Tn(2)], we assume \AS{H)] >

IT,,(z)|. Otherwise the Lemma is proved. Under this assumptions we
have

|2+ 25(2)] > [AD] — |2+ 25(2) + AD| > \/|Tu(2)] (5.39)
On the other hand

1 1
|z + s(2) + mp(2)] > Im|z + s(2)| > ilmz +2s(z2) = 5 22 —4.  (5.40)

We take here the branch of y/z such that Im+/z > 0. Note that for z € [—2, 2]
we have Rez? — 4 < 0. This implies that

@‘22_ 1 V2
2

Imz? — 4> 42 = 7\2 + 25(2)). (5.41)

Inequalities (5.39)), (5.40) and (5:41]) together imply
1
z+ s(z —I—mg)z > ——|z+2s(z >— T 5.42
|z +5(2) (2)] 2@' )| Vi (5.42)

The last inequality and Eq. (5.38]) complete the proof of lemma
O

Lemma 5.10. Assuming the conditions of Theorem[I1l and condition (5.30]),
we obtain, for |J] < Cn3z

cP 7 1
AD2P « & k4 2p,,—p 2P ~4p
E|A} 7P < : + (n§+1 + T + (Cip)Pn~Psi"C,

[NIES

+ 6(Cgp)4pn_pv_pA§,J) + 2(C3p)4pn_pv_p(Coso)p) (Coso)P.
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Proof. By Lemma [5.8] we have

BAP P < i e+ 2L < ovmrd o + S
’I’L n4
Furthermore,
1 1
p @2 (1 D)2\ 2
E[TY(2)| << > Eley| ) (nZE’R | >
JeT JET

Lemmas 5.5 - 5.8 together with Lemma [7.7] imply

1 @) 2p op—1( M4 1 2p, —p 2P 4P
; ]EZ]TE|€]- | §4 <n%+l + m + (C1p) n ~sy CO

+ 6(Cgp)4pn_pv_pAI(,J) + 2(Cgp)4pn_pv_p(0030)p) .
(5.43)

Thus, Lemma 510 is proved. O

Lemma 5.11. Assuming the conditions of Theorem[I1l and condition (5.30)),
there exists an absolute constant C4 such that, for p < Al(m})i and v >
v1 /80, we have, uniformly in J C T such that |J| < C’n%,

AP < .
Proof. We start from the obvious inequality, using |s(z)| < 1,
E[WD 12 < 32(1 + (nv) 2 + E[AD (2) ).

Furthermore, applying Lemma [5.10] we get

1
E‘\IJ(J)‘ZD < 32 <1 + (nv) P + <% 4 BT + (Clp)zpn_psng§p
n2

1
+ 6(C3p)4pn_pv_pAI(,J) + 2(C3p)4pn_pv_p(Coso)p> 2 (Coso)p> .

By definition,
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Inequalities (5.45]) and (5.44]) together imply

1
40 <148 (1 + (nv) 7% + (Coso) 2 <Nin_§ +
t 3(C3p)p"_§v_%(A§aJ))% + 2(C3p)pn_5v_5(0030)2)) .

13 1 1 3
Let C' = spmax{9,C3,C;C¢,3C3C¢,C3C }. Using Lemma [74l with z =
(AI(;H))Z, t=4,r=1, we get

o

For p < Al(nv)%, we get, for z € G,
J
AP <cf,
where Cy is some absolute constant. We may take Cy = 2C". O

Corollary 5.12. Assuming the conditions of Theorem [I1 and condition
(G36), we have , for v > v1/sg, and for any J C T such that |J| < /n

1 p
4% 2P 2 CP 2p
EIAD [ < O3 (it + S0 4 =3P, (5.46)
nivi nPoP - pay2

where
1 1
Oy 1= 4Cis + 67 C3Cy + 27 C5sp.

Proof. Without loss of generality we may assume that Cy > 1. The bound
(5.48) follows now from Lemmas [5.10] and G111 O

Lemma 5.13. Assuming the conditions of Theorem[I1] and condition (5.30])
for I C T such that |J| < L < \/n, there exist positive constant Agy, Cy, Ay

depending on g, Dy only , such that we have, for p < Al(m))% andv > v1/5¢
uniformly in J and vy

E[RDP < ¥

with |J| < L —1.
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Proof. According to inequality (5.35]), we have
ERS)P <1+ (B:|AD[? + B2 )E2|R) ).
Applying condition (5.30]), we get
B[RS <47 (1 + (B2[AD [P + B2 + - + B2 | ) CE).
Combining results of Lemmas [5.5] — (5.8 and Corollary 512 we obtain

7’ 1.p D Cp 2p
E|R{ yp<5p<1+sc ( 4t | o )

nayp4 nPyP nzq)z

1
4% 1 sp CP 2p
e (i AL )

niav4 nPuP n2uvz

We may rewrite the last inequality as follows

p As A NE (AR AP
E[RD| Cp(gp - (nc;l)g + (Cii)% + ((c;jf)% + (i‘*)p),

where

G =it

Gy = 5USACACR(1 +208u1 ),

Cs = 5°53Cq (s0 + C3),

Cy= 5C3s2.
Note that for ~ R

Ag > 28 At max{C},...,C4} (5.47)
and Cy > 25, we obtain that

E|R P < Cyh.

Thus Lemma [5.13] is proved. O

Corollary 5.14. Assuming the conditions of Theorem [I.1, we have, for
p <8 and v > vy = Agn~! there exist a constant Cy > 0 depending on jis
and Do only such that for all 1 < j<nandall z€ G

E|Rj;|P < C¥, (5.48)

and

1
— < (CP. .
LGP = Ch (5.49)
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1
Proof. Let L = [—logg, vo] + 1. Note that so ¥ <wpand Ay p > Al(nvo)i.

4

S0
We may choose Cy = 25 and Ay, A; such that (5.47) holds and
Al(nv)i > 8.
Then, for v = 1, and for any p > 1, for any set J C T such that |J| < L

E|RYP < CP. (5.50)

1
By Lemma I3, inequality (550) holds for v > 1/sq and for p < Ajni/ sa
and for J C T such that |J| < L — 1. After repeated application of Lemma
B.I3] (with (.50) as assumption valid for v > 1/sy) we arrive at the con-

1
clusion that the inequality (E.50) holds for v > 1/s3, p < Ani /s¢ and all
J C T such that |J| < L — 2. Continuing this iteration inequality (5.50])
finally holds for v > Agn™', p < 8 and J = (.
The proof of inequality of (5.49) is similar: We have by (L)

1 1 A

< 4+ |ATL|
lz+mn(2)] = [s(z)+z|  |z4+ mp(2)||z + s(z)

EEETNGI

(5.51)
Furthermore, using that [m/,(2)| < [1TrR?| < %Z?:l E|R;;|? and Lemma
inequality ((Z.I1]) in the Appendix, we get

| < [s(2)I(1 +

|1+ m!(2)] clut Imm,,(2)

1
- < =,
lz+mp(2)] — v |z4+mu(2)] " v

d
| log (= + ma(2))] <

By integration, this implies that (see the proof of Lemma [7.7])

1 S0

|(u+iv/s0) + mp(u + iv/so)| = (w4 1v) + mp (u + )] (5.52)

Inequality (B.51) and the Cauchy—Schwartz inequality together imply

1

1 1 1
< 2P P(1+E2|A |PE2— —
P+ B A PBE

2+ mn(2)P

).

Applying inequality (5.52]), we obtain

1

1
T S PP EAPSECE)
n
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Using Corollary 5.12] we get, for v > 1/s

1 p P
7<2p327’(1+< 4°0 4 20 4 5 >spCp),
Frm@p < 2O T T )%

Thus inequality (5.49) holds for v > 1/sg as well. Repeating this argument
inductively with Ag, A1, C) satisfying (5.47)) for the regions v > 55", for
v=1,...,L and z € G, we get the claim. Thus, Corollary 5.14] is proved.

O
6 Proof of Theorem 1.3
We return now to the representation (5.32) which implies that
1< T.(2)
S (Z) n ; 77 S(Z) + S(Z) + 2z + S(Z) + mn(z) ( )

We may continue the last equality as follows

w21 gjaly; n(2)
z+ 5(2) +mp(2) z+8(z) +mp(z)’ (62)

~

sn(z) =s(z) + E
where
N 3 1 n
T, = Z ; ZEjVRjj'
v=1 j=1

Note that the definition of €;4 in (5.32]) and equality (7.34]) together imply

% ; ejaRj; = %Tr R? = %d”zlf;(z). (6.3)
Thus we may rewrite (6.2)) as
. ~
sn(2) = s(z) + %Ez + s(T:;L:—Z)Tnn(z) + Ez + S(Z;L(—i)mn(z) (64)
Denote by R
o G . (6.5)

z+ s(z) + mp(2)
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6.1 Estimation of T
We represent €

T=%1+ %o,
where
__1! Y ol
U ot z—i—mn )+ s(z)
1 g Enl R+ es)
==Y Y E .
n — — z 4+ mp(z) + s(z)
j=1lv=1
6.1.1 Estimation of T,
We may decompose €1 as
T =%+ %o, (6.6)

where

1 Ev z+m£5)()
Tu=-22 2 B—

o armP ) +s(2)
EjVEM mlslj)(z)
U ot @+wm<>+w»@+maw+daf

It is easy to see that, by conditional expectation
%11 =0. (6.7)
Applying the Cauchy—Schwartz inequality, for v = 1,2, 3, we get
T o) + e 52

E

Ejv

_ E>
(z +mP () (z +mP(2) + s(2))
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Applying the Cauchy — Schwartz inequality again, we get

2
E: Siv
(z+mil (2))(z + m (2) + 5(2))
4
- 1 1
. (‘_f] | Ei - (6.9)
|z 4+mi (2) +s(2)[* |z +mi’(2)]*
Inequalities (6.8)), (6.9]), Corollaries [7.23] and [5.14] together imply
e 1
B €]u5]4z+m7(1j)(z) < QE% ‘Ej’/’4
(z+ me)(z) +5(2))(z +ma(2) +s(2)| " |z 4+ mg)(z) +s(2)*
(6.10)
By Lemmas [T.14] and [.5] we have for v = 1
1 ‘E'V’4 C
Ex - < : (6.11)
24 mid) () + () T V]2 =]

By Corollary [.I7 inequality (7.31]) with « = 0 and 8 = 4 in the Appendix
we have for v = 2,3

ol < ¢ .
Iz +m{ (2) +s(2)[* ~ nv|a? — 41

with some constant C' > 0 depending on u4 and Dg only. Using that, by
Lemma [7.13] for z € G,

Ei

(6.12)

*/; — < ¢ (6.13)

1
<
Vna/|z22 =4 T Vnuy/ Al 7 ol — 41
we get from (6.10)), (6€11]) and (6I2]) that for z € G,
C

T < —a
(nw)2 |22 — 43

(6.14)

with some constant C' > 0 depending on p4 and Dy only.

6.1.2 Estimation of %,
Using the representation (5.32)), we write
(z4+m)(2))(z + s(2) + mp(z))

j=1

1
To = —
n
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Furthermore we note that
~2 2
€j = €j2 + UiE

where
nj = (g1 +€53)° + 2(j1 + €53)es2.

We now decompose ¥ as follows

Ty = Fo1 + Tog + Fog, (6.15)

I elaRij
= L B Tk 4 s T )

1 njRjj
Ty =- E -
2= 0 P N 1 s D)
1< ;i Rjj€ja
Toe=—S E : .
Sz g (z +mD(2)(z + 5(2) + mP () + 5(2) + mn(2))

Applying the Cauchy — Schwartz inequality, we obtain

1< 1 ‘77"2 1 2
|Too| < = > EzZ : J . Ez|R;;|*.  (6.16)
n ; 2 +mO ()22 +s(z) + mSP ()2

In what follows we denote by C' a generic constant depending on p4 and Dg
only. We note that

E{; 2[20)} < C(B e *|m0} + B{lejal'[0)})

1

+ C(E{|gj1|4‘9ﬁ(j)} + E{|€j3|4‘§m(j)}) 2E%{|€j2|4‘9ﬁ(]‘)}‘

Using Lemmas [T.14] [7.15], [T.16], we get
j cC C1 .
Bny 1) < 5+ S5 2w
IETJ'
* (n + n(n Z Ry )2)m)1mmn (2). (6.17)

lGTj
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This inequality and Lemma [T.5] together imply
;]2 C
|2+ mD () Plz + s(2) +m ()P T /24 2+ (2))?
¢ L ()4 4 gk 1
S SR

n IET, |2 +my” (2)[*

¢ 1 () 14) 7 ) ol 1
v (14 (- ERYNNE—— (6.18)
’I’L\/E|Z2—4|i< (nl%;] i > ) |z—|—m£f)(z)|4

Inequality (6.I8]) and Corollary .14 together imply
C n C
ny[22 =4 nolz2—4)i

Applying Lemma (ZI3)) for z € G, we get

N

E

|Taa| <

< C
ny/v|z2 —4]% v

By Holder’s inequality, we have

1 |2
n |z +mU(2)]2]2 + s(2) + mii’ ()2

|Taa| < (6.19)

=W

j=1
1 lejal* 1 4
x Ea ! E1|R;;|%
|2 + s(2) + my(2)]* 131
Using now Lemmas [[.22] [[.13] and Corollary 5.14] we may write, for z € G,

C C
<

[Ta3| < < . (6.20)
ny/v|z? — 4|% nu
We continue now with %91. We represent it in the form
To1 = Hi + Ha, (6.21)
where
1 i 52'2
H=-——)E : J ,
Y ; (2 +m(2))2(2 + s(2) + mn(2))
n 2 T S
Hy — 1 eja(Rjj + Z+m53))

n X;E(Z +ml)(2))(z + s(z) + mn(z))

=
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Furthermore, using the representation

1

IR 0
z24+my(2)  z+my(2)

Rjj = — (€j1 + €52 + €j3)Rjj (6.22)

(compare with ([B.2])), we bound Hj in the following way

|Ha| < Hoy + Hop + Hoag,

where
Hy = % ]2;1 2 + m(J)(jEﬂjij(ji) +mp(2)]
Hyp = % JZ: " m(j)(z2)||€2j|2z|?i||-R;j(jZ|) + mn(z)|
Hys = % ]Z: Z+ m(j)(j)‘;ﬁ‘i’r]zg) +my(2)]

Using inequality (7.42]) in the Appendix and Hélder inequality, we get, for
v=123

Hy, <t Zn:E | Alejul*| Ry |
nH T 2+ m) (2)2)z + s(2) + m (2)]
L1 - Aejvl*| Ryjlleal
Tz mO )Pz 4 s(2) + mid (2)1z + 5(2) + mn(2)]
< giE% — le3vl* TEiRN (623)
AT e EmW()[5]z + s(2) +mid(2)]3

Applying Corollary [(. 17 with § = % and a = %, we obtain, for z € G, and
forv=1,2,3
|5jl/|4 c

1= £

|2+ m@(2)|5]z + s(z) + mP (2)]5 ~ (nv)?

lw

E

This yields together with Corollary [5.14] and inequality (6.23])

Hy < —C (6.24)
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Consider now Hi. Using the equality

1 B 1 Ay (2)
24+ mp(2) +5(2)  24+2s(2) (24 25(2))(z +mn(2) + 5(2))
and _
Ap =AY + ey, (6.25)
we represent it in the form
Hy = Hy1 + Hi2 + His, (6.26)
where
1 1 & e
Hy=—-—F——5 E 2

(z+s(2))2n =

E
j=1
11y e2,A7

2+ mP(2)2(z + 5(2) + ma(2))
n 5?2A§Lj)

= Erm (2))(z 4 s(2) Fmalz)

1 &5
= _82(2)_ 2 )
n z+ s(z) + mp(2)

In order to apply conditional independence, we write
Hyy = Hiin + Hio,

where

2 ..
€jo8j4

Hyyg = 32(2)l E () '
MIS (2 s(2)  ma(2)(z +mi(2) + 5(2))

It is straightforward to check that

; 1 ; 1 '
B{ehm?} = S Tx (RV) - = 37 (R]))”.
lETj
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we may write

Using equality (6.3]) for m/ (2) and the corresponding relation for m{ ) (2),

Hy11 =Li+ Lo+ L3+ Ly,
where

L= _82(z)%Ez —I—mT:éL()Zi— s( )’

L rer, (B2
Ly = s%(2)~ E E-= . , 6.27
’ ( )”jzl z+m£f)(z + s(2) (6:27)

- n , 6.28
= z+ mnj)(z) + s(2) (6.28)
n 1 (9) / /
BT B S 1 () e TR
4 Z (24 ma(2) + 5(2))(z + mil) (2) + (2)

Using Lemmas [Z.5] [718] [[.26] and Corollary [5.14] it is straightforward to
check that

’L2‘ < L
n

|22 — 4]
C
’L3‘ S )
n2v?,/|z% — 4|
[ p—

n3v3|22 — 4|
Applying inequality (7.42]), we may write

C & I 2A£Lj)
[H12| < _ZE %) = (j’> ‘
T 2 ma (2)|1z +me(2) + s(2)]

Conditioning on MU and applying Lemma [7.15, Lemma [725, inequality
([Z8), Corollary 5.14] and equality (6.25]), we get

() C C
|H12|<EEZE ’ < —E2|A,)2 +

= |z+m ()]~ nivt

By Lemma [[.24] we get
C

[Hio| € —. (6.29)
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Similar we get

C

|H13| < W

(6.30)

We rewrite now the equations (6.2) and (6.4) as follows, using the re-
mainder term %3, which is bounded by means of inequalities ([6.14]), (6-19)),

©.20), (6.24).

(1-5*(2)) my,(2)
EA,(z) = Em,(z) — = E n , 31
(2) = Bma() — s(2) = =B TS 3, (63)
where
C C
|Ts| < 7T 33 9 1
ny/v* nzvz|z? — 4|1
Note that

1—5%(2) = s(2)V 22 — 4.

In (631]) we estimate now the remaining quantity

_ s(x)ve2 -4 m),(2)
ta= n Ez+mn(z)+s(z)'

6.2 Estimation of T,
Using that A,, = my(z) — s(z) we rewrite T4 as

T4 =%41 + Fao + Fus,

where
£y = 2
_s(x)vEE =4 my(2) —$'(2)
T2 = n z+mn( )+ 5(2)’

_ 8(2) o (M (2) — 5'(2)) Aw
a3 = n o z+mu(2)+s(z)

6.2.1 Estimation of T

First we investigate m/ (z). The following equality holds

my,(z) = —Tr R? = ZE]4R]] = 5%(2) ZEj4R]'_j1 + Dy, (6.32)
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where

2614 i — s(2) (14 Ry 's(2)). (6.33)

Using equality (7.34]), we may write

my(z) = ( ZH-— > XX [(RY)?)n) + D
7j=1

1kET;
Denote by
1 1 1
Bt ==Y [(RY)]y - - D IR == D (R — mi, (=)
lET; =1 leT
1d
_-“ _ ©))
ndz(TrR TrRY/),
1
Bj2 = > (X3 = DI(RD)?]y,
IET;
Bjs = Z ROy, (6.34)
l;ﬁkeT
Using these notation we may write
' 2 ' 52(Z) .
mp(2) = s7(2)(1 +my (2)) + — > (Bj1+ Bjz + Bjs) + D1
j=1

Solving this equation with respect to m!,(z) we obtain

2
) 5°(2) 1
= D D .
mn(z) 1 — 82(2’) + 1— 82(2)( 1+ 2)7 (6 35)
where
$2(2) &
7(1 ) Z;(/le + Bjo + Bj3)-
‘]:
Note that for the semi-circular law
2 2
P ) @
1—-s%(z) 14 =& z + 2s(2)

z+s(z)



Rate of Convergence to the Semi-Circular Law

Applying this relation we rewrite equality (6.35]) as

42

1
m. (z) — §'(2) = ——————— (D1 + D). 6.36
2) = 2) = sy (P D (6.36)
Using the last equality, we may represent 4o now as follows
T2 = Ty21 + Taoa,
where
_— D,
T T (2) + s(2)
1 Do
T2 = —E
2 T e (2) + s(2)
Recall that, by (6.33)),
1 eaa(Rii—s(2)(1+ Rilts(z
Ci L S~ )L R) .
n = (2 + 5(2) +mn(2))
Applying the Cauchy — Schwartz inequality, we get for z € G,
Sl < 2 Y B R - spmt et
g 24 ) + Gl 1)
Using Corollary [7.23] and Corollary [5.14] we get
1Ta21] £ —5—5- (6.38)
n2v2

6.2.2 Estimation of T o9

We represent now %491 in the form

L4292 = T51 + T2 + Tz,

where
1 — B,
T =— > E = f =1,2,3.
o nzjzz:l z+mp(2) + s(2)’ o rELs
At first we investigate Ts3. Note that, by Lemma [7.26],

C

|ﬁ%1|§ ﬁ;g-



Rate of Convergence to the Semi-Circular Law 43

Therefore, for z € G, using Lemma [T.5] inequality (7.9), and Lemma [.T3],
C

1| < < .
’ ’ |Z2 —4| n%v%|z2 —4|%

— (6.39)

Furthermore, we consider the quantity ¥s,, for v = 2,3. Applying the
Cauchy-Schwartz inequality and inequality (7.42)) in the Appendix as well,
we get

n 2
ERPD Y R,
A lrmil(2) + s(2)?

By Lemma [[.25] together with Lemma in the Appendix, we obtain

‘BJVF < C

2+ mi (2) + s(2)2 ~ nFwT|2 - 45

N|=

E

This implies that

C
|Ts50] < 33 T- (6.40)
nzvz|z? — 4|1
Inequalities ([6.39) and (6.40) yield
C
T < .
Taze| < n%v%|z2 —4|i
Combining (6.38]) and (6.41)), we get, for z € G,
C
Taa| < (6.41)

n%fu%\zQ — 4]% .
6.2.3 Estimation of T3
Recall that

$(2) o (Mg (2) — '(2)) A
n B z+mp(z) +s(z)

Applying equality (6.30), we obtain

Tz =

Tz = Tu31 + Tzo,
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where
1 DiA,
Tz = E : 6.42
BTz +25(2)) 2+ mn(2) + s(2) (642)
1 DoA,,

Tago = n(z+42s(2)) z+mu(z) +s(2)

Applying the Cauchy — Schwartz inequality, we get
1

|D1)?
Tuz| < B
[Taz1] < n(z+2s(2)) |z 4+ mup(z) + s(2)]?

By definition of Dy and Lemmas [7.24] and [7.18], we get

Ez[A,[%.

(NI

n

C 1 1 /R | 4
Tl < o —an ]2_31(1 + [s(2) BT | Ryj |~ | Ry; — s(2)[
Applying now Corollary 5.14] and Lemma [7.22] we get
4
|Ta31] < ——— 7.
ndv?|22 — 4|%
For z € G this yields

4
Taz1| < .
| | n%v%|z2 —4|i

Applying again the Cauchy — Schwartz inequality, we get for T430 accord-
ingly
C 1 1
Taze| < ———E2| Do E2 A, 2.
n|z? — 4]z
By Lemma [.24] we have
C

— — _E3|Dyf (6.43)
n?v|z2 — 4|2

|Ty32] <

By definition of Do,

1 n
E|Dyf? < - > (EIBjl* + ElBj2l* + E[B;3]).
j=1
Applying Lemmas [7.25] with v = 2,3, and [T.26], we get

C C
2
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Inequalities (6.43]) and (6.44]) together imply, for z € G,
C C C

Taz2| < <
[Tz n3v3|22 — 45 n¥u3|22 — 43

n%v%|z2 —4|%'

Finally we observe that

22 —4
and, therefore

C

Tl £ ——-
n|z? — 4|2

For z € G we may rewrite it

C

|| < —=. (6.45)

n\/v
Combining now relations (6.31]), (6.26]), (6.24), (6.39), (6.41)), (6.45), we get
for z € G,
C C

[EA,| < +

noi ngv%|z2 —4|i'

The last inequality completes the proof of Theorem [I.3]

7 Appendix

7.1 Rosenthal’s and Burkholder’s inequalities

In this subsection we state the Rosenthal and Burkholder inequalities, start-
ing with Rosenthal’s inequality. Let &1, ..., &, be independent random vari-
ables with E{; = 0, E£]2- =1and for p > 1 E|§;|P < pp, for j=1,...,n.

Lemma 7.1. (Rosenthal’s inequality)
There exists an absolute constant Cy such that

n P p

P

E| Y a;iglP <O (O lai*)2 +mp Y lagl?).
j=1 j=1 j=1

Proof. For a proof see [19, Theorem 3] and [I16] inequality (A)]. O

Let &1,...&, be a martingale-difference with respect to the o-algebras
M; =o0(&1,...,€-1). Assume that EEJQ =1 and E[¢;[P < occ.
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Lemma 7.2. (Burkholder’s inequality) There exist an absolute constant Co
such that

n n p
Bl Y&l < 4 (B E{elim )E + ) Elgl).
j=1 k=1

[y

k
Proof. For a proof of this inequality see [5, Theorem 3.2] and [I5, Theorem
4.1]. O

We rewrite the Burkholder inequality for quadratic forms in independent
random variables. Let (1, ..., (, be independent random variables such that
E¢; = 0, E|¢j]*> = 1 and E|(|P < pp. Let a;j = aj; for all i,j = 1,...n.
Consider the quadratic form

Q= > G
1<j#k<n

Lemma 7.3. There exists an absolute constant Cy such that

n j—1 n j—1
EQP < CE(E(_ (D anc)®)E +mp > B auGl?).
j=2 k=1 =2 k=1
Proof. Introduce the random variables, for j =2,... n,

7j—1
& =G> ant
k=1
It is straightforward to check that
E{&M;-1} =0,

and that §; are 9; measurable. That means that &;,...,§, are martingale-
differences. We may write
n
Q=23 &
j=2

Applying now Lemma [7.2] and using

j-1
E{G P01} = O auti)*EC,
k=
1 .
El5P = BIGPE ) apgl, (7.1)
k=1

we get the claim. Thus, Lemma [73] is proved.
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We prove as well the following simple Lemma

Lemma 7.4. Lett >r > 1 and a,b > 0. Anyx > 0 satisfying the inequality
' <a+ba" (7.2)

1s explicitly bounded as follows

o — 1\ 7+
r' < ea+ < T> = (7.3)

t—r

1
t

Proof. First assume that < at. Then inequality ([T3) holds. If x > at,
then according to inequality (7.2))

t—

2T <a T 4 b,

or
t t—r _t
' <(at 4b)tr.

Using that for any @ > 0 and @ > 0,6 > 0
(a+b)* < (a+ g)a +(b+ab)® < ea® + (1 + )2,

we get the claim. O

In what follows we prove several lemmas about the resolvent matrices.
Recall the equation, for j € Ty, (compare with (B.2))

1 1
R("H) = — + (J)R(J),
JJ Z+ mgzﬂ) (Z) 2+ m%ﬂ) (Z) J JJ

where

Eg-l) = —ﬁ, E§-2) = E Z leX]le(gl ]),
I#keTy ;

J 1 1.j b .
W == S (x3-DRYY, ) =mD ) - mP().
IETJJ

Summing these equations for j € Ty, we get

n — || 7
n(z+mP ) 2+ m(2)
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where
1 n
0 _ @) p@
TV SR,
j=1
Note that
1 1 m$ (2) — s(2) s(2)AP (2)
DI - o= s@ T IR
z4m(z) 2+s(2) (s(2) +2)(z + mY(2)) z+my(2)
(7.5)
where

AD = AD(2) = m®(z) - s(2).
Equalities (7.4) and (7.5]) together imply
s(z)AS{H) T ]|

AW = — + . (7.6)
z+ mg)(z) z+ mg)(z) n(z + mg)(z))
Solving this with respect to Aﬁzﬂ’, we get
Q)
AW = I 3l (7.7)

ztmP () +5(z) n(z+md () +5(2))

Lemma 7.5. Assuming the conditions of Theorem [I1, there exists an ab-
solute constant co > 0 such that for J C T,

|2 +m{)(2) + 5(2)] = Imm{ (2), (7.8)
moreover, for any z € G
|z 4+ mP (2) + 5(2)] > cov/]22 —4]. (7.9)
Proof. Firstly note that Im(z + s(z)) > 0 and Immg)(z) > 0. Therefore
|z +mWD(2) + s(2)| > Im(z + mP(2) + s(2)) > ImmP (2).
Furthermore,
2+ mO(2) + 5(2)] > Im (= + 5(2)) = %Im(z +VZ D) > %Im Ny

Note that for z € G

Re(z? —4) < 0. (7.10)
Therefore,
V2
Imv/22—4> 7\/\22 — 4.

Thus Lemma is proved. O
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Lemma 7.6. For any z = u+ iv with v > 0 and for any J C T, we have

- Z IR < o mm® (2). (7.11)
lkem
For anyl € Ty
STIRYP < v 'mR). (7.12)
keTy
and
ST HIRD)? % < v mRY). (7.13)
keTy

Moreover, for any J C T and for any l € Ty we have

- Z [RDY?? < 3Imm(J)(z), (7.14)
IETJ
and, for any p > 1
~ Z ROV < v Z Im? R}, (7.15)
IETJ IETJ
Finally,
1 _
- Z R ? < o2 Imm D (2), (7.16)
1,keTy
and
1 1 J
=~ D ROy < o™~ S Ry, (7.17)
L,keTy LTy
We have as well
1
3 IROPY < o2 S TR, (7.18)
l k€T LTy

Proof. For [ € Ty let us denote by )\I(J) for | € Ty eigenvalues of matrix W),
Then we may write (compare (7.20))

1 M 1 1
Y A L N (7.19)

1,keTy €Ty
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Note that, for any z € R!

We may write

1 -1
— =0 Im——
N = 2P N -z
and ) . )
4 )2 < L S _ 1 @
nlkz: IRy " <w Im(n E OB ) =v Imm,/(2).
’ ETJ lETJ l
So, inequality (7.IT]) is proved. Let denote now by ul(J) = (ul(i))kem the

eigenvector of matrix WU corresponding to the eigenvalue )\l("]]). Using this
notation we may write

J 1 J
Rl(k) = Z NG ul(q)u,(fq) (7.20)
q€Ty o

It is straightforward to check the following inequality

STIRYP< Y

)
ot = W NE

. 1 J - J
= 1Im<z — |u§q>|2) — v 'mRY. (7.21)
q€Ty B

Thus, inequality (7.I12]) is proved. Similar we get

1 - J
SR P <Y TH D < v 3mRY. (7.22)
—Z

keTy q€Ty |Aq

This proves inequality (713]). To prove inequality (.14]) we observe that

D2l < Y IRY P (7.23)

keTy

This inequality implies

- Z\ )Jul® < Z > IR

lETJ IGTJ keTy
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Applying now inequality (.I2]), we get

—Z| u|2 <uv Zlmle(EH).

€Ty IETJ

This leads (using |Rl(ij)| < v~ 1) to the following bound
- Z (ROY2)[2 < v~ ZIle(l = v 3Imm (z).
lETJ IETJ

Thus inequality (7.I4)) is proved. Furthermore, applying inequality (7.23]),
we may write

J
SRR < S R
lETJ IGTJ keTy

Applying (.12), this inequality yields

— Z ‘ 11‘4 <wv Z Im4Rl(2H)

lETJ IGTJ
The last inequality proves inequality (Z.I5]). Note that
1 1
- (R ]2 < ﬁ ROP=-3"__ -
Z | lk| | | TIZ |)\(J)—z|4
™| ket leTy 1A

3.1 1 .
<w 3Imﬁ Z RO Stmm P (2).

Thus, inequality (7.16]) is proved. To finish we note that

— Z (RO < Z > RO )2

l keTy lETJ keTy

Applying inequality (7.I3]), we get

61

4 )2

1 Z ROt < o~ ;Z(Ile(l)) .
l k€T leTy

To prove inequality (.I8]), we note

IR 2 < ST IRDEO IR P)

q€Ty q€Ty
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This inequality implies

Z | R(J lk|2p< Z Z |qu

l k€T l ,keTy q€Ty

Applying inequality (Z.I1]), we get the claim. Thus, Lemma is proved.
]

Lemma 7.7. For any s > 1, and for any z = u + iv and for any J C T,
and j € Ty,
IR (u + iv/s)| < s|RY) (u+iv)].

Proof. See [17, Lemma 3.4]. For the readers convenience we include the
short argument here. Note that, for any j € Ty,

1 d .
— R (u+iv).

d ) )
|—log R/ (u + )] < ———
dv " IR (u + iv)| dv

Furthermore,

d .
R} (utiv) = [(RD));(u + iv)

and :
[RD)2]j5(u +iv)| < v 'ImRY).

From here it follows that
d
|% log Rg-) (u+iv)| < vt

We may write now

v d
| log Rg)(u +iv) — log Rg)(u +iv/s)| < / w_ log s.
v/s U
The last inequality yields the claim. Thus Lemma [7.7] follows. O

Lemma 7.8. Assuming the conditions of Theorem [I1], we get
C
E|€j1|2 § —.
n

Proof. The proof follows immediately from the definition of €;; and condi-
tions of Theorem [I.1] O
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7.1.1 Some Auxiliary Bounds for Resolvent Matrices for Imz = 4
We need the bound for the €;,, and n; for V = 4.

Lemma 7.9. Assuming the conditions of Theorem [I1, we get
C
E|€j2|2 < —.
n
Proof. Conditioning on MY | we get

Elepp? <n 2 Y ERY!
k‘,lETj

. . . . J 1
Applying now Lemma [T.0] inequality (712]), we get with Im RO < I

1

1 .
Elgjpol? < Zn_z Z Ile(l]) < Ton’

lETj
Thus Lemma is proved. O

Lemma 7.10. Assuming the conditions of Theorem [I.1, we get
C
E|€j3|2 § —.
n

Proof. Conditioning on M) | we obtain as above

2 i H4
Elejs|? < ﬁEZ IRY1? < Ton"
lET]‘

Thus Lemma [7.T10] is proved.

Lemma 7.11. Assuming the conditions of Theorem [I.1, we get
C
Eln;|* < —.
n

Proof. The proof is similar to proof of Lemma [C9 We need to use that
[(R9) )| < V72 = 5 and 3 er, [[(RY)]uf* <V O

Lemma 7.12. Assuming the conditions of Theorem [1.1], we get

C1
E|€j4|q < E
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Proof. The result follows immediately from the bound
1
el < - s
See for instance [10], Lemma 3.3. O

7.2 Some auxiliary bounds for resolvent matrices for z € G

Introduce now the region
G:={s=ut+iveC:ucl.,v>uv//7}, wherevy= Agn~", (7.24)
Je=[-2+¢2—¢], e:= cln_%, v =~(u) = min{2 — u,2 + u}.

In the next lemma we state some useful inequalities for the region G.

Lemma 7.13. For any z € G we have
|22 — 4| > 2max{y,v}, nvy/|22 — 4] > 2A4,.
Proof. We observe that
122 — 4] = |z — 2||z + 2| > 2v/72 + 02
This inequality proves the Lemma. U

Lemma 7.14. Assuming the conditions of Theorem [I.1], there exists an
absolute constant C > 0 such that for any j =1,...,n,

, c
E{fen 'm0} < =5, (7.25)
Proof. The result follows immediately from the definition of €. O

Lemma 7.15. Assuming the conditions of Theorem [I1], there exists an
absolute constant C > 0 such that for any j =1,...,n,

B{lepl [} < tmm)(2), (7.26)
and e
4 i Kyt 2 (5
E{|ejo| M} < —5Im mY)(z). (7.27)
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Proof. Note that r.v.’s Xj;, for [ € T; are independent of o) and that for
LLEeT; Rl(,jf) are measurable with respect to 9. This implies that €jois a

quadratic form with coefficients R(J ) independent of X ;. Thus its variance
and fourth moment are easily avallable.

. 1 ; 1 .
Eflerl V) = — > R < ST ROP.
I£kET;

Here we use the notation |A|?> = AA* for any matrix A. Applying Lemma
[7.6] inequality (Z.I1]), we get equality (7.26]).

Furthermore, direct calculations show that

, C 1 j Cu3
B{lepl! |0} < 15 30 R+ S5 3R
I#k€ET; leT;

<Ol S R <

2
n
I£keT;

l\’)

(Imm( )(2))2.

n2v?

Here again we used Lemma [7.6] inequality (71I)). Thus Lemma [T.15]is

proved. O
Lemma 7.16. Assuming the conditions of Theorem [I.1], there ewists an
absolute constant C > 0 such that for any j =1,...,n,
O,U4 1
E{jejs|? MU} < —= Z‘Ru ) (7.28)
" T,
and
, C 1 - Cuyg
Biles'|mPy < SR + =5 S S IRPIL (129)
IETJ' lETJ

Proof. The first inequality is easy. To prove the second, we apply Rosen-
thal’s inequality. We obtain

C,U4 Cus 1 ]
B{lejs/ |0} < “5H 3 IRY PR+ S5~ 3 R
IGT leT;

Using |Xj| < Cni we get pug < Cnpuy and the claim. Thus Lemma is
proved. O
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Corollary 7.17. Assuming the conditions of Theorem [I1], there exists an
absolute constant C > 0, depending on pg and Dy only, such that for any
j=1,...,n,v=1232¢€G, and0<a<1A1(nv)4and5>1

E el < ¢ __ (7.30)
2+ md (@) + s(2)P )z +mid ()] T ol — 4T
and for B > 2
IEjV“l ¢
(4) B () (| = 2,212 _ 41552 (7.31)
|2+ mii’(2) + 5(2)|P|z + mi’ (2)|* n20?[e? - 4] 2
We have as well, for v =2,3, and 8 > 4
|5jl/|8 c
6] 5 e S i i (7.32)
|z 4+ mii’(2) + 5(2)[P|z + mi (2)|* ntot]z? — 4] 2
Proof. For v =1, by Lemma [.5] we have
|’3ju|2 1 4 1
0) G PSR R e
[z +mp’(2) + s(2)|[z +ma” (2)|* nlz?2 - 42 |2 +ma” (2)]

Applying now Corollary [5.14] and lemma [T.13], we get the claim. The proof
of the second inequality for v = 1 is similar. For v = 2 we apply Lemmas

[7.15] and [7.5] inequality (7.20]) and obtain, using inequality (7.8]),

lejal?
2+ m¥ (2) + s(2)||2 +m (2)]
1 ImmY)
= E (I 2 0
nolz2 =417 2+ mi (2) + s(2) ]z + mal’ (2)]
C 1
< —E

oz +md ()]

Similar, using Lemma [Z.T5] inequality (.27)), and inequality (.8]) we get

E _ el _
|z +mi (2) + s(2)|8)z + mi ()|
()
I
< e o) w o ) o)
n2v2|22 — 4|72 |z +my’(2) + s(2) 2z + mi (2)]®
- C 1

()

B n2v2|z2—4|¥ |z + my; (z)|a'
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Applying Corollary 5.14] we get the claim. For v = 3, we apply Lemma
[[16 inequalities (7.28) and (7.29) and Lemma [7.5l We get

lejs|?
E _ £j3 .
1z +m (2) + s(2) ||z + m¥ (2) |
c 1 1 ()2
< E : - R |7 ), (7.33)
ny/|z? —4 |z—|—m£f)(z)|°‘ <"l%;j ! >
and
lej3]?
1z +m (2) + s(2) 2]z + m¥ (2) ]

C 1 1 ()14
< E . =Y |R*).
n?|z2 — 4 |z+m£f)(z)|a (nl;;] u )

Using now the Cauchy — Schwartz inequality and Corollary [5.14] we get the
claim. 0

Lemma 7.18. Assuming the conditions of Theorem [I1], there exists an
absolute constant C > 0 such that for any j =1,...,n,

leja] < — s
Proof. This inequality follows from
1dR;;

.34
I (7.34)

: 1 : B

TR - TrRY = (1+ - > XXl (RO )R = Ry,
1kET;

which may be obtained using the Schur complement formula. See, for in-

stance [10], Lemma 3.3.
U

Corollary 7.19. Assuming the conditions of Theorem [I1], there exists an
absolute constant C' > 0 such that for any j =1,...,n,

C

Proof. By definition of €; (see B.2]), we have
Ele;|* < £(Bleji|* + - + Elejal").

Applying now Lemmas[T.14] (inequality (7.27))), (inequality (7.29))
and [TI8] and taking expectation where needed (T.35]) follows. Thus the
Corollary is proved. O
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Introduce quantities

1 ; 1 )
L= = UN2], = Z7Tr (RW)2
M= > [(RY)], ~Tr (R,

LeT;
Nj2 = — Z Xk (R,
l;éke']l'J
1 .
nj3 = — ZET: (X2 - D[R, (7.36)
€lj

Lemma 7.20. Assuming the conditions of Theorem[I 1], we have, for z € G,
foranyj=1,....n

E{|nj3|*|mD} < Cn~20~5Tm2m) (2) + Cn 20~ u4 Zlm‘lRﬁ)’
IE'JT
(7.37)

N~ Cui L Cuil
E{Jn;s[* |} < s Imtm ) 4 ZI 8RY). (7.38)

Proof. Direct calculation shows
B{Jgsl! |0} < (ST ROV + 52 ST (RO
IETJ' IETJ'
Applying Lemma [7.6], the inequality (7.I5]) and the inequality pug < Cnjuy,
we get
E{|n;3)* \zm(f } < On"20 T 2mY) (2) + Cn 2 py— Zlm4Rll).
"™ e,

Thus, inequality (Z37) is proved. Consider now the 8th moment of 7;s.
Applying Rosenthal’s inequality, we get
; Cui M Cpe 1 ;
E{|n;s[®|mW)} < =24 Z (R )+ 7 > R .
lETJ IETJ'
Using now Lemma[7.6], inequalities (7Z.14]) and (7.15)), and that pg < Cn3py,

we obtain

) CN4 ) C,u4 1 .
E{|77j3|8‘9ﬁ(3)} < n4—vl421m4m£f)(z) + 4 - Z ImsRl(lj).

Thus, inequality (7.38)) is proved. O
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Lemma 7.21. Assuming the conditions of Theorem[I 1], we have, for z € G,
foranyj=1,....n

; CIm2m(j)(z C,u
4 n 4
E{ln;z|*|mW)} < 1246 T 360 %T: |R 2 (7.39)
C ; 4 Cu?/i I 2
E{jn;* \9)1 nApi2 (Immg)(z)) + n4£§ (g ZIm4Rl(l]))
lET]‘
Crj 3 pU) () Cry (7))2
n4v8< ZI Iy > (Immy!(2)) + N <_ Z (Im R;;”) >
IE€T; lET;
Cuy (1 N 2 2
LL(C Y mRD)) (1mmd(2)) (7.40)
n n
lET]‘
Proof. Direct calculation shows that
: Cc 1 C’,u .
E{Im2l4\9ﬁ(9)}§m(5 DB P+ =2 > IRl
I#k€ET, I#keET;

Applying inequalities (T.I16) and (ZI7) of Lemma [T.0] we get

C’Im2mg)(z) Cu2 1 ()2
n2vb * n3v6 n Z By
lETj

E{|njo[*|mW)} <

Furthermore, we have

; Cr1 4 Ou '
E{|njs[* |0} S_4(5 Z I(RO)? 2) +% Z [(RY)

#ke I#k€ET;
2
6(%1#2 (R9)2u) Gn#% [(RD))l?)
J
4
S (G 3 Ry
I#£keT;
2
S 2 R (3 k)
l;éke’]I‘J I#k€ET;

Note that
pe < Cv/npg,  pg < Cnpy.
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Using this relations, we get

B0} < S (2 S roe) + 94 S moy,[

nt I£kET, I#k€ET;
C .
SSRGS ) (5 1R )
l;ﬁk)ETj l;ékeTj
+ AL S R0y’
I#£keT;
C 2 .
LS w0 (- X IEDP)
I#£keT; I£k€ET;

Applying now Lemma [T.6] we obtain

; c , Cu? /1 a2
Bl M} < — o (mm ()" + =L (= 3 R

nto8
IET,
Cuz /1 3 () j C,U4 ()22
=L (= Y R ) tmm) () + 5 (n > (mR{)?)
IET; IET;
Cu? /1 j ;
+ =5 (= 3 (mR)?) tmm ) ().
lET]‘
Thus, the Lemma is proved. O

Lemma 7.22. Assuming the conditions of Theorem [I1], we have
lejal® . C
|z + 5(2) + my(2)|* — ntot’
Proof. Using the representations (7.34))-(7.36) we have

, 1
Eja = — Z 1 Xk[(RY)?)u) Ryj = —(Lnjitnjztns) Byj. (T-41)
" 1 ke,

Applying the Cauchy—Schwartz inequality, we get

X [(RY) )
§£<1+E2<’ w 2t ke, Xt Xil( )]lk\)) SR, [P

|z 4+ s(2) + my(2)]
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Using Corollary 5.14] we we may write

E J
’z + s(2) + my(2) |
. 8 , 8
< £(1+E%‘ nj1 ‘ %‘ 12 ‘
nt z 4+ mp(2) + s(2) z 4+ mp(2) + s(2)

153

1
L E:?
z+mp(2) + s(2)

Yy

Observe that,
24 5(2) +ma(2) T 24 s(z) +m(z)] 2+ 5(2) + mn(2)]

).

Therefore, by Lemmas [T.I8] and [(I3] for z € G,
1 < C

245G+ ma@)] T 24 s(2) + md)(2)] (7.42)

Using (Z.42]) we get by definition of 7;1, Lemma [Z.6] and inequality (Z1I])

) 8 —87,n 8, (J)
o Poop e
z 4+ mp(2) + s(2) 12+ m¥)(2) + s(2)[8
Furthermore, applying inequality (7.42]) again, we obtain
1j2 ‘8 %‘ 12 ‘8

§‘z—|—mn(z)+8(z) z+m£zj)(2) + 5(2)

Conditioning with respect to 9) and applying Lemma [7.20], we obtain

C < 1
2+ m{ (2) + s(z)[8 \n'0"?

152 ‘8

1
2 < E2
‘z—I—mn(z) +s(2)l —

(Imm{(2))*

Using Lemma [7.5] inequality (7.8]), together with Corollary .14 we get

152 5 _ c Cpj
z+mp(2) +s(2)] T n2b|22 —4]  n2ut|z2 — 42
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Applying inequality (7.42]) and conditioning with respect to Mm@ and
applying Lemma [[.2T] we get
1
24 s(2) +mid ()

+ (LS amay) + L (35 am A (D (2)

nhl2

1

: 8
753 ‘ < E%

() ¥ 500) (min (momi?)(2))"

ntv8 n
lETj IETJ'
C'ujll 1 ()12 0/‘421 1 ()2 ; 9
+ n6U12 (H g]r:(llel ) > + 7’L6U1_2 (H g]r:(lmR” ) )(Immg)(z)) .
J j

(7.43)

Using that |z + mg)(z) + s(z)| > Im m(j)(z) together with Lemma [T.6] we
arrive at

% 753 8 < C + C
z+mp(z) +s(2)| 7 n208)22 — 4]  n2vtz2 —4)2
C C C

g + + T
n2v6|22 — 4]% ndu0|2% — 42 p36)2 — 4\%

Summarizing we may write now, for z € G,

|€j4|4 C C C
|Z + S(Z) + mn(z)|4 — ntd ’I”L6’U6|Z2 _ 4| + n6v4|z2 _ 4|2

C

+ + .
n%vb’]z? — 4\2 nTvb[z2 — 42 nvb|22 — 4]%

_|_

For z € G, see (.24]) and Lemma [7.13] this inequality may be simplified by
means of the following bounds (with vy = Agn 1)

ngvzlzz — 4\% > ngvgfy_H% > C\/ﬁ’y% > C,
3?2 — 4 > 0, n3?? - 4]% > C,
n?z* — 42 > C. (7.44)

Using these relation, we obtain

lejal® ¢
|z + 5(2) + my(2)|* — ntot’

Thus Lemma [7.22] is proved. O
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Corollary 7.23. Assuming the conditions of Theorem [1I1], we have

lejal? c
|z + s(2) + mp(2)]2 ~ n20?

Proof. The result follows immediately from Lemma [[.22] and Jensen’s in-
equality. O

Lemma 7.24. Assuming the conditions of Theorem[I 1], we have, for z € G,

C
E|A, 2 < 5 (7.45)
Proof. We write
T, 1 T,
E|A,|> = EAA, = E n A=) E n Ay,

z+mp(2) + s(2)

where
1 n
Ty = - Zz—:j,,Rjj, forv=1,...,4.
7j=1
First we observe that by (7.34)

1 1
| Thal = ;]m/n(z)] < %Immn(z).

(

Hence |z + mnj)(z) +s(z)| > Imm(j)(z) and Jensen’s inequality yields

Tn4
z 4+ mp(2) + s(2)

— 1
E Al < —Ez|A,)2 (7.46)
nv

Furthermore, we represent T, as follows
Th1 = Th11 + Thaa,
where

1 — 1
Toi=—— ej———,
nit n; ¥ mn(2)

1

1 n
Thi2 = — 1(Rj; + ——).
nl2 n;%l( jj T Z—I—mn(z))
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Using these notations we may write

— Thu <~ _ (5 21 €51) -
Vi= Ez + mp(z) + s(2) An = E(z +mn(2)(z + s(2) + mn(z))A"'

Applying the Cauchy — Schwartz inequality twice and using the definition
of €51 (see (B.:2)), we get by Lemma [T5]

1

|22 — 42

1
2+ my(2)[

R 4
Vil < i- \/EZX“‘ Eil E3A,2  (7.47)
j:

By Rosenthal’s inequality, we have, for z € G

Vil < ﬁmm < B

Using (3.2)) we rewrite T,12, obtaining

Ty - 1 ¢ XjieiRij +
z+mg(2) + s(z)A" - nyn ]zz:l E(z + mp(2))(z + mp(2) + s(z))An'

Vo =E

By the Cauchy — Schwartz inequality, using the definition of ; (see repre-
sentation [3.2]), we obtain

4 1
1 1 ’ >0 1€JVX]JR]J‘ 2
Vel < — S B = B3N, =S Va.
75 2 @) 1 SO P Z
(7.48)

For v =1, we have

Ez[A, 2

1 1
Vo < —E2
n z) + ( )|2|»’5+7”nn(»’3)|2

Applying the Cauchy — Schwartz inequality twice and Lemma [7.5] we arrive
at

|Z+mn

o o . 41 1 1
V21§n\/? 4( Z ) 8< Z|Rjj|2> E8WE2|An|2-

j=1
(7.49)
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Observe that

n

E<%§;Xz>2=<%im> e ( Sk -mxg)’

J=1

ZE!XH\ (s + Dyua <C. (7.50)

The last inequality, inequality (7.49]), Corollary (.14] and Lemma [7.13] to-
gether imply

Va1 < LE%\AHP < QE%\AHF. (7.51)
ny/|22 — 4| nv

Furthermore, for v = 4, by Lemma [Z.I8 we have

1 n 2 2
1 L IX 2 R
e g RS XalIRy

1
Ez|A,|%
noy/n |z +me(2) + s(2) 12|z + mp(2) ]2 Al

(SIS

Applying the Cauchy — Schwartz inequality and Lemma [T.5] we get
1

2 171 & 4 1 1 1
s ™ () B G S ) B e

Similar to inequality (.51]), applying Lemma [7.13] inequality (7.50) and
Corollary [5.14] we get

Vos < CBE AR (7.52)
nv

By Hélder’s inequality, we have for v = 2, 3,

e

11 1 e X1 1 1 1
Vo < —==» E1 I 33 E ES|R;;|°Ez|A, %
= Z () + s e il B A
Note that for v = 2,3, r.v. X;; doesn’t depend on ¢, and on o-algebra
M), Using inequality (7.42) for z € G, we get

|€ju|4|ij|4 |5jl{|4|ij|4 < CuE |€ju|4 )
2+ mn(2) +s(2)* T 12 £ (2) £ s(2)|4 T 1z +m¥ (2) + s(2)[4

Applying now Lemmas [(.15], [.T6] and [7.13] arrive at

C
Vo, < EE%MnF’ for v = 2,3. (7.53)
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Inequalities (Z51)), (Z52)), (Z53) together imply

V< CEALL
nv

Consider now the quantity

Tnl/ K
z4+mp(z) +s(z) "

for v = 2,3. We represent it as follows

Y, :

YI/ - Yul + Yl/27
where

Y, E _ &vhn ,
' n; (z + mD (2)(z + mn(2) + 5(2))

1 —
l n EjV(Rjj + m)An

2T ) +5(2)

By the representation (5.32]), which is similar to (3.2)) we have

3 n -
=3 1 S E EjvEjnnRjj
SN T G mae) +s(2) (= +mid(2)
Using inequality (7.42)), we may write, for z € G

lejullesul|Anl| Ry;]
|Y”2|<Z Z J Jju JJ

= S e m(2) + sz +m ()]

Applying the Cauchy — Schwartz inequality and the inequality ab

< 1(a?

66

(7.54)

+
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b?), we get
’YVZ‘ < Z Z ‘E]'V’z’EJ'NP’Rij i E%’An‘Q
S e m )+ s(2))2l + mi ()2
3 n AP 2
< QZE% — lejul* [R5 = E%]An\z
= VS A ma (2) + s(2) Pz + mid (2))?
n 20121, (2
+9 Es ()|5JV| e |°|1Ry5] — E%|An|2
ez mi (2) + s(2)2z + ma (2))?
3 n 8
< ZQ Ei & 2 5 EZ[A,[°E1|R;;[!
Vil ma (2) + s(2) [z +ma (2) 4

gl vl *les !
n

o o Ez|A, [*ET|R;;|".
o lrEma(2) + s(2) Mz +mi ()4

Using Corollary [[.T7] with a = 2, we arrive at
C
V0| < —Ez|A,|% (7.55)
no

In order to estimate Y,; we introduce now the quantity

AUY = Ly RY) — 5(2) + 52) + %TI"RU)zS(Z)-
n noon

Recall that

1 . 1 .
= SIRDY, myp = - > XpXul(RY),

IETJ' k;éleTj
1 )
njs = — (X5 = IRy, (7.56)
lETj
Note that .
nj1| < —[Tr (R, (7.57)

We use that (see [I1, Lemma 7.5])

1
Ej4 = ﬁ(l + nj1 + nj2 + nj3)Rjj. (7.58)
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Note that

~ (i s(z 1
Onj = An — AJ) = €4 — % =~ 1j05(2)

1
= ;(Rjj —5(2))(1 +nj1) + E(lez + n53) Rjj-

This yields

1 1
busl < (L IRy = 5(2) + o + migl|Rygl - (7.59)

We represent Y1 in the form

Yul = Zul + ZI/2 + ZI/3 + ZI/47

where
) Ay
n z_: (z +m%P (2 ))E(z +mi (2) +5(2))
1 v0nj
T §E< +mid (2 >>Z +ma(z) +3(2)
Zvs = %;E< +m (2)(z +m£f>€<jy>A fiéz»(z ma(2) +5(2))
Zva = _% ; E(Z +mP(2))(z + mgféjiié))(z +mn(2) + 5(2))

First, note that by conditionally independence
Z,1 =0. (7.60)

Furthermore, applying Holder’s inequality, we get

’EJV‘4
’Z,,g‘ < E4
]Zl 2+ mP ()42 + m$ () + s(2)|*

x E1 fesal’ Ez[AGD,
|2+ mp(2) + s(z)[* "

Using Corollary [Z.17] with o = 4 and Lemmas [7.22] and [(.5] we obtain

C 1
| Zys] < ——5—E2[A, %
(nv)z|22 — 4|1
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For z € G we may rewrite this bound using Lemma [7.13]
C
\Zy3| < —Ez|Ay)2. (7.61)
nv
Furthermore, note that
11+ n] <o 'Im{z +mW(2)} <Tm{z +ml)(2) + s(2)}.
This inequality together with (Z.59) implies that
|ZI/4| < Zu4 =+ 21/47 (7.62)

where

|€]V€]4||RJJ s5(2)]

2 )
n20 =1 m (2)]|2 4 ma(2) + s(2)]

. 1 o lejvgjallnge + sl | Ry — s(2)]
T = gy DB )
ol md @)z +ma(z) + 5(2)]

By representation (3.2), we have
|Rjj — s(2)] < [AnllRj5] + lejl| Ryl

This implies that

Zoys < Zopa1 + Zoyso,

where
= 1 lejvejal|Anl
Ly = 2y 5 ;
= 1z ma (2)]]z 4+ ma(z) + s(2)|
1 « lejveialle;]
~ eialles
ZI/42 = HTZE (] v J .
= 2 ma ()2 + ma(z) + s(2)]

Applying Holder inequality, we get

- I o1 ol (1 - 1\ il 16

Zon < —E3|A,| Es(;Dw ) Em<ﬁzl| Ry['°)
_ =

‘16)(%2 |z+mJLE]§’+ s(z)|4)'

u>|>—-

171
XElG(EZ

= 1\z+m
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By Lemma 7.2.1, inequality (7.39) and Corollary 5.14, we have
~ C _1
Zm < —5 5B A% (7.64)

Futhermore, applying Holder inequality again, we get

Zun < B (- Zm LHE Z\sjw) (%imjj\g)
xE;<%§+> (Z\Hm'%' ) (@)

= |z—|—m

The last inequality, Corollaries 5.14, 7.17, Lemma 7.22 together imply

Zz S 5y (7.66)
Inequalities (T.64)) and (7.66) together imply
C _1 C
Zo| < —Ez|A, P+ ——. .
‘ 4’ = 2’ ‘ + n2v2 (7 67)

To bound Z,9 we first apply inequality (7.42)) and obtain

n

Zal < Sy B ‘Ej””‘s’“(’) .
e |z mad (2)|lz +mal (2) 4 s(2)]|

Furthermore, similar to bound Z,4 — inequality (7.62) — we amy write

‘ZV2‘ S ZI/2 + 21/27

where
ij = % E’*SJVHRJJ( 5 s(2)]
n j:l |z 4+ mii’ (2)|
21/2 — Z |5JV||77J2 +77J(3|)|R]J| ‘
i 2+ m (2)||z +m (2) + s(=)|

Applying inequality (7.63) and Cauchy — Schwartz inequality, we get

Zys < E%|An|2 ZE4|5JV|4E8 T E |Rj51°

n><z>r

C " 1 1 1 1
+ =Y Eilg,['Es——————E58|R;;|PE1|e;|%. (7.68)
n2 ; J ]z—l—mg)(z)]s JJ J
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Lemmas 7.15, 7.16, 7.22, inequality (7.39) and Corollary 5.14 together imply
C

~ C 1 2
< — —. .
Zip < B2 A* + (7.69)

Applying now Hélder’s inequality, we get

n |4 , 14
Zal < S S Ei (‘fﬂ”’ Ei ’"Jﬁf 13

E lAmdl @) s(R 2+ ma (2) + s(2)]2
1

x Bi|Rj,;['Bi——
T )

The last inequality together with Lemmas 7.22, 7.20, 7.21 and Corollaries
5.14, 7.17 implies

(7.70)

Combining inequalities (7.46), (7.47), (7.54), (7.55), (7.60), (7.61), (7.67),
(7.69), (7.70), we get

C

C _1
E[A,|? < —E? |An|? + 3 (7.71)

Applying lemma 7.4 with ¢ = 2, » = 1 completes the proof of Lemma
7.24.
O

We relabel 7;2, 73 and introduce the following quantity

n

B = z D IRV - L > [(R)Iu,

n n

IET; =1
1 .
Bjz =+ > X Xal(RD)Y ), =y,
I£kET,
1 .
Bis =1 IZT: (X3 — DRV, = njs.
€lj

Lemma 7.25. Assuming the conditions of Theorem [I1l, we have, for v =
2,3,

. C .
E{|8;,|*|mV)} < Wlmmgf)(z).
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Proof. We recall that by C we denote the generic constant depending on 4
and Dy only. By definition of §;, for v = 2,3, conditioning on MU, we get

-
E{|Bj2[*|mV)} <3 > IR kl|2<_ > RVl

l;ﬁkeT] LkET;
E{|8;3*|amU }< s> IR zz!2<— > Rl
€T, LkeT;

Applying Lemma[T.6, we get the claim. Thus Lemma[7.25]is proved. [

Lemma 7.26. Assuming the conditions of Theorem [I1], we have, for j =
1,...,n,

C
E|8j1| < -t
Proof. Let FY )(x) denote empirical spectral distribution function of matrix
W0U).  According to interlacing eigenvalues Theorem (see [I8], Theorem
4.38) we have

C
sup | (2) — F )] <
Furthermore, we represent
B = /OO e d(Fala) ~ F @) + s TH (RO
J oo (T —2)? " n(n —1)
Integrating by parts, we get the claim.
Thus Lemma is proved. O
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