THE KRULL-GABRIEL DIMENSION OF DISCRETE DERIVED
CATEGORIES

GRZEGORZ BOBINSKI AND HENNING KRAUSE

ABSTRACT. We compute the Krull-Gabriel dimension of the category of per-
fect complexes for finite dimensional algebras which are derived discrete.

INTRODUCTION

Let k be an algebraically closed field and A a finite dimensional k-algebra. We
denote by mod A the category of finitely presented A-modules and by proj A the
full subcategory of finitely generated projective A-modules.

The Krull-Gabriel dimension of the representation theory of A is an invariant
first studied by Geigle [11]. For this invariant one considers the abelian category
C = Ab(modA) of finitely presented functors mod A — Ab into the category of
abelian groups. The Krull-Gabriel dimension KGdim C of C is by definition the
smallest integer n such that C admits a filtration by Serre subcategories

O:C,lgCOQ.‘.QCn:C»

where C;/C;_1 is the full subcategory of all objects of finite length in C/C;_;.

We have KGdimC = 0 if and only if A is of finite representation type by a
classical result of Auslander [1], and KGdimC # 1 by a result of Herzog [14] and
Krause [16]. In his thesis [11], Geigle proved that KGdimC = 2, when A is tame
hereditary.

In this work we investigate the category of perfect complexes which is by def-
inition the bounded derived category D®(projA). We compute the Krull-Gabriel
dimension of the ablian category Ab(D’(projA)), when A is derived discrete in the
sense of Vossieck [19]. The main result is the following.

Main Theorem. Let A be a finite dimensional k-algebra.

(1) If A is derived discrete and piecewise hereditary, then
KGdim Ab(D(projA)) = 0.
(2) If A is derived discrete and not piecewise hereditary, then

I v
(3) If A is not derived discrete, then
KGdim Ab(D(projA)) > 2.
The rest of this note is devoted to proving this theorem. For an elementary

description of the Krull-Gabriel dimension, see Proposition 2.2.

2010 Mathematics Subject Classification. 16E35 (primary), 16G20, 16G60.
Key words and phrases. Krull-Gabriel dimension, derived discrete algebra, generic object.

1



2 GRZEGORZ BOBINSKI AND HENNING KRAUSE

Conventions. By Z, N, and N, we denote the sets of integers, nonnegative inte-
gers, and positive integers, respectively. For i,j € Z, set

li,5] ={leZ|i<l<j}
Furthermore, [i,00) :={l € Z|i <1} and (—o0,j] :={l € Z |1 < j}.

1. DERIVED DISCRETE ALGEBRAS

Let A be a finite dimensional k-algebra. The algebra A is called derived dis-
crete if for each sequence (h,)nez of nonnegative integers there are only finitely
many isomorphism classes of indecomposable objects X in D?(projA) such that
dimy, H"(X) = h,, for each n € Z. Note that Vossieck’s original definition [19] uses
the category D’(mod A), but he has shown that both versions are equivalent. The
one we use is more suitable for our setup.

In [19], it is shown that an algebra A is derived discrete if and only if either A is
piecewise hereditary of Dynkin type or A is a one-cycle gentle algebra not satisfying
the clock condition. Recall from [13] that A is piecewise hereditary if it is derived
equivalent to a finite dimensional hereditary algebra. The class of one-cycle gentle
algebras not satisfying the clock condition has been further studied in [4]. There
it is shown that if A is a derived discrete algebra and not piecewise hereditary of
Dynkin type, then A is derived equivalent to an algebra of the form A(r,n,m),
for some triple (r,n,m) € Q. Here, Q denotes the set of all triples (r,n,m) of
nonnegative integers such that 1 < r <n, and A(r,n,m) is the path algebra of the
quiver

o) > O [¢] o0 .
—m —m—+1 —1
a"\l
n—1
bound by the relations
Up—pp1Qn—p, ..., Qpn_10p 2,000 1.

Prototypical examples to have in mind are the algebra A(1,1,0) which equals the
algebra k[g] of dual numbers (¢ = 0), and its Auslander algebra A(1,2,0). Note
that gl. dim A(1,1,0) = oo while gl. dim A(1,2,0) = 2.

2. KRULL-GABRIEL DIMENSION

Let C be an abelian category. A full subcategory C’ C C is called a Serre subcat-
egory if it is closed under subobjects, quotients and extensions. If C’ C C is a Serre
subcategory, then one defines the quotient category C/C’ as follows. The objects of
C/C’ coincide with the objects of C, and if X and Y are objects of C, then

Home e/ (X, Y) = lim Home (X', Y/Y),

where X’ and Y’ run through all subobjects of X and Y, respectively, such that
X/X'" and Y’ belong to C’.

Following Gabriel [10, IV.1] and Geigle [11, §2], the Krull-Gabriel dimension
KGdim C of C is defined as follows. Let C_; := 0, and for each n € N denote by C,
the full subcategory of all objects X in C which are of finite length, when viewed
as objects of C/C,,—1. Then KGdim C equals the smallest n such that C,, = C (and
oo when such n does not exist).
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Let 7 be a triangulated category. Following Freyd [9, §3] and Verdier [18, I1.3],
we consider the abelianisation Ab(T) of T which is the abelian category of finitely
presented functors F': 7 — Ab into the category Ab of abelian groups. Recall
that a functor F': T — Ab is finitely presented (finitely generated, respectively) if
there exists an exact sequence of the form Hy — Hy - F — 0 (Hx — F — 0,
respectively). Here, for an object X in 7, we denote by Hx the representable
functor Hom(X, —): 7 — Ab. Similarly, if f: X — Y is a morphism in 7, then
we denote by Hy the induced morphism Hy — Hx. The cohomological functor
t: T — Ab(T) sending X € T to Hy is universal in the following sense. If p: T —
A is a contravariant cohomological functor, then there exists a unique exact functor
¢+ Ab(T) — A, such that ¢ = ¢’ 0.

Now let A be any ring. We wish to compute the Krull-Gabriel dimension of
Ab(DP(proj A)) and begin with an elementary observation. To this end fix a mod-
ular lattice L. Denote by L’ the quotient which is obtained by collapsing all finite
length intervals in L. Set L_; = L and L,, = (L,,_1)’ for n € N. The dimension of
L is the smallest n such that L,, = 0.

Lemma 2.1 ([16, Lemma 1.1]). Let C be an abelian category and X an object. For
the lattice Lc(X) of subobjects we have Le(X)n = Leje, (X) for alln € N. O

This lemma suggests an alternative description of the Krull-Gabriel dimension
which avoids the formation of quotient categories.

Proposition 2.2. Let A be any ring.

(1) The finitely generated subfunctors of the forgetful functor mod A — Ab
form a modular lattice and its dimension equals KGdim Ab(mod A).

(2) The finitely generated subfunctors of H: D°(proj A) — Ab form a modular
lattice and its dimension equals KGdim Ab(D®(projA)).

Proof. (1) The lattice of finitely generated subfunctors of F' = Homp (A, —) equals
the lattice of subobjects of F' in Ab(modA). Given a Serre subcategory C C
Ab(mod A), we have F € C iff C = Ab(mod A). Now apply Lemma 2.1.

(2) The lattice of finitely generated subfunctors of H? equals the lattice of sub-
objects of Hy in Ab(DP(projA)), where A is viewed as a complex concentrated in
degree zero. Now apply Lemma 2.1, keeping in mind that A generates D°(projA))
as a triangulated category. O

From now on suppose that A is a finite dimensional k-algebra and set C :=
Ab(D*(projA)). For the description of Cy one uses the well-known fact that the
simple objects in C correspond to the Auslander—Reiten triangles in DP(projA).

Namely, if X 1Y & Z = $X is an Auslander Reiten triangle in DP(proj A),
then Hx/Im Hy is a simple object in C, and every simple object in C is of this
form. This follows directly from the definition of an Auslander—Reiten triangle.
Consequently, if F' € C, then F' € Cy if and only if

> dimy, F(X) < oo,
X €ind D?(proj A)

where ind D®(proj A) denotes a fixed set of representatives of the indecomposable
objects in DY(proj A); see also [1, §2] for the above description of simple and fi-
nite length objects. This condition immediately implies the first part of the Main
Theorem.

Proposition 2.3. Let A be a derived discrete algebra which is piecewise hereditary.
Then
KCGdim Ab(D(projA)) = 0.



4 GRZEGORZ BOBINSKI AND HENNING KRAUSE

Proof. If A is a derived discrete algebra, which is piecewise hereditary, then A is
piecewise hereditary of Dynkin type. The well-known description of D°(projA) in
this case (see for example [13]), immediately implies that

> dimy Hps(X) < oo
Xe€ind Db (proj A)

for each complex M in D®(projA). Consequently,

> dimy F(X) < oo
X €ind DP(proj A)

for each F' € Ab(D®(proj A)), hence the claim follows. O

3. KRULL-GABRIEL DIMENSION AND GENERIC OBJECTS

Let A be a finite dimensional k-algebra. Generic modules were introduced by
Crawley-Boevey in order to describe the representation type of an algebra [7,8].
Following [12], an indecomposable object X of the unbounded derived category
D(Mod A) of all A-modules is called generic, if H(X) is a finite length End(X)-
module, for each i € Z, but X is not in D’(mod A). Derived discrete algebras can be
characterised in terms of generic complexes. This follows from work of Bautista [2]
and we recall the following result.

Proposition 3.1 ([2, Theorem 1.1]). Let A be a finite dimensional k-algebra which
is not derived discrete. Then there exists a generic object X in D(Mod A) such that
the division ring End(X)/rad End(X) contains an element which is transcendental
over k. g

Note that the description of the endomorphism ring in [2, Theorem 1.1] is a
consequence of the proof which uses [8, Theorem 9.5].

Next we combine Bautista’s result with an argument due to Herzog [14]. To be
precise, Herzog proves a result about the abelianisation Ab(mod A), but the same
argument works for Ab(D’(proj A)) and yields the following.

Proposition 3.2 ([14, Theorem 3.6]). Let A be a finite dimensional k-algebra.
If there exists a generic object X in D(ModA) such that End(X)/rad End(X)
contains an element which is transcendental over k, then

KGdim Ab(D(proj A)) > 2. O

Our claim about the Krull-Gabriel dimension of an algebra which is not derived
discrete is an immediate consequence.

Corollary 3.3. Let A be a finite dimensional k-algebra which is not derived dis-
crete. Then

KGdim Ab(D(proj A)) > 2. O

4. THE CATEGORY OF PERFECT COMPLEXES

Throughout this section we fix (r,n,m) € Q such that » < n and we put A :=
A(r,n,m). Note that the condition r < n is equivalent to gl.dim A < co. In this
section we follow [3] and describe a quiver I" together with a set R of relations
such that the category D°(proj A) is equivalent to the path category kI' modulo the
given relations (see for example [17, §2.1] for the definition of kI'). We refer to [5]
for a detailed study of morphisms in D?(proj A); the diagrams in there might help
to understand our calculations.
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For i € [0, — 1] we set
I =177,
Il :={(a,b) €Z* | a < b+ 6o -m},
I/ :={(a,b) € Z* | a + 8; 0 -n < b},

where d, , is the Kronecker delta. The set of vertices of I is
To:={X®iel0,r—1,vell} U{YV |ico,r—1],vel}
u{z®ielo,r—1],velL}.
Now we describe the arrows in I' and associate to each arrow a degree. There
are three cases.
(1) Fix i € [0,7 — 1] and v := (a,b) € I/. We put
I, = [a,b+ 8;,0 - m] x [b,00),
A9 = la,b+ 80 -m] x Z,
Xé(i) = (—00,a + 0 r—1 - M| X [a,b+ 0; 0 - m].

For u € L/J(i), u # v, there is an arrow f{,(zu) X,(,i) — Xff) of degree 0. Next, for
u e X9 there is an arrow g/v(ﬁz - x5 z0 of degree 1. Finally, for u € X% there
is an arrow 6;(21 x5 xY of degree 2, where we always change the upper

index modulo 7.
(2) Fix i € [0,7 — 1] and v := (a,b) € I}'. We put

7/ = [a,b— 8; 0 - n] X [b,00),
VD =7 x [a,b— 80 - nl,
VD = (—00,a — ;-1 1] X [a,b— ;0 - n].

For u 6 IH(Z , u # v, there is an arrow fé'(zf) Yv(i) — Yu(i) of degree 0. Next, for

U € yv there is an arrow gg Oy 5 Zz0 of degree 1. Finally, for u € y,’f”) there

is an arrow ev(u) Y(z) — Y(Hl) of degree 2.
(3) Fix i € [0,r — 1] and v := (a,b) € I;. We put

IV = [a,00) x [b,00),
ZI(Z = (—00,a+ d;r—1-m] X [a,00),
Z"D .= (—00,b— 6; r_1 - 1] X [b, 00),
Z{ = (—00,a+6ip1-m] X (00,b=6; p—1 7.

For u € I,Si), u # v, there is an arrow fy, 'u Z(i) — Z(i of degree 0. Next, for

u € Z{,(i) there is an arrow h;(,zz: Zl(,i) — Xa (+1) of degree 1. Similarly, for u € Z”(l)

Ly D

there is an arrow h;’(é). 7 (%) of degree 1. Finally, for u € Zq(f) there is an

arrow egf)u Z(z) — Z(H_l) of degree 2.

Now we describe the set R of relations. Let f: X — Y and g: Y — Z be arrows
of degree p and ¢, respectively. If there is an arrow h: X — Z of degree p+ ¢, then
we have the relation gf = h, otherwise we have the relation gf = 0.

We summarise our construction.
Proposition 4.1. There exists a k-linear equivalence kT'/R —s D®(proj A).

Proof. The Auslander-Reiten quiver of D’(projA) has been described in [4]. It
consists of 2r components of type ZA., (they correspond to X- and Y-vertices of
') and r components of type ZAZ (they correspond to Z-vertices of I'). Moreover,
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under the action of the shift 3 the components fall into three orbits, consisting of r
components each. The objects lying on the border of ZA,, components have been
also identified. Using string combinatorics [6, 15] it is straightforward to verify
the description of Hx for X lying on the border of a component of type ZA.
By induction, using Auslander—Reiten triangles, the description of Hx follows for
each X in the components of type ZA,,. Then we verify this description for two
(cleverly) chosen neighbouring objects in a component of type ZAY and proceed
again by induction (using Auslander—Reiten triangles) to finish the proof. O

For future use we introduce the following notation. For i € [0, — 1] set
fml;(lv) =1id vel, f'O.=id vel, f(A) i

v,v v,V

X (0 v z(05 v E L.

Also, we let f{)Z denote the zero morphism x® - 0,ifvell,and u & I/. The
same convention applies to f,, u), h/( ) and hg(f)

5. THE KRULL—-GABRIEL DIMENSION FOR ALGEBRAS OF FINITE GLOBAL
DIMENSION

Let (r,n,m) € Q be such that r < n. We consider C := Ab(D(projA)) for
A := A(ryn,m). Our aim is to prove that C; # C, but C = C. In order to
show the latter claim, it is enough to prove that Hy € Cs for each indecomposable
U € D’(projA). In fact, we will prove that Hy is either zero or simple in C/Cy.
Note that in order to prove that Hy (more generally, Hy/Im H,, where g: U — M
is a morphism) is either zero or simple in C/C,,_; for some n € N| it is enough
to prove that, for every non-zero map f: U — V with V indecomposable, either
ImH; = 0or ImHy P Hy (either ImHy/(Im Hy N Im Hy) o 0 or

C/Cn_l C Cn_l /Cn—l

ImH;/(ImHf NIm Hy) e Hy/Im Hg), where the subscript means that the

n—1
equalities hold in C/C,,—1.
We begin with the description of the simple objects in C.

Lemma 5.1. The simple object in C are
(1) A/(l) . X( )/ImH(f/< )+(1 o o 7.)+(0 N
(2) AJW . Hy /T H 0w e €0,r—1] vely,

) (fLI)/,(v?#(l,O)’fv,'uﬁ»(O,l)
(3) AP — Zm/Ime i €[0,r—1], ve L

) )
(Forvr,00fo0t0,1)

e ie0,r—1],vell,

Proof. This follows from the well-known description of the Auslander—Reiten tri-
angles in D’ (proj A); see Section 2. O

Now we move to the category C/Cy. We first describe the simple objects.
Lemma 5.2. The objects

D BY =g o /ImH, . i € [0,r —1], (a,b) € I,
(1) b/a,b,; Hyw [IHo o go oy fori€0r—1], (a,b) € I}
€ 4,
2) B"Y = H_u /ImH, . i€ 0,7 — 1], (a,b) € IV,
( ) /a’b’b Y((u.?b)/ m (f(a(b)) (a+1, b)’g(a b) (b7, a))tr fO’f”L [ " ] (a ) !
vV ez,
3 D i /. . i c[0,r—1], (a,b) € I
( ) /abl() Z(a)b)/ m (f((d?bj,(a‘**l,b)’h(EL,)b),(b/,a))’r fOTZ € [ T ]) (CL, ) € 1;
b —00,6 + 0 r—1-m+1],
@) ¢’ = H_ . /ImH, e o fori€[0,r—1], (a,b) € I,
0,0 Zi) () aroe 1) Py (a1

a € (—00,b—38;,—1-n+1],
are simple in C/Cy.
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Remark 5.3. One may easily show that every simple object in C/Cy is (up to iso-
morphism) of the above form. It is also not difficult to describe the isomorphism
classes of the above objects.

Proof. We only prove the first claim; the remaining ones are proved similarly. Let

i€[0,r—1], (a,b) € Il and VY € Z. It is clear that B/(Zb)b/ # 0. This follows, since
c/Co
for each n € N we have in C a short exact sequence

/(i) /()
0 — Ba b+n+1, a,b+n,

Indeed, first observe that

dlmk Ba(b)+n+1 b’

y — B

(X)<1,  dimg B, ,(X)<1
and

dimg, A(( )b+ L)(X) <1

for each indecomposable object X of Db(projA). Next, B;(Zb)Jrn »(X) # 0 if and

only if either X ~ (i) for d>b+nor X ~ Z9  for d > V. Similarly,

(a,d)
B;(,Zly)+n+l7b’( ) #£0if and only if either X ~ X(( ) ford >b+mnor X ~ Z((a)d) for
d > V. Finally, A, (X) #0if and only if X ~ X} .

For a non-zero morphism f: X ((2)_17) — V with V indecomposable we put

By:=ImH;/(ImH;NImH, ,.:
f m f/(m f m (f(n(z)b)(aJrlb)’g(ab)(ab/)))

We have to show that either B} = 0or B} = Ba( b) p for every f as above. We
¢/Co c/co P

may assume that we are in one of the following cases:
(1) V= X((Z) and f = fa)b) (ed) for some (c,d) € IE(((I'z’))b)7
(2) V= Z( gy and f = g(mb),(gd) for some (c,d) € X%,

i+1) % 7
(3) V= X((jj) and f = el(El)b) (c,q) for some (c,d) € X(i 2))
Case (1). If ¢ > a, then f factors through f (’)

subobject of B;(zb) y- If ¢ = a, then we prove by 1nduct10n on d that B} C/:C B;(? b
(0]

) (at1,b) hence B} is the zero

Indeed, if d = b, then the claim is obvious. If d > b, then we have a short exact
sequence

/()
0 — B} _>Bf<'ff)b)<ad , —>A(ad =0
hence B, = B’,, by Lemma 5.1. Moreover, B’, B'.., b
f C/Co f(z(z,)b),(a,d—l) Y f(((l ;)) (a,d—1) C/C(, abbr DY

induction.
Case (2). We prove that B} C/:C 0 in this case. Again, we may assume that
0

c=a. If d >V, then f factors through ngf)b) (@b’ hence B} is again zero. On the
other hand, if d < ¥, then we have a short exact sequence

0— B, — B} — Aga) = 0,
9(a.b),(c,d+1)

hence the claim follows by an obvious induction. ‘
Case (3). In this case f factors through (f(/((;;)) (at1 b),gzs)b) (a b,))“, hence B is
Z€ro. (]

Now we show that some representable functors have finite length in C/Cy.

Lemma 5.4. Leti € [0,r —1].
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(1) If v € I}, then Hyw €Cr.
(2) IfU c Iz{/’ then HYv(i) S Cl.

Proof. Again, we only prove the first claim. Let v = (a,b). The claim is shown by
induction on b — a. If b —a = J; o - m, then we have a short exact sequence

1(7) /(%)
0— Ca 0,a+8; r—1-m+1 7 HX},“ = Bago =0

hence the claim follows from Lemma 5.2. If b —a > ;0 - m, then we have exact
sequences

H (i) — H (i) —H 1(3) ImH 1(3) —0
X(at1,0) Xo xio/ fam a+1.)
and
/(%) /(1)
0— Ca 0,a+8;,r—1-m+1 — Hxl()i)/lm Hf(/((llé) (i) — Ba,b,o — O7
and the claim follows by induction and Lemma 5.2. ]

Next we show that the remaining representable functors corresponding to the
indecomposable objects in D¥(proj A) are not of finite length in C/Co.

Lemma 5.5. Ifi € [0,r — 1] and v € I;, then H i) € Cy.
Proof. Let v = (a,b). For each n € N we have the following exact sequence

0—ImH,q — Im H ) - 10,

Flasb) (atnt1,0) Flab),(atn,b) a+n,b,a+d;,r—1-m+

which implies the claim (note that Im H

=H, ). (]
f(a b),(a,b) Zy )

Finally, we show that C; = C. For this we only need to prove the following.

Lemma 5.6. Ific [0,r — 1] and v € I;, then H ) is simple in C/C.

Proof. Let v = (a,b). We know from Lemma 5.5 that H

C/Cy. In order to prove it is simple we fix a non-zero morphism f: Zq(]i) — V. We
may assume that we are in one of the following cases:

is a non-zero object in

(1) V= Z(l)d) and f = f((;),b),(c,d) for some (¢, d) I((;)b)’

(2) V= X0y and [ = I} (g for some (c,d) € Z(7)),
(8) V=Y and f=h(}5) (g for some (c.d) € Z(),
(4) V= Z(Hl) and f = Z) a.b),(e,0) for some (¢, d) & Z((rzz)b)

Case (1). We prove by 1nduct10n on c+d that Im Hy C/:C H,u. Ifc+d=a+b
L Zs

(i.e., ¢ = a and d = b), the claim is obvious. Assume ¢ > a. Then we have an exact
sequence

1(3)

0— Im Hf — Im Hf((i)yb)y(cfl,d) — Cc—l,d,a+5i,r71'm+1 — 07
hence Im H¢ C: ImH i) by Lemma 5.2. Moreover, we have by induction
(a,b),(c—1,d)

Im H ,( = 5. We proceed similarly if d > b.
f(a b),(c—1,d) C/61 2" P Y

Case (2). We have an epimorphism H

D Im Hy, hence Im Hy /:c 0 by
1

(e.d)
Lemma 5.4.
Case (3). Analogous to Case (2).
Case (4). Again, we have an epimorphism H .+ — ImHy, hence we get
(c,a)
Im H; oo 0 (in fact one may even prove that Im Hy € Cy in this case). O

/C1
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6. THE ALGEBRAS OF INFINITE GLOBAL DIMENSION

Throughout this section fix n € Ny and m € N. We put A := A(n,n,m). The
aim of this section is to prove that KGdim C = 1, where C := Ab(D?(projA)). The
basic idea is to extract the X-part of the arguments in the finite global dimension
case. We explain this in more detail.

First we describe the category D°(projA). Let ' be the quiver with the vertices

X forie [0,n — 1] and v € I;, where
I = {(a,b) € Z* | a < b+ 6;0 - m}.
For i € [0,n — 1] and v = (a,b) € I; we define
T = [a,b+ 80 - m] x [b,00)
Xigi) = (—00,a 4 0; 1 -m] X [a, b+ 0;0-m].

Then for each i € [0,n — 1], v € Ii(i), and u € L()i), u # v, we have an arrow

1% : qui) — Xq(f) of degree 0, and for each i € [0,n—1], v € Ii(i)7 and u € Xéi), we
have an arrow eq(,i,)u : Xq(,i) — Xq(fﬂ) of degree 1. Finally, by R we denote the set of
the following relations. Let f: X — X’ and g: X’ — X" be arrows of degree p and
q, respectively. If there is an arrow h: X — X" of degree p + ¢, then we have the
relation gf = h, otherwise we have the relation gf = 0 (an explicit list of relations
can be found in [3, §5]).

Proposition 6.1. There exists a k-linear equivalence kI'/R = D®(proj A).
Proof. Analogous to the proof of Proposition 4.1. O

It is obvious that Cy # C. In order to prove C; = C, it suffices to show that
Hy € C; for each indecomposable U € D¥(projA). The arguments are similar to
those used in Section 5 and we state the analogues of Lemmas 5.1, 5.2 and 5.4

without proofs. Again, we use the convention that j}% (egf)u) denotes the zero

morphism xS o0ifie 0,n—1],ve I, and u € I; (u & I; 11, respectively).

Lemma 6.2. The simple objects in C are

AD = H o /ImH, ,u
v xo/ a0 ison)™

forie[0,n—1] and v € I,. O
Lemma 6.3. The objects

BY = H_u /ImH, o @ .
@:b,b’ X(a,b>/ (Flab) . (at1,6) % (ar), (b7 100"

forie0,n—1], (a,b) € I;, and b/ € (—00,a+ 0; n—1-m|, are simple in C/Cy. O
Lemma 6.4. Ifi € [0,n — 1] and v € I;, then Hyu €. O

7. CONCLUDING REMARKS

There are two other important triangulated categories, which one often studies
for a finite dimensional algebra A: the bounded derived category D’(mod A) and
the stable category mod A of the repetitive algebra A. Thus one may also ask
about the Krull-Gabriel dimensions of the abelianisations of these two categories.
We have the following result.

Theorem 7.1. Let A be aAﬁm'te dimensional k-algebra and denote by C either
Ab(D?(mod A)) or Ab(mod A). Then KGdimC # 1, and KGdimC = 0 if and only
if A is piecewise hereditary of Dynkin type.
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Proof. We apply the Main Theorem and use the chain of fully faithful exact functors
DP(projA) — D’(mod A) — mod A.

If A is piecewise hereditary of Dynkin type, then A is derived discrete and
Db(proj A) = D’(mod A) = mod A. Thus KGdim C = 0.
If A is not derived discrete, then Lemma 7.2 below yields

2 < KGdim Ab(D*(proj A)) < KGdim Ab(D’(mod A)) < KGdim Ab(mod A).

Finally, assume A is derived discrete, but not piecewise hereditary. If gl. dim A <
0, then again DP(projA) = D’(mod A) = mod A. Thus assume gl. dim A = oo.
In this case the description of mod A is the same as the description of DP (proj A)
given in Section 4, hence the arguments from Section 5 apply. On the other hand,
DP(mod A) lies strictly between D?(proj A) and mod A, but some of the Z-modules
from Section 4 survive (see [4] for details) and the corresponding representable
functors are not of finite length in C/Cy when C = Ab(D?(mod A)). O

In the above proof the following lemma is used.

Lemma 7.2. Let S be a thick subcategory of a triangulated category T. Then
KGdim Ab(S) < KGdim Ab(T).

Proof. The universal property of the abelianisation yields an exact embedding
Ab(S) — Ab(T). An easy induction shows that Ab(7), N Ab(S) C Ab(S),, for
each n € N. O

We observe that
KGdim Ab(D®(mod A)) = KGdim Ab(mod A)

if A is derived discrete. We do not know whether this equality holds for an arbitray
finite dimensional k-algebra A.
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