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LOCAL SEMICIRCLE LAW UNDER MOMENT CONDITIONS.
PART I: THE STIELTJES TRANSFORM

F. GOTZE, A. NAUMOV, AND A. N. TIKHOMIROV

ABSTRACT. We consider a random symmetric matrix X = [X;;]%,_; in which the
upper triangular entries are independent identically distributed random variables with
mean zero and unit variance. We additionally suppose that E |X 11|4+5 = fays < 00
for some § > 0. Under these conditions we show that the typical distance between the
Stieltjes transform of the empirical spectral distribution (ESD) of the matrix n~zX
and Wigner’s semicircle law is of order (nv)~!, where v is the distance in the complex
plane to the real line. Furthermore we outline applications which are deferred to a
subsequent paper, such as the rate of convergence in probability of the ESD to the
distribution function of the semicircle law, rigidity of the eigenvalues and eigenvector
delocalization.

1. INTRODUCTION AND MAIN RESULT

We consider a random symmetric matrix X = [X jk]?,kzl where the upper triangular
entries are independent random variables with mean zero and unit variance. We will
be mostly interested in limiting laws for the eigenvalues and eigenvectors of large n x n
symmetric random matrices in the asymptotic limit as n goes to infinity.

For the symmetric matrix W := %X we denote its n eigenvalues in the increasing
order as

M(W) <. <A\ (W)
and introduce the eigenvalue counting function
N(W):=|{1<k<n: \NW)eT}

for any interval I C R, where |A| denotes the number of elements in the set A. Note
that we shall sometimes omit W from the notation of A;(W).

It is well known since the pioneering work of E. Wigner [32] that for any interval
I C R of fixed length and independent of n

1
T}LIEOEENI(W) = /Igsc()\) dA, (1.1)
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where
1
gsc(A) :== 2—\/4 — A21|\ <2
T

is the density function of Wigner’s semicircle law. Here and in what follows we denote
by 1[A] the indicator function of the set A. Wigner considered the special case when
all X, take only two values £1 with equal probabilities. To prove (LI]) he used the
moment method which may be described as follows. Since g . is compactly supported
it is uniquely determined by the sequence of its moments given by

1 (2m _
Bk: m+1(m)’ k 2m7 ’ k?21
0, k=2m+ 1.

We remark here that (,,,m > 1, are Catalan numbers. To establish the conver-
gence (L.I)) one needs to show that

o) 2
lim MNdE,()\) = / MNogee(A) dA,
n—oo J_ o _9

where F,(A) := LN(_ox(W) is the empirical spectral distribution function. Further
details may be found in [3].

Wigner’s semicircle law has been extended in various aspects. For example, L. Arnold
in [I] proved almost sure (a.s.) convergence of F,, to the semicircle law but under ad-
ditional moment assumptions on the matrix entries. More general conditions of conver-
gence to Wigner’s semicircle law were established by L. Pastur in [27]. For all 7 > 0 we
define Lindeberg’s ratio for the random matrix X by the relation

Ly(7) = % > EXEU[IX| > mv/nl. (1.2)

jk=1

Pastur has shown that the convergence of Lindeberg’s ratio to zero is sufficient for the
convergence in probability to the semicircle law. V. Girko in [15], [14] extended Pastur’s
result to a.s. convergence and stated that (L2)) is also necessary condition. This result,
in particular, implies that if Xz, 1 < 7 <k < n, are independent identically distributed
(ii.d.) random variables and have zero mean and unit variance, then F,, converges
a.s. to Wigner’s semicircle law. We remark that all these results were established
for symmetric random matrices with independent, not necessary identically distributed
entries, but assuming that IEXJZk =1forall 1 <j <k <mn. This limitation has been
overcome in a sequence of papers, see, for example, [29], [26] and [16]. In the last years
there has been increasing interest in random matrices with dependent entries. For some
models it has been shown that Wigner’s semicircle law holds as well for the matrices
with dependent entries, see, for example, [20], [16], [4].

All these results hold for intervals I of fixed length, independent of n, which typically
contain a macroscopically large number of eigenvalues, which means a number of order
n. Unfortunately for smaller intervals where the number of eigenvalues cease to be
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macroscopically large the moment method does not apply and one needs the Stieltjes
transform of the empirical spectral distribution function Fj,, which is is given by

my(z) = /OO dfr:(i) = %TI(W — )t = % A ﬁ,

n

where z = u+1v,v > 0. The Stieltjes transform is an appropriate tool to study spectral
densities, since taking the imaginary part of m,,(z) we get

Tm my, (u + iv) = /OO m dF,(\) = %/_OO K (“ - A) dF,(\)

— 00 o0

which is the kernel density estimator with kernel K and bandwidth v. For a meaningful
estimator of the spectral density we cannot allow the distance v to the real line, that
is the bandwidth of the kernel density estimator, to be smaller than the typical % -
distance between eigenvalues. Hence, in what follows we shall be mostly interested in
the situations when v > .

Under rather general conditions, like convergence of Lindeberg’s ratio (I.2]), to zero
for fixed v > 0 one may establish the convergence of m,,(z) to the the Stieltjes transform
of Wigner’s semicircle law which is given by

o - [ B0

o0

and may be calculated explicitly by

z 22
s(z) = 5T\ 32 1, (1.3)
see, for example, [3] for a simple explanation.

It is much more difficult to establish the convergence in the region 1 > v > %
Significant progress in that direction was recently made in a series of results by L. Erdos,
B. Schlein, H.-T. Yau and et al., [I1], [10] , [I2], [§], showing that with high probability
uniformly in v € R

log“n

|, (u + ) — s(u+ )| < (1.4)

nv
which they called local semicircle law. It means that the fluctuations of m,(z) around
s(z) are of order (nv)~! (up to a logarithmic factor). To prove (L) in those papers
[11], [10], [I2] it was assumed that the distribution of X for all 1 < j, k < n has
sub-exponential tails. Moreover in [§] this assumption had been relaxed to requiring
E | X;iP < p, for all p > 1, where p,, are some constants. Since there is meanwhile an
extensive literature on the local semicircle law we refrain from providing a complete list
here and refer the reader to the surveys of L. Erdés [6] and T. Tao, V. Vu, [30].
Combining the results and arguments of the papers [9], [7] with the more recent results
of [25] it follows that (IL4) holds under the condition that E |X;;|*™ =: s < oo.
(L. Erdos and H.-T. Yau private communication). To explain it in more details, assume

that 1 < j, k <n [Xj;| < n%cfl with probability larger than 1 — e™"¢ for some ¢ > 0.
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Here, ¢ may depend on n and usually n® < ¢ < n'/?log™! n for some ¢ > 0. This means
that all Xj; are bounded in absolute value by some quantity from logn to n'/2=%_ Define
the following region in the complex plane

S(CY={z=u+iweC:lu <510 >v>¢“n'},
where ¢ := (logn)°&!e™ and C' > 0 and let

1= () o= el — 2. (15)
In [9][Theorem 2.8] it is shown that there exist positive constants C' and ¢ such that for
all ¢ > ¢

Pl {\mn(z) —5(2)] < ¢ (miﬂ (Wﬁ é) + %)}

zeS(C)
>1—n . (1.6)

Assume now that E | X;;,|*" < C. In [7] (Lemma 7.6 and 7.7) the initial matrix has been
replaced by a matrix X matching the first moments of X but having sub-exponential
decaying tails. In the recent paper [25][Lemma 5.1] it has been shown in particular that
there exist such a matrix X such that E X5 = EXJSk for s =1,...,4 and | X,z| < Clogn

(this means that ¢ = O(n'/?log™'n)). Finally, it remains to estimate the difference
mn(2) — s(z) in terms of m,(z) — s(z), where m,(z) is the Stieltjes transform corre-
sponding to X.

The aim of this paper is to give self-contained proof of (4] assuming that E | X
fays < 0o. We apply different techniques, which allow to reduce the power of logn (see
the definition of ¢ above) to some constant with precise dependence on §. We also
extend the recent results of F. Gotze and A. Tikhomirov in [2I] and [I§], with § = 4,
where we required 8 moments together with u lying in the support of the semicircle law.
Our work and many details of the proof were motivated by a recent paper of C. Cac-
ciapuoti, A. Maltsev and B. Schlein, [5], where the authors improved the log-factor
dependence in (I.4)) in the sub-Gaussian case. We mention that in the latter case one
has E [ X ;[P < (C'/p)? for all p > 1.

To control the distance between m,,(z) and s(z) one may estimate E |m,(z) — s(2)|?.
Instead of a combinatorial approach to deal with the last quantity we apply the method
developed in [21], [I8] which is a Stein type method. In addition we apply the descent
method for the estimation of the moments of diagonal entries of the resolvent using
a few multiplicative steps introduced in [5]. In earlier work of L. Erdos, B. Schlein,
H.-T. Yau and et al. mentioned above a larger number of additive steps of descent had
been used. For the details of our technique see Section [L.3l

B4 =

L.1. Main result. We consider a random symmetric matrix X = [Xj;]7,_, in which
X, 1 < j < k < n, are independent identically distributed random variables with

E X;; =0 and E X7 = 1. We additionally suppose that
E |X11|4+6 < C.
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for some § > 0 and some constant C' > 0. In this case we say that the matrix X satisfies
the conditions (CO0).
We introduce the following quantity depending on o

2
446
which will control the level of truncation of the matrix entries.

Without loss of generality we may assume that § < 4 since otherwise all bounds will
be independent of a. This means that we may assume that

a:=a(d) =

1 <a< l

4 — 2
The following theorem about approximation of Stieltjes transforms is the main result of
this paper.

Theorem 1.1. Assume that the conditions (CO) hold and let V' > 0 be some constant.
(1) There exist positive constants Ay, A1 and C depending on o and V' such that

E ma(2) — <>|p<(0p) ,

nv

forall1 <p < Aj(nv) 2", V >v> At and |u| < 2 +v.

(13) For any ug > 0 there exist positive constants Ay, A1 and C' depending on o, uy and

V' such that
E|Imm,(z) —Ims(z)]P < (Cp ) ,

nv
= 1

1 < .

forall1 <p < Aj(mv) 2%, V>0v> Aon~" and |u| < ug

Remark. Let us complement the results stated above by the following remarks.

1. The methods used in our proof (see section [[3 below) differ from those used in [9], [7]
and [25] which are outlined above. In particular, applying Markov’s inequality and
taking p of order logn we may also rewrite our result in terms of probability bounds
with an estimate n—cl°el°e” We also reduce the power of logn (see definition of p above)
to some constant with precise dependence on 9.

2. We conjecture that the result of Theorem [I.1] holds with 6 = 0 which corresponds to
the case of finite fourth moment only.

3. The case of non-identically distributed X}, can be dealt with by our methods, but
the details are more involved and we omit its proof here.

4. Note that it is possible to reduce the power 220‘ assuming that at least eight moments
of the matrix entries are finite. This situation corresponds to § = 4 and o =
5. On the right hand side of the estimates in (i) and (ii) the dependence on the power

p is given sharpened to pP compared to p”” in the main theorem of [5].

|

Applications of Theorem [L.1] outside the limit spectral interval, that is for u > 2,
require stronger bounds on Im A,,. We say that the set of conditions (C1) holds if (CO0)
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are satisfied and | X;;| < Dn®,1 < j,k < n, where D := D(«) is some positive constant
depending on « only.

Theorem 1.2. Assume that the conditions (C1) hold and ug > 2 and V' > 0. There
exist positive constants Ag, Ay and C' depending on o, ug and V' such that

CrpP N CPpp P N CrpP
(Y0P () P(y +0)E w0 (Y + )2 (o) (v + v)

)

E|Imm,(z)—Ims(z)[P <

LS

foralll1 <p< Al(m})%, V>v>Am ! and 2 < |u] < ug.
1.2. Applications of the main result. In a subsequent paper we shall apply Theo-
rem [L.1] to prove a series of results which we will formulate and discuss now. We start
with the rate of convergence in probability. Let us denote by

AY = sup |F,(z) — Gse(2)],
zeR

where Gyo(2) == [*__ gse(A) dA. It was proved by F. Gotze and A. Tikhomirov in [19]

12 _
K=

that assuming maxi<; k<, E | X : p12 < 00, one may obtain the following estimate

1
EA, < Mfﬂfé-

In particular this estimate implies by Markov’s inequality that

P(A* > K) < 12

Kn2

It is easy to see from the previous bound that one may take K > n~%. This result

has been extended by Bai and et al., see [2]. showing that instead of the twelfth finite

moments it suffices to require finiteness of six moments. Applying Theorem [LI] we

may obtain the following stronger bound. Namely, assuming the conditions (CO) for
1 <p <c¢(a)logn we get an error bound of next order

(1.7)

E%[A;]p < n~'logi-= n.
Similarly to (L) this inequality implies that
C? log% n
Krpr

which is optimal up to a power of logarithm since on may take K > n™! (see also [17], [31]
and [I§] using additional assumptions). A direct corollary of the last bound is the fol-
Nz — £ £ P oo T 5a
CRa L BN IS K) L C7logitn

lowing estimate
P =
( £ - ¢ Kpnp

valid for all & > 0, where N[I] := Ny(W) with [ := [E — =; F + £]. This means the
semicircle law holds on a short scale as well.

P (A" > K) < (1.8)
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Another application of Theorem [[.1] is the following result which shows the rigidity
of the eigenvalues. Let us define the quantile position of the j-th eigenvalue by

Vi ;

v [edna=2 1<j<N.
o n

We will show that under conditions (CO) with high probability for all 1 < j < n the

following inequality holds

I\ — ;| < Kmin(j,n —j + 1)] 3075, (1.9)

where K is of logarithmic order. It is easy to see that up to a logarithmic factor the dis-
tance between \; and ~; is of order n™! in the bulk of spectrum and of order n=s at the
edges. To prove (LI) we shall apply Theorem as well. For previous results we refer
the interested reader to [22], [8][Theorem 7.6], [9][Theorem 2.13], [I7][Remark 1.2], [25][Theorem 3.6]
and [5][Theorem 4].
We may also show delocalization of eigenvectors of W. Let us denote by u; :=
(uj1, ..., uj,) the eigenvectors of W corresponding to the eigenvalue A;. Assuming con-
dition (CO) we have that with high probability

, K
max |u;|” < —.
1<jk<n n
For previous and related results we refer the interested reader to the corresponding

theorems in [T1] [17], [9] and [7].

1.3. Sketch of the proof. Let A,(z) := m,(z) — s(z). Applying Lemma [B.1] (see
[5][Proposition 2.2]) it is shown in Section 2l that one may estimate E |A,(z)[? and
E|ImA,(2)|P via E|T,,(2)[? (see definition (2.4])) choosing one of the bounds depending
on whether z is near the edge of the spectrum or away from it.

To estimate E |T,,(2)|? we extend the methods developed in [18][Theorem 1.2] and [21].
The bound for E |T,(z)[P is given in Theorem 21l The crucial step in [21], [I§] was to
show that finiteness of eight moments suffices to show that max;<;<,E|R;;(2)[? <
CP for all 1 < p < C(nv)i and v > vy. The proof of this fact was based on the
descent method developed in [5][Lemma 3.4] (see Lemma [L.I]below), but used in proving
bounds for moments of the diagonal entries R;;(z) only. In this paper we develop this
approach to estimate the off-diagonal entries of the resolvent as well assuming (C1)
(see Lemma below). This provides improved bounds for E |59, where ¢j5 is the
quadratic form defined in (2.2)). We would like to emphasize that this estimate is crucial
for the proof of Theorem [[LT] assuming conditions (CO0). Similarly we establish a bound
max; <<, E|R;;(2)[? < Cf, which is valid on the whole real line rather then on the
support of the semicircle law only as in [21], [I8]. The details may be found in Section @]
Lemma [A.T]

Note that E |T,(z)|?” is bounded in terms of EIm” R,;. In Section B Lemma Bl we
show that max;<;<, EIm?R;;(2) may be estimated by Im?s(z) with some additional
correction term (see definition (B.II) of WU(z)). Since we can derive explicit bounds for
Im s(2) inside as well as outside the limit spectrum we are able to control the size for
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E|T,.(2)]7 as well as E|Im A, (2)[” on the whole real line in terms of the quantity ~
(see ([LH)). This is another key fact for the proof of Theorem L2

1.4. Notations. Throughout the paper we will use the following notations. We assume
that all random variables are defined on common probability space (€2, F,P) and denote
by E the mathematical expectation with respect to P.

We denote by R and C the set of all real and complex numbers. We also define
Ct:={2€C:Imz >0} Let T =[1,...,n] denotes the set of the first n positive
integers. For any J C T introduce Ty := T\ J.

We shall systematically use for any matrix W together with its resolvent R and Stielt-
jes transform m,, the corresponding quantities W& R, mY for the corresponding sub
matrix with entries Xy, j,k € T\ J.

By C and ¢ we denote some positive constants, which may depend on «,u and V/,
but not on n.

For an arbitrary matrix A taking values in C"*" we define the operator norm by
JA|l := sup,epn. g1 [[AZ||2, Where [[z]|y := 377 [2;]*. We also define the Hilbert-
Schmidt norm by [|Allg := Tr AA* =370 [Ajl*.

1.5. Acknowledgment. We would like to thank L. Erdos and H.-T. Yau for drawing
our attention to relevant previous results and papers in connection with the results of
this paper, in particular, [7], [§], [9] and [25].

2. PROOF OF THE MAIN RESULT

We start this section with the recursive representation of the diagonal entries R;;(z) =
(W — 2I)~! of the resolvent. As noted before we shall systematically use for any matrix
W together with its resolvent R, Stieltjes transform m, and etc. the correspond-

ing quantities W), R(J),mg) and etc. for the corresponding sub matrix with entries

Xjk,J, k € T\ J. We will often omit the argument z from R(z) and write R instead.

We may express R;; in the following way

1
Rjj = - 5- (2.1)
—Z X_\/Jﬁj - %Zz,keTj X XRy)
Let E]‘ = 51]‘ + Egj + Egj + E4j, where
1 1 ; 1 ;
€15 = ﬁij’ €2 =~ Z XijjzR;(gjl), €3 =~ Z(ka - I)ng),
I#kET) keT;
1 .
g4 = —(TrR — TrRY)),
n
Using these notations we may rewrite (2.1I) as follows
1 1
Rjj =~ giRyj. (2.2)

T mn(z) 2+ mn(?)
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Introduce
Ay i=my(2) —s(2), b(z) :=2z+2s(2), bu(z) =0b(2) +A,, (2.3)
and
1 n
Tn = g ZEjRjjv (24)
j=1

Applying (2Z2) we arrive at the following representation for A, in terms of 7,, and b,
T, T,

Tz me(2) +Fs(z) ba(2)
From Lemma [B.] of the Appendix it follows that for all v > 0 and u < 2+ v (using the

quantities (2.3)))

A, < Cmin{|z|)(TZ)‘|,\/|Tn|}. (2.5)

Moreover, for all v > 0 and |u| < ug

| Tm A, | §Cmin{|L?Zl|,\/\Tn\}. (2.6)

This means that in order to bound E |A,|P (or E|Im AP respectively) it is enough to
estimate E |T,, 7.
Let us introduce the following region in the complex plane:

D:i={z=u+iveC:|ul <uyV >v>uvy:=Amn '}, (2.7)

where ug, V' are arbitrary fixed positive real numbers and A is some large constant
defined below.

The following theorem provides a a general bound for E |T,,|P for all z € D in terms of
diagonal resolvent entries. To formulate the result of the theorem we need to introduce
additional notations. Let

._ : @
Alg) = Iﬁéﬁl}fljré%};Eq Im?R 7, (2.8)
where J may be an empty set or one point set. We also denote
AP (k p b(z)|2.Az2 (k
g -7 () 7 |b(2)[2 A2 (sp) (2.9)

(nv)p (nv)?p (nv)p

16
1-2a”

where Kk =

Theorem 2.1. Assume that the conditions (C1) hold and ug > 2 and V' > 0. There
exist positive constants Ag, A1 and C' depending on a,ug and V such that for all z € D
we have

E|T,|P < CPE,, (2.10)

1-2a

where 1 < p < Ay(nv) 2
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The proof of Theorem [2.T]is one of the crucial steps in the proof of the main result and
will be given in the next section. Since (ZI0) is an estimate in terms of the imaginary
part of diagonal resolvent entries we refer to it as the main ’general’ bound. We finish
this section with the proof of Theorems [T and

Proof of Theorem [ 1. From Lemmas [D.I} [D.3] of the Appendix it follows that we may
assume that

| Xk < Dn*forall 1 <jk<n
and some D := D(«a) > 0.

Applying Theorem 21 we will show in the section [l Lemma [B.1 that there exist
constants Hy depending on ug, V' and Ay, A; depending on o and Hy such that
HEp*

(nv)P-

AP (kp) < HY Tm? s(z2) + (2.11)

forall 1 < p < A;(nv) 2" and z € D. This inequality and Theorem 2.1 together imply
that

CrpPImP s(z)  CPp*  CP|b(2)|% Im? s(z) N C?|b(z)|5pP
(nv)? (nv)?r (nv)? ()7
with some new constant C' which depends on Hy. To estimate E | Im A,,|P we may choose

one of the bounds (Z0]), depending on whether z is near the edge of the spectrum or
away from it. If |b(z)[? > <2 then we may take the bound

E|T.|" <

(2.12)

(nv)P
CPE|T,|?
ElmA,lp < ZELE
|b(=) P
The r.h.s. of the last inequality may be estimated applying ([2.12]). We get
CPpP Tm” s(2) CPp C?Im? s(z) CPpP

S G T e aF el e E e

Since |b(z)[P > (Cnigz the last inequality may be rewritten in the following way

CPpP Tm” s(z)  CP Im? s(z) N CPpP
(nu)Plb(2)[P (n)p[b(2)|2  (nv)P

It remains to estimate the imaginary part of s(z). Since

E|ImA,|P <

P 9yP
I 5(2) < Jb(:)P for [u] < 2 and T s(:) < [f( ”)|p otherwise
z
both inequalities combined yield
C 2\ P
E|Im A, < <—p) , (2.13)
nv

where we have used as well the fact that cy/y +v < |b(2)| < Cy/y+ v for all |u| < uy,

0<v<w. If|b(2)]P < (c;;’;i and Im? s(z) > ?;f;; then we may repeat the calculations




LOCAL SEMICIRCLE LAW 11

above and get the bound (ZI3). In the case Im” s(z) < P e take the bound

()P
proportional to |Tn|% and obtain the following inequality
C 2\ P
E|ImA, [P <E|T,[} < (—p) .
nv
Similar arguments are applicable to E |A,|?. O

Proof of Theorem[L.2. From Theorem 2.1l we may conclude that
CrpPImP s(z)  CPpP CWHKzﬂglnﬁ:%z)%7CWHKzﬂ%pp

E|T,[P < 9214
) A (T ¥ O
Applying Lemma [B.1] we get
E|T, P
E|ImA,|P < 75| :
[b(=)[?
This inequality together with (Z12) leads to
» P D3P P T P
E|lmA,p < P O Crlms(z) | O (945
(no)plb(z)[P— (no)[b(2)[P  (nv)Pb(2)]>  (nv)F|b(2)|%
Since ¢y/7 + v < |b(2)| < Cy/y + v for all |u| < ug, 0 < v < wv; and
\/% <Ims(z) < \/% for all 2 < |u| < up,0 < v < vy,
we finally get
P C'Pp3p P P
E|mA, P < ——2 L =iy ST
ol o+t o+ 0f | () E(t o)
This bound concludes the proof of the theorem. O

3. PROOF OF THE GENERAL BOUND OF THEOREM [2.1]

In the next section we will show that there exist positive constants Cy, Ag and A;
(explicit dependence on a,u and V will be given later) such that for all z € D and

plet

1<p< Al(m})l_T the following bound holds
maxE Ry ()P < CF. (31)
JeT

Similarly we prove that
1

|2 4 mn(2)[P

The proof is given in Lemma [l In the current section we will assume that (3.1])
and (3.2) hold. The rest of this section is devoted to the proof of Theorem 211

< C§. (3.2)
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Proof of Theorem[2. For the proof we will apply the techniques developed in [I§]
and [2I]. Recalling the definition of 7,, (see (Z:4])) we may rewrite it in the following
way

1 n 1 3 n
Tn = g Z 84]'Rjj —+ g Z Z 8,/]'Rjj.
j=1

v=1 j=1

Since
~ 1
j=1

we get that

n

m,(z) 1 m.(z)
T, = %/ _E:E:VARH: n T,

n
v=1 j=1

where we denoted
1 3 n
Tn = E Z Z €VjRjj.
v=1 j=1

Let us introduce the function p(z) = z|z[P~2. Then
1 .
BT = ETop(Tn) = —Em,, (2)9(Tn) + ETop(Tn).
n

Applying the result of Lemma[C.5 we estimate the first term on the r.h.s. of the previous
equation via

1 1 1 p—1 p—1
—|Emy(2)p(T,)| < —Er ImPm,(2) v |T,|P < MET | T, |7 (3.4)
n nv nv
It follows that
EITP < |Efp(T)| + AR g 1,p (3.5)
nv

To simplify all calculations we shall systematically apply the recursion inequality of
Lemma [B.4] which states that if 0 < ¢ < ¢ < ... < g < p and ¢;,j = 0,...,k are
positive numbers such that

P < g+ cix? + cx® + ...+ et
then

P P p

P < [co +el M ey Y,

where

k
k
= ]]2rw <27,
v=1
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We now apply Lemma B4 to inequality (33) with co = |ETho(T})|, ¢1 = “‘L(f ) and
q1 = p — 1, obtaining
CrA*(p)

EI|T,|P < CP|ET,o(T,
T, [P < CP|ET,o(T,)| + (o)

, (3.6)

with some absolute constant C' > 0. Now we consider the term Efncp(Tn). We split it
into three parts with respect to €,;,v = 1, 2, 3, obtaining

3 n
~ 1
ETnQp(Tn) = E Z Z EEVjRijO(Tn) = -Al + AQ + .Ag.

v=1 j=1

We may rewrite A, as a sum of two terms of the general form

- A
Ap = —=E e,;000(T,),
1 n — € ]a’n SO( )

1 « .
— E . g (4)
Ao = 0 Egllj [R]J + ay, ] @(Tn)a

Jj=1

where

1 ~ 1
an(2) = ———— and aV)(z2) = —
Z + my(2) z4+mY (2)

3.1. Bound for A,;,v =1,2,3. For v = 1 the bound is a direct application of Rosen-
thal’s inequality. The estimates for v = 2,3 are more involved.

3.1.1. Bound for Ay;. We decompose A;; into a sum of two terms

1 n
By = - E Z erjanp (1)),

j=1
1 < :
B = — Ta. — ql)
12 nEzelj[an ap, ]‘P(Tn)v
7j=1
From Holder’s inequality and Lemma [A.4] with ¢ = 1 it follows that

S

j=1

2p

p—1 C
B TP < =F

B, < CE» =r E" |T,[P. (3.7)

To estimate Bjy we first need to bound [a, — ag)]. Applying the Schur complement

formula (see, for example, [I§][Lemma 7.23] or [19][Lemma 3.3]) we get

, 1 , dR.;;
TTR—TrRY = [ 1+ - Z leXjk[(R(J))Q]kl R, = Rfl& (3.8)

73 dZ :
k,lET;
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This equation and Lemma [C.4[Inequality (C.8))] yield that

0 = ] < by~ P fagal)] < - T Ry Ryl o)
We have applying Holder’s inequality and Lemma [A. 4 with ¢ = 2

1 1
1 11,21 B ol _
|812| < n—E 526% EZImQRjﬂRjﬂ 2|anagj)|2 |Tn|1’7 1
j=1 j=1
1
<P g T pEd
nv

p

1 « - ,
gzlmszﬂRm *lana’|?
j=1

1

In view of the definition of A(q) (see (2.8)) and again Holder’s inequality we obtain

Cpz p=1
Buo| < —-A(4p)E'F [T, |7,
nav
Finally
Cp Cp2 p-1
A < |22+ 222 pap) | B |3, (3.9)
n nzv
3.1.2. Bound for Ay and As;. Let us introduce the following notation

TV .= E(T, |m),
where MY := ¢{Xy, [,k € T;}. Since E(é?,,j‘m(j)) = 0 for v = 2, 3 it is easy to see that

1 — . .
1= — Ee, ;a9 [o(T,) — o(TY)].
A n;:l €uja) (1) — (T,")]

Applying the Newton-Leibniz formula (see Lemma [B.2] for details) and the simple in-
equality (x +4)? < ex?+ (¢+ 1)y x,y > 0,q > 1 we get with ¢ =p — 2
where

|AV1| S Bul + Bu27

ep " . ~, . ~, . -
B ==Y El|e,;aD||T,, — TW|| T P2
= S Bl T~ T

(3.10)
pp*2 i ; ~in
B, ::_E E e, .aP||T, — TV [P~
2 n — |E 7n || n |

(3.11)

Since the derivation of estimates of these terms are rather involved we need to split
them into several subsections.

T, — TV

Representation of T, — T, By definition we may write the following representation

(An = AP (0(2) + 2A7) + (A = AP,
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where in our notations T,(L] )

submatrix. Let us denote

is T,, with the matrix X replaced by its corresponding

KUY = KW (2) = b(2) + 2AY).
Since N
T, - T9 =T, - TV — K(T, — TV |m)
we obtain the inequality
T = TO1 < KO — RO+ A0 = ADP + E(IA, - ADPID),  (3.12)

where AY) = E(A,|9M)). The equation (3.8) and Lemma [C.4[Inequality (C8)] yield
that

1 ImR,
A — A9 < — 28 (3.13)
nv - [Ryjl
For simplicity we denote the quadratic form in (B:8) by
1 )
== > XpXp[(RY)y (3.14)
" ke,
and rewrite it as a sum of the three terms
nj = Noj + My + N5,
where
1 ’ , 1 ,
Moj *= S IRV = (mP(2)), my = " > XX (RD), (3.15)
k:ETj k;élel'j
1 )
Tj = D X5 = IR (3.16)
keT;
It follows from (B.8) and A,, — AP = A, =AY — E(A, — AY M) that
~i _ L +m0 ; My + Noj 1 :
Ay =AY = —=[Ry; - E(Ry;|9m)] + ———Ry; — —E((n; + nj2) Ry | M),

It is easy to see that
IRy — E(Ry;[MU)] < a[(|€;Ry5] + E(1;Ry5(|MMD)),
where &; = 3% ¢,;. Applying this inequality and Lemma we may write

1+ v ' Tmm?

. () on ) .
A, — AP < . |aP[(1€Ry5] + E(|€;Ry5] |IY)))
1715 + 124 1 :
+ —— - ’ |Rjj|+EE(|nj1+77j2||Rjom(]))-

Let us introduce the following quantity

b =— (3.17)
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which will be used many times during the proof. It is easy to see that g > 1. Denote
48
by ¢ an arbitrary random variable such that E |(|#-T exists. Then

E(ey,| T — T [¢]|9MY)) < |KD|[By + ... + Bg] + By + B,

where
1+ v Imm{ (2) R ;
B, = - |a£zj)|E(|5uj5jRij|‘m(]))a
1+ v Imm{ (2) R , A
By = - || E(1&;R 5] |29) E(Je, ;¢ [|9mY)),

By = Byl RysC[),
By = B(Jeuymy | [Rys¢[o00)),
By = (| Ry 0) B 6] |,
B =+ Byl Rl [90) B¢ |21,

1 - .
B7 = WEQ&/]" Im2 Rjj‘Rjj‘ 2\(“93?(])),

1
Bg = = E(le,;¢[|MY)) E(] Im® Ry Ry 2 [9m)),

where B; and Bg are the result of an application of ([BI3]). Let us consider the first
term B;. By definition B; < By + Bys + Bi3, where

1+ v Imm{ (2)

Bl =
H n

a:| Eles Ry l| D), - = 1,2,3.

For ;1 = 1 we may apply Holder’s inequality, Lemma [A.3] with p = 4 and obtain

1+ v ' ImmY (2

B < 0 ()00 A (R, 7 om0, (3.13)

n

For p1 = 2 we may proceed in a similar way and apply Lemma [A.0 to get

Imm$ + v~ Im? m(j)(z)

Bis < - o) | B2 ([R5 [*mY)). (3.19)
Applying Lemma [A.§] for 4 = 3 we obtain
1
1+ vt ImmY ’ ] ,
Bz < Z RO (a9 EF (Ry¢7T[m@)).  (3.20)

n
keT
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Combining inequalities (3.I8)- (3.20) we get the following bound for By

1+v_11mmg) 2 Immgl)
B < o (2) 1+7 Z|R )28
ke’]l‘

=

x || BT (R, 77 [ EF ([¢| 7 |am)

The term B, may be estimated by the same arguments as B;. We write

=

1+w 1Imm(j)() ImmY
il 2) ) o e) (L5 e
kel‘

B, <

x || B (R, 1 [0 B ([ [am).
We now consider the term Bs. If v = 2 we apply Holder’s inequality, Lemmas [A. 10}, [A.6]
obtaining

1 1 . 1 . 1 .
By < B (e} |0 B (5, [99) B4 ([Ry5¢] o)

mz mY /1 A A A

< T <_ Tr|R(J)|4) E5 (R[5 B (|¢[5|am @)
n2v? n

By the same reasoning an application of Lemma [A.§ with v = 3 will lead us to

1
28

1
1 /1 , 2 (1 : B-1 48 N B-1 4B ,
By < (g Tr |R<J>\4) SO RGP B (R D) B ([ o).

n
kET]’

Combining the last two inequalities we get the following general estimate for Bj

1
28 .
Im: mg)(z)

1
1 /1 , 2 1 ;
— (= ()4 _E : ()28 " e (<)

kJETj
x B (R 5[0 ([¢] 7 [am)
Let us consider the term By. For v = 2 we apply Lemmas [A. 12, [A.6] and obtain
1 1 )
By < gEz;(ggj\zm(J (12, |IMD) BT (|Ry,¢|! V)
3
Im? mn 1 . 1 .
< P S EF (|Ry;[* |90 E= (|| )

2
n U2 keT
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By the same arguments as before we get the following estimate for the case v = 3

1
2 28
1 ; 81 A8 A Bl 2
Bos |G o w LSRG | B (R o) B (]
keT kET;
Finally, the bound for B, has the form
1 1
1 (1 i my .
2R 25
B4§% ;Zlm Rkk % Z‘Rkk
k‘e']Tj k‘E']T

X B (R |1 IO B ([ (o),
Obviously, the estimates of Bs and Bg are similar to those for By and By respectively.
The same arguments yield that B; may be estimated as follows
1
7 S o Kk

1
2 =
kJETj v2

|

S
ot
<

x B (Im® Ry [I9) Es (|R [ ~1°|9m) E= (¢ |am)

Since bound for Bg will be an analog of By, it is omitted. We finally collect all bounds
for B,,pn=1,...,7 and write

E(ey| T = TO|ICIMD) < [IKO| [0 [Ty + D] B ([R5 |m)
1 _ , B=1 48 ,
T ES (Ry| %m0 | B (¢ ];0), - (3.21)

where we denoted

1
B
1+v 1Imm(])( ) Imm(j) (3)128
I = > 1+7 Z|R | ,
keT
3 35
1
1 1 A\ 2 1 A I ()
L= L (—Tr|R(J)|4) (LS Ry LS Ry y ()
n n n v2
keT; ke’]l‘
1
1 1 * Im%mj)
1 n 1 ;
Ty = — “STRAP| + —— | Ei(Im®* Ry;|m).
nzv’ nkeqrj v2

We may now estimate the terms B,; and By, defined in (3.10) and (B.I1]), by applying

the representation (3.21]) and choosing appropriate random variables (.

j)).
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Bound for B,;. Recall that

ep n . ~, . ~ . -
B, :=— Ele,a?||T, — TW||TW P2
= S L Bl T~ T

Taking ¢ = 1 in (3:21)) we get

By =3 E[TO P2 E(ley||T, — T7||;9)
n i
< S (TP KO, B () R, 5 )
j=1

+ LY RTOPKO,E (o R,, )% )

j=1
eP e~ Bo1, (i A8 _ 8
+ S EITOPCTLE T () (77 [Ryy| 7 IMO) = Ty 4 T 4 T
j=1
Applying Holder’s inequality we obtain
ep o~ L p2 1 1 ;
< X P P G)2p )
< ZE v |T,PEr [P E2 KW (3.22)
7j=1
To finish the estimate of 7; it remains to bound E2 |KU)|% and E» I}, Recall that

KW = b(z) + 209 = b(2) 4+ 2(AY) — A,,) + 2A,,.

We claim that
C A(4p)

Ex |[K9 % < Clb(z)| + CE= |T, P + (3.23)
nv
Indeed, applying (3.I3) we obtain
| 2A(4
E% KD < 2E% [b(z2) + 27,7 + 2AUp)
nv

If |b(2)| > |An|/2 then (B:23) is obvious. On the other hand, if the opposite inequality
holds, we find

b2(2) + 4T, — b(2)|
2

Consequently, [A,| < 2|T,|2 and we conclude ([23). Calculating the p-th moment of
I'y we get

A <! < b(2)] + Tl

Lo () Lo ()
E5 % < C (ier” ™ my(2) | E2 Im™ m/ (Z)>
n

(nv)? n?v

<c <i LA A(QP)) <c (i N A2(2p)> | (3.24)

n?  (nv)? n?v n?  (nv)?
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where we have applied the well known Young inequality valid for all a, b > 0 and positive

s,t such that * + ¢ =1,

a® b
ab < — 4+ —.
S t

(3.25)

The estimate (3.24) may be simplified further. Indeed, from Lemma we conclude

that v < Im R;;|R;;| 72 for all j € T and arrive at the following inequality
v < CE»Im*R;; < CA(2p).

The inequalities (3.23), (B.24) and (3.26]) together imply that

A(4p)] A*(2p)

nv (nv)?

7o < CE' [P |lo:)] + B [T, +
Analogously to (3.22]) we derive a bound for the term 75
ep N 22 1 1
<ENE7 |T,PEr TEES | KO,
E_n; T B> TYE |K9|

Applying (3.25) and (3.:26) the reader will have no difficulty in showing that

EA D2 < C (A%@p) LA AR A%@p)) . CA2)

n2vs n2v? n2v n2vs n2v?
The last inequality and (3.28)) imply the following bound

«4(429)} A(2p)

nv n2v?

To < CE'% |T,P {\b(z)\ FE% [T,|P +

By the same reasoning as before

A(4p) | A3 (4p)

n2ov? (nv)3

_ CAX(4p) BT |T,p

p=2
T <E TP L=

Bound for B,,. Recall that

pp*Q n . ~n
B, ::_E (IE LaD| T, — T =1,
2 n — |€ Ja’n H n |

(3.26)

(3.27)

(3.28)
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Taking in 321) ¢ = [T, — T7|P~2 we get

PN e
B =T 3 E[a| E(le|T, — TV~ [)
j=1
pp ’ () ) ( ) B(p 2) (
D EIKC LLET (|a) 757 Ry, 77 |9 B (1T, — T 55 |
_'_ppn ZE|K(] ‘F2E4B (|a3)|3 IR, |B 1‘931(] DETR (|7, — T(J ‘gmj)
7j=1
2 n ) .
+ B 2Bl B (Jaf) (7 Ry, 7|0 B (1T, — T )
:E+E+%
It follows from (B.12]) that
_ - » 2 _ P —8B(p—=2) .
ETﬁl(|Tn_T(j)|4ﬁé )}gm()) ME[Z—BI(I SE( 2)R }gm(a E57 (Rugﬁ—IQ }9)1(3))
" (nv)p—2 Jj
Cp B-1 65(1, 2) —16,85;1—2) ]
Ty B (I Ry E (R, T ).
Hence we get
Cppp— 1 86(19 2)
(4)|2(p—1) 4 - y
Ta < oy QnZE IKOPC-VEITIES Im 51 Ry,
Crpr=? & ()12 1k o 168(p-2)
+WZE2 [KOPEIT{ES Im™ 5T Ry,
CPpP > ot
() 2(p—1) 4 42(p—2)
< Tnoy- QRZE K00 3 T A2 (sp)
+ CPL ZE% |02 Ei 4 A20=2) (kp)
(nv)Q(p72)n . 1 Dp),
p
where (as introcuced in (2.9]))
1658
K=——0.
g—1
Similarly as in the previous bounds of 77 we get
CPpP—2 A%(2p) AP~ (kp) " AP=1(4p)
< b p— E 2p Tn p S

CPpr—2 A% (2p) AP~ (ip

* (nv)?(nv)2(r-2)

) [|b(z)| FE |T,P + M} '

nv
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We may now apply inequality ([8.25]) and obtain

< O PA(kp) CPlb(2)|> AP(2p)  CPpP AP(kp)
- (nv)P (nv)P (nv)p

CPAP(2p)

(nv)?

Ti E2 |1,

Crpr A®(rp) | CPAE (2p)

Ei [T, +
| (nv)?» (nv)%p

+

The last inequality may be simplified as follows
PP AP PP AP
< ¢ PP AP (kp) | CPpP AP (kp)

=7 (nop (noy

CPAP(2p)
(nv)?

Ez |T, P + E: |T,,|".

By the same argument we obtain the estimate for 7T

A sp) | CPI)EAR D) | Oy )

(nv)p nPuP (nv)p
LA s, O AT () Cr A (2p)
nPoP (nv)? (nv)z

T; < E? |T,|?

Finally, the routine check that 7 may be estimated as follows is left to the reader

< O A ) [Ap<4p> LAY ()

=7 (nop

< OPpP AP(kp)

(no)?

n'tor (nv)%

3.1.3. Combining bounds for A,;. We may now collect all bounds for 7,,v = 1,...,6
and (3.9) and insert them into (8.6]) and apply Lemma [B.4] to conclude

E|T,P < (3.29)

(nv)P (nv)?p (nv)p

2 S A -
CPpPAP(kp) | CPp™ | CP|b(2)|2 Az (kp) Loy A
v=1

To finish the proof of the theorem it remains to estimate Eizl Ao

3.2. Bound for A,;,v =1,2,3. . Recall that

1 — ,
1 TR A
Ao n§ Ee,; [Rj; +al’] o(T).

j=1
From the representation R ;; +alf) = éja,(f)Rjj (see (2.2) with a,,, €; replaced by a¥ and
€; respectively) it follows that

1o . G
A,,Q = E ZEgujgjaglj)Rjj90<Tn>-
j=1
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Using the obvious inequality 2e,;¢; < 8% + egj +5§j, v=1,2,3, we may bound A5, v =
1,2,3, by the sum of two terms (up to some constant) N, ; and N, o, v = 1,2, 3, where

e n ) ~on
Nor 1= &3 B Jeus Pl Ry T,
j=1
N, PN 2 40) 76) |p-1
= Ele  12la9R.. _ @)1
v2 n Z |€VJ‘ |a’n R]JHTn Tn |
7j=1

Let us consider NV,;. Applying Holder’s inequality we obtain that

C = 2=l ) i e 22 ; 1= o 2 9y L
N, < 5;[@ o ‘Tr(zj)‘pE%EB(|8Vj|26’m(])) < E;Eszgquj‘Qﬁ’m(]))E 5| TP

Calculating conditional expectations and applying (3.26) we conclude

3 1 2p, (9)
ZNljl < g 14+ max; E» Im™ my”(2) E% |T, [P
— n v
_ 9 _ 9 _
< C et TP + ME’% TP < ME’% T, 7.
n nv nv

We now turn our attention to the second term N,». Applying (B.I3)) and (3.12) we may
write

KW ImR;;  C Im*Ry;

nv Ryl n*o? [Ry[?
K@) ImR... , 1 Im?R... ,

n |E< = ”\zmm) +— 2E( = ”\smm) . (3.30)
nv IR, n*v IRj;[?

Substitution of this inequality in N, will give us

Crpr !t D p=1)o (2 [P 0| R..[2
Nz < (o) 1n ZE‘K [P lews [T ImP™ Ryjlay) || Ry
j=1
CPpp—1 n .
L Y E ey Y Ryjlall) Ry, P

(nv)Q(P_l)n oy

crpr—t & . - ) A A
(nv)TanEmm'p Hews* B(Im? ™ Ry [ Ry |7 | [0 [ R
i=1
! . e
WZE\eyﬂzE(ImQ@ DR[| Ry, 200 |9 |al)|| R,
J=1

= £1+£2+£3—|—£4.
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Let us consider the term L£;. We get

Crp - g% _ , _ ,
brs oy (nv)yr—1n ZEV{(] PLES (e [P [MO)EF (Im? ! Ryj[al[[Ry5 27|00

Cppp_ 1 oE g )y d il 28(p—1) .

o 1nZE KO B EH (o, o0 ELE " (1m0 Ryt

We distinguish two cases. If 4(3 — 1)3~! < 1, then applying Lyapunov’s inequality we

obtain

EYE"S (Im 20 Ry|m0) <E% 55

In the opposite case use Jensen’s inequality to get the following estimate

33

4(5 1 25(@ 1)

EsE ¢ (Im

R;;|m0)) < Es Im** DR,
Both inequalities lead to the bound

(B 1 28(p—1)

ESE 7 (Im 51 Ry|m0) < AP (kp).

Applying this inequality we arrive at a bound for £,

Cppl - K@OpRe-DRigs 1281em3(3) ) gp—1
£ < ZE [PEDESES (Jey | I9) AP (p).

(nv)p— (nw)P—1n

Lemmas [A.0] and [A.§] together imply that £; is bounded by the sum of the following
terms

_ o

L1 =
1 nPyP~—1ln

ZE— |K(J ‘2(1) O Ykp),

C pp_ ZE (j)|2(p—1)Ap(,{p).

Since (see ([3.23) for details)

, 1
Ez |[KOD2P-0 < CE? [T, [P~ + [b(2) P +
(nv)r~!
we get
Crpr! 1 CrpP o) P crpr
L < Ry E o TP AP~ (kp) + npyr—1 A" (kp) + n2r—192(-1)"

It remains to apply (8:20]) and (3:20). Finally we obtain
CPpP AP (kp) CPpP AP (kp)

(nv)? (nv)?

Ly < Ik |15, [P +
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The term L5 is estimated as follows

L1 < WE% T, |7 + CPpP|b(z) [P AP (kp) + CPpP AP (kp) N CPpP AP(kp)
(nv)p (nv)p (nv)?p (nv)p
< P AED) B TPt Crpr A (kp)
(nv)p (nv)p

The bound for £3 may be derived in a similar way. It remains to estimate the terms £,
and L3. Similarly as before we obtain
PP AP p PP AP PP AP
L, < Crpr AP(sp) | €V | CPpPAP(rp) _ CPpP AP (rp)

- (nv)¥ np (nv)y = (nv)P

The same estimate holds for £4. Finally we arrive at the following inequality for the
sum of A,0,v=1,2,3

3
Z Al/2 S
v=1

3.3. Combining bounds. We now combine the bounds (8.29)), (8:31]) and apply Lemma[B.4]

obtaining

CPpP AP (kp)

(no)r

Ar(?p) 57, 4 CPA D)

1
Ez2 |T,|P
v (nv)p ITal” +

. (3.31)

E|r,p < CPA D) | O CTIb(=)|EAR (k)
= (nv)P (nv)2» (nv)P '

In view of the definition of &, this concludes the proof of the theorem. OJ

4. BOUNDS FOR MOMENTS OF DIAGONAL ENTRIES OF THE RESOLVENT

The main result of this section is the following lemma which provides a bound for
moments of the diagonal entries of the resolvent. Recall that (see the definition (2.7))

Di={z=u+iveC:|u <uyV >v>uvy:=Amn '},

where ug, V' > 0 are any fixed real numbers and Ay is some large constant determined
below.

Lemma 4.1. Assuming the conditions (C1) there exist a positive constant Cy depending
on ug, V' and positive constants Ay, Ay depending on Cy, a such that for all z € D and

1<p< A (nv) 2" we have

max E |R;;(2)[P < C¥ (4.1)
jeT

and

1
- < (P 4.2
FrmEp = (4.2)
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The proof of Lemma [4.1]is based on several auxiliary results and will be given at the
end of this section. In this proof will shall use ideas from [I8] and [2I]. One of main
ingredients of the proof is the descent method for R;; which is based on Lemma
below and Lemma in the Appendix, which in this form appeared in [5].

Since w is fixed and |u| < up we shall omit u from the notation of the resolvent and
denote R(v) := R(z). Sometimes in order to simplify notations we shall also omit the

argument v in R(v) and just write R. For any j € T; we may express Rg) in the
following way (compare (2.1]))

1

RO _ _ (4.3)
] g,

—Zz + L Zl keTy kX lRl(k])

Let €§ _ gg) +5(J) +8(J) +55£)7 where

1 : 1
] J, J J)
Egj) - \/_ijv 62] - Z kalREcﬂ? Ei(”J) T n Z (Xﬂk )Rék( )

békeT kETJyj

1 ,
e) = ~(TrRY — TrRY9)(2)).

We also introduce the quantities Ag)(z) = mg)(z) — s(z) and

1
. L @)
ﬂ._HEejmf

n
JETy
The following lemma, Lemma (4.2 allows to recursively estimate the moments of the
diagonal entries of the resolvent. The proof of the first part of this lemma may be found
in [5] and it is included here for the readers convenience.

Lemma 4.2. For an arbitrary set J C T and all j € Ty there exist a positive constant
Cy depending on ug, V' only such that for all z = u+iv with V> v > 0 and |u| < uy we
have

J J J J
RY| < & (1+ TP ERY| + PR (4.4)
and
1 TY(LJ =
oy "
|2+ ma”(2)] |2+ ms” ()]
Proof. We first prove (d4]). We may rewrite (4.3 in the following way
o _ 1 1 DR

24mP ) 2+mPz)
Applying the definition of AY) we rewrite the previous equation as

R = s(2) + s(2) (AP — e RY). (4.6)
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Since |s(z)] < 1 we get
J
RS <1+ (AP + [ DIRS). (4.7)
Rewriting (4.6)) in a
J Npd J
R = s(2) + s(2) 0D (2) — /)RS — s(2)b(2)RY.
Since 1 + zs(z) + s%(z) = 0 we get the following inequality
TP i
P s [s(2)] |s(2)]
From |s(z)|™! <1+ |z|, @), ES) and Lemma BI[Inequality (B.4)] we conclude that

there exists a positive constant C'; such that
J J J
RS < C1(1+ min()o0], [AD)RY] + [P RE))
J
< O+ [T RY| + |EPVRY)).

(4.8)

Consider now the second inequality (43]). From the representation

1 1 AD

= — (4.9)
24mPz) 2 +s(2) 2+ mP(2)(z+ s(2))
we conclude with |z + s(z)| > 1 that
1 AY
—g o < 1+ — (4.10)
|2+ mn(2)] |2+ ma(2)]
Rewriting (A9]) as follows we get
1 1 AP + 2s(z) + 2 N 2s(z) + z
ctmil(z) 2 amPd ()t s(2) (@ m(2))(= + 5(2))
This equation may be rewritten as
s(2) B AD + 2s(z) + =z
2+ mP(2) 2+ mP(2)
Taking absolute values and applying the triangular inequality we get
1 1 1A +2
< [An_ +2s(z) + 2| (4.11)

z+mP ) T @] sG] 2+ mi(2)]
From [s(2)|7! <1+ |z|, (£10), (EI1) and BI]Inequality (B.4)] it follows

1 W3
e A T
|z +mn’ (2)] |z +my’ (2))



28 F. GOTZE, A. NAUMOV, AND A. N. TIKHOMIROV

Let us introduce the following quantities for an integer K > 0

A, = AB) () = E D (p)|e
0= Ay (v) 1= | max max Ry ()],

E,,:= F® (@) .= I Tm? . 4.12
va = By '(v) 1= | max max m R}y 7 (v) (4.12)

In the following lemma we show that A, , is uniformly bounded with respect to v and
n.

Lemma 4.3. Let v > 0 be an arbitrary number and Cy be some large positive constant.
Suppose that the conditions (C1) hold. There exist positive constant sy depending on «
and positive constants Ag, Ay depending on Cy, sg such that assuming

ERY ()7 < C4 4.1
;e | max IR ()7 < Cf (4.13)

for allv' > 0, |u| <wug and 1 < ¢ < Al(m}/)% we have

Alvq < Cg

1-2a

forallv > v/sg, |u| <ug and 1 < q < Aj(nv)2

Proof. We start from the assumption that we have already chosen the value of sq. Let
us fix an arbitrary v > 0/sg, J C T such that |J| < K+ 1 and j € Ty. We may express

R( ik s follows

Z X;RVRY).

ZETJ J
Applying Holder’s inequality we obtain
2q
q -1 1 (3.9 L p2
ER[*<n 2E2 | > X;RE7V| E2 R
IGTJJ

From Lemma (CII) we conclude that for sg > 1 the following relation holds
J J
RO (0)]7 < st RY (sgv)[2. (4.14)

We choose sy := 21-2 . Since v/ := syv > ¥ and 2¢ < Ai(nv')" 2" we may apply ([E14)
and the assumption (£I3]) to estimate E: |R§.°JH-) |22 < (59Cp)4. We get the following bound

2q

1

E[RY|7 <n~3(s0C0) B2 | Y XRE7| (4.15)

ZETJ j
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Since X, k € Ty ;, and RU) are independent we may apply Rosenthal’s inequality and
get
2q q

B GRT| <Ot @B DRG] g™ D B[Ry
leTy,; leTy,; I€Ty,

From Lemma [Inequality (C.8)] and ([AI4) we derive the following inequality

q

(J.9) 2 1 $6Co
ElY RyP) <—F,<22L (4.16)

IGT‘]]J

Since | Xj;| < Dn® we get

fag < pg DAY, (4.17)
By definition
> ERR = 3 ERGTM+ERG (4.18)
IGT‘]]’J' lETJ]’j’k

The second term on the right hand side of the previous equality can be bounded by (4.14)
and the assumption (LI3). To the first term we may apply the following bound

> ERGVM < ndyy,. (4.19)
leT.]],j,k:
It follows from (£I5), (ZI6), EI7) (EIS) and EI9) that
g2 (s0Co)? q’ : q?(Cos0)*
A1 g < (CCoso)* ( ()? | 30 Aseqt a2 ) (4.20)

To estimate As o, we apply the resolvent equality and obtain that for arbitrary [ # k € Ty
R (0) = Ry (s00)] < w(s0 = DIRY (0)RD (s00) ]|
The Cauchy-Schwartz inequality and Lemma [Inequality (C.8)] together imply that

RP(0) — R (so0)| < oy R @R (s00)]
It remains to apply (£I4]) and the assumption ([LI3) to get
Ag gy < 2%(50Cp)% + 2%131C31.
It follows from the last inequality and (£20) that

(56C0)’ qq<0083/2)q)

A, < (CCoso)? (‘P

(nv)2 n3(1-2a)
We may choose the constants Ay and A; depending on Cy, s¢ in such way that
A, < Cf.
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Lemma 4.4. Let v > 0 be an arbitrary number and Cy be some large positive constant.
Suppose that the conditions (C1) hold. There exist positive constant sy depending on «
and positive constants Ag, Ay depending on Cy, sg such that assuming

E R} ()| < Cf 421
J:\ﬁlg%}(iq 11722% | Lk (U )| >~ Uy ( )

for allv' > 0, |u| <wug and 1 < g < Al(m}/)% we have
(CCOSO)qq4q

(nv)2q(172a)

1-2a

for allv>0/so, |ul <wug and 1 < q < Aj(nv) 2

max maxE |e§?|2q <
J:[J|<K jE€T;

Proof. Let us fix an arbitrary v > 9/sg, J C T such that |J| < K and j € T;. Applying
Lemma we get

3))2 g* (J.) q* q*
Elea 1t <7 ((nv)q Bl me = + (nv)qFl’q * WAL%) '

To estimate E[Im m{?(2)]7 and F; 1. we use Lemma (C.I)) which states that for all so > 1
the following relation holds

J.J J.J
RS (0)]7 < sERG (s00) 7. (4.22)

1—2a

We choose sy := 9122, This choice implies that v' := spv > ¥ and 4q < A;(nv') 2
We may apply ({£.22) and (4.21) to estimate

E[lm m{) (2)]? < siC& and F, < siC{. (4.23)

n

In view of these inequalities we may write

(CCOSO)qq3q qu4q

(o)t e e

E|es) [ < (4.24)

Applying Lemma we obtain that there exist some positive constants Ay and A;
depending on Cj, sy in such way that

Apay < CU. (4.25)
Combining (£.24) and (£.25]) we obtain

W)2g — (CCoso)7q™

E ey [* < (nv)2a0-20) "
OJ
Lemma 4.5. Let v > 0 be an arbitrary number and Ag, A1 and Cy be some positive

constants. Assume that the conditions (C1) hold and

ERY (v')7 < Cl 4.2
e maxE Ry (V)] < Co (4.26)
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for allv' > 0, |u| <wug and 1 < g < Al(nv’)%. Then there exists so > 1 depending on
a such that for all v > §/so, |u| < up and 1 < ¢ < Ai(nv) 2 we have

2q,,2

(SQCCQ) qq q

max maxE |€ | < — a5
I:|JI<K jETy n24(1-2a)

Proof. Let us take an arbitrary v > 9/sg, J C T such that |J| < K and j € Ty. Applying
Lemma we get
q

J q1 1,5 7,
ek <o [ Lo (S RER) + oLl S R

keTy kGTJ
From Lemma (C.I]) we get for so > 1
R (0)P < s Ry (so0) .

As in the previous lemmas we may take sy := 97% and set v = Sov > U (note that
2
in this lemma it actually suffices to take so := 2722, but for simplicity we shall use the

same value for so) and get that 2¢ < A;(nv') 2. We may apply ([@26) to obtain the
bound

E Ry () < s5C5
It is easy to see that

q

1 A
R(J J) (2 < = R(J,J) 2q
Ly <1y Ry

kETJ keTy

The last two inequalities together imply that
(SOCCO)Qquq

@2
D |53j | 1< n2a(1—2a)

O

Lemma 4.6. Let v > 0 be an arbitrary number and Cy be some large positive constant.
Suppose that the conditions (C1) hold. There exist positive constant sy depending on «
and positive constants Ag, Ay depending on Cy, sg such that assuming

E[RY ()] < C4 427
e max IRy (V)] < C (4.27)

for allv' > 0, |u| <ug and 1 < ¢ < Al(nv’)% we have

max maXE|R J(w)|e < i
J|JI<K €Ty

1—2a

for allv>0/so, |ul <wug and 1 < q < Aj(nv) =
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Proof. Let us take an arbitrary v > ©/sg, J C T such that |J| < K and j € T;. From
Lemma (2] inequality (4]), it follows that

7 1 1 7 1 J 1 J
E[R) ()] < OI(1 +E4 [T ES (R () + B e PV E? RS (0)]*).

Let us choose again sg := — 0T, As shown in proof of the previous lemmas choosing v’
sov > vy ensures 2 < A; (m)) 2. We now apply Lemma (C.I) and the assumptlon

([4.27)) to estimate

E|RSY ()7 < sg/ E RV (s00)[* < (Coso) ™. (4.28)
The Cauchy-Schwartz inequality implies that
1/2 1/2
1
&) — )2 ) 2
BIrOr s (S EEPP) (YRR @)
JETy J€Ty
From (4.2]) it follows that
1/2
ZE RO )PP ] < sice.

JETJ
By an obvious inequality we get
J J 7)
E[ef7P7 < 4%9(E [ef) " + Ee5) [ + E [e§) | + E|ef;) ).
Now we may use Lemmas [£.4] [5] [A.3] and [A.9] and obtain the following bound
/L4D2q74 (CC()S())qq4q (SOCCO)QQQQ(] 1

T e e (e B e

B

It is easy to see that since the estimates for 7 and Rg) depend on E |€§J)|2q we may
choose the constants Ay and A; (correcting the previous choice if needed) depending on
Coy, So in such way that

7
B[R} ()| < Cf
forall 1 < ¢ < A;(nv) 2~ and z € D. O

Proof of Lemma[4.1. We first prove ([@I]). Let us take v = 1 and some large constant
Co > max(1,C}). We also take sy, Ag and A; as chosen in the previous Lemma [1.6l Set
L = [~log,, vo] + 1. Since [|[RW(v)|| < v~! =1 we may write

R <
S, e IR (0] <

and

E|RY (v)]? < 4
jax, max IR (v)|7 < €
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for 1< q<Amn 2. Taking K := 2(L — 1) and applying Lemma FL6 we get
E R(‘H) 7 < (1
It 1) LTy IRy, (v)]7 < Cf

—2a

L5y 120
for1 <¢q< An =" sg 2 ,v > 1/so. We may repeat this procedure L times and finally
obtain

E|Ry(v)|* < Cf
max  [Ry(v)[* < Co

L1—2a

for 1 gquln%sg §A1(nvo)% and v > 1/sk > .
To prove (£2) it is enough to repeat all the previous steps and apply the inequal-
ity (C.2)) from Lemma We omit the details. O

5. IMAGINARY PART OF DIAGONAL ENTRIES OF THE RESOLVENT

In this section we estimate the moments of the imaginary part of diagonal entries of
the resolvent. Let us introduce the following quantity

U(z) :=Ims(z) + 7]:_12) (5.1)

To simplify notations we will often write ¥(v) and ¥ instead of W(z). The main result
of this section is the following lemma.

Lemma 5.1. Assuming conditions (C1) there exist positive constants Hy depending
on ug, V and positive constants Ay, A1 depending on Hy, o such that for all 1 < p <
Ay (o) =" and z € D we get

I?S%Elmp R;;(z) < HYUP(z).

We remark here that the values of Ag and A; in this lemma are different from the
values of respective quantities in Lemma F.1] but for simplicity we shall use the same
notations. Applying both Lemmas we shall restrict the upper limit of the moment ¢
to the minimum of the two A;’s and the lower end of the range of v to the maximum
of the two Ay’s via v > Agn~!. Throughout this section we shall assume that for all
1<p< Al(m})% and z € D we have

E[Ry;(u + iv)]? < O, (5.2)

where the value of Cj is defined in Lemma 4.1l
The following lemma is the analogue of Lemma[4.2] and provides a recurrence relation
for InR ;.

Lemma 5.2. For any set J and j € Ty there exists a positive constant Cy depending on
ug, V' such that for all z = u+iv with V> v >0 and |u| < up we have

J J 1 J J J
mRY(2) < O [Ims()(1+ (1] + [T R ) + e + m AV R (2)]

J 1 J
+(=P1+ L0 MR ()|
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Proof. The proof is similar to the proof of Lemma is omitted. OJ

Lemma 5.3. Let v > 0 be an arbitrary number and Hy be some large positive constant.
Assume that the conditions (C1) hold. There exist a positive constant sy depending on
a and positive constants Ay, A1 depending on Hy, sg such that assuming

Sl T B R 0) < HSWO(0) o9

forall v >0, |ul <wugand1l <q< Al(nv')% we have
EIm? Ry (v) < HIW
e maxEIm? Ry, (v) < Hg¥'(v)
for all v >9/s0, |u| < up and 1 < ¢ < Ay(nv) 2.
Proof. From Lemma it follows that
J 1 J 1
Elm?R{) < (CCy) Im?s(2) E2 (1 + (|| + |TV|2)%
+(CCo) E? [Im e 4 Im AP |2
+ 0Bz (|| + |7V |2) % E2 Im® RY). (5.4)

To estimate E |5§»“H)|2‘1 and E |77 we may proceed as in Lemma BB, We obtain the
following inequalities

D24 C'q% C?aq% 1
E|ef’ 2 < 42| L1 4 ! (5.5)
nal-20)+a " (pp)21-20) © p2(1-20) * (pg)2
and
1/2
1 J
E|TW9 < Cd - Z E |8§ )|2q . (5.6)

J€Ty

1—2a

Take as before sg := 9T-%a Choosing v’ := sgv > v; we may show that 2¢q < A;(nv’) 2
Applying Lemma and using the assumption (B.3]) we get

E Im? Rg-) (v) < 5o EIm* Rgf‘];)(sov) < SpTHZ W (s00). (5.7)

Since we need an estimate involving WU?¢(v) instead of U!(sov) on the r.h.s. of the
previous inequality we need to perform a descent along the imaginary line from syv to
v. To this purpose we again apply Lemma Choosing suitable constants Ag and A;
in (5.0) and (5.6) one may show that

q

1 H
Elm?R{) < (CCp)7Im?s(z) + (CCo) E2 [Imel” + Im A2 + ?O\I/q. (5.8)
Applying Lemmas [A.T3HA. 14l we obtain

20| Im? m39 (2 4q Clg2a 1
ok (q (2) q o q

+ n2a(1—2a) Frzg + (nv)2a

@2 2
E | Img] ‘ ! S 3 ! (nv)q n2q(1—2a)
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We may write

PIsPTHIVT M5t Hy b L]
(nv)4 n2a(1-2a) (nv)2a

H2q (080)4qq4q q4q SéQng‘IIZq

0 2q
C2 o (nv)2q n2q(1-2a) ’

(CCH) E | Im 6§J)\2q <1

(5.9)

where Cy will be chosen later. To estimate E | Im A,({H)|q we may proceed as in the proof
of Theorem [T We will apply Theorem 2.1] (one has to replace in the definition of (2.8])
the maximum over |J| < 1 by the maximum over |J| < L) and assumption (5.3]). Hence,

B (O
Cy (nv)2a

Combining the estimates (5.9) and (5.10) we may choose constants Cy, Ay and A; (cor-
recting the previous choice if needed) such that

(CCH) R | Tm AV < (5.10)

q

H{ H
(CCo)' E? |ImE§J) +Im AP < ?O‘I’qa and  (CCp)?Im?s(z) < ?O\I!q.
The last two inequalities and (5.8) together imply the desired bound
J
Elm'R) < H{w.
U

Proof of Lemma[5dl. Let us take any ug > 0 and any 0 > 2 + ug, |u| < ug. We also fix
arbitrary J C T. We claim that

Im s(u + i0) > —ImR (u—l—i@). (5.11)
Indeed, we first mention that for all u (and lu| < ug as well)
1
) :
Im R (u +i0) < 5 (5.12)
For all |u| < ug and |z| < 2 we obtain
v ) 1
> > —. 5.13
(x—u)2+0% = (24 u)?+ 0% — 20 (5.13)

It follows from the last inequality that

1 /2
— —\/ x2d > — 5.14
27 / (u— )%+ 02 v (5.14)

Comparing (5.12) and (5.14]) we arrive at (5.11]).

We not take v > 0. Let Hy be some large constant, Hy > max(C’, C"). We choose
S0, Ag and A as in the previous Lemma [5.3] obtaining

max maXIqu () HiV(2)

I:|J|<2L jETy

Im s(u + i0) =
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with L = [—log,, vo] + 1. We may now proceed recursively in L steps and arrive at
max Im?R;;(z) < HJ¥(z)
jeT

for v > vy and 1 < ¢ < Ay (nwv) = O

APPENDIX A. MOMENT INEQUALITIES FOR LINEAR AND QUADRATIC FORMS OF
RANDOM VARIABLES

In this section we present some inequalities for linear and quadratic forms.

Theorem A.1 (Rosenthal type inequality). Let X;,j =1,...,n, be independent random
variables with EX; = 0,EX? = 0® and p, := max; E|X;|P < co. Then there exists
some absolute constant C' such that for p > 2

b
2

E ‘ Z aka < (Cp)Plo” (Z ak) + 11p(Cp)? Z |ag|”.

Proof. For a proof see [28][Theorem 3| and [24][Inequality (A)]. O

To estimate the moments of quadratic forms in our proof we shall use the following
inequality due to Giné, Latala, Zinn [13]. Let us denote

Z CijXij.
1<j#k<n
Theorem A.2. Let X;,j = 1,...,n, be independent random wvariables with EX; =
0,EX? =07 and p, := max; E|X;|P < oo. Then forp > 2

p

2

[NIS)

n

EQP < |p SN anl | +mp® S [ Jagl? QpQPZZw

j=1 keT; j=1 \keT; j=1 keT;

Proof. See [13][Proposition 2.4] or [19][Lemma A.1]. O

We remark here that the sequence of papers [5], [11], [10], [12] is relying on the
Hanson-Wright large deviation inequality [23] for quadratic forms instead of this esti-
mate.

The following result is trivial but we formulate it as a lemma since we shall use it
many times during the proof of the main result.

Lemma A.3. Assuming conditions (C1) for p > 1 we have

2p—4
2 paD
E ‘€1j| P < W.
Proof. The proof follows directly from the definition of €,; := ﬁX i U

The rest of this section is devoted to the proof of moment inequalities for linear and
quadratic forms based on the entries of the resolvent R or some functions of it.
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Lemma A.4. Under conditions (C1) for p > 1 and ¢ = 1,2 we have

n p

1 (Cp)P
E|- E 1] < : Al
A =T A
Proof. From the definition €;; := _\}EX ;- Let us introduce the following notations for

moments [, := E X7 In these notations 8; = 0 and B = 1. It is easy to see that

n p n p
1 1 (28,)P
E|—; X9| <2PRE QE X9 — + 2 1]g = 2]. A.2
nm; i nn 121[ s~ il n =2 (42)

Applying Rosenthal’s inequality [A.1l we get

p
< (Cp): (nE|X;]*)

n

> XS =5

J=1

p
2

E +E[X;5"(Cp)Pn.

Since maxi<j<, E|X;;|* < py < 0o and |X;;| < Dn® it follows that

fap < a0,

and we get
n p
E|S X% - B < (Cppar. (A3)
j=1
Inequalities (A.2) and ([A.3]) conclude the proof of the lemma. O

Recall the definition of the following quantities given in (412l

A= Al(f;) '= max max E |Rl(£)|q, F, .= Flflq() ‘= max max[EIm? RI(EH),
’ ’ J:|J|<v+K I#£k€eTy ’ ’ J:|J|<v+K €Ty

where K > 0 is some integer.

Lemma A.5. Assuming conditions (C1) for p > 2 and |J| < K we have

3p 2p
J p’ NeoE , D p
E |5gj)‘p < CP <—(m;)127 E[Im mga)(z)]2 + (nv)% Fl,% + =2 Al,p> )

Proof. By definition

1 .
n]] J7
Egj) = ——n E Xijlel(kj)-

kAIETy ;
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p

38
Applying Lemma we get
3
J 3.j 3p J
Bl <2 [PE( > D0 R7P | wmpt OB D0 RyIP
kET.]]’J’ leT.]],j,k: keTM le’]T_]]’j’k
1
+pp™ Y E[RGTP (A.4)
kALETy
(A.5)

p
p

From Lemma [Inequality (C.7)] we get
2
< (E Im mg’j)(z))

> > RP < (5
(A.6)

Since | Xji| < Dn® we get
fhy < M4DP*4HG(P*4)_

From Lemma [C.4] [Inequality (C.8))] we may conclude that
1 5
“ImRy7 )
( o Tk

P
2

)N IDIRIL N NS
k‘e']Tq]]’j

keTy; \1€Tyk

Substituting (A.5)-(A.7) into ([A.4]) concludes the proof of the lemma.

For p = 2 and 4 we may give a better bound for the quadratic form ey;.
Lemma A.6. Let MY = o{Xy, 1,k € T;}. Assuming conditions (CO) for ¢ = 2 and

£q5]7 (4) <
E(lea1[m) < oo

1 .
Egj = _E Z Xijlel(]Z;)

Proof. Recall that
kALET;
For ¢ = 2 the proof follows immediately from Lemma [Inequality (C.7)] and
(A.8)

4 we have

S 3 RPPE < Fimm)(z2)
v

k€ET; IET; 1
2

For ¢ = 4 we apply Lemma and get
, Cu? .
E(jey|"l) < =25 [ D0 D R
kET; €T, &

and use (A-§)).
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Lemma A.7. Assuming conditions (CO) for p > 2 we have

p

2

b
) p? (1.9)2 9o
E|e)|P < C —E > R + - 12a ZE|R

keTy ]CETJ

Proof. By definition

= Z Ry X2 - 1).

kETJ g
Applying Rosenthal’s inequality [A1] we get

2

C'p)P , ,
ELOp < C2 (5 [ S RGP| vExu S ERDP|. (a9)

n keTy,; keTy;
Since | X x| < Dn® we get
fop < pg DA, (A.10)
Substituting (A.10) to (A.9) we finish the proof of the lemma. O
For small p that is p < i we may state a better bound for e3;.
Lemma A.8. Assuming conditions (C1) for 2 < p < X we have

. C ,
B(leg P [9) < — > BREP

kET]’

Proof. Applying Rosenthal’s inequality [A.1l and | X ;x| < Dn® we get

E(|;53j|f’\9ﬁ<ﬂ)gn—g E gZ|R§j,3|2 +gZE|R§£|” < pHZIEHR

k€T, kET; kET;
where the last inequality holds since 2 < p < +. O
Lemma A.9. For p > 2 we have
1
ElWpP <~
| 4]‘ — (nv)p

Proof. Applying the Schur complement formula, see [I8][Lemma 7.23] or [19][Lemma 3.3],
one may write

Iy—1 dR(J)

@ _ 1 ) @y _ 1 1 v )2 o _ Rj) ii

&4 = (TrR -TrR J)—n 1+ lkeZT X Xp[(R) Rj; = n dz
5 JI,J

Applying now Lemma concludes the proof of the lemma. O
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Recall the definition of the quantities 7,;,v =0, 1,2

__Z kR()]

1 )
o == > _[(RYV)? i, =
kET; kALET;
1
my =+ (X~ R
kGTJ‘
Lemma A.10. Assuming conditions (CO) for 2 < p < 4 we have
0y <« © o)
B(ln ) < 5 (T RO)

[MS]

[SIS)

Proof. Applying Lemma [A2] we get

oy Y B Y RY)uf?

E(|m; |p‘9ﬁ(] < el Z Z I[(RY9)?] )
kET; IET;

k€ET; LET; 1

+rp Y EJ(RY)ul?

kALET;
Since 2 < p < 4 we have that p, < oo and
5 »
Bl ) < S | Y S IRIE | < 5 (SR
kET; IET; 1
O

Lemma A.11. Assuming conditions (C1) for 2 < p < — we have
e

E(|ney?| oM7) <

P

2
E (| [7|20) < E (D> MRl | +EXul*D> E[[(RD)? "
k‘ETj

keT;

Proof. Applying Rosenthal’s inequality [A.1] we get

Applying Lemma we obtain
. 1 (
Z E|[(RY)]]” < o Z ETm” Ry
]CETJ' k‘E']Tj
Repeating the arguments in the proof of the previous lemma concludes the proof of the
OJ

lemma.
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Lemma A.12. For p > 2 we have

(J)
|n0,|p < &
J npPyP

Proof. The proof follows directly from Lemma O
Lemma A.13. Assuming conditions (C1) for all |J| < K we have for p > 2

L (ij) 2p
E|Im8 |p < Cp (ppEIm2 My (Z) _'_ p )Fy7p> )

(nv)% np(l—Qa

Proof. Applying Lemma [A2] we get

(SIS

E|Ime, |p< PE( Y Y RGP

[NIiS)

3p : ,
tmp? YO B[ D IRV g™ Y E[ImRy7P|

k:ET.]],j ZET‘]]J’)C k;ﬁle']l]]’j

Since
Im Rg’j) = U[R(“H’j)(R(J’j))*]kl
it follows that

> E/mRGVP<n ) Em’Ry’

k#LETy i keTy i
ya
2 P
n2 .
E{ > D ImRP ) < Emfmfd()
keTy,; 1€y, 1 vz
and
ya
n ) 2
SE[ Y |mRRYP? nt > EIm’Ry;
kET‘]]’j lETJ,j,k keTy i
Since
py < M4Dpf4na(p*4)
we get the statement of the lemma. O

Lemma A.14. Assuming conditions (CO) we have for p > 2
CPpP

- np(172a) Fl’p.

E|Ime) |
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Proof. Recall that
1 ,
uH “H7
Imggj = - § (X3 — 1) ImRY7.

lETQ]]’j
Applying Rosenthal’s inequality we obtain

p

2

C? , ,
Bimelr < < (8 [ 5 weRE?| 4 3 B Ry
lET.]Lj IGT‘HJ
Since
Hap < M4D2p74na(2p74)
we get that

[Nl

cr , A
Ellmeg)P < — | pfE| Y ’RGY | 4 pn® 9 Y Eln? Ry

lET_]]’j lET_]]’j

P’
+ np(1—2a) |~

APPENDIX B. AUXILIARY LEMMAS I

Recall the notations A, := A, (2) := m,(2) — s(z2), AY = mglj)(z) — s(z) and

1 n
Tn = E ZEjRjj,
j=1

where €; = e1; + €2j + €35 + €45 and €45, @ = 1,2,3,4 are defined in (2.2]). Recall the
identity

Thus we arrive at the following bound

Tl e

E| Im&tg”p < CPF,, (

To(2) = (2 + ma(2) + s(2))An(2), (B.1)
as well as the notations
b(z) = z + 2s(2) and b,(2) = b(2) + A, (2).

The following lemma plays a crucial role in the proof of Theorem [Tl It has been proved
in [5][Proposition 2.2]. For the readers convenience we include its short proof below.

Lemma B.1. Forallv >0 andu<2+wv

|&J§Cmm{gghwmﬂ@. (B.2)

Moreover, for allv >0 and u € R

Hmmﬂngm{&gv¢ﬁﬂ} (B.3)
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and
min(|A,|, [bn(2)]) < CV|T|. (B.4)
Proof. We start the proof from the following identity, see representation (2.2]),
1 T,
+ .
z4+mu(2) 24+ my(2)

Solving this quadratic equation we get that

my(z) = —

z 22
n(2) = —= — —14T,.
m,(2) 5 + 1 +
The Stieltjes transform of the semicircle law may be written explicitly
z 22
=24/ -1
s(z) 5 + 1

From the last two equation we conclude that

22 22
ANp=\——-14+T,—/——1
4 + 4
In what follows we will use the the following additional notation
22 3
a = —
4

It is easy to see that a = (s(z) 4+ £)* = b*(2)/4.
We start from the proof of (B.4]) since it is trivial. If |b,(2)] < C+/|T,| there is

nothing to prove. In the opposite case we get

A < gk < VT
()] =
Now we establish inequality (B.3). First we show that |[Im A,| < C\/|T,|. Let us
consider several cases:

I) |a] <2|T,|. In this situation

|Tm /a + T, —Imva| < /]a+ T, + V]a| < (V3+ V2T, (B.5)

I1) |a| > 2|T,,|. We split this case into several sub cases

IT) 1. Rea < 0. Since we always take the branch with the positive imaginary part
we may write

V2 /2 >

Im+/a+ T, +Im+y/a>Tmya > 7|a\ |T]. (B.6)
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The last inequality implies that

Imyva+7T,—Imyal < < /|1, B.7

IT) 2. Rea > 0 and Re(a + T,,) < 0. We have
2 2 2
nVa T Ty > L2Vt Tl = Lol - (1) = LT
and similarly to (B.7) we obtain

|Im\/a + T, — Imv/a| < V2/|T,|.

IT) 3. Rea > 0 and Re(a+1T,) > 0 . We again consider two cases, but both are similar.

IT) 3. 1. Imalm(a+ T7,) > 0. In this situation

Va+T,+val > Vl]a| > V2/[T,]. (B.8)

1) 3. 2. ImaIm(a + T,,) < 0. Since Imv/a + T, = Im v/a + 1, we have
Imalm(a+T,) <0
and
Wa+ T, +val > /]al > V2V/|T,|. (B.9)
Similarly to (B.7) we may conclude from (B.8) and (B.9) that
|Tm\/a + T, — Imv/a| < V2V/|T,|.
To finish the proof of (B.3]) we need to show that
5]

Nk

The proof follows by similar arguments as in the proof of | Im A,| < C|T,|2. We consider
several cases:

|[ImA,| <C

I) Rea < 0. In this situation one need to repeat the inequalities (B.Gl) and (B.). We
get

|75 75|
|Im \/a + T, — Im v/a| < <V2-h
Im\/a \/‘ |

II) Rea > 0 and |a| < 2|T,,|. Then

|| ||
|Tm \/a+ T,, — Im+/a| < C/|T,,| =C <C :
VTl Vlal
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IIT) Rea > 0 and |a| > 2|T,,|. We consider two sub cases

I1I) 1. Re(a + T,) < 0. Then

V2

||1/2
fm /a+T, > ="|a a+T,|"% >

and it follows that

1,
| Im \/a + T, — Im \/a| §C’l/ﬁ.
a

III) 2. Re(a + T},) > 0. Then without loss of generality we may assume that
Imalm(a+17,) > 0.
Then

Va+T,+val > /a|

and we conclude

|Imv/a + T, — Im+/a| < C £ .
Vlal
It remains to prove (B.2) . Let us first suppose that |A,| < ¢y/]T,]. Then
T, T, T.A,
chma(e) F5() 21 25(3) | (2 4 25(2)(z + ma(2) + 5(2))
T, A2
z+ 2s(2) + z 4 25(2)

and we immediately get that

n:

||

Ay (2)] £ C—F——x=.
M) < O

Finally it remains to prove the assumption |A,| < ¢1/|T},|. There is nothing to prove if
la| < 2|T,|, one need to apply the same inequalities as in (B.3]) and get

Va+T, - val < V]a+ T ++/]a] < (V3+V2)|T,-.

If |a| > 2|T,,| we apply the fact that for |u| < 2+ v there exists the constant ¢ > 0 such
that |Ima| > c¢Rea. Applying this fact we get

T3] 5] /| nl y
Va+T,—+al < < <c T,|2
| | |va+Tn—\/5| IIII\/& ‘a| | |

0

Recall that ¢(z) = Z|2[P~!. In the following lemma we estimate the difference between
©(T,,) and cp(Tr(L])).
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Lemma B.2. Forp > 2 and arbitrary j € T we have
P(To) = o(TO)] < pE- Ty =TT + 7(T, = TP,

where B, is a mathematical expectation with respect to the uniformly distributed on [0, 1]
random variable T.

Proof. The proof follows from the Newton-Leibniz formula applied to
p(a) = p(TY + 2(T, = T)), =z €[0,1],
and
¢ ()] < pITY + (T, — TP~
O

The proofs of the following two lemmas are rather straightforward, but will be used
many times in the proof of Theorem 2.11

Lemma B.3. Let us assume that for allp > q > 1 and a,b > 0 the following inequality
holds

P < a+ bzl (B.10)
Then
P < Zﬁ(a + bﬁ).
Proof. The proof is easy. We may assume that z > av since in the opposite case the
inequality is trivial. Dividing both parts of (B.I0) by x¢ we obtain
P < a7 +b.
Finally we get
P < Zﬁ(a + bﬁ)
OJ
Lemma B.4. Let 0 < ¢t < ¢ < ... < g < p andcj,j = 0,...,k be positive numbers
such that
P <o+ crx? + cox® + ...+ et

Then

p p p

X < p [coJrcf‘“ +e P4+t |,

where

k

v=1
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Proof. Let ay := co+ cox® + ... + cx% and by := ¢;. We may apply Lemma [B.3 and get
P
P < 2#(@1 + b7,

Repeating this step &£ — 1 times we obtain

P P p

2P <Blecotel ™ 4y ®+. 4 ],

where 3 is defined above. O

APPENDIX C. AUXILIARY LEMMAS II

In this section we collect all inequalities for the resolvent of the matrix W.
Lemma C.1. For any z = u + iv € Ct we have for any s > 1
IRD (u+iv/s)| < s|RY (u +iv)] (C.1)

and

1 So
) < : (C.2)

lu+iv/so+m (u+iv/s)|  |u+iv+m{ (u+ iv)]

Proof. The proof of (C.) is given in [5], but for the readers convenience we will present
it here. To simplify all formulas we shall omit the index J from the notation of R;;.
Since

d 1 d
—logR;; < —|—R;; . C.3
o tou Ry )] < R 0) ©3)
Furthermore,
d
S Ry;(0) = [R55(0)
and

|[R?]j;(v)] < v~' ImRy;.
Applying this inequality to (C3) we get

<

S|

d
'% log Rj;(v)

This inequality implies that

|log R;;(v) —logRjj;(v/s)| <

v d
/v/s 7, log Ry;(n) dn‘ <logs.

Since the last inequality holds for the real parts of the logarithm as well, we may conclude
that

IRy (u+iv/s)| < s[Ry;(u +iv)|.
The proof of (C.2) is similar and we omit it. O
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Lemma C.2. Let g(v) := g(u + iv) be the Stieltjes transform of some distribution
function G(x). Then for any s > 1

Img(v/s) < slmg(v) and Img(v) < slmg(v/s). (C4)
Proof. Recall that .
Im g(v) = /_ B — dG(z).

@ T 0

Hence,

dImg(v)
dv

We may conclude that

= > (= u)? = T lm v
_/_oo«x—u)zﬂzyd(?ﬁévl 9(v).

dImg(v) < 1
dv )
We may repeat now the second part of the previous lemma and get the desired bounds.
O
Lemma C.3. For any z = u+ iv € C* there exists a constant ¢ = c¢(z) > 0 such that
v < clms(z) (C.5)
and MR
m ..
v < J7 (C.6)
Rj;[?

Proof. 1t is easy to see that
2
2 gse(A) 1
Is(2)|* < /2 D 2f d\ = ;Ims(z).

Since |s(z)|? > ¢! for some ¢ = ¢(z) the inequality (C.H) follows. In order to prove (C.6])
one should repeat the calculations above using the following spectral representation of

R,

) 1 n
Rjj = / ~—\ an]<)\>7 Fn]<)\) = Z |ujk|2]1[)\j < )\]
k=1

— 00

O

We finish this section with two lemmas. These lemmas are proved in [2I][Lemma 7.10]
and [I8][Lemma 7.6] , but for the readers convenience we include them here.

Lemma C.4. For any z = u + iv € C* we have

1 I 1
= R < Il () (1)
1LkETy
For anyl € Ty
J 1 J
> IRy < —ImRy). (C8)

keTy
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Proof. We denote by ug) = (Ug))leﬂrﬂ the eigenvector of W corresponding to the

eigenvalue )\g). It follows from the eigenvector decomposition that
1) 1 D,

SETJ
@)
Since U := [u}; i ker, is & unitary matrix we get

1 1
I )
g |R E |)\(J e < vamn (2).

l keTy SETJ

To prove (C.8) we may conclude from (C.9) that

Z RU!2 < Z g, 1 I Z Jugy 2 1 mRY
kL = N T 7 =—-—ImR,,".
keTy s€Ty |)“(9 )~ Z|2 v s€Ty )\g ) z v
0
Lemma C.5. For any z = u + iv € C* we have
1 1
—| Tr(R(J))Q‘ < ~ImmP(2), (C.10)
n v
1 1
= D RPNl < S Imm(2), (C.11)
k,IET;
1
" Z [RD) ] < — Tmmi) (2), (C.12)
k‘ETJ
1
- Z (R f? < s Z Im? RSQ(Z) for any p > 1. (C.13)
keTJ ]CETJ]
For anyl € Ty
1
D IRVl < S ImRy. (C.14)
keTy
Proof. The proof of (C.10) follows from
L (RO 1 1 1
- ) - )
n‘Tr( Pl < = Z|)\‘H) e gvlmmn (2).

JGTJ

We denote by u,(j]) = (ul(i))zeqrj the eigenvector of W) corresponding to the eigenvalue

)\g). It follows from the eigenvector decomposition that

1
R, = S C.15
(R SG%(AQ)_Z)Q wou; (C.15)
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Since U := [ul(i)]hkem is a unitary matrix we get
1 1 1 1 1
LS o<1y e b (13 L) - L,
" ety e |)‘( 2tV Cpwmns )\( v

This proves (C.II)). Inequality (C.I12) follows from (C.8)) and observation that
(RO = D _(Ry))*.
€Ty
The proof of (CI3) is similar. To prove (C.I4]) we may conclude from (C.I5]) that

2 (J)|2 1
D NEDuP <

sl <« 1y RY
‘)\(J) T v3 w-
keTy seTy &

APPENDIX D. TRUNCATION OF MATRIX ENTRIES

In this section we will show that the conditions (CO0) allows us to assume that for all
1 < j,k <n we have | X,;| < Dn®, where D is some positive constant and

2

4+
Let Xj; jknn k| < Dn®, Xjk = X 1[| X% > Dn®) — E X3, 1| X% > Dn®] and
ﬁnally X =X ko', where 02 .= F |X 11| We denote symmetric random matrices by

X X and X formed from Xjk, X jk and X, ;i respectively. Similar notations are used for
the resolvent matrices and correspondmg StleltJes transforms.

Lemma D.1. Assuming the conditions of Theorem 1.1 we have

Elma(z) — (2} < (22)".

nv

Proof. From Bai’s rank inequality (see [3][Theorem A.43]) we conclude that

sup | F(z) — Folz)| < ! Rank(X — X) <
n

SIH

]1[| k| > Dn].

Integrating by parts we get

E |m,(2) — ma(2)P < L E (Z 1| X k| > Dn“]) .

It is easy to see that




LOCAL SEMICIRCLE LAW 51

Applying Rosenthal’s inequality (Theorem [AT]) we get that

E (Z [ Xk = Dn®] = EL[|X;0| = Dn“]])

1 n
+— D EIXu" ] <ompr.

jk=1

1 n
con((b )

jk=1
From these inequalities we may conclude the statement of Lemma. O

Lemma D.2. Assuming the conditions of Theorem 1.1 we have

b < CPpP AP (2p)

E i (2) — ia(2)}" < 7

Proof. 1t is easy to see that
R(z) = (W—2D)"' =6 (W — 207 )7 = 67 'R(07'2). (D.1)
Applying the resolvent equality we get
R(z) —R(67'2) = (z — 0 '2)R(2)R(07'2). (D.2)
From (D.I)) and (D.2) we may conclude

n(2) — hn(2)] = %| TrR(2) — TrR(2)| = %\01 TrR(o-2) — TrR(2),

Y]

_ %|0——1 TrR(z) - TeR(2) — (2 — 0 '2) TrR(2)R(072)]

1 y L
< (' =1)|TrR(2)| + (67" — 1)B| TrR(z)R(c'2)|.
n n
Taking the p-th power and mathematical expectation we get
1 v cr L
E [m,(2) — mu(2)]P < ﬁ(a’1 —1)PE|TrR(2)]P + (67! — 1)p—p E|TrR(z)R(c'2)[P.
n

Since X satisfies conditions (C1) we may apply Lemma [£] and conclude
1 9
il P p
— E|TrR(2)|” < CF.

We also have

o l—1<o'(1-0)<o'(1-0%) <o 'E|X;|*1[|Xjs| > Dn?] < —. (D.3)

S1Q

To finish the proof it remains to estimate the term

1 e
ﬁE|TrR(z)R(J 2)|P.
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Applying the obvious inequality | Tr AB| < ||Al|2||B]|2 we get
]. - ~ 1 ~ o
—E|TrR(z)R(072)" < — B2 [R(2)[3" B [[R(0™"2)]1 37
T T

E? Im? 17, (2) B2 Im? 172, (01 2)

VP

From this inequality and (D.3) we conclude the statement of the lemma. O

Lemma D.3. Assuming the conditions of Theorem [ we have

E |1 (2) — 1o (2)]? < (Q) ‘)

nv

Proof. 1t is easy to see that

1 . o
in(2) — 1 (2) = ~ Te(W — W)RR.

n
Applying the obvious inequalities | Tr AB| < ||A]|2||Bl|2 and [|[AB||2 < [|A]|[|B]|2 we get

[0 (2) = 110 (2)] < [|[W = W[z R||2[RI| = [| EW]|2 | Rl|2|R]-

From o
| E Xkl = | E X5 L[| Xj| = Dnf]| € —5rgy
n 4+9
we obtain
< C
IEW]l2 < —
n 2G+s)
By Lemma [D.2] we know E |m,,(2)[? < CP. This implies that
1 ~ (s
— E[R|? < —.
n2 V2
Finally

. ) CP c\ 2
Elin(2) — (o) € e < ()

3
1172)77/577, 2(4+9) nv
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