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LIMITING SPECTRAL DISTRIBUTIONS
OF SUMS OF PRODUCTS
OF NON-HERMITIAN RANDOM MATRICES

H. KOSTERS"? AND A. TIKHOMIROV??

ABSTRACT. For fixed [,m > 1, let X%D), X;1)7 e XY be independent random
n X n matrices with independent entries, let F;O) = X;O)(Xgll))fl S (XSL”)*l,
and let F,g), . ,F£Z"> be independent random matrices of the same form as
F%O). We investigate the limiting spectral distributions of the matrices Fﬁf’) and
FV+.. +F{™ asn — co. Our main result shows that the sum F{" +. . +F{™
has the same limiting eigenvalue distribution as F%O) after appropriate rescaling.
This extends recent findings by Tikhomirov and Timushev (2014). Furthermore,
we show that the limiting eigenvalue distribution of the matrices F'\ is stable
with respect to a suitably defined convolution .

To obtain our results, we apply the general framework recently introduced
in Gotze, Kosters and Tikhomirov (2014) to sums of products of independent
random matrices and their inverses. We establish the universality of the limiting
singular value and eigenvalue distributions, and we provide a closer description
of the limiting distributions in terms of free probability theory.

1. INTRODUCTION AND SUMMARY

The investigation of the asymptotic spectral distributions of random matrices
with independent entries is a major topic in random matrix theory. In recent years
sums and products of independent non-Hermitian random matrices with indepen-

dent entries have found increasing attention; see e.g. , ,
, , , , , , , and also the survey papers

and the references therein. In particular, the paper provides a general
approach for the investigation of the limiting (global) spectral distributions of
products of independent random matrices with independent entries. Furthermore,
the paper shows that this approach proves useful for the investigation of sums
of products of independent random matrices as well. The main aim of the present
paper is to show that certain products of independent random matrices give rise
to random matrices with stable limiting eigenvalue distributions, in the sense that
the sums of several independent copies of these products have the same limiting
eigenvalue distribution after appropriate rescaling.
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Throughout this paper, for each n > 1, let X,(ll), Xg), XS’), ... be independent
random matrices of size n x n with independent entries. More precisely, we assume
that

XT({I) — (%X](Z))jk:l,m,na (11)

where (X](.Z)) jk,geN is a family of independent real or complex random variables
such that

IEX(Q) 0, ]E(X(q)) =1 in the real case (1.2)
and
EX{ =0, EX{)? =0, EX{/? =1 inthe complex case,  (1.3)
and we additionally assume that this family is uniformly square-integrable, i.e.
: (9))2 _
Jm sup BXGETE Ly ps) =0- (1-4)

(@)

In this case we also say the matrices X;,” are independent Girko-Ginibre matrices.
In the special case where the entries have real or complex Gaussian distributions,

we usually write Y( ) _ (\fY](Ig))jkﬂ,m,n instead of X,(lq) = (\f ](k))ﬂk’ 1,..n and

call the matrices Yflq) Gaussian random matrices or Ginibre matrices. Note that
the assumption ([1.4)) is clearly satisfied in this special case, the random variables
Y being i.i.d.

We are interested in the spectral distributions of sums of products of the matrices
Xq({” and their inverses, such as X%I)Xg) +X$13)X,(14) or X,(ll) (X$L2))_1—|—X§L3) (X,(fl))_l,
in the limit as n — co. More precisely, we consider matrices of the form

m

_ Y FY) ;zzﬁ (a1 e (1.5)
q=1 g=1r=1

where m € N, [l € N, and €1, ...,¢; € {+1, -1} are fixed. (Thus, the matrices F%Q)

are independent random matrices of the same form as the matrix Hl (X(T))ET )
Let us note that under the above assumptions ., for fixed r € N,

X" is invertible with probability 1+ o(1) as n — oo (see e.g. Lemma , so that
F,, is well-defined with probability 1 + o(1) as n — oo. Since we are interested in
limit theorems in probability, this is sufficient for our purposes.

Furthermore, write Ay, ..., A\, for the eigenvalues of F,, and u, := %Z?Zl ox;
for the (empirical) eigenvalue distribution of F,,. Note that u, will in general be a
probability measure on the complex plane, F,, being non-Hermitian. We are inter-
ested in the problem(s) whether there exists a non-random probability measure
on the complex plane such that p, — p weakly (in probability, say) and whether
this probability measure p can be described more explicitly (in terms of its density
or one of its transforms, say). If existent, the probability measure p is also called
the limiting eigenvalue distribution of the matrices F,,.

As is well known in random matrix theory, the limiting eigenvalue distribution
u is usually universal, i.e. it does not depend on the distributions of the matrix
entries apart from a few moment conditions as in — . In our situation,
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we have the following universality result:

Proposition 1.1. Let the matrices F,, be defined as in . Then there exists
a non-random probability measure u on C such that p, — p weakly in prob-
ability, and the limiting eigenvalue distribution u is same as in the Gaussian case,
i.e. for the corresponding matrices ¥, derived from Gaussian random matrices

YV v@® y®

For a closer description of the limiting eigenvalue distribution pu, see Theorem [5.4
below. For the moment, we confine ourselves to a few comments.

First of all, by universality, it remains to find the limiting eigenvalue distribution
$
invariant, i.e. for any unitary matrices Ug) and Vg) of size n X n, the matrices
U,(I)Y,(IT)V%T) have the same (matrix-valued) distributions as the matrices Y,(f).
This clearly implies that the limiting eigenvalue distribution p of the matrices F,,,
if existent, will be a rotation-invariant probability measure on the complex plane,
i.e. for any u € T := {z € C: |z| = 1}, the induced probability measure of 1 under
the mapping z — wuz will coincide with p. Hence, if p has a density f (which will be
the case in all our examples), this density may be supposed to be rotation-invariant
as well, and we write f(r) instead of f(z), with r := |z|.

Let us mention some relevant results from the literature.

u in the Gaussian case. Now, the Gaussian random matrices Yy’ are bi-unitary

Examples 1.2.

(a) (Circular Law) Let F,, = X, Then flr):= %1[071] (r), i.e. p is the uniform
distribution on the unit disk.

(b) Let F), = XU+ +X0™. Then F,, is a random matrix with independent
entries of mean 0 and variance m/n, so, by simple rescaling, f(r) := % Lo, /m] (r).
In particular, for the rescaled matrices ﬁFn, the limiting eigenvalue distribution
is again the uniform distribution on the unit disk.

(c) Let F,, = XX, Then flr) = ﬁl[o’l}(r), i.e. p is the induced dis-
tribution of the uniform distribution on the unit disk under the mapping z — 2°.
See e.g. [21, Section 8.2.2] for a ‘simple’ derivation.

(d) Let F,, = XPPXP+  4xXP"IXE™ Then f(r) = s Lowml (1)
see [45, Section 2].

(e) (Spherical Law) Let F,, = X%l)(X%Q))_l. Then f(r) = m, ie.
u is the spherical distribution on the complex plane (which is, by definition,
the induced distribution of the uniform distribution on the 2-dimensional sphere
Sy := {r € R3 : ||z|| = 1} under stereographic projection to the complex plane
C ~ R?).

(F) Let By = X (X)L 4 XEDXE™) 7L Then f(r) =~ s
see [45, Section 3]. Thus, for the rescaled matrices %Fn, the limiting eigenvalue
distribution is again the spherical distribution on the complex plane.

In view of examples (b) and (f), it seems natural to ask whether there exist

further examples of random matrices F%O) such that for any m € N, the sums of

m independent matrices of the same form as FS” have the same limiting eigen-

value distribution as the original random matrices F%O), after appropriate rescaling.
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We will answer this question in the affirmative by proving the following result,
which contains examples (b) and (f) as special cases:

Theorem 1.3. Fixm € N and [l € Ny, let
PO = (X (XD) o (X)L (16)
where X%O),Xg), .. ,Xg) are independent random matrices as in (L.1) — (1.4]),

and let Fg), . ,F%m) be independent matrices of the same form as Fn0 . Then

the matrices m_(l+1)/2(F7(11) + ...+ Fslm)) and F7(10) have the same limiting eigen-

value distribution . More precisely, we have p = 'H(JS(H%)), where O'S(H%)
2

is the symmetric H-stable distribution with parameter = (see Section and

H(Us(l%)) is the associated rotation-invariant distribution on C (see Section .

Let us note that for / = 0 and [ = 1, we re-obtain the above-mentioned results
from TIKHOMIROV and TIMUSHEV [45]. Moreover, as we will see in Section 3, apart
from a possible permutation of the exponents 1, the matrices F%O) in Theorem
are the only examples of products of independent Girko—Ginibre matrices and their
inverses such that for any m € N, F%O) and Fg) + - -+F§Lm) have the same limiting
eigenvalue distribution after appropriate rescaling. In particular, the matrices

B0 o= X0 XE X)L (x4 (17)

with k£ > 1 do not share this property.
However, the same limiting eigenvalue distributions may arise for products
involving powers of random matrices:

Theorem 1.4. Firm e N, ke Ny and l1,...,lp €N, letl =11 +...+ 1 and
B0 = (X)) - (X0) 0 (19)

where X%O),XT(}), .. ,X%k) are independent random matrices as in (L.1)) — ,
and let Fq(ql), ces ,F%m) be independent matrices of the same form as Fn0 . Then
the matrices m_(H'l)/Q(F,(ll) + ..+ F%m)) and F%O) have the same limiting eigen-
value distribution p, which is the same as in Theorem[1.3,

To obtain the preceding results, we apply the general framework from [21] for
the investigation of (global) limiting spectral distributions to sums of products
of independent Girko-Ginibre random matrices and their inverses (see Section .
Related results for various special cases can be found e.g. in [1, 5 13} [15, |16} |19,
23,130, |35, 137}, 43, |45]. In particular, in the Gaussian case, the limiting eigenvalue
and singular value distributions of the products ([1.7]) were recently obtained in [1]
and [19], respectively.

Furthermore, to identify the limiting spectral distributions, we use tools from
free probability theory. Here it is worth emphasizing that for the matrices occur-
ring in Theorems and the limiting spectral distributions may be described
relatively explicitly. It seems that comparable results are available only in a few
special cases, see e.g. [12, 26, 27, 33]. Let us mention, however, the very recent
work [8], 41, 9] which provides an algorithm for calculating the Brown measures of
general polynomials in free non-commutative random variables. This yields many
further examples where the limiting spectral distributions may now be determined.
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We present formal proofs of Theorems and in Section [3| after recalling
some relevant facts from random matrix theory and free probability theory in
Section 2] In Section [d] we point out that the limiting spectral distributions in
Theorem may be viewed as stable distributions with respect to an appropriate
convolution & defined on a certain set of rotation-invariant probability measures on
the complex plane, and we discuss some generalizations of Theorem Section
is devoted to the proof of an enhanced version of Proposition [I.1], viz. Theorem
In particular, combining the formal proofs from Section [3|with that of Theorem
we obtain rigorous proofs of Theorems and see Section for details.
Finally, in Section [6] we compile a number of auxiliary results from the literature.

2. BACKGROUND

In this section we collect some relevant concepts and results from the literature.

2.1. Results from Random Matrix Theory.

Given a random matrix F,, of dimension n xn, let s1(F,,) > --- > s,(F},) denote
the singular values of F,, (in decreasing order), and let A1 (Fy,),..., \,(F,,) denote
the eigenvalues of F,, (in arbitrary order). Then the probability measure

n
v =v(Fy) = %Z(SSJ.(F”)
j=1
is called the (empirical) singular value distribution of the matrix F,, and if
there exists a non-random probability measure vg such that v(F,) — vg weakly
in probability, we call vg the limiting singular value distribution of the matrices
F,,. Similarly, the probability measure

pin = p(Fp) i= £ 65 po)
j=1

is called the (empirical) eigenvalue distribution of F,,, and if there exists a non-
random probability measure pg such that u(F,) — up weakly in probability, we
call up the limiting eigenvalue distribution of the matrices F,,. Following GIRKO,
we will study the limiting eigenvalue distribution of the matrices F,, by studying
the limiting singular value distributions of the shifted matrices F,, — al,,, for all
a € C. See Theorem for a statement suited for our purposes.

In doing so, we will often consider the Hermitian matrices

O F
V, = [ P O” } and W, =F F,. (2.1)
Note that the eigenvalues of these matrices are given by +s1, ..., +s, and s2,. .., s2,

respectively. For this reason, the probability measures (V) and u(W,,) will also
be called the symmetrized and squared singular value distribution of the matrix
F,,, respectively. It is easy to see that knowledge of one of the distributions
v(Fy), u(Vy), u(Wy,) (or its convergence) implies knowledge of the other two (or
their convergence). More precisely, if S denotes the operator which associates with
each distribution v on (0, c0) its symmetrization on R* and Q denotes the operator
which associates with each symmetric distribution p on R* its induced distribution
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on (0,00) under the mapping = ~ 22, the operators S and Q are one-to-one, and
we have the relations

(V) = Su(F,) and  u(W,) = Qu(Vy,). (2.2)

In the special case where F,, = Xg), n € N, it is well-known that u(Wp,) — v

weakly in probability, where

1(dr) = 5 F g0y () Aldr) (2.3
This result is also known as the Marchenko—Pastur law (with parameter 1), and
the measure  is also called the Marchenko—Pastur distribution (with parameter 1).
Therefore, in the special case where F,, = (Xg))*l, n € N, we have u(W,) — 71
weakly in probability, where v~ ! is the induced measure of v under the mapping
x — ' We will call this measure the inverse Marchenko—Pastur distribution.
The distributions v and y~! will serve as building blocks for more complex results.
Also, for t > 0, let ;" L= A+l = ~, and let Ve 1 denote the induced measure
of 7 under the mapping = ~ (x +t) " tz(z +¢)~!. (These notions are motivated
by our regularization procedure in Section 5.) Note that 'yt+ L'— 5 for all t > 0,
while v, ' 4=1 weakly as t — 0. Finally, let us note that the S-transforms of ~

and 7! are given by
1
and S,-1(z) = -z, (2.4)

SW(Z)Zz%—l 7

respectively, see e.g. Section 8.1.1 in [21].

In the next theorem, the first part is a special case of a result which goes back
to GIRKO (see also BORDENAVE and CHAFAI [14]), while the second part is taken
from Section 7 in [21]. For a € C, introduce the Hermitian matrix

(0] —ol,
Jn(a) = [ _al, o ] (2.5)
and the Bernoulli measure
B(a) = %6—|a| + %5+|a\ , (2.6)

and note that B(«) is the eigenvalue distribution of J,, ().

Theorem 2.1 (Convergence of Spectral Distributions). Let (Fp,)nen be a sequence

of random matrices, let (V,)nen be defined as in , and suppose the following:

(a) For each n € N, F,, has size n X n.

(b) There exists a non-random probability measure pyv on R such that for alla € C,
w(Vy +Jp(a)) — pv B B(a) weakly in probability.

(c) The random matrices ¥, satisfy the conditions (C0), (C1) and (C2) from [21].
(These conditions are the same as in Condition C in Section 5.)

Then the empirical eigenvalue distributions of the matrices F,, converge weakly

in probability to a limit pp, where ug is the unique probability measure on C
such that

Ur(a) i= — [ log]z — al due(z) = - [ logla]d(y B B@)(@)  (27)
for all o € C.
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Moreover, the probability measure ug is rotation-invariant, and with the notation
from [21] and under regularity conditions, it has the Lebesgue density

1 o o
flu,v) = e <u8u +U8v) , (2.8)

where 1 is a continuous function on C* taking values in [0,1] and satisfying
the equation

2
D) (1 —(a) = —|af*(1 = 9 (a))? (Sv(—(l - MOO))) : (2.9)
Here, Sy denotes the S-transform of uv. Alternatively, we may write
1 P(a)(1 —1p(a))
P = ap S e ) R

1=2¢(a)(1 = ¢(a))

Sv(=(1=9(a)))

2.2. Results from Free Probability Theory.

To describe the limiting singular value distributions of the random matrices F,,
in Proposition [I.1} we will use various concepts and results from free probability
theory. See e.g. |18] 136] for a thorough introduction to free probability theory, or
Section 5 in [21] for a brief introduction tailored to our purposes. In particular,
we will use the free additive and multiplicative convolutions H and X, the asso-
ciated R and S transforms (also for probability measures with unbounded support),
and the asymptotic freeness of random matrices. Furthermore, we will frequently
use the following result:

Proposition 2.2 (Asymptotic Freeness). For each n € N, let A,, and B,, be in-
dependent bi-unitary invariant random matrices of size n X n such that
sup max {E(% trace(AnAfL)k> , E(% trace(BnB;)k) } < 00
neN
for all k € N, and suppose that there exist compactly supported (deterministic)
probability measures paa+ and pgp= on (0,00) such that (A, AY) — puaa- and
w(B,B}) — upp+ weakly in probability.
(a) The families {A,, A} and {B,,,B}} are asymptotically free,
and (A, B,)(A,B,)* — paa+ X ugp+ in moments.
(b) For any k,l € N, the matrices (AX)* A% and AL (AL)* are asymptotically free,
and for any k € N, Ak(A*)* — B~ . in moments.
(¢) The matrices V,(A,) and V,(B,,) are asymptotically free,
and Vi (Ap) + Va(Br) = pvia) B pyv @) in moments.
(d) The matrices V,(A,,) and J,(«) are asymptotically free,
and Vi (Ap) + Jn(a) = py(a) B B(a) in moments.
Here, V(A,,) and V(By,) are defined similarly as in Eq. (2.1), and py(a) and py ()

denote the corresponding limiting distributions.

Here, parts (a) and (b) follow from the results in Section 4.3 in [28], part (d)
is proved in Section 5 in [21], and part (c) follows from similar arguments. Also,
let us mention that part (c) is already implicit in [45].
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Remark 2.3. Let us mention that Proposition may be used to establish
the weak convergence of the mean singular value distributions of the matrices
A, B,, Afl and A,, + B,,. However, in most of the situations in which we will use
Proposition later, this already implies the weak convergence in probability of
the singular value distributions of these matrices, see e.g. Section A.1 in [21].

It is worth pointing out that there is another description of the density f(u,v)
of the limiting eigenvalue distribution in Theorem This description is due to
HAAGERUP and LARSEN [26] for probability measures with bounded support and
to HAAGERUP and SCHULTZ [27] for probability measures with unbounded support.
Actually, in these papers, the density f is shown to describe the Brown measure
of a so-called R-diagonal element in a W*-probability space. Roughly speaking,
an R-diagonal element is a non-commutative random variable of the form wh,
where v is a Haar unitary and h is positive element *-free from u.

For our purposes, this description of the density f may be summarized as follows:
In the situation of Theorem suppose that the matrices W,, := F,F7 have
a limiting distribution puw on (0, 00) which is not a Dirac measure and for which

/log+t duw (t) < 0o. (2.11)

Let Sw denote the S-transform of pw, and set

O

VEw(t—1)

Then F' is a smooth bijection from the interval (0, 1) to the interval

(a,0) := ((/xQ dVF(eT))_l/Q, (/xz dVF(m))1/2>

(where 1/00 := 0 and 1/0 := o0), and the limiting eigenvalue distribution ug of
the matrices F,, has a rotation-invariant density f(r) given by

1
F0) = 5 prpigyy Mo ()

Clearly, the connection to the above Theorem arises from the fact that ¢ = F~!
on the interval (a,b).

Furthermore, Equation shows that F~1(r) = [ 2ws f(s) ds, which implies
that pw is uniquely determined by pg. Thus, we get a one-to-one correspondence
between the set of all distributions pw on (0, 0o) satisfying and a certain set
H of rotation-invariant distributions on C. Composing this correspondence with
the operator Q introduced above , we obtain a one-to-one correspondence H
between the set of all symmetric distributions py on R* such that

/logJr |t] duv (t) < oo (2.13)

and the above-mentioned set H of rotation-invariant distributions on C. It is easy
to check that for any symmetric probability measure p on R* satisfying (2.13)),
we have

(2.12)

H(Dep) = DH () (2.14)
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for all ¢ > 0, where D, is the scaling operator which maps a probability measure
on R or C to its induced measure under the mapping x — cx.

For random matrices F,, and V,, as in Theorem the correspondence H
describes the relationship between the limiting spectral distributions uv and up,
i.e. we have the relation

pr = H(pv) - (2.15)

2.3. Results on H-Stable Distributions.

Let us collect some results on H-stable distributions which will be needed later.
A distribution g on R is called (strictly) B-stable if there exists a constant a > 0
such that p®m = D, 10 for all m € N. Here, D, is defined as in Equation .
We will often call the constant « the stability index of the H-stable distribution p.

The (strictly) B-stable distributions have been investigated in [11], [10] and [6].
First of all, let us recall that for any H-stable distribution, « € ]0,2]. We will need
the following result, which is contained in [10, Appendix A] and [6]:

Proposition 2.4. Fix « € )0,2]. For a symmetric probability measure p on R*,
the following are equivalent:

(i) w is (strictly) B-stable with stability indez .
(i) R,(z) = bz""1, where b € C* with argh = —m + an /2.
(iii) S, (z) = 21/O)=1/pl/e where b € C* with argh = —m + ar/2.

Moreover, in this case, the constants b in parts (ii) and (iii) are the same.

Here, for the S-transform S, (z), we make the convention that we take arguments
in |—m, +7] to define powers of b and arguments in (—2m,0) to define powers of z.
Thus, we have S, (z) € (0,00)i when z € (—1,0), in line with the convention in [21].

Henceforward, we write o5(a) for the (unique) symmetric EB-stable distribution
with parameters a € ]0,2] and b := e(=mtam/2)i  Note that in the special cases
a = 2 and a = 1, we obtain the standard semi-circle and Cauchy distribution,
respectively. Furthermore, let us recall from |10, Appendix A] that the distribution
os() has a continuous density f, such that f,(z) = O(|z|~*"!) as |z| — oco. Thus,
in particular, the distribution o4(a) satisfies Condition (2.13).

3. FOrRMAL PROOF OF THEOREMS AND [ 4]

In this section we give a formal proof of Theorem in the Gaussian case
which conveys the main idea without being cluttered by technical details. Indeed,
by Proposition (1.1, once Theorem is proved in the Gaussian case, it follows
that the result continues to hold in the general case.

The proof of Theorem presented here is formal in that we use the concept
of asymptotic freeness for random matrices whose ‘moments’ (in the sense of free
probability theory) do not exist. Moreover, we use Theorem purely formally
without checking the assumptions. However, the argument can easily be converted
into a rigorous proof by using the regularization procedure and the results from
Section 5; see Section for more comments. Similar remarks pertain to the proof
of Theorem [L.4]
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Formal Proof of Theorem[1.5 Recall that we concentrate on the Gaussian case,
i.e. we have F%O) = Y7(10) (Yy(Ll))’1 e (Yg))’l, where Y%O),YS), . ,Y,(Ll) are inde-
pendent random matrices of dimension n x n with independent real or complex
Gaussian entries with mean 0 and variance 1/n.

1(@0). By the results from Section 2.1,

First consider the case m = 1, so that F,, = F
we know that the limiting eigenvalue distributions of the matrices Y (Yﬁlo))* and
(Y,(f))*l((Yg))*l)* (r # 0) are given by v and v~!, respectively, with S-trans-
forms given by (2.4)). Since Yﬁlo), (Yg))_l, e (Yg ))_1 are independent bi-unitary
invariant matrices, it follows by “asymptotic freeness” (see Proposition (a))
that the limiting eigenvalue distribution of the matrices W,, from is given
by the S-transform

Swiz) = z+1°

Thus, the limiting eigenvalue distribution of the matrices V,, from ({2.1]) is given

by the S-transform
RS Y G e
Sv(z) = e R .

In view of Proposition the corresponding distribution is as(l%), the symmetric
2

H-stable distribution of parameter 1. Hence, again by “asymptotic freeness”
(see Proposition [2.2(d)), we find that for any a € C, the limiting eigenvalue distri-
bution of the matrices V,, +J, () is given by as(l%) B B(«). It therefore follows
from Theorem and Equation that the limiting eigenvalue distribution of

the matrices F,, is given by H(US(H%)).

Now consider the case m > 1. Here we use that if Fg), e ,F,(lm) are independent
bi-unitary invariant random matrices, their Hermitizations VS), .. ,V%m) (defined

as in (2.1)) are “asymptotically free” (see Proposition [2.2(c)). Thus, the matrices
B DRED 4y pOm)

have the Hermitizations

V, = m D2y vy

with limiting eigenvalue distributions

D,,-a+1)2 (Us(l_%l) H...H as(l_%l)) = GS(H%) )

Here, D, is defined as in Equation ([2.14]), and the last step follows from the fact that
Us(l%) is H-stable with stability index l% Hence, again by “asymptotic freeness”
(see Proposition [2.2(d)), we find that for any a € C, the limiting eigenvalue distri-

bution of the matrices V,, +J, () is given by O'S(H%) B B(«). It therefore follows

from Theorem and Equation (2.15)) that the limiting eigenvalue distribution of
the matrices F,, is also given by H(as(%)). O



SUMS OF PRODUCTS OF NON-HERMITIAN RANDOM MATRICES 11

Formal Proof of Theorem[1.4 Here the formal proof is almost identical to that of
Theorem The only difference is that in the first part of the proof (i.e. when
m = 1), we additionally use Proposition (b) to see that the S-transform of
the limiting eigenvalue distribution of the matrices (Y%T))*l((Y,(f))*l )* is given by
S(z) = (—2)7L. O

Remark 3.1. In principle, the limiting density f(r) in Theorems and can
be found using Equation ([2.8]). In our situation, it is easy to check that the equation
for 1(a) reduces to

Y(@)(1 = (@) = |a*(1 - y(a)*t.
Thus, using that ¥ («) is continuous with values in [0, 1] and ¥ (a) # 1 for a =~ 0
(see Sections 6 and 7 in [21]), we obtain, for [ =0, 1,2, 3,

_ 2 _r —1_ 2
¢0(T)_1/\T ) ¢1(T)_1+T2’ ¢2(T)_1 \/m+17
3
U =1 e TR e
and therefore
1 B 1 B 2
fO(T) - 1(0,1)(T)7 fl(r) - 71'(1 + 7“2)2 ) fQ(’r) - W\/m(l + 92 n \/W) 3

27(v(r) + w(r))
VA + 27r2(1 + v2(r) + w2(r))3

fa(r) =
where we have set
1/3 1/3
o(r) == (% 44 27r2 4+ %\/ﬁr) and w(r):= (%\/4 +27r2 — %\/ﬁr)

for abbreviation.

025

L L L L L L
0.5 1.0 1.5 2.0 2.5 3.0

L L —

The limiting eigenvalue densities fi(r) (viewed along a line through the origin)
for [ =0 (blue), I = 1 (yellow), I = 2 (green) and | = 3 (red).

Also, let us mention that the paper provides a stochastic representation of
the limiting eigenvalue modulus distribution. O
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Remark 3.2. It seems natural to ask whether there exist further examples of
random matrices F%O) such that for any m € N, F%O) and Fg) + -+ F%m) have
the same limiting eigenvalue distributions after appropriate rescaling. However,
it turns out that within the class of products of independent Girko-Ginibre matrices
and their inverses, there exist no further examples beyond those mentioned in
Theorem apart from possible permutations of the exponents +1. Indeed,
suppose that F%O) is a product of p factors Yg) and ¢ factors (Yg))_1 (all of them
independent, and in arbitrary order), and let W,, and V,, be defined as in .
Then, arguing as in the formal proof of Theorem[I.3], we find that the corresponding
S-transforms Sw and Sy are given by
(—z)1 i »(¢—1)/2

Sw(z) = m and Sy(z) = mv

respectively, and by Proposition the latter is the S-transform of a symmetric
H-stable distribution if and only if p = 1 and ¢ € Ng. Now use the observation

that if 4®™ is not a rescaled version of y, then H(u®™) is not a rescaled version
of H(p). O

4. FREE ADDITIVE CONVOLUTION ON C

Roughly speaking, if ©1 and ps are two probability measures on the real line
and A, and B, are Hermitian random matrices “in general position” and with
limiting spectral distributions u; and pe, then the limiting spectral distribution of
the sum A, 4+ B, is given by the free additive convolution py B ps. It is natural to
ask the analogous question for non-Hermitian random matrices: If py and po are
two probability measures on the complex plane and A,, and B,, are non-Hermitian
random matrices “in general position” and with limiting spectral distributions
p1 and po, does there exist a convolution p; @ po which describes the limiting
spectral distribution of the sum A,, + B, ?

In the sequel, we will always assume that A, and B, are bi-unitary invariant.
Then, in view of the results from Section 2, it seems reasonable to expect that the
limiting spectral distributions p; and pg (if existent) belong to the class H intro-
duced above Equation . It therefore seems natural to restrict the definition
of the convolution @ to probability measures in this class.

Hence, suppose that pq and uo are two probability measures of class H and that
A, and B,, are independent bi-unitary invariant random matrices with limiting
spectral distributions g1 and pe, respectively. Also, suppose that these matrices
satisfy the assumptions of Theorem Then, if 7; and 7 are the limiting
symmetrized singular value distributions of A,, and B,,, we have u; = H(v1)
and o = H(v,) by Equation . Furthermore, suppose that the matrix sums
A, + B, have the limiting symmetrized singular value distribution v; H s
(which seems very natural in view of Proposition and that they also satisfy
the assumptions of Theorem Then, again by Equation , the associated
limiting eigenvalue distribution is given by H (7 B 2). This leads to the following
definition:

Definition 4.1. Given two probability measures p; and pe of class H,
set p1 @ p := H(H ™ (pn) BH ™ (p2))-
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Note that, by definition, we have
H(v1 Bry) =H(r) @ H(vs) (4.1)
for any symmetric probability measures 77 and v, on R* satisfying (2.13).

Remark. It seems a bit unsatisfactory that the above motivation relies (inter alia)
on the assumption that the matrices A,,, B, and A, + B, satisfy the Conditions
(C0), (C1) and (C2) from Theorem An alternative might be to work with
matrices of the form U, T,V , where U,, and V,, are independent unitary matrices
of size n x n and T,, are deterministic diagonal matrices of dimension n x n with
positive elements on the main diagonal. The single ring theorem |24, 25| |40]
provides sufficient conditions for the convergence of the empirical spectral distribu-
tions of these matrices, but it is also subject to certain technical conditions. Also,
it is worth noting that the sums of independent unitary matrices have recently
been investigated by BAsAk and DEMBO [7].

Remark. The convolution @ may also be interpreted in terms of free probability:
Given p and pg in H, pick R-diagonal elements 1 and x5 (in some W*-probability
space) such that the Brown measure of z; is p;, the Brown measure of xy is uo,
and x1 and x5 are x-free. Then u @ uo is the Brown measure of x1 + 9, as follows
from the results in [26, [27].

It seems natural to introduce the concept of a (strictly) @-stable distribution.
Recall that D, denotes the scaling operator on the class of probability measures.

Definition 4.2. A probability measure i of class H is called &-stable if there exists
a constant a > 0 such that u®™ =D, 1/apu for all m € N.

Similarly as above, we will call the constant « the stability index of the GB-stable

distribution p. Using Equations (2.14]) and (4.1]), it is easy to see that v is H-stable
if and only if H(v) is @-stable. Therefore, the @®-stable distributions in H are in
one-to-one correspondence with the symmetric H-stable distributions on R*.

Remark 4.3. Using the S-transforms of the symmetric H-stable distributions
(see Proposition , the densities of the @-stable distributions may be described
a bit more closely by means of either or . For instance, for a € (0, 2),
¥ (r) is given by the unique solution in the interval (0, 1) to the equation

Y(r) _ .2
(1= (@1~

and f(r) is given by
P(r) (1 —(r))
mr2(1+ (2 = 2)y(r)

Let us now turn to the question whether the @-stable distributions arise as
the limiting eigenvalue distributions of some random matrix models. As we have
already seen in Section[3] by using products of independent Girko-Ginibre matrices
and their inverses, we only get random matrix models for o = l%, with [ € Npy.
However, for general a € (0,2), we can still take a product consisting of a Ginibre
matrix, a diagonal matrix and a unitary matrix:

fr) =
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Proposition 4.4. Let o € (0,2), let & := 2a/(2+«) € (0,1), and let o, () denote
the positive B-stable distribution with parameter & (see e.g. Section 4 in [6]). Let &
be a random variable with distribution op(a) X B(1), and let G be the distribution
function of |£|. Let ¥, = Y, T, U, where Y, is a Gaussian random matriz,
T, is a deterministic diagonal matriz with the elements G(n%rl), j=1,...,n, on
the main diagonal, U, is a random unitary matriz (with Haar distribution), and
Y, and U,, are independent. Then u(F,) — H(os(a)) weakly in probability.

Here and below, the free multiplicative convolution v X p of a distribution v
on (0,00) and a symmetric distribution p on R* is defined as in [6]. Then v X p
is again a symmetric distribution on R*, and by Lemma 8 in [6], we have

QwRu)=vXKouKwv. (4.2)

Proof of Proposition[4.4 Fix t > 0, set £(t) := (A t)V (—t), and let T, (t) and
F,.(t) be defined as in the proposition, but with £ replaced by £(¢). Additionally,
let V,,(t) and W,,(t) be defined as in (2.1). Clearly, the matrices Ty, (t)T,(t)* are
deterministic with p(T,(#)T,(t)*) — L(£(t)?) weakly. Moreover, it is well-known
that ©(Y,Y}) — v weakly almost surely. Since the matrices Y,, are bi-unitary
invariant, it follows by almost sure asymptotic freeness (see [28| Section 4.3]) that

(W (1)) = v R L(£(t)?) weakly almost surely .

Also, since the matrices Y,, T,, U} are bi-unitary invariant, it follows by almost sure
asymptotic freeness (see |28, Section 4.3]) that

(Vi (t) + I () = Q7L (y W L(£(t)?)) B B(a) weakly almost surely ,

for any o € C. Now, it is easy to see that for any € > 0, there exists some ¢t > 0
such that rank(T,,—T,(t)) < en and therefore rank(F,, —F,,(t)) < en for alln € N.
This implies
(W) — v X L(£?) weakly almost surely
as well as
(Vi +Jn(a)) — Q 1y L(€2)) B B(a) weakly almost surely,

for any o € C.
We will show that
pv = Q (YR L(E?) = os(). (4.3)
It is well-known that the S-transform of o,(&) is given by z(1/®=1/p1/* where b is
the same as in Proposition and that the S-transform of B(1) is given by %1

Thus, the S-transform of £ is given by

~ 2 ~
z z Z(I/OZ)—I z _|_ ]_ 2(2/a)_2 2(2/()‘)_1
552(2’) = Sg(Z) = 1/ - 2V 2/a
z+1 z+1 b/ z b2/ b2/

and the S-transform of pv is given by

z+1 241 1 z2@/@)-1 /o)1
SV(Z) = m_ \/ z Z+ 1 b2/a - bl/O‘ 9

which proves our claim (4.3)) by Proposition
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Using the fact that the positive H-stable distribution o, () has a density which
vanishes in a neighborhood of the origin [10, Theorem A.1.4] and which is of
order O(z=% ') as  — oo [10, Theorem A.2.1], it is straightforward to check
that the matrices T, Uj, satisfy Condition Cgimple introduced in Remarkbelow.
Thus, it follows from Lemma below that the matrices F,, = Y,,T,, U} satisfy
the conditions (C0), (C1) and (C2) from Theorem We may therefore invoke
this theorem to conclude that u(F,) — H(os()) weakly in probability. O

Remark 4.5. Proposition [4.4] is closely related to an observation in ARIZMENDI
and PEREZ-ABREU [6] which states that

Os (Oé) = Up(a) X OWigner » (44)

where o4(a) and o,() denote the symmetric and positive H-stable distribution
of parameter a and @, respectively. In fact, using (4.2)) and the random variable &
from above, we have

Q(op(a) W owigner) = op(a) Wy K op(a)
— & (0(@) by W0 (@) ) = 7B Qo (@) B B(1) = v B L(€?),

which shows that the relation (4.4]) is equivalent to the relation (4.3) checked in
the preceding proof. O

5. A GENERAL LIMIT THEOREM FOR SUMS OF PRODUCTS
OF INDEPENDENT RANDOM MATRICES

5.1. Overview. In this section we prove a general result (see Theorem below)
about the limiting singular value and eigenvalue distributions of sums of products
of independent Girko—Ginibre matrices and their inverses. In particular, this result
contains Proposition from the introduction, and it allows for a rigorous proof
of Theorem To derive Theorem [5.4} we apply the general framework from [21].
In Subsection [5.2] we summarize the technical conditions and the main univer-
sality results from [21] to make the presentation self-contained. In Subsection
we state Theorem Subsections [5.4] - [5.6] prepare for the proof of Theorem
by verifying the technical conditions from [21]. Subsection contains the proof of
Theorem Finally, in Subsection [5.8] we sketch the rigorous proof of Theorems
[L.3 and [L4l Some relevant results from the literature are collected in Section [6l

5.2. General Framework. We consider random matrices of the form

F, := f: Fl@) .= f: ﬁ(xgq—l)l“))ar : (5.1)

q=1 qg=1r=1

where m € N, [ € N and &1,...,6; € {—1,+1} are fixed and the X%q) are in-
dependent Girko-Ginibre matrices as in the introduction. A major step in [21] is
to prove the universality of the limiting singular value and eigenvalue distributions,
i.e. to show that these distributions (if existent) do not depend on the distributions
of the matrix entries apart from a few moment conditions as in - .
To state this more precisely, we need two sets of random matrices.
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To this end, it seems convenient to view F,, as a matriz function (by slight abuse
of notation) and to write

m 1
Fo(Z),...,2(™) =" [ @{ ), (5:2)

where m € N, [ € N and ¢1,...,5; € {—1,+1} are the same as in ([1.5) and

Z(Q) (Z(Q))jkzl,m’n is a matrix in the indeterminates ZJZ ,q=1,...,ml. Then,

we may write F,(X) := F (X(l) . X(ml)) for the random matrices built from
the random matrices X'? := (\lf J(k))] k=1,..n and F,(Y) := Fn(Y,(ll), e ,Y,(lml))

for the corresponding random matrices built from the Gaussian random matrices

Y%q) = (ﬁ}/;(]f))j,k:17,,.7n. We always assume that the families (Xj('z))j,k,qu and

(Yj(,g))j’k,qu are defined on the same probability space and independent. When

the choice of the matrices X7(11)’ R X%ml) is clear from the context, we also write

F,, instead of F,,(X).

Remark. More generally, using the arguments from this section, we might deal
with matrix functions of the form

n.—ZFfﬂ —iH far)year

q=1r=1

where m,l1,...,lm €N, g4, € {+1, -1}, the indices i, , € N are pairwise different,
and all parameters do not depend on n. That is to say, the numbers and the types
of the factors in the m summands need not be the same.

In our investigation of the limiting spectral distributions of the matrices F,,
we will also consider the shifted matrices F,, — al,, with a € C, the regularized
matrices Fy, ;, with ¢ > 0, and their combinations F,, ; — al,,. Here, the regularized
matrices Fy,; arise from the regularized matrix functions

F,(Z0, ... i [z, (5.3)

g=1r=1

where (Z,); = Z, for ¢ = +1 and (Z,); = (Z}Z, + tL,)"1Z} for ¢ = —1.
Note that, by definition, the regularization has no effect when ¢ = +1 and that
limtw(Zn)t_1 = (Z,)"! when Z, is invertible.

Furthermore, fix a sequence (7, )nen of positive real numbers such that 7, — 0
and 7,4/n — 00, and set

~ ~

(@ ._ v (@) ._ (2 .
X = X Lpxinymy ik =Yk Yy ienym GRaEN),
Zi(p) = (cos o) XY + (sing) VP (kg eN:0< o <5),
and for n € Nand 0 < ¢ < 7, set Z(Q)( )= (\}Z;k)(ga)) ik=1,..n (@=1,...,ml),

Ful) = Fu(Zf (¢), e zgm“(g@)). Note that F,(0) = n(X) n(Z) = Fn(?),
where F,,(X) and F,,(Y) are defined analogously to F,(X) and F,,(Y).
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ForneN,0<p< 5 and z € C™*, introduce the Hermitian matrix

Vo= [20 B9

and the traces

§J(.%) := trace <W(Vn(<,0) — ZIQn)_2) .
9Im Z.

The dependence on n € N, 0 < ¢ < § and 2z € C™T is implicit here. Also,
when taking partial derivatives, we view Fn(Zq(zl), e Z%ml)) as a function of the

indeterminates Z](.,Z) (the elements of the matrices Z(q)). The same convention
applies to partial derivatives such as 8g(q) / O Re Zjy, (Q) A(q v /ORe Zjy, @) otc. Finally,
for 0. 0 < 1, let g{(6), 57 (9), Og\(0 >/6Re 5,2, a§z< >/aRe 240, ete

8gjk /ORe Zj(g), ete.

denote the functions obtained from 9§Z)> gj(i), 8gj i / JRe Zj(g),
by replacing Z](.Z)(go) with HZ](.z)(go).

Given a sequence of random matrices F,, as in and a constant ¢ > 0,
we denote by F,,; the associated regularized random matrices as in . With

this notation, we have to check the following Conditions A, B and C:

Condition A:
For F,, = F,,(X) and F,, = F,,(Y), the matrices F,, satisfy the following condition:
For each a € C and z € C*, we have lim¢ 0 limsup,,_, [$n.t(2) — sn(2)] = 0
in probability, where s, (2) and sy, +(z) are the Stieltjes transforms of the Hermitian
matrices (F,, — al,,)(F, — al,)* and (Fy,; — al,)(F, — al,)*, respectively.
Condition B:
For each t > 0, « € C and 2z € C*, the functions g(q)(H) (0 < 6 < 1) associated
with the matrix functions F,, ; — al,, satisfy the followmg bounds:

o0 g 3] < o0
9 (}1)(9) P (f])(e)
s Y i) <
(B1)
(9)
| el | I e R

824\7(0)
= e 2 o zp L = 22

Here Ag, A1, Ay are certain constants which may depend on t > 0, « € C and
z € Ct but not on n € N, ¢ € [0,%] or § € [0,1]. Furthermore, similar bounds

hold for the functions g(q)(ﬁ) (0 <60 <1) and their partial derivatives.
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Condition C:
For F,, = F,,(X) and F,, = F,,(Y), the matrices F,, satisfy the following conditions:
(C0) There exists some p > 0 such that

1 n
" Z sp(Fa)
k=1
is bounded in probability as n — oo.
(C1) For any fixed o € C, there exists some () > 0 such that
lim IP’(sn(Fn —al,) < n*Q) =0.

n—oo
(C2) For any fixed a € C, there exists some 0 < v < 1 such that for any
sequence (d,,)nen with 6, — 0,
1
lim IP’(— Z |log s;(F,, —al,)| > 5) =0 foralle>0,

n—oo n -
n1<j<ng

where ny = [n — nd,] + 1 and ny = [n — n"].

Remark 5.1 (Condition Cgimple). It will be convenient to consider Condition C
for more general matrices F,, than in . Thus, if a sequence of random matrices
F,, (with F,, of dimension n x n) satisfies Conditions (C0), (C1) and (C2), we say
that the matrices F,, satisfy Condition C. Also, if a sequence of random matrices
F,, (with F,, of dimension n x n) satisfies Conditions (C0) as well as Conditions
(C1) and (C2) with o = 0, we say that the matrices F,, satisfy Condition Cgimpie-

The following result is essentially contained in [21]:

Theorem 5.2 (Universality of Singular Value and Eigenvalue Distributions).
Let F,(X), F,(Y) be defined as above, and let vp(X), vp(Y) and pn(X), un(Y)
denote the associated singular value and eigenvalue distributions, respectively.

(a) If Conditions A and B hold, we have

Un(X) — v (Y) = 0 weakly in probability.
(b) If Conditions A, B and C hold, we have

pn(X) — pun(Y) =0 weakly in probability.

Proof.
(a) Set @ := 0. For Z = X and Z = Y, let my(z;Z) and s,(z;Z) denote
the Stieltjes transforms of the Hermitian matrices

Va@) = | pp ol | Wa(2) = FL@F; @),
and let my, ¢(z; Z) and sy, (2; Z) denote the corresponding Stieltjes transforms when
F,.(Z) is replaced with F,,(Z). Fix t > 0. By Condition B and Theorem 3.2
in [21], we have, for each z € C*, my+(2;X) — mp(2;Y) — 0 in probability
and therefore s, ¢(2; X) — s,4(2;Y) — 0 in probability. It therefore follows from
Condition A that, for each z € C*, s,,(2; X) — s,(2; Y) — 0 in probability, which
implies the claim.
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(b) By the same argument as in (a), the conclusion of (a) holds not only for
the singular value distributions of the matrices F,,, but also for the singular value
distributions of the shifted matrices F,, — al,, for any fixed o € C. Thus, the claim
follows from Condition C and Remark 4.2 in [21]. O

Remark 5.3. As follows from the proof, if one is only interested in the limiting
singular value distributions of the matrices F,,, it suffices to assume that Conditions
A and B hold with o = 0.

5.3. A General Limit Theorem. We will use Theorem [5.2] to establish the
following limit theorem, which contains Proposition [T.1] from the introduction.

Theorem 5.4. Let the matrices F,,(X) be defined as in (1.5). Then there exist
non-random probability measures v and p on (0,00) and C, respectively, such that

lim v,(Fp(X)) =v weakly in probability

n—oo
and

lim g, (Fp(X)) = p weakly in probability

n—oo

and the limiting distributions are the same as those for the matrices Fy,(Y) derived
from Gaussian random matrices. More precisely, the measure v is given by

Sv=(Q' (" - ﬁval))am,

with S and Q as in (2.2), and the measure p is the unique probability measure
on C satisfying (2.7)), with puv replaced by Sv (or, equivalently, p = H(Sv), with
H as in (2.15)).

The proof of Theorem will be given below in Subsection The main
idea is that the result is true for the matrices X(? and their inverses (X(@)~!
(see Section and that the corresponding result for the matrices F,,(X) follows
from this by means of induction on [ and on m. To establish the existence of the
limiting distributions in the Gaussian case, we will use tools from free probability.
To extend this existence to the general case and to establish universality, we will
use Theorem of course, which requires us to verify Conditions A, B and C.
For this purpose, we provide some auxiliary results in the next 3 subsections.

5.4. On Condition A. Let F,, = F,,(X) be defined as in (L.5]). In order to obtain
a matrix function which is smooth in the matrix entries (as needed for Condition B),
we replace all inverses (X(@)~! with regularized inverses (X(@); 1. We do this in
a step by step fashion. Hence, fix ¢t > 0, fix an index @ such that eg = —1, and
for all the other indices ¢ with ¢, = —1, fix a choice between (X(9)~! and (X)),
Then the resulting matrix F,, may be represented as

F,=A,X,) 'B,+C,, (5.4)

where X,, = X%Q) (we omit the index @ for simplicity).
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Fix a € C, and for 0 < u < t, let
Fou=A,(X,),"B,+C, = A,(X:iX, +u) ' XiB, + Cp, (5.5)
and
Spu(z) = %trace ((Fnu —aol,)(Fpy —aly)* — z)fl ) (5.6)

Note that F,, ¢ coincides with F,, if X,, is invertible. Then, by way of induction,
it will suffice to prove the following lemma:

Lemma 5.5. For eachn € N, let X,, = (ﬁXjk)jk:I,...,n be a matriz as in ,
where the entries Xji, are independent random variables satisfying - .
Furthermore, for each n € N, let A,,, B,, and C,, be random matrices of dimension
n X n such that the singular value distributions of the random matrices B, and C,
converge weakly in probability to (non-random) probability measures on (0,00), and
let Fy, o and sy (2) be defined as in and . Then, for any z = u+iv € CT,
we have
lim lim sup [s,,4(2) — sn0(2)] =0 in probability. (5.7)
=0 nooo
Remark 5.6. Let us emphasize that although the matrices A,,, B,, C,, and X,
in the decomposition are independent, this is not required in Lemma

Remark 5.7. Lemma 8.16 in [21] contains a similar result for the case where
C,, = 0. This result is based on the additional assumption that the matrices B,,
satisfy Condition C, but as we shall see below, this assumption is not needed. The
main difference in the proof of Lemma (as compared to that of Lemma 8.16
in [21]) is that we control the necessary auziliary modifications of the matrices B,
and C,, via the matrix rank, and not via the resolvent.

Proof of Lemmal[5.5 For the sake of simplicity, we consider only the case o = 0
here, the extension to the case o # 0 being straightforward. We have to show that
for any given € > 0 and § > 0,

lim sup lim sup P(|sp.¢(2) — sn,0(2)| >€) <. (5.8)

t—0 n—00

Hence, fix ¢ > 0 and 6 > 0. Similarly as in the proof of Lemma 8.16 in [21],
we introduce auziliary modifications of the matrices B,, and C,, before we do
the regularization of the inverse matrices X, 1.

For an n x n matrix M, let s;(M) > --- > s,(M) denote the singular values.
Since the singular value distributions of B,, and C,, converge weakly in probability
to (non-random) probability measures on (0,00), we may find K > 1 and N € N
such that for n > N, we have

n n
P (i Y Bk v 5Bk} > 5V %ZI{Sk W>K) > 24) <3
k=1 k=

Then, the modifications ]§n and (~3n are defined as follows: For the matrix C,,
take the singular value decomposition C, = UAV™, let A be the diagonal matrix
obtained from A by replacing the diagonal elements Agi with Akk = A A K,
and set én := UAV*. For the matrix B,,, take the singular value decomposition
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B, = UAV?*, let A be the diagonal matrix obtained from A by replacing the
diagonal elements Ay with Az == (A A K)V K~! and set B, := UAV*,
Then we have

IBo| <K, |B'|<K, [ICh <K, (5.9)
and for n > N, with a probability of at least 1 — &, we also have
1 rank(B,, — B,) < Sio %rank(Cn —Cp) < 51 (5.10)

Furthermore, let F, nu and Spu(2) be defined as in (5.5) and (5.6), but with B,
and C,, replaced by B,, and C It then follows from ([5.10) that for n > N, with
a probability of at least 1 — $, we have

. SO
- rank(quF;’u — Fn,uF;u) <%

and therefore, by the rank inequality,

|5n,u(z) - gn,u( )<

c.o\m

Thus, we have reduced the proof of (5.8) to showing that

lim lim sup |$,,+(2) — Sp0(2)| =0 in probability . (5.11)

t—=0 pooo

Since we only deal with the modified matrices for the rest of the proof, we omit
the tildes and write B,,, C,,,Fy, ,, and s, (%) instead of ]§n, én,f‘nu and Sy, (%),
respectively. Moreover, for brevity, we usually omit the index n.
To establish , we may proceed similarly as in the proof of Lemma 8.16
in [21]. Set R, := (F,F: — 2I)1, 0 < u < t, and note that we have the estimates
IRullz <o, [IFiRFy |2 < 1+ [zo7?,

IRFull < (07 (14 2107 )2 L IFGRG) < (071 (1 [2lo™) 72 (5.12)

as well as the representation

R, - R =

F F})
/R AEED) B (5.13)
0

It is easy to check that

d(F,F7)

y = AX, Y(XX* +ul) 'BF} + F, B*(XX* +uI) (X 1)*A*
u

= AX'BB}(XX* + ul)"'BF}
+ F,B*(XX* +uI)"}(B*)'B* (X, 1)*A*
=F,B7'(XX* +ul)"'BF; - CB™!(XX* + uI)"'BF},
+ F,B*(XX* +ul)"Y(B*)"'F; — F,B*(XX* +ul)"}(B*)"'C*.
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Thus, it follows from ([5.13]) that

t
L trace(R; — Ro)| < / | trace(R,F, B~ (XX* + uI) 'BF;R.,)| du
0
t
+ / |1 trace(R,CB™ ' (XX* + uI) 'BF;R,)| du
0
t
+ / L trace(R,F,B*(XX* +uI)~'(B*) 'F;R,)| du
0

t
+ / |2 trace(R,F,B*(XX" +ul) "' (B") 'C"Ry)| du.
0

Using the inequality |trace(M;MsMs)| < ||[M;y||||Ms3]| trace(Mz) (which holds
for any n x n matrices M, My, M3 such that My is positive definite) as well as

(5.9) and (5.12), we therefore obtain
t
|1 trace(R; — R)| < C(K, z) /0 L trace(XX* +ul) ™' du, (5.14)

where C'(K, z) is some constant depending only on K and z. Thus, it remains
to show that

t
lim lim sup/ Ltrace(X, X} + ul,)"'du=0 in probability. (5.15)
=0 pooo Jo

But this follows from the fact that the random matrices X,, satisfy Condition C;
see the proof of Lemma 8.14 in [21] for details. O

5.5. On Condition B. Here we prove the following lemma:
Lemma 5.8. With F,, defined as in Equation (1.5)), Assumption B holds.

Proof. For simplicity, we consider the case of real matrices only, and we often omit
the arguments ¢ and 6 in our estimates. Furthermore, for brevity, we will assume
that ¢ € (0,1) and v :=Im z € (0,1). (Indeed, it would be sufficient to deal with
parameters from these regions.) Finally, for reasons of symmetry, we consider only
the case where ¢ € {1,...,1}.
Putting
(Z0Ner .= Z") for e, = +1
and
(Z0)7 = ALY = (20) 2 +0) 7 (Z)° forep = -1

(r € N), we have the representation

m 1
Fro=Fn (20, 20) =) H VAR (5.16)
p=1r=1
Setting H =11 ( n )ET and Y = (H£:q+1(Z( )) ")", it follows that
OF,; @ a(zq(g))&q ~

= H{Y ==L (HY)", (5.17)
07 0z
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where
Zg’]) €q
% =eje; foreg,=+1
Oij
and
(@) \&q
AZRI" A (erel 2+ (20 eel ) ANZO) + ADere! for e, = 1.
aij
Thus, in both cases, we have a representation of the form
o Z%‘]) &q _ _
(7((37& =VviV] +...+VsVs, (5.18)
aij

where s € {1,3} and the v; and the v; are vectors of Euclidean norm bounded
by t~1/2. To see this, recall that 0 < ¢ < 1 and use the relations

IAD 2 <7, |ZWAD(Z@) |, < 1,
IAYNZD) ||, < 72 |Z@ AW, <712, (5.19)

Let V denote the Hermitization of the matrix F :=F,,1(¢) — oI, i.e.

V = |:O F:| _ |: o Fn,t((p) - aIn:|
F* O F,(p) —al, O ’
and for fixed z = u + iv € Ct with v € (0,1), let R := (V — 2I5,)~! denote
the corresponding resolvent matrix. Furthermore, given a matrix M of dimension
2n x 2n, we denote the submatrices of dimension n x n by [M]s, o, = 1,2,
so that
[M] 11 [Mhz}
M2 [M]2 | -

Then g](.z) is a finite sum of scalar products of the form

VIHDYV R HDy; and vi(HD)*n?],HOY, (5.20)

)

with v;, v; as in Equation (5.18)). Since |R|| < v~!, it follows that
952 (0)] < Co™2 3 |[Hvs || [FL % | (5.21)

Let Z,, be a random matrix of the same form as the matrices Zg). Then it is easy

to see that for any r € N, there exists a constant C, € (0,00) such that for any
n € N and any deterministic vector v,, € R", we have

EHZnVnH%T < Cr”vnugr (5-22)
as well as
E(Zn); ' vall3" < Collvall3" /2" (5.23)

In fact, (5.22) can be proved using our moment assumptions and independence,
while (5.23)) is an immediate consequence of the fact that ||(Z,); || <t~ /2.
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Using Cauchy—Schwarz inequality, independence as well as and (| -

(applied conditionally on X (k)v Y](k)) we obtain

[l

< COv? Z ( {HH(q vill3 ’ jk ’Yj(lg)})l/ ( {HH Vil ’ XJZ)’YJ(];I)}) "

gcﬂﬁwmz(xa{ vil | X201 (B | x2. v )

< Qo2 (5.24)

and Condition is proved.
Furthermore, using that

07 0z\)" 0z oz
and
929\ oV _, OV _ OV
s~ e O R o @
NZy!) 0Zy,  0Zy 0Zy
0?V 9 OV 0*V oV _, O3V R2>
AR Ay e erT T T
where, for k € {1,2,3}
K w7 (2)\E
0 ]?7;,1& _ Hglq 9 (Z(n))tq (I’_VISI))*
o(Z;) )" a(Z;y,)"
and
PE 5
- N — Vl,lvzyZ VZ 2K— 1V’L 2Kk
a(ZJ('Z))” i
where the sum is finite (with a number of summands which does not depend on n),
Vil,---,Vi2k € {An,teka ZnAn,tZ:;eja An,tzzeja Z’I’LA’I’L,tekv An,tekv €;, ek}
and
Vil [[vigulla < t~FD/2,

Therefore, using Hélder’s inequality, independence as well as (5.22) and and
proceeding as in , we find that the conditional expectations given X3 ik ,Y](lg)

of Bg L ( )/ 8( ) and 82 ( )/ 8( ) are bounded by expressions of the form
Cv_3t (+1) and C’v_4t (l+1)/2, and Condltions and are proved. O
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5.6. On Condition C. Here we provide a number of lemmas which will be helpful
in verifying Conditions C and Cgimple- Recall that Condition Cgipple was introduced
in Remark .11

Lemma 5.9. For each n € N, let F,, and G,, be random matrices of dimension
nxn. If the matrices F,, and G, satisfy Condition Cgippie, then the matriz products
F, G, also satisfy Condition Cgimpie-

Proof. We use similar arguments as in the proof of Theorem 8.22 in [21]. Condition
(C0) follows from Corollary[6.2] Cauchy-Schwarz inequality, and Condition (CO0) for
the matrices F,, and G,,. Condition (C1) with o = 0 follows from Theorem [6.1]and
the fact that the matrices F,, and Gy, satisfy Condition (C1) with a = 0. Thus, it
remains to check Condition (C2) with a = 0. Suppose that 0 < v < 1 and d,, — 0,
and set ny := [n—ndy,], ny := [n—n"] as usual. We will show that for + € {+, —},
L Z log® 5;(F,,Gp,) — 0 in probability . (5.25)

n
n1<j<ng

For the positive part, this follows from the fact that the matrices F,,G,, satisfy
Condition (CO0). For the negative part, note that by Theorem we have

n n n

H 5 (F,Gp) H H 5(Gn)

j=k =k j=k
for k = 1,...,n. Thus, taking k := max{n;,min{j : s;(F,G,) < 1}} and using
that the matrices F,, and G, satisfy Conditions (C1) and (C2) with a = 0, we get

1 Z log™ s;(Fr,Gy) Z log™ s;(F Z log™ 5;(Gp) +op(1) = op(1),

Jj=ni Jj=n1 Jj=ni

and the proof is complete. O

Lemma 5.10. For eachn € N, let X,, = (TX]k)jk 1,...n be a matriz as in (L.1f),

where the entries Xji, are independent random vamables satisfying (1.2)) — (1.4).
Then the matrices X, and X1 satisfy Condition C.

Proof. To shorten notation, we omit the index n throughout this proof.

For the matrices X, Condition C is checked in [23] (in fact, it follows from
the relation E||X||3 = n and from Lemmas and [6.6)), and for the matrices X!,
Condition C follows essentially from the arguments in the proof of Theorem 8.22
in [21]. For the convenience of the reader (and since we refer to the proof later),
let us provide some details for the matrices X 1.

For Condition (C0), see the proof of Theorem 8.22 in [21]. We now check
Conditions (C1) and (C2) with @ = 0. Condition (C1) follows from the relation
sp(X1) = s71(X) and Condition (CO) for the matrices X. For Condition (C2),
let n1 = [n —né,] < [n—n'"7] = ng, where §, > n™7, 6, — 0. Similarly as
in (5.25)), we consider the positive and negative part separately. Since the matrices
X satisfy Condition (C2) with a = 0, we have, for n large enough,

ng ng no
L logt s (X =1 ) logT spoja(X) <2 " logT s(X) = op(1).

Jj=n1 Jj=n1 Jj=ni
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Moreover, suppose that the matrices X satisfy Condition (C0O) with exponent p.
Then, since log x /2P is decreasing in x for x > e!/P | we have, for n large enough,

n9 n2
2 logTs (X7 = £ ) " logt sy (X)

Jj=n1 j=n1
<h > lgtsnXg o D lgTsna(X)
J=ni,...,n2 Jj=ni,...,n2
s$n—jp1(X)<on sn—j1(X)>6,"
ndy —n'"7 1 1N
PO og(8, ) + 6 log(6, ) L7 $1(X)
j=1

< 6 logd 462 1og 6, Op(1) = op(1).

Thus, the matrices X! satisfy Condition Csimple- We finally check Conditions
(C1) and (C2) with o # 0. Here we may write X! — al = —a(X — o ' TI)X 1,
and apply Lemma with F=X —a 'Tand G = XL O

Remark. It follows from the preceding proof that if some matrices G,, satisfy
Condition Cgimple, then the inverse matrices G, ! satisfy Conditions (C1) and (C2)
with a = 0.

Lemma 5.11. Let F, = (XV)sr.. (X )et, where | € N, iy,...,iy € N
(not necessarily different) and e1,...,e; € {—1,+1} are fized. Then F,, satisfies
Condition Cgimpie-

Proof. By Lemma the claim is true (even with the stronger Condition C)
for [ = 1. By Lemma [5.9] and induction, the claim remains true for [ > 1. O

Lemma 5.12. For eachn € N, let X,, = (ﬁXjk)jk:L...,n be a matriz as in ,
where the entries Xji are independent random variables satisfying — .
Furthermore, for eachn € N, let A,,, By, and C,, be random matrices of dimension
n X n such that A,,, B, C, and X,, are independent.

(a) If the matrices A, and By, satisfy Condition Csympie and the matrices C,, satisfy
Condition (C0), then the matrices A, X,B,, + C,, satisfy Condition C.

(b) If the matrices A, and By, satisfy Condition Csimpie and the matrices C,, satisfy
Condition C or C,, = 0 for alln € N, then the matrices AnX,len—i—Cn satisfy
Condition C.

Proof. To shorten notation, we omit the index n throughout this proof. First of all,
let us note that if a sequence of random matrices G,, (with G, of dimension n x n)
satisfies Condition (CO0), there exists some Lg > 0 such that

lim P(||G,| >n'e)=0. (5.26)
n— o0

In fact, if p > 0 is such that L+ 3"}, s7(Gy,) is bounded in probability as n — oo
and € > 0 is arbitrary, it follows that

n

lim sup P(s1(Gyp) > nH9/P) <limsupP(L > " s0(G,) > nf) =0,

so that the assertion holds for any Lg > 1/p.
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(a) Condition (C0) follows from Corollary [6.4], Corollary|[6.2] Hélder’s inequality,
and the fact that the matrices A, B, C and X satisfy Condition (C0). To prove
Conditions (C1) and (C2), we use the factorization

AXB+C—-ol=AX+AY(C-al)B™HB.

Then, similarly as in the proof of Lemma [5.9] it remains to be checked that for
each of the three factors M,, on the right-hand side, we have, for some @) > 0,

P(Sn(Mn) < n_Q) = 0(1) and % Z log™ Sj(Mn) = OP(l) :
n1<n<ng

For A and B, this is true by assumption. For X + A~!(C — oI)B~!, this follows
from Lemmas and More precisely, if the matrices A and B satisfy Con-
dition (C1) with a = 0 and > 0, and the matrices C satisfy (5.26) with Lg > 0,
we have P(s1(A™1(C — oI)B™!) > n?@+Lc) — 0 by Theorem g_DThus, we may
use Lemmas and conditionally on A, B, C, and on the set of probability
1+ o(1) where s1(A"1(C — oI)B™1) < n?@+lc,

(b) We consider only the case that the matrices C satisfy Condition C, leaving
the simpler case C = 0 to the reader. Similarly as above, Condition (CO0) follows
from Corollary[6.4, Corollary[6.2] Holder’s inequality, and the fact that the matrices
A, B, C and X! satisfy Condition (C0). To prove Conditions (C1) and (C2),
we use the factorization

AX !B+ C—al = AX}YB(C—al) A + X)A7H(C - al).

Again, similarly as in the proof of Lemma [5.9] it remains to be checked that for
each of the five factors M,, on the right-hand side, we have, for some @ > 0,

P(sn(Mn) < n_Q) = 0(1) and % Z log™ sj(Mn) = OP(l) :
n1<n<ng
But this is true (i) by assumption, (ii) by Lemma (iii) by Lemmas [6.7] and [6.8]
(applied conditionally on A, B, C), (iv) by the remark below Lemma (v)
by assumption. O

5.7. Proof of Theorem After these preparations, we may turn to the proof
of Theorem [5.4. Given a sequence of random matrices (G, )nen, we write v(Gy,)
for the singular value distributions, u(G,G) for the squared singular value distri-
butions, Sv(Gy,) for the symmetrized singular value distributions, and v, pea+
and Svg for the corresponding weak limits in probability (if existent).

Let us first consider the singular value distributions. We will first use induction
on [ to prove the claim for the case m = 1 and then use induction on m to prove
the claim for the case m > 1. More precisely, we will show the following:

The matrices F,,(X) from satisfy Conditions A and B,

and for any ¢ > 0, the singular value distributions

of the matrices Fy, ;(X) converge weakly in probability (5.27)
to the probability measure v; on (0, 00) with symmetrization

S = (Q MR- R AT,

Indeed, by Condition A, we may then let ¢ — 0 to get the limiting singular value
distribution of the matrices F,,(X).
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Products of independent random matrices. For F,,(X) = X,, and F,,(X) = X1,
Conditions A and B follow from Lemmas [5.5] and respectively. It follows
from the results in Section that, for ¢ > 0 and ¢ € {—1,+1}, we have
(X3, 1 (X5,.)") = ;- Thus, is true for [ = 1.

Now let [ > 1, suppose that (5.27) holds for any (I — 1)-fold product G, and
let F,, be an [-fold product. Then we have the representation F,,(X) = X5 G, (X),
where ¢ = +1 or ¢ = —1 and X,, and G,,(X) are independent. The inductive hypo-
thesis ensures that (G, (X)G} (X)) — pcga+, a non-random probability measure
on (0,00). It therefore follows from Lemmas and that the matrices F,,(X)
satisfy Conditions A and B. Now, for any ¢ > 0, the matrices Y7, ;, and Gy, ;(Y)
are independent bi-unitary invariant matrices with

w(Yo (Yo )") = and  u(Gni(Y)G; (Y)) = pemen
respectively. Therefore, by asymptotic freeness (see Proposition [2.2)(a)),

p(Fnt(Y)F;, (Y)) = v Bucwman: -

Thus, by Theorem [5.2)(a), holds for the matrices F,,(X) as well.

Hence, by induction on [, we come to the conclusion that holds for any
product of independent matrices (i.e. for the case m = 1).

Sums of products of independent random matrices. We have just proved
for m = 1. Now let m > 1, suppose that holds for any (m — 1)-fold sum
C,, of products of independent random matrices, and let F,, be an m-fold sum
of products of independent random matrices. Then we have the representation
F.(X) = G,(X)+C,(X), where G,,(X) = X;B,,(X) (possibly with B,,(X) =1,,))
and X,,, B,(X) and C,(X) are independent. The result for the case m = 1
and the inductive hypothesis ensure that v(B,(X)) — vg and v(C, (X)) — vc,
respectively, where vg and v¢ are non-random probability measures on (0, 00).
It therefore follows from Lemmas and that the matrices F,(X) satisfy
Conditions A and B. Moreover, for any ¢t > 0, the matrices G, ;(Y) and C,, ;(Y)
are independent bi-unitary invariant matrices with

Sv(Gni(Y)) = Svgry and  Sv(Cpi(Y)) — Svcp
respectively. Therefore, by asymptotic freeness (see Proposition [2.2](c)),
SV(Fmt(Y)) — SVC(t) H SVG(t) .

Thus, by Theorem [5.2|(a), holds for the matrices F,,(X) as well.

Hence, by induction on m, we come to the conclusion that holds for any
sum of products of independent matrices (i.e. for the case m > 1).

Let us now consider the eigenvalue distributions. To begin with, using Lemma
5.12, we may check by induction on m that the matrices F,,(X) also satisfy
Condition C. Therefore, as the matrices F,(X) satisfy Conditions A, B and C,
we may use Theorem (b), and it remains to determine the limiting eigenvalue
distributions in the Gaussian case, i.e. for the matrices F,,(Y). Here, it follows
by asymptotic freeness (see Proposition [2.2{(d)) that Sv(F, (YY) — ol,) = St
= (S1y) B B(a). Letting ¢ — 0 and using Condition A, it further follows that
Sv(Fp(Y) — al,) — Sy, := (Sv) B B(«a), where v is the probability measure
described in the theorem. Now use Theorem 2.1 g
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5.8. Rigorous Proof of Theorems and

Rigorous Proof of Theorem|[1.5 By Theorem the limiting eigenvalue distri-
butions of the matrices F;O) and m~(+1/2 (F%l) + -+ F,(lm)) in Theorem m are
given by

H(Q (G EAE) and H(Dyain(Q7M 07 BAF)E),
respectively. Now, similarly as in the formal proof of Theorem we find that
Q' (v AT = o)
by comparing the S-transforms of the two measures, which concludes the proof. [
Rigorous Proof of Theorem (Sketch). Here we need an analogue of Theorem

[6.4] for certain products of powers of independent Girko—Ginibre matrices and
their inverses. More precisely, we now consider random matrices of the form

m m k
F, =Y F0 =Y J(x{a D) (5.28)
q=1

q=1r=1
where m,k € N, e1,...,e, € {—1,+1} and [3,...,l; € N are fixed,

for some r =1,...,k, we have [, = 1, (5.29)

and the X%q) are independent Girko-Ginibre matrices as in the introduction. Then,
similarly as in the proof of Theorem [5.4] we need to verify Conditions A, B and C:

Condition A. Here we can regularize the matrices (X;;1)! by means of ((X,); ')
(i.e. each factor in the power is regularized individually) and invoke Lemma
It is important here that in Lemma the matrices A,,, B,, and C,, need not be
independent of X,,; see Remark

Condition B. Here we may extend Lemma [5.8|to products of powers of independent
Girko—Ginibre matrices, using similar arguments as in Sections 8.1.3 and 8.1.4
in [21].

Condition C. Under the extra condition , it follows from Lemma (applied
with X = X)) and by induction on m that the matrices F,, satisfy Condition C.
(Unfortunately, without condition , Lemma does not allow us to draw
this conclusion in general, even though we would expect that Condition C continues
to hold in this case.)

After these considerations, it is straightforward to extend Theorem to sums
of products of powers satisfying (5.29). It follows that the limiting eigenvalue

distributions of the matrices F%O) and m~(+1)/ Q(Fg) 4t F;m)) in Theorem
are given by

H(Q7' (!B TR 1)) and (D02 (Q7 (7 BN TIR: B E) )
respectively. Now, similarly as in the formal proof of Theorem we find that
1, - b
Q 1(71 ! x'ﬁgll X Ky) :US(Z—%I)

by comparing the S-transforms of the two measures, which concludes the proof. [J
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6. APPENDIX: AUXILIARY RESULTS

6.1. Inequalities for Singular Values. In this section we collect a number of
results from |29, Section 3.3] which we use to verify Conditions (C0) — (C2).
Throughout this section, we assume that A is a square matrix of dimension n x n
with eigenvalues [A;(A)| > -+ > |\, (A)| and singular values s1(A) > -+ > s,(A).
We usually state the results for the largest singular values, but using the relation

si(A7Y) = s;in(A), j = 1,...,n, it is immediate that similar results hold

for the smallest singular values. Also, it is easy to see that Theorem and
its corollary extend to matrix products with more than two factors.

Theorem 6.1 (Horn). For all k = 1,...,n, [[}_; s;(AB) < [[%_, s;(A)s;(B),
with equality for k =n.

Corollary 6.2. For allp > 0 and all k = 1,...,n, we have Z?Zl(sj(AB))p <
k

Zj:1(3j(A)3j (B))r.
For the next lemma, let us make the convention that s;(A) := 0 for j > n.

Lemma 6.3. For all j,k=1,...,n, we have sj1;_1(A+B) <s;(A)+5,(B) and
Sj+h—1(A - B) < 5;(A) - sx(B).

Corollary 6.4. Forallp >0, 37, s/(A+B) < G, (E?:l s§(A) + 20 s?(B)) :
where C), is a positive constant depending only on p.

6.2. Bounds on Small Singular Values. In this section we cite some
stochastic bounds for small singular values from the literature. We always assume
that the matrices X,, are Girko-Ginibre matrices as in (1.1)) — (1.4).

Lemma 6.5 ([22, Theorem 4.1]). Suppose that conditions (1.1]) — (1.4) hold. Then,
for any fixed o € C, there exist positive constants A and B such that

Pr{s,(X, —ol,) <n 4} <n=B.

Lemma 6.6 (|23, Lemma 5.2]). Suppose that conditions (1.1) — (L.4) hold. Then,

for any fized o € C, there exists a constant 0 < v < 1 such that for any sequence
0n — 0,
.1
nh_)rglo - Z |log s;(X;, —aly,)| =0 almost surely,
n1<j<neg

with n1 = [n —nd,] + 1 and ny = [n —n7].
More generally, these results hold with oI, replaced by M,,, where (M, )nen is

a sequence of deterministic matrices which is polynomially bounded in operator
norm; see Section 5 in [23] for details:

Lemma 6.7. Suppose that conditions (1.1) — (1.4) hold. Then, for any fired K > 0
and L > 0, there exist positive constants A and B such that for any non-random
matriz M, with |[My||2 < Kn*, we have

Pr{s,(X, — M,) <n 4} <n=B.



SUMS OF PRODUCTS OF NON-HERMITIAN RANDOM MATRICES 31

Lemma 6.8. Suppose that conditions (1.1) — (1.4) hold. Then, for any fized
K >0 and L > 0, there exists a constant 0 < v < 1 such that for any non-random
matrices My, with |M,|l2 < Knl and for any sequence &, — 0,

.1 _
7}1—{20 - Z log™ 5;(X;, — M) =0 almost surely,
n1<j<ng

with ny = [n —ndy| + 1 and ny = [n —n7].
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