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ASYMPTOTIC EXPANSIONS IN FREE LIMIT THEOREMS

F. GOTZE! AND A. RESHETENKO?

ABSTRACT. We study asymptotic expansions in free probability. In a class of classical limit
theorems Edgeworth expansion can be obtained via a general approach using sequences of
“influence” functions of individual random elements described by vectors of real parameters
(e1,...,€n), that is by a sequence of functions hy,(e1,...,en;t), |g;| < ﬁ, j=1,...,n,
t € A C R (or C) which are smooth, symmetric, compatible and have vanishing first deriva-
tives at zero. In this work we expand this approach to free probability. As a sequence
of functions hn(e1,...,€n;t) we consider a sequence of the Cauchy transforms of the sum
Z?:I €;X;, where (X;)7—, are free identically distributed random variables with nine mo-
ments. We derive Edgeworth type expansions for distributions and densities (under the
additional assumption that supp(Xi) C [—+/n, &/n]) of the sum ﬁ 27—y X; within the
interval (—2,2).

1. INTRODUCTION

Free probability theory was initiated by Voiculescu in 1980’s as a tool for understanding
free group factors. The main concept in this theory is the notion of freeness, which is a
counterpart of the classical independence for non-commutative random variables.

The distribution of the sum of two free random variables is uniquely determined by the
distributions of the summands and called the free convolution of the initial distributions.
While classical convolutions are studied via Fourier transforms, free convolutions can be
studied via Cauchy transforms. Numerous results concerning the distributional behaviour of
the sum of several free random variables were proved in the recent years: Free limit theorems
[13, 15], the law of large numbers [3], the Berry-Esseen inequality [5, 11], the Edgeworth
expansion in the free central limit theorem [7] etc. These results parallel the classical ones.
On the other hand some results in free probability theory have no counterparts in classical
probability theory. For example, the so called superconvergence. This type of convergence
appears in free limit theorems and is stronger then usual convergence.

The Edgeworth type expansion in free probability theory was first obtained by Chistyakov
and Gotze in [7]. The idea is based on the approximation of the distribution of Y,, :=
ﬁ Z?:l Xj, where X;, j = 1,...,n are free identically distributed random variables. by

the shifted free Meixner distribution, The expansion for the distribution and density of Y,
is given at the point z + mg/+/n, where mg is the third moment of Xj.

In this paper we develop a technique which was described in [9]. This approach (see
Section 4) was introduced as a tool to derive asymptotic expansions and estimates for the
reminder term in a class of classical functional limit theorems in abstract spaces. It is based
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on Taylor expansions only and hence can be applied in free probability without additional
modifications. We use this method and derive the Edgeworth expansions for distributions
and densities of normalized sums Y5,.

The paper is organized as follows. In Section 2 we formulate and discuss the main results.
Preliminaries are introduced in Section 3. In Section 4 we describe the general scheme. In
Section 5 we apply this general scheme to free probability. Section 6 is devoted to the proofs
of results. In the Appendix we provide formulations of some results of the literature, in
particular a more detailed and revised version of the expansion scheme outlined in [9] for
the readers convenience. The results of this paper are part of the Ph.D. thesis of the second
author in 2014 at the University of Bielefeld.

2. RESULTS

Denote by M the family of all Borel probability measures defined on the real line R.

Let X1, Xs,... be free self-adjoint identically distributed random variables with distribu-
tion p € M. Denote by my and i the moments and absolute moments of . Throughout
the text we assume that p has zero mean and unit variance. Let u, be the distribution of
the normalized sum ﬁ 2?21 Xj. In free probability a sequence of measures p, converges
to the semicircle law w as n tends to co. Moreover, u, is absolutely continuous with respect
to the Lebesgue measure for sufficiently large n [10].

We denote by p,,, the density of ji,,. Define the Cauchy transform of a measure :

Gu(z)—/R'u(dx), z€CT,

Z—X

where C* denotes the upper half plane.

In [7] Chistyakov and Gotze obtained a formal power expansion for the Cauchy transform
of j, and the Edgeworth type expansions for u, and p,,. Below we review these results.
Assume that p has compact support. Denote by U, (x) the Chebyshev polynomial of the
second kind of degree n, which is given by the recurrence relation:

Uo(z) =1, Ui(z) =2z, Upsi(z) =22Uy(z) — Up—1(x). (2.1)
The formal expansion has the form
> Bk Gw z )
Cal2) = Gu(2) + 3 PHCuZ)) (22
where
Z 2.3)
p, 1 (
el / z— )
with real coefficients ¢, ,,, which depend on the free cumulants x3, . .. , K142 and do not depend

on n. The free cumulants will be defined in Section 2. The summation on the right-hand
side of (2.3) is taken over a finite set of non-negative integer pairs (p, m). The coefficients
¢p,m can be calculated explicitly. For the cases k = 1,2 we have

3

K32 Ky — K3)2t 2° a
Bie) = g7, Brle) = (1/—3)” <<1/z—z>2 ! <1/z—z>‘°’>'
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Let us introduce some further notations. Denote by 3, the gth absolute moment of s,
and assume that 8, < oo for some g > 2. Moreover, denote
2 2
K kg — k5 +1 Ky — K5+ 2
Up =~ b= BT g, =BT el
vn n n

Introduce the Lyapunov fractions

_ B ._ q
Denote
¢1 := min{q, 3}, ¢2:=min{q,4}, ¢3:= min{q,5}.
For n € N, set
Ngs(n):= inf  ggns(e), where ggns(e) :=e*t*7% + Meﬂls
0<e<10-1/2 »qu

provided that 8, < oo, ¢ > s+ 1, for s = 1,2,3, respectively. It is easy to see that
0 < ngs(n) <10'9/2 41 for s + 1 < ¢ < s+ 2 and 7ys(n) — oo monotonically as n — oo if
s+1<¢gs<s+2 and ng(n) >1,neN, if g =s+2.

By agreement the symbols ¢, ¢1, co,..., c(u), c1(p), ca(p),... and c(p,s), c1(p,s),
ca(p, s), ... shall denote absolute positive constants, absolute positive constants depending
on u and absolute positive constants depending on g and s respectively.

In the expansion below we do not assume the measure pu to be of compact support. The
distribution function p,(—oo,z + a,) admits the expansion:

o (—00, & + ap) = w(—00, ) (2.4)
2 2
S0 ()5 o) ()
for x € R, n € N, where
3/2
pua(@)] < ¢ 80 an ¥ L, 426 <5 (25)
L5n7 q > D.
Assume that p has compact support, then for n > ¢;(u), pu, admits the expansion
d 1 1
Pun (T +an) = <1 + ?n —a? - o an® — (bn —a? - n> xz) Puw(Ent)
cl

(2.6)

n3/2\/4 — (E,)?

for @ € [~2/E, + h,2/E, — h, where By := (1 —b,)/V1 —dy, and h = 24 and [0] < 1.
We formulate Edgeworth type expansions obtained by the general technique which is
introduced in Section 3.
First, introduce for every ¢ € (0,1/10) a rectangle K:

K:={z+iy:xz€e[-2426 2—28], |yl <Vs}.

The following corollary follows from Theorem 5.12.
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Corollary 2.1. Assume that p € M is supported on [—/n, /n| and By < oo. For every
§ € (0,1/10) and n such that n > c(u)6=5, the Cauchy transform G, has the analytic
extension

G, (2) = Gu(z) + lu(2), z €K,

where |l,(z)| < \/fs—n on K.

Theorem 2.2. Assume that 1 € M is supported on [—/n,/n| and By < co. For every
d € (0,1/10) the extension of the Cauchy transform G, admits the expansion

IﬁgGi(Z)
BN
G5 (2) e @) ) 1
o (-2 8 (et eer))
. ( ksGO(2)  rsraGE(2) (5G2(2) = 7)

Gun (Z) = Gw(z) +

(1-GZ(2)) (1-G2(2))>°

kIGE(2) (5GL(2) — 15G%(2) +12) | 1 1
(1-G2(2) ) w7+ (5a)

for z€ K, n>c(u)6".
Due to the Stieltjes inversion formula we obtain an expansion for the densities.

Corollary 2.3. Assume that i € M is supported on [—/n, /n] and By < co. For every
d € (0,1/10) the density p,, admits the expansion

2) = o (2 K3 (x273) TPy ()
pMn( )—pw( ) + (47332)\/77

(kg (25 — 8z* + 1822 — 8) — k3 (22° — 152 + 302? — 10)) p,(z)

(4 —22)%n
N (ﬁ5($4 — 522 +5)x  k3ka(5z® — 422* + 10522 — 70)x
(4 — 22) (4 — 22)?
N w3 (528 — 602° + 2522% — 42022 + 210):c) Pu (1) o (1)
(4 — 22)3 n3/2 n2

for x € [-2+ 26,2 — 26], n > c(pu)d~6.

Denote by Uy, (x) the Chebyshev polynomial of the second kind of degree n, which is given
by the recurrence relation:

Uo(z) =1, Ui(z) =2z, Upyi1(z) =22U,(z) — Up—1(x). (2.7)

Corollary 2.4. Assume that p € M with By < co. For every § € (0,1/10) the distribution
Wn admits the expansion

pn(a,b) = wla,b) + |:—/€3U2 (E) Pu(2) (2.8)
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_ x 2 (0 (D) +0n () - Ui (3) ) ) pu(@)
* ( “4U3<2>+2”3<U3 o) TU\g) T 4n
K5 x K3K4 x T
* ( 5 U4(2) T4 g2 (U6<2) _U4<2>>
3

b
e (5) - (§) v (2))) 2] w0 (1)

with (a,b) C [~2+ 26,2 — 28], n > ()6~ ¢ and U, (z) are Chebychev polynomials (2.7).

Remark 2.5. If we assume that B < oo, k > 9, then the above results with accuracy O(n=?)
in Theorem 2.2, Corollary 2.3 and Corollary 2.4 can be easily expanded to the higher orders
using more terms of the scheme for asymptotic expansions (4.9), provided in the interval
[—2 + 20,2 — 26].

Remark 2.6. Assume that ms = 0, then due to (2.8) we get

b

~0(z)

a

pn(a,b) = wia,b) = [ 1205 (3) = U ()] pute)

with (a,b) C [-2+ 26,2 — 28], n > c(u)6~°.

In the example below we consider asymptotic expansions for free convolutions of the free
Poisson law.

Example 2.7 (Free Poisson law). Let us consider the free Poisson law with density

pul) = mﬂ(x T (@12 —l<z<3,

which has moments m; = 0, mg = 1, mg = 1, mq = 3, ms = 6. The density of p,, (x) is
given by

V(4n — 1) +2\/nx — na? _1/2 _1
= —2 2<pr<2-_n 12
P () o (Vi 1 ) : +n 2 <r<2-n

We consider py,,(x) and py,q,(2):

/39 4+ 2y/10z — 1022

Puno () = > (V0 £ 2) , —2+1/V10 <z <2+ 1/V10;

/399 + 20z — 10022

Ppioo () = 1011 —241/10 < z <2 —1/10.

In Figure 1, one can see plots of the densities and the approximations of the densities based
on Corollary 2.3.
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Ficure 1. Comparison of the asymptotic expansion, shown as the dashed line and
the exact result, shown as the solid line, n = 10 (on the left) and n = 100 (on the
right).

3. PRELIMINARIES

3.1. Free convolution. Let us assume that the measure y € M has compact support
contained in [—L, L]. Recall that the Cauchy transform is defined by

Gu(z) = /R,u(dfn), z € CH,

z—x
which is an analytic function on the upper half-plane. A measure is uniquely determined
by its Cauchy transform and can be recovered from its Cauchy transform by the Stieltjes

inversion formula:
b

plast) ==~ lim [ SGu(o+igds,  pu({a)) = u({ph) =0, (3.1)

Since p is compactly supported the Cauchy transform has the following power series expan-
sion at z = oo

> m
GM(Z) = Z Zk—fl, (32)
k=0

where my, are the moments of the measure p. Moreover, [my| < LF. Tt is easy to see that
Gu(z) = L(1 4 0(1)) at z = co. The series (3.2) is univalent for large z (|z| > L) and
we can define its functional inverse K, (z) such that K,(G,(z)) = z, which converges in a
neighbourhood of zero. Let us introduce the function

Rul(2) = () — . (3.3)

This function is called the R-transform and can be expressed as formal power series:
(o.9]
Rﬂ(z) = Z Hl-i-lzlv
1=0

where the coefficients xj, are called the free cumulants of a corresponding measure. In the case
when my = 0 and my = 1 we note that k1 = 0, kg = 1, kK3 = mg3, kg = my—2, K5 = Mm5—5m3.
For cumulants of higher order the following inequalities have been established in [11]:

2L

|ki] < 1_71(4L)l_17 [ =2. (3.4)
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Next, we note some scaling properties of the Cauchy transform and the R-transform. We
denote by Dy the dilation of a measure p by the factor t:
Dip(A) = p(t1A), (ACR measurable).

Then the Cauchy transform and the R-transform of the rescaled measure D;u are

Gpu(2) =t 'G,(t7'2) and Rp,.(2) = tR,(t2). (3.5)

Voiculescu in [14] proved that for two given compactly supported probability measures p;
and po the R-transform of the free convolution py H g is given by the formula

Rmﬂﬂuz (z) = R/—LI (Z) + RMQ (Z), (3'6)

on the common domain of these functions. Moreover, (3.6) implies that the free convolution
is commutative and associative.
Let us introduce the reciprocal Cauchy transform

F.(2) =1/Gu(z), ze€CT,
which is an analytic self-mapping of C™.
Chistyakov and Gétze [6], Bercovici and Belinschi [2], Belinschi [1] proved the subordi-
nation property of free convolution: there exit analytic functions Z;, Zy : C* — C* such

that 7.3
lim Z20Y) _ 1, j=1,2.

ytoo Y
Functions Z; and Zs are called subordination functions and satisfy equations:

z = Zl(Z) + Z2(Z) - F;H(Zl(z));

Fums (2) = Fu (21(2)) = Fiip (Z2(2))- (3.8)
The next result is due to Belinschi [!] (see Theorem 3.3 and Theorem 4.1).

Theorem 3.1. Let puy, po be two Borel probability measures on R, neither of them a point
mass. The following hold:
(1) The subordination functions from (3.7) and (3.8) have limits Z;(x) := limy o Z;(x +
iy), j=1,2, z € R.
(2) The absolutely continuous part of pu1Bus is always nonzero, and its density is analytic
wherever positive and finite, and F), m,, extends analytically in a neighbourhood of
every point where the density is positive and finite.

3.2. Semicircle law. The semicircle law plays a key role in free probability. The centered
semicircle distribution of variance ¢ is denoted by w; and has the density

1

= 2771_1:\/ (4t—x2)+, Z‘ER,

where a4 := max{a,0}. We denote by w the standard semicircle law that has zero mean,
unit variance and the density

1
pu(@) = V- 2?)+, wER
The Cauchy transform of wy is given by
2 — V22— 4t
2t ’

Doy (QS‘)

Gu,(2) = zeCt.
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The function vz2 — 4t is double-valued and has branch points at z = +2v/t. We can
define two single-valued analytic branches on the complex plane cut along the segment
—2V/t < & < 24/t of the real axis. Since the Cauchy transform has asymptotic behaviour
1/z at infinity, we can choose a branch such that /=1 =4 on C*. The Cauchy transform
Gy, (2) has a continuous extension to C* UR which acts on R by

(v —iv4t — 22)/2t, if 2] < 2v/;
{ (x — Vz2 — 4t)/2t, if |z > 2v/t.

We see that for every > 0, the function G, can be continued analytically to the domain
K ={z +iy:z € (~2V%2V1),|y| < §} and beyond to the whole Riemann surface This
analytic continuation is again denoted by G,,. It has the explicit formula G, (z) = (z —
iv/4t — 22)/2t, where the branch of the square root on C* is chosen such that /=1 = i. The
function G, satisfies the functional equation

(3.9)

Gu(2) + Fy(2) =2 2z€CrUK. (3.10)
One can compute the R-transform of the semicircle law: R, (z) = z.
3.3. Distance between two measures. Below we recall a number of results that we need
in the sequel.

We introduce the Kolmogorov (or uniform) distance between two measures p and A, which
is defined by the formula

dic (1, A) = supf|p((=o00, z)) = A(=o00, z))[}-

and the Levy distance between two measures p and A is defined by the formula
dr(p, A\) =1inf{s > 0: u((—oo,x —s)) — s < A((—o0,z)) < p((—o0,x + 5)) + s, Vo € R}.
The Levy distance is related to the Kolmogorov one by the inequality:

dL(:ua )‘) < dK(:U’a )‘)

We need the following result by Voiculescu and Bercovici [1] about continuity of free
convolutions with respect to the Levy and Kolmogorov distances.

Theorem 3.2. If uy, po, vi, and vo € M, then

dr(pm B, pe Bre) <dp(p, p2) + dp(vi, v2),
drc (1 By, pe Bro) < dge(p, p2) + di (v1,v2).
The Berry—Esseen type inequality in free probability was proved by Chistyakov and Gotze

[7]. Assume p has zero mean, unit variance and finite third absolute moment /33, then there
exists an absolute constant ¢ > 0 such that

di(w, pn) < C\ﬁ%, n € N. (3.11)
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4. A GENERAL SCHEME FOR ASYMPTOTIC EXPANSIONS

We denote a vector (e1,...,e,) € R™ by ¢,. Let us consider a sequence of functions
hn(gn;t), where |ej| <n~ /2 j=1,...,nand t € A C R (or C). Assume that this sequence
of functions satisfies the following conditions:

hn(g,;t) is symmetric in all €;; (4.1)
the sequence h,, is compatible, which means
hnii(et, .. ,65-1,0,€41, .- Eng13t) = hnl(e1, . -, €521, €415 - - - Ent15t),
j=1....,n+1; (4.2)

and all first derivatives vanish at zero:

0
—hn(g,;t =0, j7=1,...,n. 4.3
o (eit) =0 n (43)
where all but 2s
~1/2.

Let us denote by E}, o (m > n > s > 3) the set of weight vectors ¢
~1/2

m—+s
components are equal to m and the remaining 2s components are bounded by n
Let a = (aq, ..., qm) denote an m-dimensional multi-index. Finally, we define

dp(h,n) :=sup{| D himys(Emysit)] ol =7, t € A, g, s € Ef o, m >n}.

The following proposition from [9] shows that the limit

hoo(gs;t) = n%g;noo hm—i—s(m_l/za s 7m_1/27§5; )7 ‘Ej‘ S n—1/2’ .7 = 1a <o S

exists.

Proposition 4.1. Assume hpmis(€misit), Emis € s, m = n > s > 3, t € A satisfies
conditions (4.1) — (4.3) and the condition d§(h,n) < co. Then limit heo(g4;t), |gj] < n™Y2,
j=1,...,s exists and the following estimate holds:

s (2, Y2 5 8) = hoo(e, )] < edi(hym)n~ 72,

) =8

where ¢ is an absolute constant.

We formulate an Edgeworth type expansion for A, (n_l/ 2 onl2 t) in terms of deriva-
tives of hoo(g,;t) with respect to €, j = 1,...,s at ¢, = 0. Below we introduce all necessary
notations.

We establish “cumulant” differential operators k,(D) via the formal identity

oo o0
> pllePry (D) =In (14> pl~'ePDP | . (4.4)
p=2 p=2

Expanding in formal power series in the formal variable € on the right-hand side of this
identity we obtain the definition of the cumulant operators (D). Here DP denotes p-
fold differentiation with respect to a single variable ¢, and DP! ... DPr = D®1-Pr) denotes
differentiation with respect to r different variables €1, ...,e, at the point g, = 0. Since the
operators are applied to symmetric functions at zero, k,(D) is unambiguously defined by
(4.4). The first cumulant operators are k(D) = D?, k3(D) = D3, k4(D) = D* — 3D?D?,
etc.
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Then, we define Edgeworth polynomial operators P,(x (D)) by means of the following
formal series in k, and a formal variable ¢.

ZETPT(,%_) = exp (Z 7“!_157"_2@) (4.5)
r=0 r=3

which yields

T

Prr) =Y m™' ¢ D> (i + 2 kg0 (G +2)! K2 s (4.6)
m=1 (jla---jm)
where the sum Z( J1r i) QDS summation over all m-tuples of positive integers (j1, . .., jm)

satisfying ZZ”ZI Jjq =1 and k. = (k3,...,kr42). Replacing the variables . in P,(-) by the
differential operators

k(D) := (k3(D),..., kry2(D))
we obtain “Edgeworth” differential operators, say P.(k (D)). The following theorem yields
an asymptotic expansion for h,(n=12,...,n~Y2;t) (for more details see [9]).

Theorem 4.2. Assume that hpmys(€,,44:t),
conditions (4.1) — (4.3) together with

Emts € By m2>mn>s2>3,t € A fulfils

d3(h,n) < B, (4.7)
sup  sup  |D%hmis(€nisit)| < B, (4.8)
teAe,,, €En
where a = (auq, ..., as—2) such that
s—2
o; > 2, 1=1 -2, ) <s—2.
1—1
Then
ho(n™Y2, 2%t Zn 2P (k.(D))hoo (g, 1) < eBn~GTD2 0 (4.9)
g,=0

where Py(k. (D)) =1 and PT(K,.(D)) are giwen explicitly in (4.6), cs is an absolute constant.
The first four terms of the expansion (4.9) are

(012, %) (4.10)
1 (/183
(0 )+n1/2 (685?) < )51:0
L1 (ot PPN 1P P
w21\ ae7 o202 757373 ) Nool€ait
i ”(24 <0€‘11 85%65§)+7235§35%> (€25)
L (e
48n3/2 \ 5 \ 0¢} et 0e3
1 8—4—3872872 i3+iigi313 hoolgs;t)
Oet T0c20e3 ) 0e T 2103 03 03 ) Y

>

E9=

1
o)
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Remark 4.3. Conditions (4.7) and (4.8) guarantee that the functions

g?nJrs (§m+s; t) = Dahm+5 (§m+s; t)?
fora=(ai,...,ap), wherer < s—3, s >3

r

a;>2, di=1...r > (-2 =s-3
i=1
satisfy the conditions of Proposition 4.1. In particular, due to Proposition 4.1 for every «
the functions g%, (Emss;t) converge to g%(e,;t) as m — oo uniformly in g, |e;| < n=Y/2,

n>1,j=1,...,s and due to Theorem A.1 (see Appendiz) we conclude that g%(e,;t) =
D%so(gg;t), r < s — 3.

5. PROOFS OF RESULTS

5.1. Truncation. We assume that p € M satisfies f9 < co. Consider free random variables
X1, Xo,... with distribution i € M such that fi([—n'/3,n'/3]) = 1 and 4(B) = u(B) for
all Borel sets B C [—n'/3,n'/3)\{0}. Denote by fi,, the distribution of the random variable
Y, = (Xl + 4 Xn)/\/ﬁ We denote by iy, and Bg, k = 1,2,... moments and absolute
moments of fi. Let us also introduce the centered random variables

X —ap,
Xf=—7
1 by b, n n

X, — 1 «
X;o="220 0 and Y= =) X
j=1

an =1y, b2 = /(m —a,)?(dz) =1 —/ ?ulde) — a2, Ay = {|z| > n'/3}.
An

Denote by p* and g, the distributions of the random variables X and Y, respectively, and
by mj, and §;, k = 1,2,... moments and absolute moments of ;*. Note that m] = 0 and
m5 = 1. Due to the assumption 8y < oo we have

anf <07 [ fau(da) < pon™
Ap
and
1= 03] < Ben =1 4 pon 5%,
By above inequalities we obtain
b (n'3 4 |a,|) < nl'/3. (5.1)

By (5.1) we conclude that the support of p* is contained in [—n'/3,n!/3].
Furthermore, we deduce that

85 < b, (Bs -+ 3lanl B + 3lanl?B1 + anl*) < 67785 + 480~

Let & be a semi-circle distribution with mean \/na, and variance b2. By the triangle
inequality we get
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By Theorem 3.2 the first term in the right hand side has a bound

X : Bo
di (pns fin) < mp({lz] > n} < 5. (5:3)
We find the an estimate for the last term in (5.2)
. 1 Vna, c
dr(w,w) < ¢ (bn + T 1> < ol (5.4)

Note, that we have an equality

di (fin, @) = di (i, ).
Our next aim is to apply the general asymptotic scheme for expansion to ).

5.2. Application of the general scheme for asymptotic expansions. Below we ap-
ply the general scheme to compute the asymptotic expansions for p, and u,. We set
ho(nV2 . n7Y2,2) i= G (2), 2 € K, where G, (2) is the extension defined in Corol-
lary 2.1 (in our case pu* = p). Let us introduce two notations:

fimys = DeypB...BDe . p s €Eng m2n,
MES) = Do p*H...BD.pu", |€j\§n_1/2, j=1,...,s.

The following results follow from Theorem 5.12 and allow for an easy application of the
expansion scheme.

Corollary 5.1. For every § € (0,1/10) and n > c(p*,s)0~5 the Cauchy transform G

has an analytic continuation to K such that

Gy () = Gul2) +1.,(2), 2 €K, (5.5)

wBEl/LgS)

where |l (z)] < :L(j)g on K.

Remark 5.2. In (5.5) we understand G,(z) as an analytic continuation of the corresponding
Cauchy transform, which is defined in the following way:

Gu(z)=(z—ivV4—-22)/2, z€ K.

Corollary 5.3. For every 6 € (0,1/10) and m > n > c(u*,s)6~% the Cauchy transform

Giipys has an analytic continuation to K such that

G () = Gy o (2) +1(2), € K. (5.6)
where |I(2)| < \C/% on K.
Corollary 5.4. For every § € (0,1/10), m > n > c(u*,s)0~% the analytic continuation
Glimes(2), 2 € K is a symmetric and compatible function of ej, j =1,...,m +s.

Theorem 5.5. For every § € (0,1/10), m > n > ¢(u*,s)0~% the analytic continuation of
Giinss(2), 2 € K is a smoothly differentiable function of variables €5, j = 1,...,2s. (Here
we mean those 2s variables which are not fized and just bounded by n_1/2). Moreover, the
inequality holds:

< (¢4 ~
sup  sup }D Glrimys
2€K ¢ €ED,

=m-+s

(z)’ <ec Jal<s.
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Theorem 5.6. For every 6 € (0,1/10), m >n > c(u*,5)07 % and z € K

0
—Gy z =0, j=1,...,2s.
86] Mm+s( ) 8j:0 J
In view of the above results, we can choose the sequence of extensions of the Cauchy

transforms G, (%), z € K as the sequence of functionals hy,4s(g,,,; 2), i.e.

hinys(Emasi 2) = Gmyo(2), z€ K, m>n2> c(u*,s)&‘ﬁ,

and
heo(g4; 2) 1= Gwaau(és)(z), ze K, n>c(u*,s)".

Now we can apply the general scheme and compute the expansion for Gx in terms of
derivatives of GWEH#§5> with respect toe;, j=1,...,sat g, = 0.
5.3. Positivity of the density of i, s. Our aim is to find an interval where the density of
fim+s is positive. The main idea is based on the Newton-Kantorovich Theorem (see Theorem
A2, for a proof see [10]).

Let us consider a pair of measures 1 and v2. We can rewrite the equations (3.7) and (3.8)
as a system

{22027+ Onizi) =0 57
(2= 21(2) = Z2() ™ + G Za(2) = 0, |

where GG, and G, are the Cauchy transforms of v; and vy, correspondingly. Choose another
pair of measures p1 and po such that the Levy distance between v; and pu; is sufficiently
small for j = 1,2. Then we can define subordination functions for the couple (u1, p2) as
a solution of (5.7), where G, and G,, are replaced by the Cauchy transforms of u; and
po correspondingly. Denote these subordination functions by 9 and #J. According to the
Newton-Kantorovich Theorem one can show that the subordination functions Z; and t?,
j = 1,2 are sufficiently close to each other. We can choose p1 and ps to be equal, so that
! = 19. Such a choice essentially simplifies the structure of equations (3.7) and (3.8).
Let us prove one result about the Levy distance.

Lemma 5.7. Assume that u, v € M and p has zero mean and unit variance. Then
dL(I/,I/EH,u(fs)) <2sn V3 g <1/, i =1,... k.

Proof. From Theorem 3.2, we get
dp (v, v B u) < dp (6, nE) < ZdL (60, Dz,
where dg is a delta function. By the Chebyshev inequality we obtain
dp (60, Deypt) < 267° < o013,

Hence, dp (v,v H ugés)) < 2sn~1/3, O

In the sequel we need the following estimates for G.,.
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Lemma 5.8. For every ¢ € (0,1/10) we define the set
Ks={x+iy:xec[-2+3, 2],y <25V6}.
Then, we have G,(Ks5) C Dg1a = {2 € C™ : arg z € (—m + 0,—0);|2| < 1.4}, where the
é

angle 6 = 6(0) is chosen in such a way that 2sinf =/ § (1 — g).

Proof. Figure 2 illustrates the sets K5 and Dg 1 4.

FIGURE 2

First we show that G, (Ks) C Dy .4, where G, is an analytic extension of the Cauchy
transform of w on Kj. Fix a point 29 € K, and write Gi,(29) = Re’. In order to prove
Guw(20) € Dg1.4 we need to verify that |sine| > sin@ and R < 1.4. From the functional
equation (3.10) we have

1 1
(R—i— R) cos + 1@ (R— R) siny = zg.
From [Rzo| < 2—6, we get 2| costp| < (R + %) | costp| < 2—4. This implies |cos )| < 1-6/2,

hence
|sing| = 1—cos2¢p>1/1—(1—6/2)%*=+/6/4(1—5/4) > sinb.

Thus we obtain the desired result |sin | > sin 6.
In order to estimate R we consider the imaginary part of zg

2 _
20V > |Szp| = | sin g ’R— ;{‘ > |RRH\§

If R > 1, we get the inequality R2 —40R—1 < 0. Therefore, R must be bounded from above
by the intercept of the positive 2-axis and the parabola y = R? — 46R — 1. The roots of the

equation R? —46R — 1 = 0 are
R =20 +/46% + 1.
By the choice of 6 we have 2§ + v/46%2 + 1 < 1.22. This implies R < 1.4. O

The following inequalities are due to Kargin [12].

Lemma 5.9. Let dr(u1,p12) <p and z = x + iy, where y > 0. Then
(1) |Gy (2) — Gy (2)] < Gpy~t max{1, y~1}, where ¢ > 0 is a numerical constant;
(2) %(Gm(z) — G, (2))] < Gpy~ " max{1, y~'}, where ¢ > 0 are numerical con-
stants.



ASYMPTOTIC EXPANSIONS IN FREE LIMIT THEOREMS 15

Consider a pair of measures (v1,v2) and introduce a function F(t) : C> — C? by the

formula
—t1 —t2) T+ Gy, (1)
Fy=( F-ti—t)” +0n .
®) ( (z —t1 — t2) 7' + Gy (t2)
The equation F(t) = 0 has a unique solution, say Z = (Z1(z), Z2(z)), where Z;(z) and
Z3(%) are subordination functions. Let (u1, ) be another pair of measures. Assume t° =
(t9,19) = (t9(2),13(2)) solves the system of equations

(2= =13+ Gy (1)) =0
(2=t = 15)7" + Gy (t3) = 0.

)

G, (1)) + G, (1)) Gz, (1)) >
F/ tO :< v \"1 p1\v1 p1\"1
() ) () e M)

Then F(t") has the form
G, (1) — G, (t

F tO — < 1\"1 M1
D=\ ) - Gt

The derivative of F' with respect to t at t° is

NO—O

The inverse matrix of F”(t°) is

P01 1 G, (13) + G2, (t9) -G% (1))
PO = (e awiaw ) 09

where
det[F'(1)] = (G, (13) + G2, () (G, (1) + G (1)) — G, (B) G2, (£3).

After simple computations, we obtain

o L[ (G + G (8)S)(8) — G2, (8)52(tY)
PP = gy ( (G + 5 s - chrbisnd )0 6

where Sj(tg) =Gy, (t(;) -Gy, (t?).
The second derivative of F' with respect to t at tg is

0 3 0 3 0 3 0
P~ (aghit 200 s i ) 610

0y ._ 0 3 (40
where D;(t}) := Gy (t]) — 2G,, (t;).
Proposition 5.10. Let vi,v9 € M be measures neither of them being a point mass. Then

for every § € (0,1/10) there exists ¢ such that if dp(w,v1 B o) < ¢d? then the density
Duydw, (X) is positive and analytic on [—2 + 6,2 — 4].

Proof. We would like to find an interval where the density is positive. To this end, define a
subordination function Z,, ., (z) which solves the equations

wi/2
2 =22y, ,,(2) = Fu, ) (2o, ,(2)) and  Fu(z) = Fy, ,

Wi/2

(ZUJ1/2 (Z))

Solving this equations obtaining we obtain

324+ V22 —4
Zuoy 5 (2) = —
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to Ky is given by

3z +iv4 — 22
Zuyple) = ZFVAZE

and an analytic continuation of Z, /2

It easy to see that the following inequality holds:
S Zu, () > VO[3, weE[-2+6,2-10)

On C2? we choose the norm:

1(z1, 22) || = V21 [? + [z2]*.
Now we apply the Newton-Kantorovich Theorem (see Theorem A.2) to the equation F(t) =0
for € M :={x+iy:x€[-24+6,2—5], 0 <y < 6V/3}. In formulas (5.8), (5.9) and (5.10)
we set p1 = g = wijp and 1 = 1§ = Zy - Since |Zy, ,(2)] < 2, 2 € M, we choose the
branch of G, , such that G, ,(2) =z —iv2 — 2%, [2[ < 2.
1. First, we estimate ||[F'(t°)]7!]|. We computed det[F’(t°)] above. Moreover, due to
Lemma 5.9 with p := 62 we have G, (t?) = G;l/g (t(]]-) + fj(t?), where ]fj(t?)| < épd—3/? on
M, 7 =1,2. Hence,

det[F'(1°)]
= (Giw (t9) + Gijm (t3) + f2(75(2)))(G31/2 (t9) + GZJW () + f1()) — Gim (t?)Gil/z (t3)
= g(2)+ (A1) + f2(t[1)))(GiJl/2(t[1)) + GZ;I/Q (t9)) + f1(t)) fa(t)),
where
2 ! 2 4
9(2) = (G2(2) + Gl , (Zey () = GAC2).
We find that
GLI/Q(Zwl/g(Z)) — 14+ M — 1+ Jiz — V4 — 27 ”4_22’
2 — Ziy (2) p(2)

where p(z) := 36 — 1022 — 6izv/4 — 22. The function p(z) has zeros at £3/v/2, hence
GL, 5 (Zu, 5 (2))] is uniformly bounded on M. Finally, we obtain

Wi/2
9(2) = <1+3i2_ 4_Z2> <1+3iz_ Va-2 +1(z_i\/m)2>.

p(2) p(z) 2
First of all we estimate |g(z)| on an interval [-2 + 6,2 — 6]. Obviously,
iz — 4 — 22 B iaV/A — 22 — 3
V36 — 1022 — 6iz/d — o2 9 222
and hence
g(x) = hi(z) (hl(z) +22 -2 Qm\/H) ,
where
hi(z) == 6~ 2:1:29_‘__2;:;;/@, |hi(z)| = 932$2 > %
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and

V4 — 2
— 2z

for x € [-2 4 6,2 — §]. We conclude that |g(z)| > CQ\/E, x €[-2446,2-14].
In order to estimate |g(z)| on M we expand g(z + iy) with respect to y at zero:
gle+iy) = g(@) + R(z,y), @ €[-2+62-6], 0<y<dVs,
where R(x,y) is a remainder term such that

/ .
[R(zy)| < _max |g'(x +iy)[0V5.
0<y<8Vs

We find that ¢'(z) = g1(2)/g2(2), where
g1(z) = — 1488 +4 (226 — 282" + 1862 — (2! — 92 — 9) /(4 — 22)p(z)

— 20z (24 — 1222 + N Va—22—iz (z4 — 1122 + 39) \/p(z)) ,
g2(2) =i (p(2)/2)* V4 — 22.

We conclude that |¢/(2)| < ¢1/V0, z € M. Hence |R(z,y)| < 16 and |g(2)| > c2V6, z € M.
Then |det[F'(t9)]| > ||g(z)| — 03p5_3/2] > \/5(02 — c3pd~2). We can choose ¢ in p = ¢§? such
that |[F/(2)]! | < ex6~ /2 = By, = € .

2. We estimate ||[F(t°)] 71 F(t°)||. Due to Lemma 5.9 we arrive at

IF' () FE)| < erpd™? =imo, 2 € M.

3. At last, we estimate ||F"(t*)||, where t* = (¢},5) such that ||[t* —°| < 2n9. Note 219 <
V/8/3, guarantees that Sti(2) > 0, z € M, j = 1,2. Furthermore, note that |G, ,(2)| < V2
for z € CT UR. Due to Lemma 5.9 the following estimate holds:

1" ()| < max{|Gy) (Zu, ,) — 260, ,(Zuo, )y 21GE, , (Zay o), 5 = 1,2}

Wi/2
Lemma 5.9 implies
GZ]_ (Zw1/2) GZI.I)l/Q (Zwl/z) + f(Zw1/2)7 j = 17 27
)| < épd—2 on M. Let us estimate G, (Zw, ,) on M. We find that

wWi/2
—3/2

- (o (A=27-3iz)’
Gloryp (o (2)) = 202 = Z, ,(2) 3/2:21< (v —

_ i (34— 22 4 iz)?

4(p(2))3/2  256(9 — 222)3
(2))] < ¢2 holds on M. Choosing p = 62 we conclude that

where |f(Z,

Wi/2

Z,

wi/2

Then the bound ]Gwl/Q(
IF" (#2)]| < es =: Ko.

The function (2 — #j(2) — t5(2)) ™2 is continuous for z € M because Sti(z) > 0,5 =1,2.
It follows that the estimate for the second derivative holds for ¢* such that ||t* — 9| < 2no,
ze M.
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The Newton-Kantorovich Theorem (see Theorem A.2) yields us that if By, 79 and Ky
satisfy the inequality hg := BonoKo < 1/2, then the equation F(t) = 0 has the unique
solution (Z1(z), Z2(z)) in a ball

1—+1-2h
By = {t cC: |t -1 < 0770}.
ho
It means that
1—+1-2h _ )
‘ZWI/Q(Z) - Z](Z)‘ < —0770 = C4p5 3/27 J= 1727 z € M.

ho

Finally, we derive the following bound for the Cauchy transform

1 _ 1
2 =272y, ,(2) 22— Z1(2) — Z2(2)

2|G2(2)|espd 3/
|1 = 2e5p0 321G (2)]|

|G (2) — Gy (2)] < copd™/2, 2z € M. (5.11)

Due to Theorem 3.1 the limits Z;(x) := limy 0 Z;(x +iy), v € [-2 46,2 = §], j = 1,2 exist.
Hence the limit Gy, @y, (2) := limy o Gy @, (¢ + iy) also exists and from (5.11) the estimate
follows:

Gu(@) = Gun (7)] < 06]95_3/27 r€[-2+4,2-4]

Hence we conclude
|pw(1‘) _pulﬁﬂug($)| < C7p5_3/2, T € [—2+(5,2—5].

It easy to see p,(z) > v4d/m on [-2 4+ 0, 2 — 8. If we choose p such that c;pd—2 < 1/2m,
then py,my, (z) > 0 on [-2 40, 2 — 4]. Analyticity of p,,m,, follows from Theorem 3.1. [
Corollary 5.11. For every 6 € (0,1/10) and m > n > c(u*,s)d~% the following measures

have a positive and analytic density: 1) w B ,uL(fS), 2) pn, 3) fimss- Moreover, Cauchy
transforms Gwaﬂu(gs) , G oand G, extend analytically to a neighbourhood of [-24-6,2—4].

Proof. 1) Due to Lemma 5.7 the following bound holds:

dr,(w,wH u?s)) < 2sn~ Y3,

By Proposition 5.10 the density pwaau(gs)(x) is positive and analytic on [—2 + §,2 — ¢] for
n > c(p*,s)6 6.

2) By the Berry-Esseen inequality (3.11) dp(w, uk,) < ¢(u*)/+/m. By Proposition 5.10 the
density p,: () is positive and analytic on [—2 + 4,2 — §], for m > ¢(p*)6 5.

3) By the Berry-Esseen inequality (3.11)

_ ci(p*) | ca(p*,s) _ ez(u*,s)

By Proposition 5.10 the density pg,,.,(x) is positive and analytic on [-2 4 0,2 — §] for
m >n > c(u*,s)6C.
Analyticity of the Cauchy transforms follows from Theorem 3.1. U
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5.4. Analytic continuation for G}
the Cauchy transform Gy

fim+s+ Below we prove Theorem 5.12 which shows that

fim+s Das an analytic continuation on

K :={x+iy:zc[-2+252—20); |yl <V}

Theorem 5.12. For every § € (0,1/10) and m > n > N(:= c(u*,s)07%) the Cauchy
transform G has an analytic continuation on K such that

Glimss(2) = Gu(2) + 1(2), (5.12)

Hm+s

where |I(z)] < \C/(TST) on K.

Proof. The inverse function of G

fim4+s Can be expressed as

1
ﬂm+s Z RDE W ( S)RDl/\/E'U'* (w) T E’

for w, such that the series Rp, - (w) and (m—s)Rp,, ..»(w) converge. Due to the rescaling
property of the R-transform (3.5) we have

7
sw K qw
(m—s)RDl/ﬁm(w):w—m+(m—3)(z ll++11/2+2/€l+1w),

where ] and Ii; are free cumulants of p* and D, / \/RM respectively. For w € Dy 1.4 (see
Lemma 5.8) by inequalities (3.4) we obtain the estimate:

7

Z I{IZTS)/Q + Z !

Hence (m — s)Rp, , p*(w) = w + g1(w), where [g1(w)| < ci(s)//m on D14, m> N.
In the same way we obtain the estimate:

S
Z Rp, i+ (w)| < , w € Dgyy.

Due to Lemma 5.8 we know G, (K5) C Dg1.4. Thus replacing w by G, the we get in the
view of the functional equation (3.10)

f(z) = el (Gu(2) =24+9(2), =ze€Ks, (5.13)

Hm-+s

where g(z) considered as a power series in z

= > Rp. ur(Gul2) + (m = 9B, u(Gu(2)
=1

converges uniformly on Kj to zero as n — oo and the estimate

Q
—
~—

9(z)| < &2

4
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holds uniformly on K5 for m > n > N. The uniform bound of |g(z)| and (5.13) imply that
the rectangle K is contained in the set f(Ks). Rouché’s Theorem implies that each function
f has an analytic inverse f(=1) defined on K. Due to (5.13) it follows that

2= f (F70) = 1@ +9 (F70)

fG) =2-§(2), z€K,
where g(z) = —g (f\"V(z2)), fY(2) € K for 2 € K, hence

|Z](z)]§c\(/%), z€ K, m>n>N.
By Corollary 5.11 the function Gy, has an analytic continuation to the interval [-2 +

0,2 — 4] for m > n > N. The composition G5 o Giipis is defined and analytic in a
neighbourhood of the interval [—2 + 6,2 — 6] and hence, it coincides with the function f(-1)
on [—2+ 20, 2 — 260]. We conclude

G (Gppen(2) = fTV () =2 +3(2), 2€K, m=zn>N. (5.14)

w

Let us estimate |G),(z)| on K. It is easy to see

1 iz 1 (2 —i6/0) 1
GL(2)|=|z+—F——|< |5+ < , z€K.
Gl ‘2 V4 — 22| T |2 w2 | T

Applying G, on (5.14), we get

Giimss(2) = Gu(24+9(2) = Gu(2) +1(2), z€e K, m>n>N,

where
~ - c(s)
i) < swp [GLAF < 2L 2ek, m>n>N.
zeK v no
Thus the theorem is proved. O

Recall, that in our case pu* = p.
Proof of Corollary 2.1. The statement follows from Theorem 5.12 withm =nand s =0. 0O
Proof of Corollary 5.1. In Theorem 5.12 we put ¢;(z) = 0, thus the corollary is proved. O

Proof of Corollary 5.3. Combining Corollary 5.1 and Theorem 5.12 we obtain the statement.

O
Proof of Corollary 5.4. The function Gl(l;ljs(w), w € Dy 1.4 is symmetric and compatible.
Hence by (5.13) and (5.14) we may conclude that G, (2), z € K is symmetric and

compatible. O
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5.5. Proofs of Theorem 5.5 and Theorem 5.6. The results obtained so far allow us to
prove Theorem 5.5.

Proof of Theorem 5.5. Let us define the set
Uo = {n,, € C**: |nj| <1/v/n, j=1,...,2s}
and the function
1 sw

G(il)(ﬂ%v w) =w + — + - ) Z El—i—lw + Z \fnj Z ’il—f—l \fn] )

where ) and £ are free cumulants of Dy, mmu* and Dy, mu* respectively, and w € Dy 4,
Ny, € Uy, such that

- _ (=1
¢ Omyw)| =6 ),

ﬂ232§25
The function G(_l)(ﬂ237 w) is analytic on Uy x Dy 4. Consider the function
F(n,,,zw) =GV (n, ,w) -z,

for w € Dy 14, 2 € G(_l)(ﬁzs’ Dg1.4) and 1, € Up.
This function is analytic on Uy X G(’l)(ﬁ%, Dy 1.4) X Dg1.4. For fixed gd, € R¥NUy, wp €
Dy 1.4 and fixed zg = G(—1>(§35,w0) € G(_l)(ggs,Dg,L@ we have F(ggs, 20, wp) =0 and

0
%F(égw 205 wU)

Using the estimates ]w% -1 > sin2 0 > 6/16 on D971‘4 and

—s) er@l_ﬂw Z nzl’ilﬂ Iv/mawg) "t — % < %,

we conclude

> cd > 0.

‘%F(ggsﬂ 20, UJO)

Due to the Implicit Function Theorem [5] for every point (g3, z0,wp) there is an open
neighbourhood U = Uy x Uy, x Uy, C Uy x GETY(S,, Dg14) x Dg14 and an analytic
function G : Uy x U,, — Uy, such that G(Q2S, 2389, 20) = wo. Moreover,

Gum%(z), 20 € K C G(_l)(§35,D9,1.4)-

G(QQS, Z;§857 ZO)

ﬂ2 :§23
Note, that for 2§ # 23, z € U, 1N Uz and 6 !+ 525, Ny, € U1 NUp2 the functions
=2s =2s

0,1 0.2
G(ﬂ%, Z;€9% , 25) and G(QQS, 2 €95 28) do not necessarlly coincide, however

0,1 0,2
G(§2572;§275 Jzé) = G(§2saz;§2; 728) = Gﬂm+s (Z)u Z(1)7z(2) E K)
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since G, , () is uniquely defined for z € K by Corollary 5.1. We conclude that G, () is
real analytic with respect to the 2s variables ¢; such that |e;| < n~Y? and complex analytic
with respect to z € K for m > n > N.

Moreover, |G(Q287 2,89, 20)| is uniformly bounded in a neighbourhood of (g3, z0), €9, €

R*NUy, 20 € K, n > m > N. Therefore, |G}, (2)| is uniformly bounded on E7, (;x K. [0

Proof of Theorem 5.6. Consider the rescaled measures

ﬂmfs = Dm71/2,u* H...H Dm71/2,u* .

m—s times

Let us calculate -2-G;, . (2) at ej=0,7=1,...,2s for z € K, m > n > N. For this

afj Hm+s
purpose, we differentiate the equation
1
z = R~m S<G~m s(z)) + ~_ N\
Hm+ Hm+- Gﬁm+s (Z)
and arrive at
0
0 = B (G 1) 5 s+ Ry (1G4
J

0
+ R (€ G () (G, (2) + €55 Gy (2))
J

2s o)
* 5' %Gﬂn‘b}—s (Z)
+ Z 67,2R;1/* (EiGﬁm+s (z))FGﬂnH»s (Z) - JG27 9 (515)
=1 8] ﬁm+5( ) 6].:0

where 21221* means summation over all i # j. After simple computations we get

o)
8 %G/Jnkks(z)
0 = Ry, (Gpii(2) 3Gy (2)| =
Hm—s Hm+ asj Hm—+ = G;Q]m_,_s(z) C o
2s P
* 2
+ Z ei R:L* (8iGl~ffm+s (Z))aistﬂm+s (Z) Ej:07

i=1
By the definition of the R-transform and taking into account that p* has zero mean and
unit variance we obtain

R _
R;lmfs(z) =(m — S)R/DU\/WL*(Z) =(m —s) <m + Zlﬁgﬂzl 1) .
=2

Finally, %Gﬂm .. () satisfies the equation:

[(m —3) (; + Z l“2+1 (Gﬁm+s(2))l_1> G%m+s (z) -1 (5.16)
1=2

=0.

6]':0

2s 00
X - 0
+ G%m+s(z)z ”S?Zlﬁiﬁd (VneiGp,, .. (2)) 1)] gGﬂmﬂ(z’)

i=1 =2 J
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Using the representation

Giii(2) = Gu(2) +1(2), 2z€K, m>n>N

where |I(z)| < \/%, z € K, m >n > N we rewrite equation (5.16) in the following way
0
G2(2) —1 —G =0
( w(z) + f(Z))agj Hm+s (Z> EJ'ZO 9

where [f(2)] < \/%, z € K, m > n > N. Finally, we can find an N* such that for every
m>n>N

GL(2) =1 > [f(2)], =€ 0K,
see (5.18) below. By Rouché’s theorem we conclude that G2 (z) — 1+ f(z) has no roots on
K,mZnZN,thus%Gﬁm+s(z) =0forze K,m>n>N. O

-
5.6. Proofs of Theorem 2.2, Corollary 2.3 and Corollary 2.4. We start by computing
the derivatives of Gwaau(fs)' The extension GwEEuF” is defined by (see (5.5))
. 1

z= ; Rp.p (G g0 (2) + G g 0 (2) + m

In view of the rescaling property of the R-transform we arrive at

1

() + 77—
Gwaaugis) (Z)

” = Z g, (8iGwaau§§S) (2)) + Gwﬁﬂus
i=1

Below we will use the notation: heo(g4;2) 1= Gwaau(és) (z). We set

s 1
F(gs’ 2, hoo(és; Z)) = ;&Ru(&hm(ﬁs; Z)) + hoo(§s§ Z) + m — Z.

Using these representations we may determine the derivatives of hoo(gg, 2) as solutions of
the equations

DF(g,, 2, hoolgs; 2))

=0, |af<s. (5.17)
e.=0

S

Let us compute the first derivative of hoo(g; 2) at € = 0, z € K. Setting in (5.17) a = 1 we
obtain

2F(@, 2z, hoo(€3 2))

=0.
Oe e=0
After simple computations, we arrive at the equation:
1 0
1———— | =—h , = 0.
( G(%(z)> Oe () e=0

Due to Lemma 5.8, G,(K) C Dy 1.4, where 2sin6 = /9 (1 — 2). Hence |G2(z)| < 1 - §/16
and
|G2(2) —1| > /16 >0, z<€ K. (5.18)

=0.

e=0

Thus, we get %hoo(e; z)



ASYMPTOTIC EXPANSIONS IN FREE LIMIT THEOREMS 24

Setting in (5.17) o = 3 we get

83
@F(a, z, hoo(€52)) o 0.
After differentiation and by the inequality (5.18) we obtain
03 _ 6r3GL(2)

P )] = %)
a=E2)| = 1)
Continuing this scheme we obtain the desired result.

Proof of Theorem 2.2. In order to compute the expansion for G,x we apply Theorem 4.2.
By Corollary 5.4 the extension G, ,, is symmetric and compatible, thus conditions (4.1),
(4.2) hold. Due to Theorem 5.5 the extension Gj,,., is infinitely differentiable with respect
to €95, 2 € K, m > n > N and conditions (4.7) and (4.8) hold. Theorem 5.6 shows that
condition (4.3) holds. Therefore, we get an expansion together with estimates for the error
term based on (4.9). In order to determine the expansion for Gx (2), z € K, n > N we need
to compute the derivatives of Gwaau(§5>(z)’ z € K at zero and plug the result into (4.10).

s

Using the derivatives of G (z) equation (4.9) leads to

wBﬂuigS)
k3Gl (2)
(1-GZ(2)vn

Gul2)’ Gul2)’ Cule) )1
+ ((m S ere e F%((l —GuP? (- Gw<2)2>3)> "

- </<5Gf’;(z) K3G(2) (5GL(2) — 15G2(2) + 12)

Gu;(z) = Gw(Z) +

(G2(2) — 1) (G2(2) = 1)°
k3kaGS(2) (5G2(2) — 7 1 1
K3k (Ga(z() = )> 40 (712) (5.19)
for z € K, n > c(u*)d5. O

Proof of Corollary 2.3. In order to determine the expansion for densities we have to substi-
tute the extension G, (z) by formula (3.9) on the left-hand side of (5.19) and get the density
using Stieltjes inversion formula (3.1) by taking the imaginary part. O

Proof of Corollary 2.4. We integrate the expansion for densities and apply inequalities (5.3)
and (5.4). As a result we obtain the desired expansion for . (]

APPENDIX A. AUXILIARY RESULTS

Theorem A.1 ([17]). Consider vector spaces X, Y overR and a sequence { fn}n of functions
fn: A=Y, AC X. If all functions f, are differentiable on A and the sequence {f}}, con-
verges uniformly on A, and if the sequence { f,,}n, converges at one point zog € A, then {fn}n
converges to [ uniformly on A. Moreover, f is differentiable and f'(x) = lim, o f1(2),
x e A

Theorem A.2 (Newton-Kantorovich, [10]). Consider vector spaces X, Y over C and a
functional equation F(t) =0, where F : X — Y. Assume that the conditions hold:

(1) F is differentiable at t° € X, ||[F'(t°) Y|y < Bo.
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(2) to solves approzimately F(t) = 0 with estimate ||F'(t°) "1 F(t%)|ly < no.
(3) F"(t) is bounded in By (see below): |[F"(t)|ly < K.
(4) Bo, no, Ko satisfy the inequality ho = BonoKo < %

Then there is the unique root t* of F in By := {t € X : ||t — t°||x < 1=¥1=2ho WUO}.

APPENDIX B. PROOF OF THE GENERAL SCHEME FOR ASYMPTOTIC EXPANSIONS

For the simplicity we will use the following short cut:
hn(gn) = hn(gn; t)'
Proof of Proposition 4.1. As before, we denote ¢,, := (¢1,...,e,) € R™, where if not spec-
ified otherwise 61 = -+ = &, = m /2. Let us denote 0y = (01,02) € R? such that
lo;| < n7Y2, 5 =1,2, m > n > 3. We will identify (g,,,05), and (g,,,0,0,) € R™*3. In
particular, notice that
hm+3(§m’0’22) = hm+2(§mvg2)'
We will also use the following notation
hon(Ep—k) == hm(gpm—k,0,...,0), m >k >0.
k

Now we expand the function hp,13(g,,1,79) at the point (g,,,0,) and get

hmt3 (§m+17 Qz) = hm+3 (ém, QQ)

+ ) T D y3(E0 09) (Emp1: T2) = (Emy 02))™ + Ra(m), (B.1)
jal<2

where R3(m) is a remainder in the Lagrange form:

Rs( )—1 t 0 + 4t 9 3hm (e 0t,,.1) (B.2)
m) = — —+ - Ema1 — Otmit), .

s 31\ 0ey e mit FEm+ +

where t; = m~Y2— (m—l—l)*l/Q, j=1,...,m, tme1 =m Y2 and 0 < § < 1. We can deduce

the estimate for R3(m) from |m =% — (m+1)"1/2| < em~3/? and counting number of terms
in (B.2):

|R3(m)| < eds(h,n)m™/2, m >n>s. (B.3)
We rewrite (B.1) in the following way:
him+3(Ems T2) = hint3(Epq1: 02) (B.4)
= - Z ! Dy 38, 02) (Emy 1> T2) = (Emy 02))* — Ra(m).
lal<2

The next step is expanding the derivatives on the right-hand side and making use of condition
(4.3). We start with the second mixed derivatives in (B.4)

0 0 0o 0

S5 hm = ———hpy da(h -1/2
06]' aEk +3(§m7g2) 85] aEk +3(§mvg2) S +O( 3( ,n)m )

= O(dS(hvn)mil/Q)v J 7é k.
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The other derivatives in (B.4) have the expansions

0 02 _ _
o sl a) = ghmss(en 0| m2 4 O, mm ™),
—hm ,0 = —Shms3len, O(ds(h, - .

Replacing the derivatives in (4.3) by their expansions we obtain

hiny3(em 02) — hm+3(Emt1,92)

28 2 m+3 va-Q)L_io

S0m = 1))

Q

2

5 hmt3(Em, 02)

(m+1)71
02714

+0 (dg(h, n)mf?’/Q) .

N | =

€m+1=0

Since the function hy,3(-) is symmetric we arrive at

hm+3(§mag2) - hm+3(§m+1,22) (B.5)
1 0* 0?
= —— [ =h — a5 h
s (gt sz ) )
+ O (dg(h, n)m*3/2) .
In order to eliminate zero at the (m + 1)st place of 3652 hm+3(Epms T9) . j=1,...,m we
g;=

apply the Taylor series in the following way:

0? 02
J J

+0 (dg(h,n)m*1/2> . (B.6)

g;=0 €;=0, emiy1=m—1/2

Pluging (B.6) into (B.5) and using the symmetry condition we conclude
hun 3 (Ems ©2) = hins3 (€1, @2) = O (da(hym)m™/2)
It is easy to see that

hmtkt2(Emtk @2) = Pmiki3(Emanr, 02) = O (d3(h7n)(m+ k)73/2> .

Summing up these differences for » > m, we obtain

r—1 r—1
> (hmtks2(Emrr @2) = hensht3(Empng1r @2)) = O (da(h,n)) > _(m+ k)32,
k=0 k=0
Hence,
r—1
hnt2(Ems @2) = Bt 2(Egrs @2) = O (ds(h,m)) Y (m+ k) =%, (B.7)

B
Il

0
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Finally, (B.7) shows that hn,,12(g,,,02), m =n,n+1,... is a Cauchy sequence in m with a
limit which we denote by heo(d5), |0;] <n~Y2, j =1,2. Taking m = n and letting r — oo
in (B.7) we obtain

hn+2(n71/2, e ,n71/2,g2) — hoo(ay) = O (dg(h, n)nil/Q) )
which proves the proposition. U

The following lemma describes the procedure of eliminating zeros like the one that is used
in (B.6). The lemma shows that additional variables can be introduced (according to the
compatibility property of h,,). Then we can differentiate with respect to the additional
variables at zero instead of differentiating with respect to ¢, j = 1,....m + 1.

Lemma B.1. Suppose that conditions (4.1) — (4.3) hold. Then

ko g S
‘221 @hm—kl(é—,g% oy Emyl) Ezoj!_l(n] —¢e’) (B.8)
j:

k
= ZPT ((TI - E)K(D)) hm-‘rl-‘rk‘()\l? . 'a)‘k‘787527 e 75m+1) A0
r=1 ZkT

+ O(Tnf(k+1)/2)7
where the differential operators P, and kp are defined in (B.9) below and (4.4), and
(1 =)k (D) = ((n" = ")rp(D), p=1,...,7).

Proof. The differential operators P, (7.k.) are polynomials in the cumulant operators x, (see
(4.4)) multiplied by formal variables 7,,, p =1,...,r. These polynomials are defined by the
formal power series in 7,

o o
> Pi(rr. (D)l =exp [ > 41 rims (D)l | (B.9)
Jj=0 Jj=2

When 7; = 79, j > 1, then due to (4.4) we have

oo o0

Pi(rs (D)) =1+ jl"'mD’.

J=0 J=2
Hence, Py(7.k.(D)) = 1, Pi(.£.(D)) = 0 and ﬁj(T.li.(D)) = jI77;D7, j > 2, which means
that the differential operators ]57, are nothing else than derivatives of order r multiplied by
r!~! and the corresponding power of the formal variable 7,. It easy to see that P, gives the
rth term in the Taylor expansion so that we can write

k
hon(em) = D Pj(Eir (D) han(e)|__ +0m~*F2), =1,
E;=
§=0
Notice that 157« depends on the cumulant differential operators x (D). These operators consist
of derivatives with respect to multi-variables, for instance r4(D) = D* —3D?D?. Here D?D?

denotes differentiation with respect to two different variables (we do not need to specify the
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variables because of the symmetry condition). Therefore, we introduce additional variables,
say A, and write

k
— Z Pi(e;k (D) han (Mg Em) R . + O(m~ kD2,
7=0 Ap=E{=

1 =1,...,m. The advantage of the operators ]Br is that they are defined by exponents which
can be easily reordered by the properties of exponential functions. Due to (B.9) and the
multiplication theorem for exponential functions we obtain

> Pi(rr)P(r'k) = P((r. +7)K) (7= (m1,.... 7))

JHl=r

In order to prove the theorem we start from the right-hand side of (B.8):

k
Z PT((U - E.)K‘-(D))hm-‘rl-i-k()\l’ cee )\kh €,€2y... 75m+1)
Ar==Ap=0

k
— Z ((n —e)k.(D)) ~l(5'/‘6.(D))

+ O(m—(k+1)/2)
A== Ap=e=0

Y Bllr - n (D) Bl (D)

X hm+1+k()‘lu"'7)‘k755827°"agm-‘rl)

J=1 l+;;]
X hm—l—l—l—k()‘la R ,)\j, E,€92, ... ,€m+1) + O(m_(k+1)/2)
)\1:~~~=/\k:E=0
k ~ ~
= > (B (D) = P kD)) b Q21 semt)|
= A,=0,e=0
+ O(m—(k+1)/2)
_ o’ ( N1 (pd — 2I) 4 O (D2
— a j m+1 57527"-’5m+1) 8:0‘7' (77 € ) (m )

Jj=
The last expression coincides with the left-hand side in (B.8), thus the theorem is proved. [
Proof of Theorem 4.2. The theorem will be proved by induction on the length of the expan-

sion, starting with s = 4. The case s = 3 was shown in Proposition 4.1. Assume that m > n
(n >1). We start with the expansion

hm+1 (§m) - hm+1( m+1)
> Al D i1(g) (Enrt — Em)™ + Rs(m), (B.10)
0<|al<s

where
|Rs(m)| < Cdy(h,n)m /%, (B.11)
The last inequality is similar to inequality (B.3) in the proof of Proposition 4.1.
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In order to apply condition (4.3) on the first derivatives we expand D%hp41(g,,), @ =
(jy,- ), 1< g1 <---<jp<m+1,around ¢, =0, » =1,...,p. This yields

Dahm+1(§m) = Z Da+5hm+1(§fn)§7ﬁnﬁ!71 + Es(m)v (B12)

0<|a|+|B|<s
where Ry(m) satisfies inequality (B.11), &%, is equal to g,, except for the components
€j15+-+,Ej,, Which are zero, and 3 is a vector of partial derivatives in the components

J1,- .-, Jp- Rewrite the derivatives in (B.10) by their expressions from (B.12)

hmt1(€m) = Pms1(Emyt)

= = Y Al BTID P (€) (Er — Em) el + Ra(m),
0<|a|+|B|<s

where Ry(m) denotes a remainder term satisfying (B.3).
Let €, = m~1/2 and Em+1,j = (M+ 1)_1/2, j=1,...m+1, but £y, m+1 = 0. Using the

following relation

YR e =yt =T e =), 21 k>0,

j+k=r
i>1
then we obtain
m+1 ] ~
M1 (Em) = hmi1(Emi1) = — D W D hmpa(e H Emii1j — Emy) + Rs(m), (B.13)

0<|vy|<s j=1

where v = (71,...,Ym+1), ||~ denotes multiplication over all v; >0, j =1,...,m+ 1.

The next step is replacing g, by ¢,,, in (B.13). For this purpose we apply Lemma B.1 to
each partial derivative y; > 0. More precisely, we will take further derivatives with respect to
additional variables at zero and make use of the symmetry condition. Introduce the notation

S (P P _
A, = (EmHJ —EppP=1...,5— 1).

Applying Lemma B.1 to the derivatives in (B.13) we arrive at

hm+1(§m) - hm+1( m—i—l) (B14)
m+1 _
= Z Z *PTl mg1 ¥ ) e Prk (A.m,jk’i) hm+1+7"(§mv 0,..., 0) + Rl,S(m)v
k=1 (r)
where EZ‘T) means summation over all combinations of r1,...,r. > 1, k=1,...,m—+1, such
that r = r1+- - -+rp < s and all ordered k-tuples (j1, ..., jx) of indices 1 < j, < m+1 without
repetition and k := k(D) is a short notation. Note that the derivatives on the right-hand

side of (B.14) define due to conditions (4.7) and (4.8). The remainder term R; s(m) satisfies
(B.3). It easy to see that such a procedure changes nothing for the (m + 1)st component

because the derivatives %hmﬂ(gm) are expanded at the same point ¢,,,. Relation (B.14)
serves as the induction step in the induction on the length of the expansion, say [.
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Assume that conditions (4.1) - (4.3) and (4.7) - (4.8) hold with (s+¢) instead of s. Assume

we have already proved that for [ =3,...,s — 1, m > n, and |a| < s+ ¢ we have
DRy (m™ Y2, omTV2 e, ) . (B.15)
g1=r=&p=
> m TP Pi(k.(D))D%hoo (N, ;) + Ryu(m),
- A== \=g1="-=€p=
where Ry ;(m) satisfies
|Roy(m)] < ¢(s)Bm~ (=22, (B.16)

The case | = 3 follows from Proposition 4.1, where
hm() :Daherr(-,Sl,...,Sr) )
e1==€,=0

which satisfies conditions (4.1) — (4.3) and dz(h,n) < co.

In order to prove (B.15) for | = s, observe that (B.14) starts with m + 1 terms of order
O(m~=3/%). The induction assumption (B.15) with |a| = 0 applied to the terms of (B.14)
yields

m—+1
hm+1(§m) — hm+1( m+1 Z Z **P’r‘l 7]1 ) e Prk (Amvjkl{) m_TO/2Pr0 (K/)
(r)
X hoo()\la--w)\m,gl,---,gr) \ 0—|—R3’s(m), (Bl?)
A=E=

where Rj3 s(m) satisfies (B.16) with [ = s + 2, and Z?;f) denotes summation over all indices
T1y...,7% > 1, 79 > 0 such that ro +--- + 7 < s and all ordered k-tuples (ji,...,jk) of
indices without repetition.

By definition (B.9) of P,, the following formal identity holds:

S P —e)r)=exp | > 1 — ek | - 1. (B.18)
j=1 j=2

In order to apply this identity to (B.17) we need to change the order of summation in (B.17)
in the following way

hm+1(§ ) - hm+1( m+1) (Blg)
m+1 s§—r0 ©
- = Z _7’0/2P Z Z* H Z P”l (A.m,jl'%-) he + R375(m)’
ro=0 k=1 (y) =1 =1 s—10
where Ao := hoo( A1y oy Argy €15+ -5 Er) . [ ] denotes all terms of the enclosed formal
power series which are proportional to monomials AV AV with pr 4 p <
kE < m+ 1, and Z(j) denotes summation over all ordered k-tuples (ji,...,jx) without

repetition of the indices. Applying (B.18) to (B.19), we get

hm+1(§m) - hm+1 m+1 Z m—TO/QP ) (B.QO)

ro=0
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m—+1 s—ro
X Z Z H exp Z AP ]lp'*lnp —1 hoo + R3 s(m).
() s—ro
The identity S 7! 26y T (ej, — 1) = [Tt ej, — 1 together with the symmetry
condition of hy,(-), m > 1, shows that (B.20) is equal to
hint1(€m) = hmt1(Emt1) (B.21)
s—4
- Z m_m/ZPTO( ) |exp Z (Z Ap )p!_lkap -1 hoo + Ry s(m).
ro=0 s$—T0
It is easy to see that
m+1 m+1 m 1
A =0 B.22
k=1 k=1
(“equality of variances”) and
m+1
S AP =0mPP?), p=s3. (B.23)

Due to relation (B.22) the terms for p =2 in (B.20) cancel.
By the definition of P, and P, (see (4.5) and (B.9)) it follows that

00 l
Y [P(rr)) = Pr(rr), (B.24)
r=1 r=1
where, according to the definitions, on the left-hand side 7. = (73,...,7,42) and on the
right-hand side 7. = (73,...,7), and [ ]; denotes the sum of all monomials 75 ...77/5* in
P.(1.k.) such that 3ps + -+ (r +2)pr42 < 1,1 > 3.
Applying (B.18) and (B.24) we turn to P, in (B.21) and get
[e%¢} m—+1
m~2 P, (k) |exp Z (Z AP ) PR, | -1 hoo (B.25)
p=3

s—ro—1 m+1 o
= m /2P, ( Z P, ((Z AM> H) h

/ m+1
— 7o 2P Z <Z A )] hoo-
s—ro—1

r=1
Finally, (B.23) together with condition (4.8) shows that

m+1
m~"/2p, ( (Z A, ) (B.26)
m—+1
(ZA >] hoo + Rs,s(m),
s—ro—1

— —7‘0/2P
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where

|Rs5(m)| < Bm™*/% for every m > n. (B.27)
Note that by definition (4.6), the partial derivatives D(1+%») of h., on the right-hand side
of (B.26) are such that a; > 2, j=1,...,p, p <k, and Z§:1(O{j —2) < s — 3. Relations
(B.23), (B.25) and (B.26) show that (B.21) is equal to

s—4 s—ro—3 m+1
~S mPp k) Y P (Z A;n’k/-@) hoo + Re.s(m), (B.28)
ro=0 r=1 k=1

where Rg s(m) satisfies (B.27). Changing the order of summation and applying the relation

m
—ro/2 .
m~"/2P, (k) = P, g Emit. |
i=1

we obtain that (B.28) is equal to

5—3 m m+1
55 (S ) £ (8 e ) [ Rt
=1 ro+r=l 7j=1 k=1
r>1
s—3 m m+1
= — Py, Zemd’i P, (Z Amkﬁ) hoo
1=0 ro+r=l j=1 k=1
5—3 m
— Z P’r’o ZE;m’j/i hoo +R6 S(m)
ro=0 j=1

By the multiplication theorem for exponential functions
Z PT"(TK“.)PQ(T./H.) :Pk((T~+T./)H~)a q,'l”,]f 207
r+q==k

we obtain

hm+l(§m) - hm+1(§m+1)

s—3 [ m m—+1 m
= =D B gt D A | = P D e | | oo+ Bos(m)
1=0 j=1 j=1 J=1
s—3 [ m+1 m
S 31 L1 D SERIPE VY b pEty | (e
=1 | Jj=1 Jj=1

hn(Em) = hoo(0) = > [hiler) = haga(gps1)]

>
Il
3
w

N (k72 — (k + 1)7Y?)Pi(k.)hoo + Re. (k)
1

I
NE

l

el
I
3
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s—3
=1

with |Ry s(m)| < ¢(s)Bm~(~2/2 where ¢(s) > 0 is a constant depending on s. This proves
(B.15) for | = s and || = 0. The case |a| > 0 can be proved similarly. Hence, the induction

is completed and the theorem is proved. O
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