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LOCAL SEMICIRCLE LAW UNDER MOMENT CONDITIONS.
PART II: LOCALIZATION AND DELOCALIZATION.

F. GOTZE, A. NAUMOV, AND A. N. TIKHOMIROV

ABSTRACT. We consider a random symmetric matrix X = [X;;]},_, with upper tri-
angular entries being independent identically distributed random variables with mean
zero and unit variance. We additionally suppose that E|X11|4+5 = pgys < C for
some & > 0 and some absolute constant C. Under these conditions we show that the
typical Kolmogorov distance between the empirical spectral distribution function of
eigenvalues of n~1/2X and Wigner’s semicircle law is of order 1 /m up to some loga-
rithmic correction factor. As a direct consequence of this result we establish that the
semicircle law holds on a short scale. Furthermore, we show for this finite moment en-
semble rigidity of eigenvalues and delocalization properties of the eigenvectors. Some
numerical experiments are included illustrating the influence of the tail behavior of the
matrix entries when only a small number of moments exist.

1. INTRODUCTION AND MAIN RESULT

This paper is the second part of the project aimed to establish local semicircle law
under moment conditions. For the readers convenience we shortly recall the most im-
portant notions of our setup in the first part [I5] and give a very short survey of recent
results. We consider a random symmetric matrix X = [X jk]?,k:l with upper triangular
entries being independent random variables with mean zero and unit variance. Denote

the n eigenvalues of the symmetric matrix W := ﬁX in the increasing order by

and introduce the eigenvalue counting function
N(W):=|{1<k<n: \NW)eT}

for any interval I C R, where |A| denotes the number of elements in the set A. Note
that sometimes we shall omit W from the notation of A\;(W).
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It is well known since the pioneering work of E. Wigner [31] that for any interval
I C R of fixed length and independent of n

1
lim — E N, (W) :/gsc()\) d\, (1.1)
n—oo N I

where
1
gsc(A) == 2—\/4 — X211\ <2
T

is the density function of Wigner’s semicircle law. Here and in what follows we denote
by 1[A] the indicator function of the set A. Wigner considered the special case when all
X, take only two values £1 with equal probabilities. Wigner’s semicircle law has been
extended in various aspects, see, for example, [2], [25], [14], [20], [24] and [16] and etc.
For an extensive list of references we refer to the monographs [I], [4] and [26].

All these results hold for intervals I of fixed length, independent of n, which typically
contain a macroscopically large number of eigenvalues, which means a number of order
n. It is of the great interest to investigate the case of smaller intervals where the number
of eigenvalues cease to be macroscopically large. Here an appropriate analytical for as-
ymptotic approximations is the Stieltjes transform of the empirical spectral distribution

function F),, which is is given by

my(2) = /OO dfi(z) = %TI“(W — )t = %Z ﬁ,

S j=1

where z = u + iv,v > 0. Taking the imaginary part of m,(z) we get

Tm my, (u + i) = /OO m dF,(\) = %/_Oo K (“ - A) dF,(\)

—00 o0

which is the kernel density estimator with Poisson’s kernel K and bandwidth v. For a
meaningful estimator of the spectral density we cannot allow the distance v to the real
line, that is the bandwidth of the kernel density estimator, to be smaller than the typical
% -distance between eigenvalues. Hence, in what follows we shall be mostly interested
in the situations when v > %

Under rather general conditions for fixed v > 0 one may establish the convergence of

m,(2) to the the Stieltjes transform of Wigner’s semicircle law which is given by

* gse(A) dA z 22
s(z):/ %=—§+\/Z—1.

It is much more difficult to establish the convergence in the region 1 > v > %
Significant progress in that direction was recently made in a series of results by L. Erdos,
B. Schlein, H.-T. Yau and et al., [12], [11] , [13], [9], showing that with high probability

uniformly in v € R

1
I (1 + 1) — s(u + iv)| < Ofv”, (1.2)
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which they called local semicircle law. It means that the fluctuations of m,(z) around
s(z) are of order (nv)~! (up to a logarithmic factor). To prove (L2)) in those papers
[12], [11], [13] it was assumed that the distribution of X for all 1 < j, k < n has
sub-exponential tails. Moreover in [9] this assumption had been relaxed to requiring
E | X;iP < p, for all p > 1, where 1, are some constants. Since there is meanwhile an
extensive literature on the local semicircle law we refrain from providing a complete list
here and refer the reader to the surveys of L. Erdés [7] and T. Tao, V. Vu, [27].

Our main goal in [I5] was to show that (L2)) holds assuming that E | X5 |*° = 4.5 <
0o. The first proof of a result of this type follows from a combination of arguments in a
series of papers [10], [8], [23] (we sketched the underlying main ideas in the introduction
of [15]). In [15] we gave a self-contained proof based on the method from [21], [18] while
at the same time reducing the power of logn from ¢ = loglogn to some constant with
precise dependence on ¢ and independent of n. Our work and some crucial bounds of
our proof were motivated by the methods used in a recent paper of C. Cacciapuoti,
A. Maltsev and B. Schlein, [5], where the authors improved the log-factor dependence
in (L2)) in the sub-Gaussian case.

For a detailed statement of our result recall that the conditions (CO0) hold if X, 1 <
Jj <k <n areiid. with zero mean, unit variance and E | X1, 49— 114,15 < 00 for some
0 > 0. We also introduce the following quantity

2
o= —-—
4446’

which will control the level of truncation of the matrix entries. It was proved in the
paper [I5][Theorem 1.1} that under conditions (C0) and any fixed V' > 0 there exist
positive constants Ay, A; and C depending on o and V' such that

Ejma(2) — s(2)P < (i—p) (13)

forall1 <p< Al(nv)%m, vy > v > Agn~! and |u| < 2 +v. Moreover, for any ug > 0
there exist positive constants Ay, A; and C' depending on ug, V' and « such that

E | Tmma(z) — Im ()P < (f;—p) (1.4)

1

forall1 <p< Al(nv)%m, vy >0 > Agn~ ! and |u| < ug.

In the current paper we apply ([4]) and establish an estimate for the rate of con-
vergence in probability of F, to Gy.(z) := [*_ gs(X)dA, the rigidity of eigenvalues
and delocalization properties of the eigenvectors. We will formulate these results in the
sequel and discuss them.

Let us denote

A; = sup |Fn(x) - Gsc(x)|

z€R
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F. Gotze and A. Tikhomirov in [19] proved that assuming E |X;[*? =: py2 < oo, one
may obtain the following estimate

1
EA, < Mfﬂfé-
Particularly this estimate implies by Markov’s inequality that

1
6
P(A: > K) < 112 (1.5)
Kn2
It is easy to see from the previous bound that one may take K > n~2. This result was
extended by Bai and et al., see [3], where it was shown that instead of existence of the
12th moment it suffices to assume existence of the 6th moment. Applying (L3) we may
obtain a much stronger bound.

_1
2

Theorem 1.1. Assume that the condition (CO) holds. Then there exist positive con-
stants ¢ and C depending on o only such that for all 1 < p < clogn

cr loglz—ga n

P(A > K) < B
for all K > 0.
As a consequence we may choose K > n~! which is optimal. In particular, taking
K =n"tlog"n, where k := 1+ ﬁ, we get that
log” 1
P <A* > 28 n) <— . (1.6)
n n neclog logn

Under additional assumptions (LG) was proved in [17], [28] and [I8]. Comparing our
result with [23] Theorem 3.6] note that we reduced the logarithmic factor and give explicit
dependence on §. Using out technique it is possible to reduce the power of logarithm in
the stochastic size of A to 1 assuming that the distribution of X;; has sub-Gaussian
decay, for details see Tikhomirov and Timushev (in preparation). The optimal power
of logarithm is  due to a result of Gustavsson [22]. In Section [l we provide some
numerical experiments to illustrate the bounds of Theorem [L.1l

Let N[z — %,x + 2] :=N(W) for [ = [z — %,x + %],f > (. The following result
is the direct corollary of Theorem [L.II

Corollary 1.2. Assume that condition (CO) holds. Then there exist positive constants
c and C' depending on a such that for all 1 < p < clogn and all £ > 0, K >0

_2p
P<N[$—i,$+%] K)SCplogl—Mn'

2n

g - gsc(x)

>
=% KPnp

Another application of (3] is the following result which shows the rigidity of the
eigenvalues. Let us define the quantile position of the j-th eigenvalue by

i j
vi [ edna=2 1<j<w.

—00
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We will prove the following theorem.

Theorem 1.3. Assume that the conditions (CO) hold. Then
(i). For all j € [K,n — K + 1] there exist constants ¢ and C,C} depending on « such
that such that for all 1 < p < clogn we have

2p
_2 CPlogT2>n
(ii). Assume that § = 4. For all j < K or j > n— K + 1 there ezist constants ¢ and
C, Cy such that for 5 < p < clogn and any ¢ >0

W=

P(|\; — 5| > CiK[min(j,n —j + 1)]”

C CPlog™ n
n2-¢ + Kr

Let us complement the results of this theorem by the following remarks. First we
refer the interested reader to relevant results [22] (Gaussian case), [9][Theorem 7.6],
[10][Theorem 2.13], [I7][Remark 1.2], [23][Theorem 3.6] and [5][Theorem 4]. In par-
ticular, the result under comparable moment conditions in [23][Theorem 3.6] has an
additional factor log¢!°#!°¢™ n which in our case may be reduced to log” n.

The bound in the bulk of the limit spectrum, that is part (i), holds for all 6 > 0. Since
the proof of this part is based on Theorem [I.1] we expect that it should be valid for § = 0
as well. It is shown in the proof that with high probability n—nA? eigenvalues lie in the
support of the semicircle law. Applying this fact we may use the well-known Smirnov
transform from mathematical statistics together with the bound from Theorem [L1l
Concerning the edges of the limit spectrum, that is part (ii), we have to assume in
addition that there exist a moment of order eight (corresponding to § = 4) to prove
part (7). In this step we use ideas from [5][Lemma 8.1] and [9][Theorem 7.6]. It is
still possible to get a bound for smaller §, 0 < § < 4, but here our methods allow
to prove that the estimate in part (i) holds with small probability of order n=¢ only,
where ¢ := £(d) > 0. In order to improve this error to O(n=2*?) we have to assume the
existence of eight moments. The main problem here is to estimate the distance between
max; <p<n | A (W)| and max; <<, [A\e(W)|, where W is the random matrix with entries
from W, but truncated on the level of order n® (see the definition in the proof of
Theorem [[3]). This dependence on the tails of the distribution of entries is illustrated
in Section [l with numerical experiments, where we try to explain the role of matrix
truncation.

To prove Theorem [L.3] we need to apply stronger bounds for the distance between
Stieltjes transforms then ([3). Let us denote

v i=(u) = flu] = 2|. (1.7)
We say that the conditions (C1) hold if (CO) are satisfied and | X ;| < Dn®, 1 < j, k <n,
where D := D(«) is some positive constant. We also denote
CPrpP Cpp?»p CP CPpP

&= + F+t— +— -
Promp(y +o)p (nv)2(y+v)2  nPv2(y+ ) (nv) ¥ (v + )k

n’%) <

ol

P(|Aj — 75| = CiK[min(j,n — j + 1)]”

(VS|
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It was shown in [I5][Theorem 1.2] that assuming the conditions (C1) hold, ug > 2 and
V' > 0, there exist positive constants Ay, A; and C depending on ug, V and « such that

E|Imm,(z) — Ims(z)P <&, (1.8)

1

forall 1 <p< Al(m})_TM, vy > v > Agn! and 2 < |u| < ug. See Theorem 1.2 in [15]
for details.

We conclude this paper by showing delocalization of eigenvectors. This question has
been intensively studied in many papers, for example, in [12] [17], [10] and [§]. Let

us denote by u; := (uj1, ..., u;,) the eigenvectors of W corresponding to the eigenvalue
(W)

Theorem 1.4. Assume that conditions (CO) hold with 6 = 4. Then there exist positive
constants C' and Cy such that

IP’( max |ujg|® >
1<jk<n n

4 log8n> < C
n

Similarly as in Theorem we restrict ourselves here to the case § = 4 only.

We mention here that it is possible to extend the result for 0 < § < 4 but reducing

the power in the bound in probability from 1 to some positive constant ¢ depending on
0 only. In the case 6 = 4 our methods yield the following bound

Oy log**+® n) < C

— /n/C(SI) Y

P ( max |ujg® >

1<5,k<n n

for any ¢ > 0 and some positive constant c¢(¢’) depending on ¢’. We omit the details.
See Section [3] for numerical experiments illustrating this remark.

We finally remark that applying a moment matching technique as used in [8][Inequality 7.12],
and [I0][Remark 2.18] one may prove the following bound assuming the conditions of
Theorem [T4]

IP’( max |ujg|® >
1<j,k<n n

o log8+€n) - C

— n2*€’

for any € > 0.

1.1. Notations. Throughout the paper we will use the following notations. We assume
that all random variables are defined on common probability space (€2, F,P) and denote
by E the mathematical expectation with respect to P.

We denote by R and C the set of all real and complex numbers. We also define
Ct:={2€ C:Imz >0} Let T =[1,...,n] denotes the set of the first n positive
integers. For any J C T introduce Ty := T\ J.

For any matrix W together with its resolvent R and Stieltjes transform m,, we shall
systematically use the corresponding notions W& R, m,({]]), respectively, for the sub-
matrix of W with entries X;, 5,k € T\ J.

By C and ¢ we denote some absolute positive constants.
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For an arbitrary matrix A taking values in C"*" we define the operator norm by
JA|l := Sup,epn: o=t [[AZ||2, Where |[z]|y := 377 [2;]*. We also define the Hilbert-
Schmidt norm by [|Ally := TrAA* =377, |Ajl*. By (27;“) we denote the binomial

2m)!
number 272
mim:

1.2. Acknowledgment. We would like to thank L. Erdos and H.-T. Yau for drawing
our attention to relevant previous results and papers in connection with the results of
this paper, in particular, [8], [9], [L0] and [23].

2. RATE OF CONVERGENCE IN PROBABILITY

In this section we prove Theorem [Tl We estimate the difference between F,, and G,
in Kolmogorov’s metric via the distance between corresponding Stieltjes transforms. For
this purpose we formulate the following smoothing inequality from [19][Corollary 2.3],
which allows to relate distribution functions to their Stieltjes transforms. For all x €
[—2, 2] let us define y(z) := 2—|z|. Given 5 > & > 0 we introduce the following intervals

J. i={r €[-2,2] : y(x) > ¢} and J. := J. 0.

Lemma 2.1. Let vg > 0,a > 0 and % > ¢ > 0 be positive numbers such that
1 1 3
—/ N du = — =: 67
T MSau +1 4

3
2upa < g2,

Then for any V > 0 and v' := v'(x) := vy /\/7(x),x € J_, there ewist positive constants
Cy and Cy such that the following inequality holds

and

3
2

AF < / (4 V) — s(u+ V)| du+ Cyvp + Cae

1%
+ sup / (my(x +iv) — s(x +iv)) dv| .
zell |J o
Proof. See [19][Corollary 2.3] or [18][Proposition 2.1]. O

It what follows we will need the following version of this lemma.

Corollary 2.2. Assuming the conditions of Lemma 21 we have

Er[A%]P < / Ev |mn(u+ iV) — s(u+ iV)[P du+ Civg + Cae?
) . 1% P
+ E? sup / (mp(x +iv) — s(x +iv)) dv| . (2.1)
xzcJl |Jof

Proof. The proof is the direct consequence of the previous lemma and we omit it. For
details the interested reader is referred to [I8][Corollary 2.1]. O
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Proof of Theorem[1.1. We proceed as in the proof of Theorem 1.1 in [I8]. We choose
in Corollary the following values for the parameters vy, e and V. Let us take vy :=
Agn1 logﬁ n, € := (21}0@)% and V := 4. We may partition J_ into k, := n* disjoint
subintervals of equal length. Let us denote the endpoints of these intervals by xy, k =
0,...;kn. Weget —24+¢ =129 < 21 < ... <, =2 —e. For simplicity we denote
An(u + ) == my,(u + iv) — s(u + i) but we will not omit the argument. We start to
estimate the second integral in the r.h.s. of (2.1]). It is easy to see that

v v
sup / Ay (x4 v)dv| < max sup / Ay (x4 ) do| . (2.2)
zell 1J0 1<k<kn gy <z<zy |Jof
Applying the Newton-Leibniz formula we may write
1% v
sup / Ay (x4 dv)dv| < / Ay (x4 ) do
T 1<z<z |J 0’ v’
T 14
+ / / |AL (2 + iv)| dv dz. (2.3)
Tp_1 JvU

It follows from Cauchy’s integral formula that for all z = x 4 v with v > vy we have

[N (x +v)| < % < On”. (2.4)
We may conclude from (23]) and (2.4)) that

C
+=.
n

v
< / A (Tg—1 +iv) dv

/

v
/ A (x4 iv) dv

/

sup
Tp—1<T<zTg

Applying this inequality to (2.2]) and taking the mathematical expectation we obtain

% P % Pop
E sup / Ay (z+iv)dv| <E max / Ay (zg—q +iv) dv| + —
IGJ; o 1<k<kn | J, np
<> / E» |An(wp-r +iv)["dv| +—. (2.5)
k=177
Since x € J_ it follows from (L3) that
C 2\ P
E|An(z + iv)|P < (—p) . (2.6)
nv

1

Choosing p = A, (nvy) 2 = clogn we finally get from (Z35) and (20) that

1
P _ Cki log®n Clog®n
- n n n

C
+=<

E» sup . (2.7)

mGJ/E

v
/ Ay (z + iv) dv

/
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It remains to estimate the first of the integrals in (2.I]). Let us suppose that we have

already shown the following bound
+
1 C
B} (A(u+ iv)p < PO (2.8)
n

valid for all z = u + iV, u € R. Hence,

dud log?
/ E» |Ap(u+iV) P du < —/ / udGsc(z) — < C'log n (2.9)
- (x —u)24+V?2)2z n

Combining now (1)), (Z7) and ([Z3) we get
2
Bi g < BTN
n
Since E7 [AX]? is non-decreasing function of p, the last inequality remains valid for all
1 < p < clogn. To finish the proof of Theorem [I1] it remains to apply Markov’s
inequality
E[Ax]? < cr loglz—ga n
Kp — Kpnp ’
We conclude the proof by (2.8)). To derive this bound we will proceed in the same way
as in the proof of Theorem 2.1 in [I5]. The main difference is that we don’t need to
estimate E|R;;|?, but we have to establish (2.8) for all v € R. Since means repeating
the arguments in the proof of Theorem 2.1 in [I5] we shall omit many details and routine
calculations here.
Firstly is easy to show that one can assume that the entries of X satisfy the conditions
(C1). We omit the details.
We start with a recursive representation for the diagonal entries R;; = (W — zI)~*
of the resolvent. We may express R;; in the following way
1
Rj; = 7 (2.10)
—Z + w 2alker, X. X;Ryy

where RY is defined in Section [[LIl Let ¢ := €15 + €25 + €35 + €45, where

1 )
€1j = ﬁijv == Z PXGRYY, ey = —— Z Ry,

l;ékeT keT

P(A, > K) <

1 )
%:EmR—HNW

In these notations we may rewrite (2.I0) as follows

1 1
T mn(z) 2+ mn(?)

Rjj = — €jRjj. (211)
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Let us denote b(z) := z + 2s(2), by(2) = b(z) + A, (2) and

1
Tn = E ZejRjj' (212)
j=1

Applying (2.I1]) we arrive at the following representation for A, in terms of 7}, and b,

T, T,
An = 24 mu(2) +5(2)  bu(2) (2.13)

Now we show that for V' =4 and all u € R one may estimate the denominator in (2.13).
It is easy to check that

|m,(2)] < i < %|z +s(2)] and |s(z) —mu(2)] < % (2.14)
These inequalities imply
b(2)] > %\z—i—s(z)\ and |z 4 mp(2)] > %|s(z)+z|. (2.15)
Moreover, since 1 + zs(z) + s%(z) = 0 we get
|bn12) <2ls(z)] and |m,(z)] < |s(2)|[(1+ 2|T,)). (2.16)

We rewrite (2.13) in the following way

3
1 ci;i R 1 eiR;
A, == itYi oy - vj V)
n j=1 bn(’z) n ; j=1 bn(Z)
Since
z 1
ey Ry = — Tr R?* = m/ (2)
j=1
we get that

where we denoted

v=1 j=1
Let us introduce the function p(z) = z|z[P~2. Then
1_ml(2) ~

E A7 =EAp(Ay) = gE bn(z) 2
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Applying the result of Lemma we obtain a bound for the first term of the r.h.s. of
the previous equation

1

n

my,(2)

2 1 o
< GG 4 gl iy B AP, (2.17)
n

n

b (2) P(An)

Cauchy-Schwartz inequality, Lemmas (CI])- (C.5) and max; |R;;| < V! together imply
that for all p < clogn that

111
E|T,P<E|= |2
TP < (nZH)

From this inequality and (2I7) it follows that

[SIiS]

1 n ) 2
(52 IRl ) <C
7=1

0 [s(2)” o=t
E[Au < |ERup(A)] + =SB AP (2.18)

Now we consider the term E/A\ncp(/\n). We split it into three parts with respect to
€vj, v = 1,2, 3 obtaining

3 n
~ 1 SR
ERap(hn) = 303 E L0 (h) = A+ Ao+ As

v=1 j=1

We rewrite A, as a sum of two terms as follows

Ay = ?EX; bf@ (),

1 eni[Ry; — s5(2)]
b = — g E 227 Ay).
A 2 n po bn(Z) SO( )
From Holder’s inequality and Lemma with ¢ = 1 it follows that

BN Cpls(2)”
e bl
n <

7=1

n
To estimate Ay and As; let us introduce the following notation
A = E(A,|m0),

where MY := o{ Xy, [,k € T;}. Since E(&?,,j‘im(j)) = 0 for v = 2, 3 it is easy to see that
Al/l = Bul + Bu27 where

p

A < |s(2)PE# E AP < ES A, (2.19)

n <
Jj=1

8(2) u Evj€aj
B, =—= E—————p(A,).
= 2o
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Applying Lemma [C.7 and (2.15) one may show that

Cls(2)I*

1B,s| < E'7 AP (2.20)

From Newton-Leibniz formula (see Lemma [C.12] for details) and the simple inequality
(z+y)P < ex? + (p+1)PyP,z,y > 0,p > 1 we get

|Bu1| S Cl/l +Cu27

where
C, = LZEk—:V]HA _AJ)HA(] P2,
Cuo Y | ZE‘EWHA — AW,
7=1

Applying the Schur complement formula (see for details [I8][Lemma 7.23] or [19][Lemma 3.3])
we get
TI'R—TI'R(j) = (1 +77j)Rjj, (221)

where 7; 1= n9; + 1n1; + 12; and

M=+ SRV = 0P, myo= S XXl RO,

n k‘ETj k‘?élET
1 .
Moy 1= D X7 = IRY)
k‘ETj
It follows from (2.2I)) and A,, — AP =N, — AP — E(A, — Ag)}m(j)) that
1 + 77]0

A—A

[Rj; — E(Ry;|m)] + WRM - %E((m‘l +152) Ry |[IMY).
Let us introduce additional notations. We define é; := €1; + €2; + €3; and
a¥) = _ .
! z+m{(2)
It is easy to check that
[R5 — BR[O < [ ([2,Ry5| + E(& Ryl [9)) < Cls()I(I] + (1% |1)
< Cls(2)I(I&] +Cn™2),
and similarly,
g+ 125l Ry | < Cls(2)|Imy + n2i| (1 + lej))-
Applying these inequalities we estimate |A,, — AY )| as follows

~ Cls(2)|,, . 1 Cls(z
A= 8901 < PN onty + By o) e22)
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Let us introduce the following quantity 8 := i, £ > 1. Denote by ¢ an arbitrary random

4
variable such that the expectation E |(|7-T exists. Then

E(ey;|A, — AD[[C||MD) < By + ... + Bs,

where
Bo= L g eqm), pyim S e ),
By = L g miicom),  By:= PO e, i),
By = N gie i eslclome), By = S gl ).
Applying Lemmas [CT} one may check that
max B < N g )72 no)

Hence,
(e, 1A, — AP icllane) < T g5 5 amon).
Taking ( = 1 in (2.23) we get

ep — ~ e ~ .
C=— EIAWDP2R i An_A(J) m)
1 nE AP E(lews| 2| m)

Jj=1

Cpls(2)]® = vy -2 - CPIS() o=
<) BT — 5 E7 A

n .
7j=1
Similarly, applying (2:23)) with ¢ = \A —AY )|1”_2 we obtain
CpP—2 Bw-
Cp< P ‘ ZE % A — A9

It is easy to check (see (2.22)) that for all ¢ > 1

o q q
E|A—A£f)|q < M
nd
This inequality and (2.25) together imply
C O s P

C
1/2 np

The estimates (2.19)),([2.20), (2.24) and (2.27)) yield

St s RO gty O sy O

npP
v=1

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)
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It remains to estimate A,o, v = 1,2, 3. Recall that

From the representation R;; — s(z) = s(z)(A,, — ¢;)R;; it follows that

Ay = ZE el SR (1,)

We may bound A,s, v = 1,2,3, by the sum of two terms (up to some constant) N, ;
and N, o, v = 1,2,3, where

~(j)‘p71’

Nl/l =

s o <
o= LN/ e A, — ] |A, — AD P
Nop= =50 Sl — 1 = )

Let us consider N,;. Applying Lemmas [C.T}- we obtain

C 2\~ . N . C 2
N, < Cls()” ZE\AS)VH Ea(‘gyjﬂgm(z))E5<‘An_gj|2‘gm(y)) < METI A, 7.
nooe n
Similarly, in view of (228 we conclude
CPpp—1 p+1
A < O
np
Finally we get the following inequality for the sum of the Ao, v =1,2,3
CPpp—1 p+1
Zm< )%—mw MEW . (2.29)
n

Combining(2.28]) and (2.29) we get
2 e D, p—1 p+1
lap < SOOI oo o GO e 1y O ()
n n

Applying Lemma we obtain the following estimate
CPpPs(z) [P

npP

E AP <

I

which concludes the proof. O]
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3. RIGIDITY OF EIGENVALUES

In this section we prove Theorem [[L3l We start with a lemma which shows that
with high probability all eigenvalues lie in the interval [—2 — Kn=3,2 + Kng] for
some large K > 0. Here we shall use methods similar to those in [5][Lemma 8.1]
and [9][Theorem 7.6] adapting them to our setup.

Lemma 3.1. Assume the conditions (CO) hold with 6 = 4. Then exist positive constants
¢, C' such that for any ¢ >0

12\p
P(HWH z2+52) oy, C
ns

Kr + n2-¢

(3.1)

forall4<p§cnﬁ and K > 0.

Remark. We remark here that for case 0 < § < 4 we are not getting a reasonable bound
yet. We can only guarantee the existence of some € := ¢(d) > 0 such that (3] holds
with probability less then Cn~* for some C' depending on ¢ only. The main problem
here is to estimate the distance between max;<x<, |A\e(W)| and max;<x<, [A\e(W)|. So
far we can estimate the probability of the event W # W only which holds with very
small probability depending on the level of truncation and hence, on §. We omit the
details, but refer instead to Section Bl with numerical results illustrating this behavior.

Proof of Lemma[31. Recall that \{(W) < ... < \,(W) and
Wil = s 13, (W)

Hence, it is enough to prove that

K (Cp®y  C K (Cp*»  C
P<>\1§_2_n_§)§ or +n2—¢ or P )\n22+n—% < e +n2—¢'

Without loss of generality we consider only the bound for Ay, since the same proof is valid
for \,,. Now we need to truncate the entries of X. We introduce the usual notations. Let
X = X L[| X < Dn2~?), Xjyo = Xje 1| Xj| > Dn2~¢) — EXjy 1| Xje| > Dna~]
and finally Xjk ‘= Xjpo!, where ¢? := E|X;;>. By X,X and X we denote the
symmetric random matrices with entries Xjk,Xjk and )v(jk respectively. In a similar
way we denote the resolvent matrices and corresponding Stieltjes transforms. In this
case we have

C

n2—¢

P(W # W) <

It what follows we may assume W = W. Let us fix some large positive constant, say ug.
Then by Lemma [A1] and [A.2] in the Appendix we obtain that there exist some positive
constants ¢, C' and C depending on ug such that

C’<01

— Cl
P(IW 2 wg) < e o804 o < L
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We conclude that

P (Al(W) <-2- ) <P (M(W) < —up) + P (—uo < M(W)<—2—

S =

SP(—UOS)q(W)S—Q—EQ)jL&

ns n2-¢’

In order to estimate the probability of A;(W) to lie in the interval —uy to —2 — Kn™3
let us divide this interval into sub intervals. We denote

K4 K4t
Kj = f] and v; = ﬁ
ns3 ns3
Then we define the following intervals [; := [—-2 — k;41, —2 — K] for j =0, ..., jn, where
N is the smallest integer such that 2 4+ k;41 > ug. Denote x; := —2 — ;. By a union

bound we may write

=

%]

P <—u0 < M(W)<—2— —2) < i[@(xl(w €.

n

By definition the intervals I; are of length |I;]| < n~3 and the event A\ (W) € I; involves
IM(W) — ;] < |I;] < v;. We may take z; := x; 4+ iv; and note the following fact.
Suppose that A; (W) € I; then

n
Vi 1

1
n ; (AM(W) — %) + 02 — 2nwv;

Imm,(z;) = (3.2)
For the imaginary part of s(z) and |u| > 2 we have the following bound
v

C|b(z)| <Ims(z) < CW,

where b(2) := z 4+ 2s(z). Moreover, c1y/y+v < [b(2)] < Ciy/y+ v, recalling that
v :=y(u) == ||u] — 2| (see the definition (7). Taking z := z; we write

Cv

.

Im s(z;) < (3.3)

It is easy to see that
2 N2
C’Uj S CU]»’I’L S C(K+])51 S 1
\/Ej nvj\/Ej nv;(K + j)2 4nw;
for K large enough. Hence, applying (8.2)) and ([B.3]) we get
1 Cu; 1
I n(z:) =1 ) > - = > .
mma(2;) = Ims(z) = 2nu; VK, T 4nv;

J
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Applying the definition of x; and v; we write

1K) (Kt
n; — onk;  n(kj ;)]
1 (Ko (K

nv; — (nvy)*/Rj ()R F oy
1 (Kg)E (K g

L R NN VORI S
1B (K4

el 1 = 3 1=
1 (nvj)%/i;* (nvj)2 (k5 + v;)3

Let us introduce the following quantity, which is the sum of four terms on the r.h.s. of
the previous inequalities,

1 1 1 1
U, = + + + -
Ton(ki ) ()R nyUETT O ()2 (kg 4 vp)s
Therefore, if \;(W) € I; then

Im Ay (2) = Imm,(z;) — Im s(z;) > C(K + j)10,. (3.4)

Applying now Lemmas [B.2] [B.3 in the Appendix, (L8) (see Theorem 2.2 in [I5])
and (3.4) we get

P(A(W) € 1))

M-

K
ns 0

J

NS

< P(|ImA(z)] > C(K +5)1¥;)

-

<
I
=)

ey _ (Cr)”
(K+5)" = K&

WE

5=0
The last inequality concludes the proof of the lemma. O

Proof of Theorem[1.3. We first investigate the case (i) when j € [K,n— K +1]. Without
loss of generality we may assume that in this case \; € [—2, 2] since otherwise

2p
J K CPlogi-22 n
PN < -2)<P|F(-2)>> | <PIA*> — | < —uZzZ——
we-nsp(REzl)cp(azT) < CRE

and

PlnoToba
)sn»(ng)gio g™ n.
n

P(\; >2) <P (Fn(2) < K?

S|~
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where 1 < p < clogn and we applied the fact that G4.(—2) = 0 and G.(2) = 1. It was
proved in [I7] (see Section 9 in the Appendix), that there exist constants ¢; and ¢y such

that

t.olt\:)
M

1
<2+ G x) < foraw e [O, 5] and

Wi

(1l —x)

Obviously, the maximum in A’ is reached at the jump points of F,, i.e.

k
— — Gse( )| -

2 1
<2-GHz)<cy(l—ax)3 forac {5, 1] .

Ay = max |F,(A\p) — Gse(Ar)] = max

1<k<n 1<k<n

This fact implies that for every j there exists 6, |0 < 1 such that

A =Gl < + HA*)
By Taylor’s formula we get

2mOA”
A =G ( ) ” .
i (G reay)’
Again applying Theorem 1.1 we obtain that

plar< )5 los™=n
2n KPr

This means that without loss of generality we may assume that A <

(3.5)

(3.6)

(3.7)

%. It remains to

consider two cases. In the first, 2A7 < % <1 - 0A; we may apply (3H) and conclude

+ OA”

- : . N
(o (o) 2ol s 24 (2)
n n n

for some positive constant ¢}. This inequality together with (B.1) yield that

n\ 3
IAj — 5] < CLA], (;) :

In the opposite case we apply (B.6]) and obtain

n

ol

Combining the last two inequalities we get

n

ol
Wi

P (I3 =] < CuminGion — 5+ 1)) K7

CPlog -5
1—2«
) S s S
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(ii). We now turn our attention to the case j < K or j > n — K + 1 and without loss
of generality we restrict ourselves to the first one. Let us denote

LK (1)%
l:: 2 - .
ns3 J

In the opposite case we take [ := C1K(n —j + 1)%71’%. It is easy to see that
P(X =l 20 SPOX =l 2 LA >25) + PN =75l = LA <)

The first case when \; > 7; is trivial since in this situation \; > j; > —2 + ¢;n=2/3
(see (B3)) and we may repeat the calculations above and get

C?log* n
Kr
for 1 <p < clogn. It remains to bound P(|\; — ;| > [, A\; < ;). Again applying (B.5)
1

PN =yl 2 1A > ;) <

we get v < —2+ ¢y (L)3. Hence, choosing an appropriate constant C; we obtain
get 7; n g pprop

PN — vl =LA <) =P <y =LA <)

i 3 K [1\3
§P<A1§—2+cz(i) G (—))
n ns ¥

K\ 3 12\p
p(an<—2- () ) <2, ¢
n K3 nZ-¢

IN

4. DELOCALIZATION OF EIGENVECTORS

In this section we prove Theorem [[L4l Here we shall apply the following result
from [I5][Lemma 4.1]. Let us denote

Di={z=u+iwveC:|u <uy,V >v > ::Aon_l},

where ug, V' > 0 are any fixed real numbers and A, is some large constant to be de-
termined below. Then assuming the conditions (C1) there exist a positive constant Cj
depending on ug, V and positive constants Ay, A; depending on Cj, o such that for all
ze€Dand 1 <p< Al(m})% we have

max E |Rjj(2)‘p S Cg (41)

1<j<n

Proof of Theorem[I.4 Let us introduce the following distribution function

Foj(z) =Y Jul* TA(W) < a].
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Using the eigenvalue decomposition of W it is easy to see that

~ ugf? / * 1
) Ll dFy(2),
2 Z)\R(W)—z o T — 2 ()
k=1
which means that R;;(2) is the Stieltjes transform of F,;(z). For any A > 0 we have
max |u;|* < sup(Fnj(:L’ +A) — Foj(x) = Qnj(N). (4.2)

1<k<n

Furthermore, it is easy to check that

Indeed,
_ )\Q‘U'k‘z
sup)\ImR”(u +i\) = supz U (AZ )

A2 uje|? 1
Zsupz:)\2 H[US)\kSU+)\]:§an(>‘)-

To finish the proof we need to show that with high probability the r.h.s. of (3] is
bounded by n~"log®n. Let us recall the following notations. Let Xz := X 1[|Xj5] <
Dns], X]k = X 1[|X5] > Dns] — E X, 1| X5 > Dni] and finally Xy := X0
where 0% :=E |X 11]%. Let X, X and X denote symmetric random matrices with entries

)

X]k,X k and X, ;i Tespectively. In a similar way we denote the resolvent matrices by
R,R and R. In this case we have

A C
P(W # W) < —.
n
Let ug > 0 denote a large constant, whose exact value will be chosen later. Applying
Lemmas [A.2 and [A 1] in the Appendix it follows that

PIWI| > ) < = (1.4

It what follows we may assume that |W|| < ug and W = W. Then for |u| > 2uy and
v > (0 we get

IR;j(u+iv |</ SLSC’, (4.5)
Vi —u)?+ 1)2 Ug

where C'is some large positive constant which will be chosen later. It remains to estimate

|R;;(u +iv)| for all —2uy < u < 2ug. For simplicity let us denote this interval by Uy,

ie. Uy = [—2ug,2up). Be the triangular inequality we may write |R,;| = |Rj;| <

|ﬁjj\ + |Rjj — ﬁjj\. Applying the simple equation

~ A A ~ ~

R;; - Rj; = [R(W — W)R];;
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we get
. - . - - .
IRj; — Rjj[ < [W — W/[|le; R|l2[|Re;]2,
where e; is a unit column-vector with all entries zero except for an entry one at the
position j. Using Lemma in the Appendix we conclude that

R N 1 . ——
IRj;| < |Ry;| + ;HW — W[/ [Ry;||Ryj].

It is easy to see that

s = 1
W — Wz = EZ[E\XM L[| X5 = D3] < —

j?k

C

3

We may take v = vy := Cin~'log®n, with C; > Ay. Applying the simple inequality
2|ab| < a® + b* we get
sup |R;;| < 3 sup |Ry;]- (4.6)

u€Uy u€EUy

It remains to estimate sup,¢;, IR, (u + ivg)|. Tt is easy to see that

R(z)=(W—2z2)"' =6 (W=20"1)"" =6 'R(07'2). (4.7)
Applying the resolvent equality we get
R(z) —R(0c7'2) = (z — 0 '2)R(2)R(0'2). (4.8)

Combining (4.7) and (4.8]) we obtain
s i B Gt Y e
[Rjj(2) = Ryj(2)] < (07 = DIRyj(0 " 2)] + T\/“R’jj(z)HRjj(a '2)].

It is easy to check that (0! — 1) < Cn~2 and max(|2R,;(2)],|2R;;(c7'2)|) < C for
some constant C. Similarly to the previous calculations we get that
sup |R;;| < 3 sup IR,;|. (4.9)
uclo

Note, that the matrix W satisfies the conditions (C1). Applying (A1) with p = clogn

we obtain
E|R;;(u+ iv 1
P(|Ry;(u + ivg)| > Coer) < Bsst o)l < 5
(Coez)r n
We may partition interval U, into k, := n* disjoint subintervals of equal length, i.e
—2up =x9 < 1 < ... < x, = 2ug. Then by the Newton-Leibniz formula

sup |Rj;(u + ivg)| < max - sup IR,;(z + )|
ue€Up <k<kn Tp_1<x<z}

Tk o
< mas [Ry;(zi +ivo)] + max / R (u + ivo)| du.

1<k<ky, <k<kn Ju, |
We may write

Tk 9y C
max / R (u o+ ivg)] du <
k—1 n

1<k<kn J,,
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Thus we arrive at

P (sup IR, (u + ivo)| > 2006%)
u€Up

i NPei

S ;P (‘Rj](xkfl -+ iU0)| Z CQ€E> S g (410)

We choose now A := vg. In view of ([@2]), (£3)), (£0), ([AI) and (£I0) we get that there

exist C' and C; such that

1 8

1<j,k<n n

which concludes the proof. O

5. NUMERICAL SIMULATIONS

The aim of this section is to illustrate by numerical experiments some effects arising
in cases where a only small number of moments of matrix entries are finite. We restrict
ourselves to those statistics which correspond to the main results of the current paper.

We start by choosing an appropriate distribution for the matrix entries. To this end
consider a random variable £ which has the following density and distribution function
depending on a parameter p

{Jﬂuzu.

This choice guarantees a non zero skewness i.e. the moment of order three that differs
from the standard Gaussian distribution. To ensure existence of m finite moments
requires to choose ;1 > m+1. In what follows we shall take y = m +1.1. Let {j; denote
i.i.d copies of £. Then we consider

xH

fulz) = ,ux—ul 1z >1] and F,(z)= <1 _

X, = Eik —EE
J /Df
which are combined in the random matrix X := [Xj;]},_, with E Xj; = 0and E X3 = 1.

As usual we also introduce the truncated (also normalized) random matrix X.

In Figure [ we plotted the normalized frequency histogram of the eigenvalues of
W for different p and n = 2000. We use the simplest procedure dividing the range
[A1(W), \,(W)] into m intervals of equal size. In our case we take m = 70. We know
from [25] that to guarantee convergence to Wigner’s semicircle law it is enough to have
finite second moments only. It is visible that for x = 3.1 (this case corresponds to
a finite second moment only) convergence is rather poor. But starting from p = 4.1
one observes a rather fast convergence. It is easy from the picture that the width of
histogram’s bars depends on number of finite moments, indicating the fact that with
growing number of finite moments the number of eigenvalues outside of the suppport of
the semicircle law becomes smaller.



LOCAL SEMICIRCLE LAW 23

nn miniuly
4 ,' N

F1GURE 1. Empirical spectral density of the eigenvalues of W for different
p and n = 2000. In the top row p = 3.1 (on the left) and p = 4.1 (on
the right). In the bottom row p = 5.1 (on the left) and = 9.1 (on the
right). Red line — Wigner’s semicircle law density function gs..

Let us consider the following statistics (motivated by the minimum error size, see [22])
nA¥

Viogn:

In Figure [2 we plotted ET,, (red line) with +1 standard deviation around ET,, (black

lines) for n from 100 to 5000 with step 100. We take the following values for p: 5.1 (top
left), 7.1 (top right), 9.1 (bottom left) and Gaussian case (bottom right).

T, =

5 T T T T T T T T 25

| /;‘“/f‘ W

1 I I I I I I I I I 1 I I I I I I I I I
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000 0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

2 T T T T T T T T T 16

q 14

— e ———

4 08r

L L L L L L L L L 0.6 L L L L L L L L L
500 1000 1500 2000 2500 3000 3500 4000 4500 5000 0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

FiGUureE 2. The plot of ET, with 1 standard deviation around the
mean for n from 100 to 5000 with step 100. The values for p here are
5.1;7.1,9.1 and Gaussian distribution.
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It is interesting to investigate the dependence of the largest eigenvalues on the tail
behavior. For example, we consider A, (W) and study the following statistic

G =13 (An(W) —2).
In Figure [3] we plotted on the left the distribution of (,,n = 2000 for the Values o=
5.1;6.1;7.1 and 9.1. On the right the distribution of truncated versions ¢, = n3 (A, (W)—
2) for the corresponding values of p. Here the red line is the Tracy-Widom density
function with parameter 8 = 1, see [29]. To plot the Tracy—Widom density function we
applied the method of [6] where the Tracy—Widom distribution has been approximated

by a gamma distribution with specific values. The impact of truncation is obvious from
this graph. These figures motivate the remarks following Theorems [[L3] and Lemma 3.1

0.4 T T T T T T T T 0.4

03F 1 03F

02F 1 02F

01fF b 01fF

0 = L i . - L i 0 D0l 0000m00e e -
0 50 100 150 200 250 300 350 400 -5 0 5 10 15 20
0.4 T T T T T 0.4

03F
02f
01rF

0 =Pt

04

03

02F

01fF
[ls!

0

0.4

03

02F

01fF

i \MW" l

L L L L frtbfeesncll o a
0 10 20 30 40 50 60 -6 -4 -2 0 2 4 6

0 [P

F1GURE 3. On the left the distribution of (,,n = 2000 for the following
values of 4 = 5.1;6.1; 7.1 and 9.1. On the right the distribution of 571 for
the corresponding values of . Red line — Tracy-Widom density function
with parameter g = 1.

Finally, we consider simulations of the empirical distribution of the following delo-
calization statistics

it AL

where u; := (uj1,...,u;,) are the eigenvectors of W corresponding to the eigenvalue
A;(W). In Figure @ we plotted in the _top row V, (on the left) and V,, (on the right),
where V,, is V,, with W replaced by W, for p = 5.1 and n = 2000. The middle row
shows the same statistics for 4 = 9.1. Finally, in the bottom row we compare v, for
p = 9.1 with V,, in the Gaussian case. It seems evident that for the truncation lv/n in
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FIGURE 4. In the top row V,, (on the left) and V,, (on the right) for = 5.1
and n = 2000. In the middle row the same statistics for 4 = 9.1. Finally,
in the bottom row we compare V,, for 4 = 9.1 with V,, in the Gaussian
case

the case p = 9.1 there is a good correspondence to Gaussian case. Even in case of high
moments, x4 = 9.1, The histogram of V,, shows some deviation from the Gaussian case,
which indicates a bad convergence rate.

APPENDIX A. SPECTRAL NORM OF RANDOM MATRICES

Lemma A.1. Assume that the conditions (C1) hold and let K > 4. Then there exists
a constant ¢ > 0 depending on o such that

B([W| > K) < e 5K,

Proof. Tt is common practice to control the extreme eigenvalues by the moment method,
estimating E Tr X* for large k applying graph representation. The list of references is
extensive, we only mention here some selected results. More details can be found in
Chapter 2 of the monograph of T.Tao [26]. In this paper we shall adopt a method due
tp V. Vu from [30]. Recall that

W] = max |A;(W)]

1<j<n
and we obtain for even k

E max |A;(W)[F <) EN(W)" =ETr W,
j=1

1<j<n

In the following we shall use notations and definitions used in [4]. A graph is a triple
(E,V,F), where FE is the set of edges, V is the set of vertices, and F' is a function,
F:E —VxV. Let i = (i1, ...,i;) be a vector taking values in {1,...,n}*. For a
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vector ¢ we define a I'-graph as follows. Draw a horizontal line and plot the numbers
i1, ..., i on it. Consider the distinct numbers as vertices, and draw k edges e; from 7; to
tj+1,J = 1,..., k, using ix41 = 41 by convention. Denote the number of distinct ¢;’s by t.
Such a graph is called a T'(k, t)-graph.

Two I'(k, t)-graphs are said to be isomorphic if they can be converted into each other
by a permutation of (1,...,n). By this definition, all [-graphs are classified into isomor-
phism classes. We shall call the I'(k, t)-graph canonical if it has the following properties:
1) Its vertex set is {1, ....,t};

2) Its edge set is {eq, ..., ex };

3) There is a function g from {1,...,k} onto {1,...,t} satisfying ¢g(1) = 1 and g(i) <
max{g(1),...,g(1 — 1)} + 1 for 1 <i <k;

4) F(e;) = (g(i),g(i+ 1)), for i = 1, ..., k, with the convention g(k + 1) = g(1) = 1.

It is easy to see that each isomorphism class contains one and only one canonical I'-
graph that is associated with a function g, and a general graph in this class can be defined
by F(e;) = (ig(), ig(j+1)). Obviously, each isomorphism class contains n(n—1)...(n—t+1)
['(k,t)-graphs.

We expand the traces of powers of W in a sum

1 1 )
TrWh = _g Z i1d2 2213"'Xiki1:_§ Z X (1), (A1)

01,02, 50k 11,12,..,0k

..,n}*. For each

where the summation is taken over all sequences 7 = (iy, .. e {1,.
X(2). Let us denote

ok
vector ¢ we construct a graph G(z) as above and set X (G(2)) :

E(nkt):=Y > E i), (A.2)

T(k,t) G(3)eTl (k,t)

o

where 7y ) is taken over all canonical I'(k, t)-graphs with ¢ vertices and k edges; and
the summation EG(i)GF(M) is taken over all isomorphic graphs for a given canonical
graph. It is easy to check that if ¢ > g + 1 then E(n,k,t) = 0. Since E X;, ;, = 0 for all
1 <4 <iy <nandall X;, ;, are independent we may restrict ourself to the canonical
graphs where each edge appears at least twice.

Let us also denote by W (n, k,t) the number of these canonical graphs using k edges
and ¢ distinct vertices where each edge is used at least twice. It was proved in [30] that

2% — 2
W(n,k,t)g( L )tQ(“t”)Q?”. (A.3)

If a graph G(¢) has k edges and ¢ vertices then

E X (G(3)) < D2 Dpak=20-1) (A.4)
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Thus applying (A1) (A.4) we obtain

L | L}
1 2 2 o et
ETr W = n—gzlE(n,k,t) < Zle 2D pal=2t=0)p(n — 1) (n— t + 1)W(n, k, t)
t= t
,+1
< LZDK 2(t— 1 a(k—2(t—1)) (n—l) (n—t+1) (Qt 2)t2(k 2t+2)22t 2
Tt k
] k“
< — S(n, k,t).

It is easy to check that

D2n2al€6
4n

We may take k = D™3n" 5 and get S(n, k,t —1) < +S(n, k,t). It follows that

Sn,k,t—1) < S(n, k,t).

241
13 2
ETrW* < —> " S(n,k.t) < —S(n.k, k/2+ 1)
nz n?2
. k
— 2n (TL 1) Ec k/2)2 < n2k+1. (A5)
nz2

Since K > 4, applying Markov’s inequality for even k& and (A.5]) we obtain

E Tr W* 2\ ek
P(HWHZK)STSQTL<?) <e 8.

0

We denote by X := X 1| X5 > Dn®], Xy := Xj — E Xy and finally X,
o 'X, ik, where 0% := E|X;;|?. By W, W and W we denote the symmetric random
matrlces with these entries.

Lemma A.2. Under the conditions (CO) for K > 0 we have
v K . K
B(WI 2 ) <28 (JW) > 5 ) 2 (jw-wi> 5).

Proof. We start the proof with the triangular inequality which yield the following esti-
mate of ||[W||
W < [W = W[+ W = W[ + [W = W] +[|W]|. (A.6)

It is easy to see that

(A7)

. - 1 2
IW = W2 < =S EX L[| X] 2 Dnt)? € b <
n

C
= D3+0520(3+0) -1 = 2
j?k;
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Since W differs from W by a global change of variance we may write
W = W] = (1-0)[[W] < (1 -0 |W].
By definition of o we obtain

o Ha+s
(1= 0%) = B[ X 11X = Dn%] < B0

The last two inequalities together imply
- o C o
IW =W < 5 IWI. (A.8)

Collecting the bounds (A.6)— (A.8) we get the desired bound. O

APPENDIX B. TRUNCATION OF MATRIX ENTRIES

In this section we will show that the conditions (CO) allow to assume that for all
1 <j,k <n we have |X,;| < Dn®, where D is some positive constant and

2
a=—-:.
446
Let Xk = X L[| Xe| < Dne), X = Xp L[| X5 > Dn°] — E X 1[| X5 > Dne]
and finally X := X;x0~!, where 0% := E|Xy;|%. Let again X,X and X denote the
symmetric random matrices with entries Xj;, Xj;, and X, respectively. In a similar

way we denote the corresponding empirical spectral distribution functions, resolvent
matrices and corresponding Stieltjes transforms.

Lemma B.1. Under conditions (CO) we have

- C
E¥ sup | Fy(z) — F(z)P < =
z€eR n
Moreover,
Op\?
Eim,(z) —m,2)P < | — ] .
m(2) = () < (52
Proof. See in [15][Lemma D.1]. O

Lemma B.2. Under conditions (C0O) we have

5 y CPpPImP s(z)  CPp3P
Bl (2) — (o) < SLISE) L

Proof. See in [15][Lemma D.2]. O

Lemma B.3. Under conditions (CO) we have

E [in(2) — i () < (3)

nv

Proof. See in [15][Lemma D.3]. O
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APPENDIX C. AUXILIARY LEMMAS

We start this section with several lemmas providing inequalities for moments of linear
and quadratic forms. Recall that

1 1 %) 1 ()
= i fw =y > XadaRiy, ey =0 > (X — DRy,

I#kET; kET;
1 .
g4 = —(TrR — TrRY).
n
The following result is obvious but will be needed in the proof of Theorem [I.1]

Lemma C.1. Under conditions (C1) for p > 1 we have

M4D2p—4

2
E‘E1j| P < W.

Proof. The proof follows directly from the definition of 1, := =X OJ

ynrise
Lemma C.2. Under conditions (C1) for p > 1 and q = 1,2 there exists a positive
constant C' depending on « such that

n
1 q
- ZEU
n
j=1

Proof. See in [15][Lemma A.4]. O

The following Lemmas [C.3}- were proved in [I5]. For completeness we state
them here again but for the special case of v being a fixed constant denoted by V. In
this case all inequalities obviously hold.

i (C.1)

npk

E

Lemma C.3. Under conditions (C1) for p > 2 and z = u + iV with some fixed V>0

we have
2p
p p
E|eg[” < C7 (n’ﬁ +W> !
where C depends on V' and «.

Proof. See [15][Lemma A.5]. O

wlg

For p = 2 and 4 we may give the better bound for quadratic form e9;. Let mu) =
O'{Xlk, Ik e TJ}

Lemma C.4. Under conditions (CO) for ¢ =2 and 4 we have
B(Jey | < T D (2),
where z = u + 1V with some firted V > 0 and C depending on V.
Proof. See [15][Lemma A.6]. O
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Lemma C.5. Under conditions (CO) for p > 2 and z = u + iV with some fixed V>0
we have
.|P P E L
E |€3J| < ¢ (’I’L% * np(1—2a) |~
where C' depends on V' and «.
Proof. See [15][Lemma A.7]. O

For small p < é we may write a better bound for e3;.

Lemma C.6. Under conditions (C1) for 2 < p <L and z = u+ iV with fized V > 0
we have

, C
E(|es"|MY) < —,
nz2
where C' depends on V' and «
Proof. See [15][Lemma A.8]. O
Lemma C.7. Forp > 2 and z = u + iV with fired V > 0 we have
1
E ‘€4j|p S E

Proof. See [15][Lemma A.9]. O

Recall the definition of 7,;,v = 0,1, 2

Moj = % D IRV, == Z Xk [(RY)?],

k:ETj k‘?élET

Lemma C.8. Under conditions (CO) for2 < p <4 and z = u+ iV with firxed V > 0
we have

C
E(|nyl?|m)) <

im‘

where C' depends on V.
Proof. See [15][Lemma A.10]. O

Lemma C.9. Under conditions (C1) for 2 < p < é and z = u + iV with fized V > 0
we have

|Q

E(|n3[7|9MY) < —

3
wrs

where C' depends on V' and o.
Proof. See [15][Lemma A.11]. O
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Lemma C.10. Forp > 2 and z = u + iV with fited V > 0 we have

Impmg)(z)
P < 2
|770j‘ = np

Proof. See [15][Lemma A.12]. O

The following lemma provides estimates for norms of vectors and matrices in terms
of the resolvent.

Lemma C.11. For any z = u +iv € C* we have

1 ; 1 .
~ > R <~ mm)(2). (C2)
" ke, v
For anyl €T
, 1 ,
Y RYP < -mRY. (C.3)
v
keT;
Moreover,
1 , 1 .
= Tr(R(J))Q} < —TImmi(z). (C.4)
n v
Proof. See [15][Lemma C.4, Lemma C.5]. O

Recall that o(2) = z|z|[P~!. In the following lemma we show how to estimate the
difference between p(A,,) and gp(Aﬁf )).
Lemma C.12. For p > 2 and arbitrary j € T we have
(A) — (A0 < B, A, — AD|RD) 4 m(A, — K02,

where E, denotes expectation with respect to a random wvariable T which is uniformly
distributed on [0, 1].

Proof. The proof follows from the Newton-Leibniz formula applied to
P(x) = p(AY + (A, = AD), = €[0,1],
and o o
&' (2)] < PIAY + 2 (A, — AP,
O

The following two lemmas are simple, but will used many times in the proof of
Theorem [T.11

Lemma C.13. Assume that for allp > q > 1 and a,b > 0 the following inequality holds
P < a+ bl (C.5)
Then ., .,
aP < 2v=a(a+ bra).
Proof. See [15][Lemma B.3]. O
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Lemma C.14. Let 0 < ¢ < o < ... < qx <p and ¢j,j = 0,..., k be positive numbers

such that
P <o+ crx? + cox® + ...+ et

Then

_p_ p P

P < B |:Co +ol™ e+
where
k , ko
Bi=]]2r» <2rw.

v=1
Proof. See [15][Lemma B.4]. O
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