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1 Introduction

Let N(du, dt) be a Poisson random measure on (Rd \ {0}) × [0,∞) with a Lévy

measure ν(du)×dt, where Ñ is a compensated Lévy measure (about Lévy measures,
Lévy noise and related notions, see, e.g., [1] and [27]), W (t) is an m-dimensional
Wiener process, a : Rd → Rd, b1, b2 : Rd × Rd → Rd, σ : Rd → Rm ⊗ Rd are
measurable mappings. Let us consider the stochastic equation

ϕt = ϕ0 +

∫ t

0

a(ϕs−)ds +

∫ t

0

∫
|u|≤1

b1(ϕs−, u)Ñ(du, ds)

+

∫ t

0

∫
|u|>1

b2(ϕs−, u)N(du, ds) +

∫ t

0

σ(ϕs−)dW (s), t ≥ 0, (1.1)

with a non-anticipating initial condition ϕ0. In case where ϕ0 = x we denote the
solution by ϕt(x), omitting indication of the variable ω of the probability space. We
assume that

N([0, T ]× {|u| > 1}) < ∞ for each T > 0.

Since the measure N is atomic, the integral of the form∫ T

0

∫
|u|>1

f(t, u)N(dt, du)

is a finite sum and always exists. So there will be no other restrictions on b2 (more-
over, the general case reduces to that of b2 = 0), but the conditions on other coeffi-
cients are important and will be given below.

If the coefficients in equation (1.1) are sufficiently regular, then it is known that
there exists a unique strong solution to this equation. The goal of this paper is to
prove an existence and uniqueness theorem in case where the drift coefficient a can
be discontinuous. We shall also prove the differentiability in Lp of the solution ϕt(x)
with respect to the initial condition x.

The problem of existence and uniqueness of a strong solutions is well studied
in the case where the diffusion coefficient σ is non-degenerate. For example, if

1This work has been supported by the joint project 14-01-90406 of the RFBR and the project
09-01-14 of the Presidium of the NAS of Ukraine.
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b1 = b2 = 0, σ satisfies the Lipschitz condition, σ∗(x)σ(x) > 0, x ∈ Rd, and a is a
measurable function of at most linear growth, the equation

dϕt = a(ϕt)dt + σ(ϕt)dW (t), t ≥ 0,

has a unique strong solution (see [29]).
If σ = 0, bi 6= 0 and a does not satisfy the Lipschitz condition, then the ques-

tion about existence and uniqueness of a strong solution is much more difficult for
investigation. In the multi-dimensional case, only recently the existence of a strong
solution has been proved in [25, 15, 9] for the equation

dϕt = a(ϕt)dt + dξα(t), t ≥ 0 (1.2)

with a Hölder continuous drift coefficient, where {ξα(t), t ≥ 0} is an α-stable process
with α ∈ (1, 2).

The case of a discontinuous drift coefficient was considered in the one-dimensional
case, see, e.g., [28, 22], where the proof of the corresponding result essentially em-
ployed the linear ordering of the real line. The multi-dimensional case with a dis-
continuous drift has been studied only recently, see [6].

Unlike strong solutions, the existence and uniqueness of weak solutions to (1.1)
have been studied in-depth, see, e.g., [7], [12], [16], [17], [4], [19], [18], [21] and
references there. In many situations, estimates on transition densities of the corres-
ponding Markov process have been obtained. For example, the existence of a weak

solution to (1.2) for α ∈ (1, 2) is proved in the case a ∈ Lp(Rd, Rd), p ∈
(

d
α−1

;∞
]
,

and even in a more general situation, where a belongs to the Kato class Kα−1
d (see

Definition 2.5 in Section 2). The transition density in this case is estimated from
above by the transition density of the corresponding stable process.

We suggest a new method of proving the existence of a strong solution to (1.1)
that develops the approach employed in our previous paper [6] for an additive α-
stable symmetric Lévy noise with α ∈ (1, 2). Concerning the drift coefficient a we
shall assume that the derivative ∇a in the sense of distributions is a measure (not
necessarily absolutely continuous) for which the additive functional

At(ϕ) =

∫ t

0

∇a(ϕs)ds

of the weak solution (1.1) is well-defined. We shall also prove the differentiability of
ϕt(x) in x and derive the natural equation for the derivative

∇ϕt(x) = I +

∫ t

0

Ads(ϕ(x))∇ϕs−(x) +

∫ t

0

∫
|u|≤1

∇b1(ϕs−(x), u)∇ϕs−(x)Ñ(du, ds)

+

∫ t

0

∫
|u|>1

∇b2(ϕs−(x), u)∇ϕs−(x)N(du, ds)

+

∫ t

0

∇σ(ϕs−(x))∇ϕs−(x)dW (s), t ≥ 0. (1.3)

Let us also mention the recent paper [3], where the equation of the form

dϕt = a(ϕt)dt + dWH(t), t ≥ 0,
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is considered, where WH is a fractional Brownian motion with a sufficiently small
Hurst parameter H and a is a possibly discontinuous function. The idea of the
proof of existence of a strong solution in [3] is related to a study of local times of the
process ϕt. In general, a solution is not a Markov process. However, local times are
analogs of additive functionals for Markov processes and there is some connection
between our approach and that of paper [3].

The organization of our paper is as follows.
In Section 2 we explain the idea of our proof of existence and uniqueness of a

strong solution to (2.9) in the case of additive noise. As an illuminating example we
obtain a sufficient condition for existence and uniqueness of solutions to stochastic
differential equations in case where the noise is a symmetric α-stable process with
α ∈ (1, 2).

In Section 3 we prove a general theorem on existence and uniqueness of strong
solutions to equation (1.1). In case of a non-additive noise some additional difficulties
arise in obtaining moment estimates for solutions to stochastic equations.

In Section 4 we justify the linear equation (1.3) for the derivative with respect to
the deterministic initial condition for solutions to equation (1.1). Note that in case
b1 = b2 = 0, σ = const equations of this type for derivatives have been considered
in [2].

Finally, in Section 5 we prove some auxiliary assertions on existence of solutions
and properties and convergence of additive functionals of Markov processes that are
employed in this paper.

2 The idea of proof: additive noise

In this section we explain the idea of our proof of existence of strong solutions to
equations with additive noise in the case where there are some a priori estimates on
the transition density. In particular, we obtain a sufficient condition for existence
of strong solutions to equation (1.2).

Let us consider the equation

dϕt = a(ϕt)dt + dξ(t), t ≥ 0, (2.1)

where ξ(t) is some Lévy process.
Let a0, a1 ∈ C1

0(Rd, Rd). Denote by ϕλ
t (x) the solution to (2.1) with the drift

coefficient a0 + λ(a1 − a0). Then

ϕ1
t (x)− ϕ0

t (x) =

∫ 1

0

∂ϕλ
t (x)

∂λ
dλ. (2.2)

We observe that

∂ϕλ
t (x)

∂λ
=

∫ t

0

∇(a0 + λ(a1 − a0)) ◦ ϕλ
s (x)

∂ϕλ
s (x)

∂λ
ds +

∫ t

0

(a1 − a0) ◦ ϕλ
s (x)ds.
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The Gronwall lemma yields the following estimate:

sup
s∈[0,t]

∣∣∣∂ϕλ
s (x)

∂λ

∣∣∣
≤ exp

{∫ t

0

|∇(a0 + λ(a1 − a0)) ◦ ϕλ
s (x)|ds

} ∫ t

0

|(a1 − a0) ◦ ϕλ
s (x)|ds.

By Hölder’s inequality with θ−1 + θ′−1 = 1 we have

E sup
s∈[0,t]

∣∣∣∂ϕλ
s (x)

∂λ

∣∣∣ ≤ (
E exp

{
θ

∫ t

0

|∇(a0 + λ(a1 − a0)) ◦ (ϕλ
s (x))|ds

})1/θ

·

·
(

tθ
′−1E

∫ t

0

|(a1 − a0) ◦ (ϕλ
s (x))|θ′ds

)1/θ′

≤
(

E exp

{
2θ

∫ t

0

|∇a0 ◦ (ϕλ
s (x))|ds

}
+ E exp{2θ

∫ t

0

|∇a1 ◦ (ϕλ
s (x))|ds}

)1/θ

·

·
(

tθ
′−1E

∫ t

0

|(a1 − a0) ◦ (ϕλ
s (x))|θ′ds

)1/θ′

. (2.3)

Suppose that for every λ ∈ [0, 1] there exists the distribution density pλ
t (x, y) of

ϕλ
t (x) and one has the following upper bound uniformly in λ :

pλ
t (x, y) ≤ pt(x, y), t > 0, x, y ∈ Rd, λ ∈ [0, 1],

where pt(x, y) is a function measurable in all variables, pt(x, ·) is integrable in y for
all fixed t > 0, x ∈ Rd.

Set

kt(x, y) :=

∫ t

0

ps(x, y)ds.

On account of (2.2) and (2.3) we obtain

E sup
s∈[0,t]

|ϕ1
s(x)−ϕ0

s(x)| ≤ C(t,∇a1,∇a0, θ)

(∫
Rd

|(a1−a0)(y)|θ′kt(x, y)dy

)1/θ′

, (2.4)

where C(t,∇a1,∇a0, θ) depends only on t > 0, θ > 1 and the exponential moments
of the random variable ∫ t

0

|∇ai ◦ (ϕλ
s (x))|ds.

We observe that that this random variable is a continuous nonnegative additive
functional of a Markov process. Hence the exponential moments exist under rather
weak assumptions (see Section 5 and the reasoning below).

Let now a : Rd → Rd be a locally integrable mapping. Let ϕn,t denote the solution
to (1.1) with the drift coefficient an, where an = a ∗ gn, gn(x) = ndg(nx), and g is
a nonnegative infinitely differentiable symmetric probability density function with
compact support.

Suppose that for every n ≥ 1 there exists the transition density of the process
ϕn,t satisfying the estimate

pn
t (x, y) ≤ pt(x, y), t > 0, x, y ∈ Rd, (2.5)
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where pt(x, y) = pt(x−y) is a function measurable in all variables, pt(·) is integrable
for all t > 0. Then (2.4) yields the inequality

E sup
s∈[0,t]

|ϕn,s(x)− ϕm,s(x)|

≤ C(t,∇an,∇am, θ)

(∫
Rd

|(an − am)(y)|θ′kt(x− y)dy

)1/θ′

. (2.6)

For justification of convergence of {ϕn,s(x), s ∈ [0, t]}n≥1 it suffices to establish
the uniform boundedness of C(t,∇an,∇am, θ) in n,m and the fact that the sequence
{an} is a Cauchy sequence in the space Lθ′(Rd, kt(x− y)dy) (later we show that the
limit satisfies the original equation). We need the following definition.

Definition 2.1. A function f and the measure ν belong to the Kato class K(p) with
respect to a nonnegative function pt(x) (t > 0, x ∈ Rd) if∫

Rd

|f(y)|kt(x− y)dy < ∞, t > 0, x ∈ Rd,

and

lim
t↓0

sup
x∈Rd

∫
Rd

|f(y)|kt(x− y)dy = 0,

where

kt(x) =

∫ t

0

ps(x) ds

and, respectively, ∫
Rd

kt(x− y)ν(dy) < ∞, t > 0, x ∈ Rd,

lim
t↓0

sup
x∈Rd

∫
Rd

kt(x− y)ν(dy) = 0.

If ν is a signed measure or a vector measure on Rd, then we say that ν ∈ K(p) if
|ν| ∈ K(p), where |ν| is the total variation of ν.

Theorem 2.2. Suppose that a locally integrable function a satisfies the following
conditions:

1) for every n there exists the transition density pn
t (x, y) satisfying the uniform

estimate (2.5) with some common function pt(x) such that

sup
t∈[0,T ]

∫
Rd

pt(x)dx < ∞ ∀T > 0;

2) there exists θ′ > 1 such that the function |a|θ′ belongs to the Kato class K(p);
3) the derivative ∇a in the sense of distributions is a measure from the Kato

class K(p).
Then there exists a strong solution to equation (2.1).
If, in addition, equation (2.1) has a unique weak solution, then its strong solution

is unique.
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Proof. We observe that

sup
n

∫
Rd

|an(y)|θ′kt(x− y)dy = sup
n

∫
Rd

|a ∗ gn(y)|θ′kt(x− y)dy

≤ sup
n

∫
Rd

|a|θ′ ∗ gn(y)kt(x− y)dy = sup
n
|a|θ′ ∗ gn ∗ kt(x)

= sup
n
|a|θ′ ∗ kt ∗ gn(x) ≤ sup

z
|a|θ′ ∗ kt(z) < ∞. (2.7)

Let θ1 > θ′. Then (2.6) yields that

E sup
s∈[0,t]

|ϕn,s(x)− ϕm,s(x)|

≤ C(t,∇an,∇am, θ1)

(∫
Rd

|(an − am)(y)|θ′1kt(x− y)dy

)1/θ′

.

The assumptions of the theorem and Lemma 5.3 yield the boundedness of

C(t,∇an,∇am, θ1)

uniformly in n, m. Next, (2.7) and the fact that lim
n→∞

an(y) = a(y) for a.e. y with

respect to Lebesgue measure imply convergence of the integrals to zero as n,m →∞.
Hence there exists a process {ϕt(x), t ≥ 0} such that

E sup
s∈[0,t]

|ϕn,s(x)− ϕs(x)| → 0, n →∞. (2.8)

The fact that the limiting process {ϕt(x), t ≥ 0} is a strong solution follows from
(2.8), Corollary 9.9.11 in [5] and the uniform estimates on the densities (2.5).

Remark 2.3. We have proved the theorem in the case where the initial condition
is x and is not random. Similarly, we can prove our assertion for every non-antici-
pating initial condition. It can be shown that one can choose a version of the process
ϕt(x) jointly measurable in t, x.

Slightly modifying the proof in [11], we obtain that ϕt(x) is a unique strong
solution if the weak solution is unique.

Example 2.4. Let us consider equation (1.2) in the case, where {ξα(t), t ≥ 0} is
a symmetric α-stable process with α ∈ (1, 2). Existence of weak solutions to (1.2)

is known in the case where a ∈ Lp(Rd, Rd), p ∈
(

d
α−1

;∞
]
, see [23], and even in a

more general case where a belongs to the Kato class Kα−1
d . The transition density is

estimated from above by the transition density of the corresponding stable process.
Let us give the corresponding definition of the Kato class in this situation and
formulate a result on properties of weak solutions.

Definition 2.5. A function f and a measure ν belong to the Kato class Kβ
d if

lim
ε↓0

sup
x∈Rd

∫
|x−y|≤ε

|x− y|β−d|f(y)|dy = 0
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and, respectively,

lim
ε↓0

sup
x∈Rd

∫
|x−y|≤ε

|x− y|β−dν(dy) = 0.

If ν is a signed measure or a vector measure on Rd, then we say that ν ∈ Kβ
d if

|ν| ∈ Kβ
d , where |ν| is the total variation of ν.

Remark 2.6. One can show that the Kato class associated with the function

pt(x) =
t

(t1/α + |x|)d+α

coincides with the class Kα
d , see [30], [8].

The following theorem holds.

Theorem 2.7. If a ∈ Kα−1
d , α ∈ (1, 2), then there exists a unique weak solution to

(1.2) and this solution is a homogeneous Markov process the transition density of
which satisfies the following estimate: for each T > 0 there is LT such that

L−1
T t

(t1/α + |y − x|)d+α
≤ pt(x, y) ≤ LT t

(t1/α + |y − x|)d+α
∀ t ∈ [0, T ], x, y ∈ Rd, (2.9)

where LT depends only on T, α, c, d, and the rate of decreasing to zero of the function

sup
x∈Rd

∫
|x−y|≤ε

|x− y|α−d|a(y)|dy as ε → 0 + .

In particular, (2.9) holds if a ∈ Lp(Rd, Rd), p ∈
(

d
α−1

,∞
]
.

Existence is proved in [7], for uniqueness, see [10].
Thus, the hypotheses of Theorem 2.2 are fulfilled if a ∈ Kα−1

d , |a|1+δ ∈ Kα
d for

some δ > 0, and the distributional derivatives µij := ∂ai

∂xj
are measures from the

class Kα
d . In this case there exists a unique strong solution to equation (1.2). These

conditions are satisfied, for example, by functions of the form a =
∑n

k=1 fk1IAk
,

where fk ∈ C1
b , and Ak is a bounded set with smooth boundary. This completes our

discussion of Example 2.4.

3 The general case

Suppose that σ ∈ C1
b (Rd, Rm ⊗Rd), the function b1 is continuously differentiable in

x and satisfies the conditions

sup
x

∫
|u|≤1

|b1(x, u)|2ν(du) < ∞, (3.1)

sup
x

∫
|u|≤1

|∇xb1(x, u)|2ν(du) < ∞ (3.2)

sup
x,u

|∇xb1(x, u)| < ∞. (3.3)

Let a0, a1 ∈ C1
0(Rd, Rd). Set aλ(x) := a0(x) + λ(a1(x)− a0(x)).
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Suppose first that b2 ≡ 0. Under the stated assumptions about coefficients, there
exists a unique solution to the equation

ϕλ
t (x) = x +

∫ t

0

aλ(ϕ
λ
s−(x))ds +

∫ t

0

∫
|u|≤1

b1(ϕ
λ
s−(x), u)Ñ(du, ds)

+

∫ t

0

σ(ϕλ
s−(x))dW (s), t ≥ 0. (3.4)

It is also readily verified (similarly to the reasoning in [20, § 3.3]) that there exists

a derivative
∂ϕλ

t (x)

∂λ
in quadratic mean. Moreover, Yt := Y λ

t (x) :=
∂ϕλ

t (x)

∂λ
satisfies the

linear stochastic equation

Yt =

∫ t

0

(∇aλ)(ϕ
λ
s−(x))Ys−ds +

∫ t

0

(a1(ϕ
λ
s−(x))− a0(ϕ

λ
s−(x))ds

+

∫ t

0

∫
|u|≤1

∇b1(ϕ
λ
s−(x), u)Ys−Ñ(du, ds) +

∫ t

0

∇σ(ϕλ
s−(x))Ys−dW (s), t ≥ 0 (3.5)

and

ϕ1
t (x)− ϕ0

t (x) =

∫ 1

0

∂ϕλ
t (x)

∂λ
dλ. (3.6)

Our aim is to obtain estimates analogous to (2.6).
Set

Ec(t) := exp

{
−c

∫ t

0

|∇aλ(ϕ
λ
s−)|ds− ct

}
.

Let us apply Itô’s formula to |Yt|2Ec(t), see [1, § 4.4], [20, § 2.3]. For shortening
notation let us consider only the case d = 1, m = 1. We have

|Yt|2Ec(t) =

∫ t

0

|Ys−|2Ec(s−)

(
2∇aλ(ϕ

λ
s−)− c|∇aλ(ϕ

λ
s−)| − c + |∇σ(ϕλ

s−)|2

+

∫
|u|<1

[
(1 +∇b1(ϕ

λ
s−, u))2 − 1− 2∇b1(ϕ

λ
s−, u)

]
ν(du)ds

)
+

∫ t

0

2Ys−Ec(s−)(a1 − a0) ◦ ϕλ
s−ds

+

∫ t

0

∇σ(ϕλ
s−(x))Y 2

s−Ec(s−)dW (s)

+

∫ t

0

∫
|u|<1

2|Ys−|2Ec(s−)((1 +∇b1(ϕ
λ
s−, u))2 − 1)Ñ(du, ds). (3.7)

Remark 3.1. Under the stated assumptions about coefficients, one can show (see
[20, § 3.1]) that

sup
x∈Rd

sup
λ∈[0,1]

sup
t∈[0,T ]

E|Y λ
t (x)|p < ∞, ∀ p ≥ 1.

Hence the expectation of the stochastic integrals in the right side of (3.7) is zero.
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If we choose c sufficiently large, then the first integral in the right side of (3.7)
is non-positive. Hence

E|Yt|2Ec(t) ≤ E

∫ t

0

2Ys−Ec(s−)(a1 − a0) ◦ ϕλ
s−ds

≤ E

∫ t

0

Y 2
s−Ec(s−)ds + E

∫ t

0

|(a1 − a0) ◦ ϕλ
s−|2ds

= E

∫ t

0

Y 2
s Ec(s)ds + E

∫ t

0

|(a1 − a0) ◦ ϕλ
s |2ds.

The Gronwall lemma yields that

E|Yt|2Ec(t) ≤ etE

∫ t

0

|(a1 − a0) ◦ ϕλ
s |2ds.

Suppose that there exists a measurable nonnegative function

p : (0,∞)× [0,∞) → [0,∞), (x, t) 7→ pt(r)

such that the transition densities pλ
t (x, y) of the processes ϕλ

t satisfy the uniform
estimate

pλ
t (x, y) ≤ pt(|x− y|) ∀λ ∈ [0, 1],∀ t > 0,∀x, y ∈ Rd.

Then we have

E|Yt|2Ec(t) ≤ et

∫ t

0

∫
Rd

|(a1 − a0)(y)|2ps(|x− y|)dyds

= et

∫
Rd

|(a1 − a0)(y)|2kt(|x− y|)dy,

where

kt(r) =

∫ t

0

ps(r)ds.

By the Cauchy inequality

E|Yt| = E|Yt|(Ec(t))
1/2(Ec(t))

−1/2 ≤
√

E|Yt|2Ec(t)
√

E(Ec(t))−1

≤ et

∫
Rd

|(a1 − a0)(y)|2kt(|x− y|)dy×

×

√
E exp

{
c

∫ t

0

(|∇a0(ϕλ
s−)|+ |∇a1(ϕλ

s−)|)ds + ct

}
. (3.8)

Theorem 3.2. Suppose that σ ∈ C1
b (Rd, Rm ⊗ Rd) and that conditions (3.1), (3.2)

and (3.3) are fulfilled. Let b2 be Borel measurable. Let g ∈ C1
0(Rd) be a nonnegative

probability density. Let ϕn,t(x) denote the solution to (1.1) with the drift coefficient
an = a ∗ gn, where gn(x) := ndg(nx), and initial condition ϕn,0(x) = x.

Suppose that the transition densities pn
t (x, y) of the processes ϕn,t satisfy the

uniform estimate

pn
t (x, y) ≤ pt(|x− y|) ∀n,∀ t > 0,∀x, y ∈ Rd,
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where

sup
t∈[0,T ]

∫
Rd

pt(|x|)dx < ∞ ∀T > 0.

If |a|2+ε belongs to the Kato class K(p) for some ε > 0 and the distributional deriva-
tive of a is a vector measure ∇a ∈ K(p), then there exists a strong solution to
equation (1.1).

If, in addition, a weak solution is unique, then the indicated solution is the unique
strong solution.

Proof. Note that the σ-algebra

σ
{

N(A ∩ {|u| ≤ 1}, [0, t]), t ≥ 0, A ∈ B(Rd)
}

and the σ-algebra

σ
{

N(A ∩ {|u| > 1}, [0, t]), t ≥ 0, A ∈ B(Rd)
}

are independent, the Poisson random measure N has only finitely many atoms on
the set {|u| > 1} × [0, t], and

P
(
N({|u| > 1} × [0, t]) = 0

)
= e−ν({|u|>1})t.

Our equation for an arbitrary b2 coincides with the equation for b2 = 0 on the time
intervals where the restriction of the measure N to {|u| > 1}× [0,∞) has no atoms.
In addition, the solution for an arbitrary b2 on [0, T ] can be obtained from solutions
with b2 = 0 and finitely many jumps, see [20, § 3.5].

The following assertion is readily proved.

Lemma 3.3. Suppose that for every initial condition there exists a unique (strong
or weak) solution to equation (1.1) with some b2 and this solution is a strong Markov
process. Then, for every initial condition, there exists a unique (respectively, strong
or weak) solution to equation (1.1) with an arbitrary b2 and this solution is a strong
Markov process. In addition, one has

p0
t (x, y) ≤ eν({|u|>1})tpt(x, y),

where p0
t (x, y) is the transition density of the solution with b2 = 0 and pt(x, y) is the

transition density of a solution with an arbitrary b2.

We can further assume without loss of generality that b2 = 0. Convergence of
the sequence ϕn

t (x) in L1 will follow from (3.6), (3.8) and Lemma 5.3 provided that
we show that

lim
t→0+

sup
n≥1

sup
x

∫
Rd

|∇an(y)|kt(|x− y|)dy = 0,

lim
n→∞

sup
x

∫
Rd

|(an − a)(y)|2kt(|x− y|)dy = 0.

(3.9)
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Indeed,∫
Rd

|∇an(y)|kt(|x− y|)dy =

∫
Rd

|∇a ∗ gn(y)|kt(|x− y|)dy

≤
∫

Rd

(|∇a| ∗ gn(y))kt(|x− y|)dy

= |∇a| ∗ gn ∗ kt(x) = |∇a| ∗ kt ∗ gn(x) ≤ sup
z
|∇a| ∗ kt(z) → 0, t → 0+,

because ∇a ∈ K(p).
The proof of relationship (3.9) is similar to the justification of the corresponding

step in Theorem 2.2.
Now [5, Corollary 9.9.11] and the uniform estimate for densities imply conver-

gence in probability

an(ϕn
t (x))

P→ an(ϕt(x)), σ(ϕn
t (x))

P→ σ(ϕt(x)), b1(ϕ
n
t (x), u)

P→ b1(ϕt(x), u) (3.10)

as n →∞ for every fixed t > 0. The possibility to pass to the limit under the integral
sign in the equations for ϕn,t(x) follows from (3.10) and the uniform estimates for
the second moments of the expressions under the integral sign, which follow from
our assumptions about the coefficients of the equation.

Uniqueness of a strong solution in the case where we have existence of a strong
solution and uniqueness of a weak solution is proved similarly to Theorem 2.2.

4 The equation for the derivative in initial condi-

tion

For investigation of differentiability of ϕn,t(x) in x it is convenient to assume that
equation (1.1) is written in the form

ϕt(x) = x +

∫ t

0

a(ϕs−(x))ds +

∫ t

0

∫
u∈Rd

b1(ϕs−(x), u)Ñ(du, ds)

+

∫ t

0

σ(ϕs−(x))dW (s), t ≥ 0. (4.1)

Suppose that

sup
x

∫
Rd

(|b1(x, u)|2 + |∇b1(x, u)|2)ν(du) < ∞ (4.2)

and that for (4.1) the hypotheses of Theorem 3.2 are fulfilled. Then we have well-
defined additive functionals

A
∂xj ai

t (ϕ(x)) =

∫ t

0

∂xj
ai(ϕs(x))ds,

see Theorem 5.9, where a = (a1, . . . , ad). Let

At(ϕ(x)) = A∇a
t (ϕ(x)) = ‖A

∂xj ai

t (ϕ(x))‖d
i,j=1.

As a function of t the mapping At(ϕ(x)) has bounded variation.
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Theorem 4.1. Suppose that in addition to the stated assumption we have the lo-
cally uniform convergence of the transition densities of the processes ϕn,t(x) from
Theorem 3.2 to the transition density of ϕt(x):

sup
δ≤t≤δ−1

sup
|x|,|y|≤δ−1

|pϕn
t (x, y)− pϕ

t (x, y)| = 0 ∀ δ > 0. (4.3)

Then ϕn,t(x) is continuously differentiable in Lp(Ω) whenever p ≥ 1, i.e., for all
x, h ∈ Rd we have

ϕt(x + uh)− ϕt(x)

u

Lp(Ω)−→ ∇ϕt(x)h as u → 0.

The derivative Yt(x) = ∇ϕt(x) satisfies the linear stochastic differential equation

Yt(x) = I +

∫ t

0

Ys−(x)dAs(ϕ(x)) +

∫ t

0

∫
u∈Rd

∇b1(ϕs−(x), u)Ys−(x)Ñ(du, ds)

+

∫ t

0

∇σ(ϕs−(x))Ys−(x)dW (s), t ≥ 0.

Proof. The processes ϕn
t (x) are continuously differentiable in Lp(Ω) with respect to

the initial condition and

∇ϕn,t(x) = I +

∫ t

0

∇ϕn
s−(x)dAn

s (ϕ(x))

+

∫ t

0

∫
u∈Rd

∇b1(ϕn,s−(x), u)∇ϕn,s−(x)Ñ(du, ds)

+

∫ t

0

∇σ(ϕn,s−(x))∇ϕn,s−(x)dW (s), t ≥ 0, (4.4)

where

An
t (ϕn,t(x)) =

∫ t

0

∇an(ϕn,s(x))ds.

For all n ≥ 1, x, h ∈ Rd, u ∈ R, t ≥ 0 one has

ϕn,t(x + uh) = ϕn,t(x) +

∫ u

0

∇ϕn,t(x + zh)hdz. (4.5)

Let us justify passage to the limit in (4.5) as n →∞.
It follows from Lemma 5.3 that

sup
n

sup
x

E|An
t (ϕn,t(x))|p + sup

x
E|At(ϕ(x))|p < ∞ ∀ p ≥ 1.

It is readily verified that

sup
t∈[0,T ]

sup
n

sup
x

E|∇ϕn,t(x))|p < ∞,

sup
t∈[0,T ]

sup
x

E|Yt(x)|p < ∞, ∀ p ≥ 1, T > 0.
(4.6)
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Set

Zn
t := An

t (ϕn,t(x)) +

∫ t

0

∫
u∈Rd

∇b1(ϕn,s−(x), u)Ñ(du, ds)

+

∫ t

0

∇σ(ϕn,s−(x))dW (s) =: An
t (ϕn,t(x)) + Mn

t .

Then equation (4.4) can be written in the form

∇ϕn
t (x) = I +

∫ t

0

(dZn
s )∇ϕn,s−(x). (4.7)

We need the following fact: for the martingales Mn
t and each T > 0, there holds the

uniform convergence in probability

sup
t∈[0,T ]

|Mn
t −Mt|

P→ 0, n →∞. (4.8)

where

Mt =

∫ t

0

∫
u∈Rd

∇b1(ϕs−(x), u)Ñ(du, ds) +

∫ t

0

∇σ(ϕs−(x))dW (s),

and ϕt(x) is the solution constructed in Theorem 3.2. The proof of this fact follows
from the Kolmogorov inequality for the supremum of martingales combined with
convergence (3.10), the boundedness of ∇σ and (3.1).

From Corollary 5.14 we obtain the uniform convergence in probability for the
corresponding additive functionals:

sup
t∈[0,T ]

∣∣∣∣A(∂xj ai)±

t (ϕ(x))− A
(∂xj ai)±∗gn

t (ϕn,t(x))

∣∣∣∣ P→ 0, n →∞,∀T > 0.

We recall that an = a ∗ gn. Hence for each T > 0 we have

sup
t∈[0,T ]

∣∣∣∣∫ t

0

(∂xj
ai

n(ϕn,s(x)))±ds− A
(∂xj ai)±

t (ϕ(x))

∣∣∣∣ P→ 0, n →∞. (4.9)

Generally speaking,∫ t

0

(∂xj
ai

n(ϕn,s))
±ds =

∫ t

0

(∂xj
(ai ∗ gn(ϕn,s))

±ds 6=
∫ t

0

(∂xj
ai)± ∗ gn(ϕn,s)ds,

but∫ t

0

∂xj
ai

n(ϕn,s)ds =

∫ t

0

(∂xj
ai

n(ϕn,s))
+ds−

∫ t

0

(∂xj
ai

n(ϕn,s))
−ds

=

∫ t

0

(∂xj
ai)+ ∗ gn(ϕn,s)−

∫ t

0

(∂xj
ai)− ∗ gn(ϕn,s)ds.

Now, Lemma 4.8, (4.6), (4.9) and [26, Theorem 14 in § 5.4] yield convergence
∇ϕn,t(x) → Yt(x), n →∞ in all Lp. Hence (4.5) implies that

ϕt(x + uh) = ϕt(x) +

∫ u

0

Yt(x + zh)hdz.

Similarly to the proof of Theorem 3.2 one can show that Yt(x) is continuously in x
in all Lp. Hence Yt(x) is the derivative of ϕt(x) in x.
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Remark 4.2. It readily follows from the proof of the main result in [7] that for
equation (1.2), where {ξα(t), t ≥ 0} is a symmetric α-stable process with α ∈ (1, 2),
condition (4.3) is fulfilled.

5 Additive functionals of Markov processes

Let us consider a probability space (Ω,F , P ) with a filtration {Ft : t ≥ 0}. Let
(Xt)t≥0 be a homogeneous Markov process with a phase space E adapted to the
filtration Ft. Set Nt = σ{ξ(s) : 0 ≤ s ≤ t}.

Definition 5.1. A random function function {At, t ≥ 0} adapted to the filtration
{Nt} is called a continuous additive functional of the process {Xt, t ≥ 0} if

1) it is nonnegative,
2) continuous in t,
3) homogeneously additive, i.e., for all t ≥ 0, s ≥ 0, x ∈ E one has

At+s = As + θsAt Px-a.s.,

where θ is the shift operator.
If, in addition, for each t ≥ 0 we have

sup
x

ExAt < ∞,

then {At, t ≥ 0} is called a W -functional and the function

ft(x) = ExAt

is called its characteristic.

We need the following result (see [13, Theorem 6.3]).

Lemma 5.2. A W -functional is determined by its characteristic uniquely up to
equivalence.

Lemma 5.3. Suppose that {At} is a W -functional with characteristic ft(x) and

lim
h→0+

‖fh‖∞ = 0, (5.1)

where ‖g‖∞ := supx |g(x)|. Then

Ex exp{γAt} ≤ C < ∞ ∀ γ > 0, t > 0,

where the constant C depends on t, γ, and the rate of decreasing to zero of the norm
‖fh‖∞ as h → 0 + .

The proof of this lemma follows from [14, Chapter II, § 6, Lemma 3] and [24,
Lemma 1.1].
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Example 5.4. Let E = Rd and let the process {Xt} have a transition density
pt(x, y). For a nonnegative measurable function g set

At =

∫ t

0

g(Xs)ds.

We observe that

ft(x) := ExAt =

∫ t

0

∫
Rd

g(y)ps(x, y)dyds =

∫
Rd

kt(x, y)g(y)dy, (5.2)

where

kt(x, y) :=

∫ t

0

ps(x, y)ds. (5.3)

The process At is a W -functional if

sup
x

∫
Rd

kt(x, y)g(y)dy < ∞, t > 0. (5.4)

Condition (5.1) is fulfilled if

lim
h→0+

sup
x

∫
Rd

kh(x, y)g(y)dy = 0, (5.5)

i.e., g ∈ K(p), see Definition 2.1.
Let us consider the process {ϕt} from Theorem 2.7. Then the transition density

satisfies the estimate (2.9). It follows from our discussion in Example 2.4 that in
order to have (5.5) it is necessary and sufficient that the function g be in the Kato
class Kα

d , see Remark 2.6 and Theorem 2.7.

Remark 5.5. (i) It is readily verified that if (5.5) holds, then (5.4) is also true.
(ii) If {ϕt(x), t ≥ 0} is a solution to (1.1) defined on some probability space

(Ω,F , P ) with ϕ0(x) = x, then

ExAt = E

∫ t

0

g(ϕs(x))ds.

Our next results are concerned with convergence of additive functionals.

Theorem 5.6. 1) Let Ai(t), i = 1, 2 be W -functionals of a Markov process X, and
let f i

t (x) be the characteristic of Ai(t). Then for all t ≥ 0 we have

E(A1(t)− A2(t))
2 ≤ 2 sup

s∈[0,t]

‖f 1
s − f 2

s ‖∞(‖f 1
t ‖∞ + ‖f 2

t ‖∞).

2) Let {An(t), t ≥ 0}n≥1 be a sequence of W -functionals of a Markov process X.
Suppose that one has the uniform convergence of characteristics

lim
n→∞

sup
0≤u≤t

‖fn
u − fu‖∞ = 0, t > 0, (5.6)

where ft(x) is some function.
Then ft(x) is the characteristic of some W -functional A(t). Moreover, for all

t ≥ 0 we have
lim

n→∞
E(An(t)− A(t))2 = 0.
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The proof follows from [13, Theorem 6.4, Lemma 6.5].

Remark 5.7. In case where our formulations contain no assumptions about the
distribution of X(0), this means that the corresponding result is valid for every
initial distribution of the process X.

Theorem 5.8. Suppose that {A(t), t ≥ 0} is a W -functional of a Markov process
{X(t), t ≥ 0} with the characteristic ft(x) satisfying (5.1). Set

Ah(t) :=

∫ t

0

fh(X(s))

h
ds. (5.7)

Then

E(A(t)− Ah(t))
2 ≤ 8‖fh‖∞‖ft+h‖∞ ≤ 8‖fh‖∞‖ft+1‖∞, h ∈ (0, 1].

In particular, every W -functional satisfying (5.1) is a limit in quadratic mean of
integral functionals of the form (5.7).

The proof follows from the reasoning in [13, Lemma 6.5, Theorem 6.6].

Theorem 5.9. Suppose that a Markov process X has a transition density pt(x, y).
Suppose that ν is a measure such that ν ∈ K(p), i.e.,

sup
x

∫
Rd

kt(x, y)ν(dy) → 0, t → 0+, (5.8)

where kt(x, y) is defined in (5.3). Then

ft(x) :=

∫
Rd

kt(x, y)ν(dy)

is the characteristic of some W -functional At = Aν
t (X) of the process X and one

has convergence in quadratic mean

At = l.i.m.h→0+

∫ t

0

fh(Xs)

h
ds.

We observe that the characteristic of the integral functional (5.7) equals

fh
t (x) :=

∫
Rd

kt(x, y)
fh(y)

h
dy.

One can show that
lim

h→0+
sup

0≤u≤t
‖fh

u − fu‖∞ = 0, (5.9)

(see the reasoning in the proof of [13, Theorem 6.6]).
The proof of the theorem follows from Theorem 5.8 and Theorem 5.6.

Remark 5.10. Similarly to integral functionals, where the measure ν(dy) has the
form g(y)dy, the functional Aν

t = Aν
t (X) is sometimes denoted by

∫ t

0
dν
dy

(Xs)ds in

spite of the fact that the density dν
dy

need not exist. If X0 = x, then the corresponding

W -functional will be denoted by Aν
t (X(x)).
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Example 5.11. Suppose that the conditions of Theorem 2.7 are fulfilled and ϕt is
the solution to equation (1.2). It follows from the reasoning in Example 5.4 that

ft(x) =

∫
Rd

kt(x, y)ν(dy)

is the characteristic of a W -functional satisfying (5.1) precisely when ν belongs to
the Kato class Kα

d .

The next theorem gives sufficient conditions for convergence of W -functionals of
different Markov processes defined on a common probability space.

Theorem 5.12. Suppose that Markov random functions {Xn(t), t ≥ 0}n≥0 with
values in Rd are defined on a common probability space and that for every t > 0 one
has convergence in probability

Xn(t)
P→ X0(t), n →∞. (5.10)

Let the sequence of characteristics of W -functionals {An(Xn)} satisfy the conditions

lim
h→0+

sup
n≥0

‖fn
h ‖∞ = 0; (5.11)

lim
n→∞

sup
|x|≤R

|fn
h (x)− f 0

h(x)| = 0 ∀h > 0, R > 0, (5.12)

and let the function f 0
h(·) be continuous for every h > 0.

Then for all p ≥ 1 and T > 0 we have

E sup
t∈[0,T ]

|An
t (Xn)− A0

t (X0)|p → 0, n →∞.

Proof. We have

|An
t (Xn)− A0

t (X0)|

≤
∣∣∣∣An

t (Xn)−
∫ t

0

fn
h (Xn(s))

h
ds

∣∣∣∣ +

∣∣∣∣∫ t

0

fn
h (Xn(s))

h
ds−

∫ t

0

f 0
h(Xn(s))

h
ds

∣∣∣∣
+

∣∣∣∣∫ t

0

f 0
h(Xn(s))

h
ds−

∫ t

0

f 0
h(X0(s))

h
ds

∣∣∣∣ +

∣∣∣∣∫ t

0

f 0
h(X0(s))

h
ds− A0

t (X0)

∣∣∣∣.
For estimating the second moment of the first and last terms we apply Theorem 5.8
for sufficiently small h > 0 (uniformly in n).

For fixed h > 0, the moments of the second term converge to zero due to con-
ditions (5.10) and (5.12), and the same is true for the third term by the continuity
and boundedness of fh

0 and convergence (5.10). Hence for each t > 0 we have

E|An
t (Xn)− A0

t (X0)|2 → 0, n →∞.

Since the functions An
t (Xn) are continuous and monotone in t, this yields the uniform

convergence in probability

sup
t∈[0,T ]

|An
t (Xn)− A0

t (X0)|
P→ 0, n →∞, ∀T > 0.
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For completing the proof it remains to observe that (see Lemma 5.3)

sup
n

sup
t∈[0,T ]

|An
t (Xn)|p < ∞

for all p ≥ 1 and T > 0.

Remark 5.13. The assumption of continuity of fh
0 can be replaced by the following

one: for every n ≥ 1, there exists a transition density of the process Xn satisfying
the estimate

pn
t (x, y) ≤ pt(x, y), t > 0, x, y ∈ Rd,

where pt(x, y) = pt(x− y) is a function jointly measurable in all variables and pt(·)
is integrable for all t > 0.

Corollary 5.14. Suppose that Markov random functions {Xn(t), t ≥ 0}n≥0 with
values in Rd are defined on a common probability space and for every t > 0 one has
convergence in probability (5.10). Suppose that

1) one has the locally uniform convergence of the transition densities

sup
δ≤t≤δ−1

sup
|x|,|y|≤δ−1

|pn
t (x, y)− p0

t (x, y)| → 0, n →∞, ∀ δ > 0,

2) there exists a function pt : x 7→ pt(|x|) in L1(Rd) such that

pn
t (x, y) ≤ pt(|x− y|) ∀n ≥ 0, t > 0, x, y ∈ Rd,

3) ν ∈ K(p),
4) for each δ > 0 one has

lim
R→∞

sup
δ≤t≤δ−1

∫
|x|>R

pt(x)ν(dx) = 0.

Then one has convergence of additive functionals (see notation in Remark 5.10)

E sup
t∈[0,T ]

|Aν
t (Xn)− Aν

t (X0)|p → 0, n →∞, ∀ p ≥ 1, T > 0.

Corollary 5.15. Suppose that the conditions of the previous corollary are fulfilled.
Let gn(x) = ndg(nx), where g is a continuous symmetric probability density. Let νn

denote the measure with density gn ∗ ν. Then for all p ≥ 1 and T > 0 we have

E sup
t∈[0,T ]

|Aνn
t (Xn)− Aν

t (X0)|p → 0, n →∞.
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