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We prove several multiplicative inequalities relating the Kantorovich norm with
the Sobolev norm for functions on a Riemannian manifold satisfying certain curva-
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1. INTRODUCTION AND NOTATION

In the last decade, there has been increasing interest in functional inequalities
relating Sobolev norms with certain other norms or similar quantities such as entropy
and transportation cost (see [18], [20]). In papers [12], [6], [7], some multidimensional
analogs were proved of the classic Hardy—Landau—Littlewood inequality

AN < CUA e

for functions with two derivatives on the real line, having the form

[z < CIV Fller 11l

for integrable functions with zero integral from the usual Sobolev class W1H(R?),
where || ]| is the Kantorovich norm (all definitions are given below). The indicated
Hardy-Landau—Littlewood inequality in the one-dimensional case is equivalent to
this inequality applied to f” in place of f (then, letting g = f’, for || ||+ we obtain
|lgllx). This estimate was extended in [6] to the case of a Riemannian manifold M
equipped with a probability Borel measure p in the following form:

If =9l < Culfu—gulllIVF = Vgl (L.1)

where f and g are probability densities with respect to p, ||V f — Vg|lr1(,) is the
integral of |V f — Vg| with respect to the measure u, and, for any function f inte-
grable with respect to the measure p, we denote by fu the measure given by density
f with respect to p. The assumptions about M and p employed in [6] are expressed
in terms of inequalities for the heat semigroup on M. In the paper [7], inequality
(1.1) was strengthened (in particular, it was proved for certain infinite-dimensional
manifolds), moreover, certain geometric conditions were found for its validity in
terms of the Ricci tensor. In particular, it was shown that the number C'(u) can be
taken in such a way that its dependence on p will have the following character. If
has a density e~" with respect to the Riemannian volume, where V € C?, and for
some number k£ > 0 we have the inequality Ricy > k- I, in which

Ricy (U,U) = Ric(U,U) + Hessy (U,U), U € TM,

where Ric is the Ricci curvature on M (see [8, p. 60]), TM is the tangent bundle,
Hessy is the Hessian of V| i.e., the operator corresponding to the second derivative
(see [8, p. 41]), then C'(u) can be taken depending only on k.

In this paper we prove a more general inequality with the Kantorovich distance
of order 1 and also strengthen a number of inequalities from the recent paper [13]

with the use of the Kantorovich distance of order 2.
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We recall (see, e.g., [5]) that the Kantorovich distance between two probability
Borel measures on a metric space M with a metric g is given by

= vl = sup{ / pd(ii—v), ¢ € Lipl},
M

where sup is taken over the class Lip; of functions on M that are Lipschitzian with
constant 1. The same formula defines the Kantorovich norm of a bounded signed
measure with zero value on the whole space.

The introduced distance is also called the Kantorovich distance of order 1 (exactly
this distance was introduced by Kantorovich himself [10], [11]), because for p = 1
it coincides with the value of the Kantorovich distance W, of order p (sometimes
erroneously called the Wasserstein distance) defined by the formula

Wp(p,v)P = inf o(z,y)" o(dxdy),
o€Il(p,v) MxM
where inf is taken over all measures o from the set II(u,r) of Borel probability
measures on M x M having projections p and v onto the first and second factors.
Let us also recall that the Bakry—Emery tensor of a Riemannian manifold M of
dimension d equipped with a measure u = e~"dz, where dz is the Riemannian
volume and V is a function of class C?, is defined by

VV @ VV
N-—-d ’
where for N = d we set Y¥&YY = 00 (-,-) if VV # 0 and = 0 -

{
say that the pair (M, p) satisfies the curvature condition CD(K,
and N € [d, +oo], if

Ricy, = Ric + HessV — N >d

Vi VV = 0. We
N), where K € R

Y

RiCN,V Z K -1

Throughout the symbol || f||, denotes the LP-norm of a function f with respect
to the measure p involved in the formulations of the theorems, i.e., the norm in the
space LP(1). The integral of f with respect to the measure p will be denoted by the

symbol u(f).
2. MAIN RESULTS
Here is the first result of this paper.

Theorem 2.1. Suppose that M is a Riemannian manifold with a probability measure
p(dr) = e V@ dz satisfying condition CD(0, N) for some N € [d, o0].

(1) If N < oo, then for any p,q > 1 there exists a constant C' > 0 depending
only on p,q, N such that

1f =112 < COUNV Wy (1o 1) + {IV FILWA (Fres 1)} )

holds for any f > 0 with u(f) = 1, where § = 1 + _|_ % — %_ In
particular, with p = q =1 this becomes

||f—1||2“{ < O|VFAWWA(fusp)s f>0, p(f) =1.

(2) If N = oo, then for any q € (1,2] there exists a constant C' > 0 such that

1 =1 e < CUN AWl Frao 1) + LIV I (Fpty 1)} 57
holds for any f > 0 with pu(f) = 1.



Proof. By [13, Theorem 1], there exists a constant C; > 1 such that

I(F = COFII7 < GV Al Wl frs 1), f 2 0,0(f) = 1. (2.1)
Moreover, by [7, Theorem 1], we have
1f =1l < V2AV WA Fr i), f20,u(f) = 1. (22)

Since (f —1)" = (f—=C)T+ (f —1)" A (Cy — 1), we have
{(f=D" Y <2 H{(f-C)"y +27 (G -1 H(f - D)*

Therefore,

f =1 ={f-D+{Q-H"Y <{(f-D}F+Q-H"
<27H(f = OOy + 20) -1
Combining this with (2.1) and (2.2) we prove the first assertion.
The second assertion can be proved in the same way by using [13, Theorem 5] to

replace (2.1), which says that if C'(0, 00) holds, then for any ¢ € (1, 2] there exists a
constant C'; > 0 such that

I(F = CO* I3 ey < OV FlWalFri ), 20, 1(f) = 1,

so our claim follows. O
The next theorem strengthens [13, Proposition 4.2] (see also [9]).

Theorem 2.2. Let (M, 1), where p(dz) := e=V®dx is a probability measure, satisfy
the curvature condition CD(0,00). Then for every q € [1,2] there is a number C > 0
depending only on q such that for every probability measure v = fu with a smooth
density f with respect to pu one has

3q

sup [u¥/2(Inw) 2] (£ > )" < C|[V | WalFpt 1), 7 = —L
u=C q+2

Proof. As in the proof from [13], for every u > 0 and ¢ > 0 we have

(Qt)q/Q

ud

u(f = 2u) < IVAG + n(Bf = w).

The next step is to apply the well-known entropy inequality

[ wpsdus [ PfogRpdnsios [ can
M M M
Now let us choose the following h:

h:=Iplog P f,

where
Then

| P siosPgdu< | PflogRfdntlos [ [+ Ie(Rf - 1)) du
M M M
and also
/ P, flog P f du < / PtflogPtfdqulogU 1du+/(Bf - 1)du}-
F M M F

Since for every > 0 one has
log(l+z) <z



and

/ ldpu =1,
M

[ Psgnraus [ Rfiospidus [ (f - 1)dn
F M F

we obtain

/ 1+ Pf[log Puf — 1] dp < / P.f1og P.f dp.
F M

Hence, assuming that u > 8, we have

1
p(F)ulogu < 2/ P,flog P.f dy < ng(fu,u),
M

1
Pf>u)< — W2 .
(P f > u) < 2tuloguW2 (fre, )

Finally, we have the following estimate:
(2t)9/?
ud

W3 (f, ).

plf 2 20) < SV fa+ S

tulogu
Optimizing in ¢ > 0, we obtain the desired inequality. OJ
Theorem 2.3. If (M, ) satisfies the hypothesis of Theorem 2.2, then for every

q € (1,2] there is a number C > 0 depending only on q such that for every probability
measure v = fu with a smooth density f with respect to . one has

/(f — O)(In[l + (f = C)4])* du < CIV ;W3 (v, ), (2.3)
where
U
qg+2’ qg+2’ qg+2

The proof will be given below.
The next lemma is a reinforcement of a remark made in [13] in relation to for-
mula (9) there.

Lemma 2.4. Let a > 1, > 0. Then there is a number C depending only on
a and o such that, for every collection {F}32, of subsets of M, every interval of
nonnegative integer numbers I = [ko, k1] = {ko,ko+1,...,k1} and every x € M one
has

Z(l + k)a" g, (z) < Csup(l + k)*a" I, (7).

kel kel

Proof. For each k > 0 we have the following chain of inequalities:

k

) k+1 k+1 1 d
D (1+i)d < / (14 )%t dt = / (1+t)*———adt
0 0

i=0
1
~ loga

a, k+1 1 i a—1 1
(k4 2)°aF — a1+
0

— tdt. < C 1+ k)%d*.
loga ogaa < Cla,0)(1 + k)%

Now it is easy to complete the proof. O

The next lemma is also based on the reasoning from [13].
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Lemma 2.5. Let a > 1, > 0,p > 1. Then there is a number C' = C(a,«) such
that for every collection {F}{2, of Borel sets in M, every interval of nonnegative
integer numbers I = [ko, k1] = {ko, ko + 1,...,k1} and every e > 0 one has

1
[etin< Iwptsum +c [ v.dn

where

plx) =Y (1+k)aIp (),

kel

Ye(w) =Y sup (1+k)"a" I (y),
kel yEMk,s(x)

My (z) = {y € M: d(x,y)? < Ce(l+ k)o‘ak}.

Proof. By the Kantorovich duality for every ¢ > 0 we have

/@fdu < éwﬁ(fu,u) +/stodu-

where .
Qep(x) = sup [w(y) - —d(x,y)”]-
yeM €
Applying Lemma 2.4, we obtain the estimate

1

Q:p(x) = sup [Z(l + k)" Ig, (y) — gd(aj, y)p]

yeM

1
< sup [C sup(1 + k)“a* I, (y) — gd(x, y)p]

yeM kel
1
= C sup sup [(1 + k)" I, (y) — C—d(x, y)p}
yeM kel €
1
= (C'sup sup [(1 + k)" Ig, (y) — O—d(x, y)”}
kel yeM g
=Csup sup (1+k)a"Ig (y) <C Z sup (1 +k)*a"Ir (y),
kel yeMk,s(x) kel yeMk,s(x)
which completes the proof. |

Now we are ready to prove Theorem 2.3. We will use Ledoux’s strategy with some
modifications. For the reader’s convenience all the details are presented. The main
difference with the proof by Ledoux of his result is our choice of the “multipliers”
and application of Harnack’s inequality from [16], where the exponential term is no
longer constant.

Proof of Theorem 2.5. Let f, = min((f — 2%),,2%), v = 2871 where k € Z,, and
let t, > 0, where the value of ¢, will be chosen later. We will use the following
inequality proven in [13] (see the proof of Theorem 1, p. 7):

(q)t"? 1
uth= 2 < S [ 9 g [ 1ngdn
Ak—{2k<f<2k+1} F, = {Ptkfk 2k 1}

Let r = qi—qQ. Letn = @, where C' is the constant from Lemma 2.5. We now choose
t;. such that

(1 + k>a2(rfq)ktz/2 _ 7711/28(1/2 ot = 77(1 + k)72a/q22(17r/q)k8
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Let I be a fixed interval of integers [ko, k1]. Note that u(f > 28F1) = u(fp > 2F).
Then
S = Z(l + k)O‘ZTkp(f > 2k+1>

kel

<Clo Y+ k2 g [ vians [ s i,
kel Ak
where

Y= Z(l + k)OCQ(Til)kIFk.

kel
Taking into account the values of {¢;} we have

S < C(q,n)ﬁqﬁ/IVflqdu+/90fdu-

Applying Lemma 2.5, we obtain
1
[etin< Wi +c [ v.dn

where

Yo(x) =" sup (14k)"20"F g (y),
kel yGMk,E(m)

My e(z) = {y €M :d(z,y)? < Ce(l+ k)ﬂg(r—l)k}_

The C'D(0, 00)-condition implies Harnack’s inequality obtained in [16], according to
which, under C'D(0, ), for any nonnegative measurable function f on M and all
t >0, x,y € M one has

Pif(y)? < P(f?)(x)e@) /2,

Since
te =n(1+ k)—2a/6122(1—r/q)k67

3q+6
(r—=1)—2(1—=r/q)=r+2r/qg—3= ) —-3=0,
a(l+2/q) =1,
e
77—@,

for every y € My (x,e) we have

Ir (y) < 2720, (fi)(y)?

< 2742, () exp

C
%(1 + k)a(lJrQ/q)] < 272k+2+(1+k)/2ptkf]§(l,>'

Hence

/f;? dp < 2% p(f > 2%),

/¢s d/vb < Z(l + k>a2(r—1)k2—2k+2+(1+k)/2+2klu(f > 2k)7
kel
and for sufficiently large ko (the lower bound of the interval I') one has

C [ 3> 2nls 2 )

kel



Then
SI _ Z(l + k)oz2rk,u(f > 2k:+1)
kel
<o [ Vs du+ W) + 5 02 (s 2 2,

25
1 1 1
Sy < Ce9? / IV f1*dp+ ngz(f/i,u) + 551 + 52%7%0#@ > 2M).

The last term can be estimated using the following weak-type inequality from [13]
(see Proposition 6):

u(f = 2%) < C(ko) IV fII5W3 (fdp, ).

Optimizing in e, choosing sufficiently large ky and passing to the limit we easily
obtain the bound

[e.9]

> (L k)2 u(f > 2% < C|V LW (fdp, ),

k=ko+1

where the constant C' depends on ¢, @ and on our choice of kg, but does not depend
on f. Thus,

*d
Jr=ortoi (£ =Cpddn= [ 4 ((=Criog i+ t=CN)uts > 1y
<C Y (L+R)2Tu(f = 28) < OV LW (fdp, ),
k=ko+1
which completes the proof. O

Remark 2.6. (i) The assumption ¢ > 1 has been used to ensure that
r>1lea=2"1">1

It enables us to apply Lemma 2.4.
(ii) The assumption ¢ < 2 has been used implicitly in the inequality

C(g)t)? 1
uthe 22 < G [ vsians o [1ngan

={2"<f<2"Y Fo={P,fi > 2"}
For the proof, see [13, Proposition 3 and Theorem 1].

Theorem 2.7. Let (M,g,,u) be a weighted Riemannian manifold equipped with a
probability measure p satisfying the curvature condition CD(0,00). Then there is
a constant C' > 0 such that for every probability measure dv = fdu with a smooth
density f with respect to . one has

If =1 < CUV Wi (v, ).

Proof. For each smooth function g > 0 with ||g||.c < 1 we have

[ oa] | [r-vrgdn- -0 [ Lraa

t
< Wa(w, 1) |V Prglloo + / / V11V Pugl dp dt
0

t
< Wi )|V Pglle + 1911 [ IV Pg e
0
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Applying the reverse isoperimetric-type inequality from [1] (for the proof, see also
[3, Proposition 2.1])

[1(P.g)]" = [Pi(I(9)]" > 2t|V Pg|?

one readily obtains the estimate

‘/(f —1)gdy| < O{Wl(u,u)% IVl /Ot %ds].

Now it is easy to complete the proof. O

3. EXTENSIONS TO THE NEGATIVE CURVATURE CASE

Throughout this section we assume the following:

(H) the bound Ricy > —K holds for some constant K > 0, and the probability
measure p(dz) := e~V @ dz satisfies the log-Sobolev inequality

p(f1og 1) < SV SP), € O, (%) = 1 (1)

for some constant A > 0.

According to [17], under the curvature condition Ric — Hessy > —K, the log-
Sobolev inequality holds provided ,u(eef’g) < oo for some constant £ > %, where p,
is the Riemannian distance to a fixed point in M.

Theorem 3.1. Assume (H). Then, for any q € (1, 2], there exists a constant C' > 1
depending only on K, \ and q such that for any probability density f with respect
to p one has

sup {ub 2 whp(f > w)'5 < OV FllWalfp, ), (3.2)
/M (f = CY.(nll + (f — C)])* du < CIVFIEW (s ). (3.3)

Proof. According to [19], the curvature condition is equivalent to the log-Harnack
inequality

Kp(z,y)?
2(1 — o 2Kty

for any positive measurable function g. This implies (see [15, Corollary 1.2]) that
< KW?(f:uv M)Q

P,log g(x) < log Pig(y) + t>0,z,y €M

Thus, there exists a constant C; depending only on K such that
C
u((Pef)log P f) < 71W2(f/~b7 p)? te (0,1, f > 0,u(f) =1 (3.5)

Next, it is well known that the log-Sobolev inequality (3.1) implies that

p((Pf)log Pif) <e Mu(flog f), f>0,u(f)=1
Combining this with (3.5) and the semigroup property, we obtain for ¢ > 1 that

p((Pf)log Pof) < e M"Du((Pif)log Pif) < Cre M VWa(fu, p)?.

Taking into account (3.5) we arrive at the estimate

p((Pf)log P f) < %W2(fu,/~b)2, t>0,f>0,u(f)=1 (3.6)
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for some constant Co > 0. Let ¢/ = q%l. It is known (see, e.g., [16, Corollary 4.2])

that for each p > 1 there exists a constant C'(p) > 0 depending only on K and p
such that

VPA < (PR, he GM)E >0 (3.7)
This implies that
C
IVPh|, < %Hhﬂq/, t>0,heCy(M). (3.8)

Since the log-Sobolev inequality implies that L has a spectral gap larger than A, we
have

IVPRs < e[ VAll2, >0,k e W (p).
This along with (3.8) yields that
Cge—)\t

VEINL

for some constant C3 > 0 depending only on A and K. Combining this with (3.8)
and using the interpolation theorem, we find that

IVPh|2 < lhll2, t>0,h e Cy(M)

C
IVPh|, < 7‘%||h\|q,, t>0,h € Cy(M) (3.9)

for some constant C; > 0 depending only on A\, K and ¢q. Noting that for h € C2(M)
we have

u(h(f — Pof)| = \ [ utszrpas

this implies

/tu(wpsh,Vf))ds , t>0,
0

125 =l < W71 | O s — 2|V S £ 0.
q 0 \/g q
Therefore,
Cst/?
W(f > 20) < u(IBf = £ > 0)+ pPf = ) < SE I F1E £ (f > w).

According to the reasoning in the proofs of Theorems 2.2 and 2.3, this and (3.6)
imply (3.2) and (3.3). O

Theorem 3.2. Suppose that the hypotheses of Theorem 3.1 hold. If the diffusion
process 1s strong ergodic, that is,

1Pk = pp(M)lloo < ce™[[Plloc, t=0,h € L®(n) (3.10)

holds for some constants ¢, A > 0, then there exists a constant C' > 0 such that for
any probability density f with respect to p,

If =1 < CUV LW (fi, ). (3.11)
Proof. By (3.7), there exists a constant C; > 0 such that

ud

C
IV P < 71%!%”00, t>0,h € By(M). (3.12)

Combining this with (3.10) we obtain the estimate
IVPiihlloo = [V Prie(h = p(h) oo < CllPh — p(h)]| oo < 2C1ce™ || hl|a, ¢ > 0.
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This estimate and (3.12) imply that

Co
VP h|e < —
IV Priihl] \/E|
for some constant C'; > 0. Then, according to the proof of Theorem 2.7, we ob-
tain (3.11). 0

According to [17], the log-Sobolev inequality and the strong ergodicity are incom-
parable, but both follow from the ultraboundedness: || P;||1 o < oo for ¢ > 0. Since
Ricy is bounded below, by [14], P, is ultracontactive if and only if

1P| < 00, > 0.

For instance, it is the case when Ric is bounded from below and V' ~ —pf with
p > 2, see [14] for details.

4. THE (GAUSSIAN CASE

We now consider the partial case where ~ is the standard Gaussian measure on
the space R?%. Let {T}};>¢ denote the corresponding Ornstein—Uhlenbeck semigroup
defined on L!(vy) by the formula

Tof(x) = / f(ete — VT T y)(dy).

Let W4!(v) denote the weighted Sobolev class of functions f € L4(v) possessing a
generalized gradient V f with |V f| € Li(~).

Theorem 4.1. For any probability measure f dy with f € W%'(v) and any u > 8
one has

> <
7(f 2 2u) < inf

IVIIG +

K% arccos?(e™)
{ ! W3 (fr,7)|-

u? (e’ —ulnu

The last theorem with the same formulation extends to Gaussian measures on
infinite-dimensional spaces, provided that one employs the Sobolev classes associated
with the Cameron—-Martin space of the given measure (see [4]). In this case the
Poincare-type estimate holds for all ¢ > 1; this is why we do not assume that
q € [1,2] as we did in Theorem 2.2. For the proof of the theorem we need a lemma.

Lemma 4.2. Let f € W% (y). Then
T f — ully < Kqeel [V fllg
where

ds = arccos(e™"),

t e—s
C = _—
t /0 /1 _ 6_25
1 2
K= — z|%e” 2 dx.
C \ 2T /| |

Proof. Standard approximation arguments show that it is sufficiently to prove the
estimate only when X is a finite-dimensional space and u is a smooth function.
Since

1
d

ule 'z + V1 —e2y) —u(z) = / p u(e ™ x + V1 — e 2Ty) dr
o dr

—2tT

1
= t/ Vu(e "z + V1 — e 2y) - (—e‘”x + e—y) dr,
0

1 — e—ZtT
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we have

[ Tou — ullf < /d ) lu(e tw + V1 — e~2ty) — u(x)|?y(dz)y(dy)
R4 xR

RéxR —
X )Vu (e‘”x + my> . <_mx + e‘”y) ‘q dry(dz)~(dy)

Lotetrdr
/]Rdx]Rd

N
Vu (e’”x +Vv1-— 6—2”y> : (—\/ 1 —e 27+ e*”y> ‘qu(dx)fy(dy)
4 [} e o
1— e 2tT R xR
which completes the proof. 0

:Ct

) sl (o) dr < K3t [ [Fula)la(da),

Now we can prove Theorem 4.1.

Proof. As in Theorem 2.2 (see also Proposition 3.1 in [13]) we have

V(= 2u) <A(f = Tefl =2 w) +y(Tif = u)

K{arccos?(e™") . 2
< ——|Vflg+ T,/ log Tof dy
u ulogu Jpa
K9 arccos?(et) 2
q q 2
— ud vaHq+ (egt_l)uloguWQ (f’yaf)/)
Now it is trivial to complete the proof. 0
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