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1 Introduction

Let N(du,dt) be a Poisson random measure on (R?\ {0}) x [0,00) with a Lévy
measure v(du) X dt, where N is a compensated Lévy measure (about Lévy measures,
Lévy noise and related notions, see, e.g., [1] and [27]), W(t) is an m-dimensional
Wiener process, a: R — R b, by: RY x RY — RY o: RY — R™ @ R? are
measurable mappings. Let us consider the stochastic equation

@r = o + /0 ta(%_)dw /O t /|u|<1 by (ps_, u)N (du, ds)
+/0t4|>1 bg(%_,u)N(du,ds)—|—/Ota(g05_)dW(s),tZO, (1.1)

with a non-anticipating initial condition ¢q. In case where ¢y = x we denote the
solution by ¢;(z), omitting indication of the variable w of the probability space. We
assume that

N([0,T] x {|u| > 1}) < oo for each T > 0.

Since the measure NNV is atomic, the integral of the form

/ N dw
0 |u|>1

is a finite sum and always exists. So there will be no other restrictions on by (more-
over, the general case reduces to that of by = 0), but the conditions on other coeffi-
cients are important and will be given below.

If the coefficients in equation (1.1) are sufficiently regular, then it is known that
there exists a unique strong solution to this equation. The goal of this paper is to
prove an existence and uniqueness theorem in case where the drift coefficient a can
be discontinuous. We shall also prove the differentiability in L, of the solution ¢ (z)
with respect to the initial condition z.

The problem of existence and uniqueness of a strong solutions is well studied
in the case where the diffusion coefficient o is non-degenerate. For example, if
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by = by = 0, o satisfies the Lipschitz condition, o*(z)o(z) > 0,7 € R, and a is a
measurable function of at most linear growth, the equation

dor = a(e)dt + o(p)dW (t),t > 0,

has a unique strong solution (see [29]).

If 0 =0,b; # 0 and a does not satisfy the Lipschitz condition, then the ques-
tion about existence and uniqueness of a strong solution is much more difficult for
investigation. In the multi-dimensional case, only recently the existence of a strong
solution has been proved in [25, 15, 9] for the equation

dor = a(py)dt + dé,(t),t >0 (1.2)

with a Hélder continuous drift coefficient, where {£,(t),¢ > 0} is an a-stable process
with a € (1,2).

The case of a discontinuous drift coefficient was considered in the one-dimensional
case, see, e.g., [28, 22|, where the proof of the corresponding result essentially em-
ployed the linear ordering of the real line. The multi-dimensional case with a dis-
continuous drift has been studied only recently, see [6].

Unlike strong solutions, the existence and uniqueness of weak solutions to (1.1)
have been studied in-depth, see, e.g., [7], [12], [16], [17], [4], [19], [18], [21] and
references there. In many situations, estimates on transition densities of the corres-
ponding Markov process have been obtained. For example, the existence of a weak

solution to (1.2) for a € (1,2) is proved in the case a € L,(R% R?),p € (L' oo},

a—1"
and even in a more general situation, where a belongs to the Kato class Kgl_l (see
Definition 2.5 in Section 2). The transition density in this case is estimated from
above by the transition density of the corresponding stable process.

We suggest a new method of proving the existence of a strong solution to (1.1)
that develops the approach employed in our previous paper [6] for an additive «-
stable symmetric Lévy noise with o € (1,2). Concerning the drift coefficient a we
shall assume that the derivative Va in the sense of distributions is a measure (not
necessarily absolutely continuous) for which the additive functional

Alp) = / Va(p,)ds

of the weak solution (1.1) is well-defined. We shall also prove the differentiability of
¢¢(z) in  and derive the natural equation for the derivative

Veulx) =T+ / Age(p(2)) Vepu_ (&) + / Vb (pu (), ) Vipu () N(du, ds)

0 [u]<1
+ /0 /IUI>1 vbQ(SOS— (:B>7 U)VSOS— (x)N(du, dS)
T / Vo (e (2)Vips_ (€)dW (s),t > 0. (1.3)

Let us also mention the recent paper [3], where the equation of the form

dpy = a(ps)dt + dWy(t),t > 0,
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is considered, where Wy is a fractional Brownian motion with a sufficiently small
Hurst parameter H and a is a possibly discontinuous function. The idea of the
proof of existence of a strong solution in [3] is related to a study of local times of the
process ;. In general, a solution is not a Markov process. However, local times are
analogs of additive functionals for Markov processes and there is some connection
between our approach and that of paper [3].

The organization of our paper is as follows.

In Section 2 we explain the idea of our proof of existence and uniqueness of a
strong solution to (2.9) in the case of additive noise. As an illuminating example we
obtain a sufficient condition for existence and uniqueness of solutions to stochastic
differential equations in case where the noise is a symmetric a-stable process with
a € (1,2).

In Section 3 we prove a general theorem on existence and uniqueness of strong
solutions to equation (1.1). In case of a non-additive noise some additional difficulties
arise in obtaining moment estimates for solutions to stochastic equations.

In Section 4 we justify the linear equation (1.3) for the derivative with respect to
the deterministic initial condition for solutions to equation (1.1). Note that in case
b1 = by = 0,0 = const equations of this type for derivatives have been considered
in [2].

Finally, in Section 5 we prove some auxiliary assertions on existence of solutions
and properties and convergence of additive functionals of Markov processes that are
employed in this paper.

2 The idea of proof: additive noise

In this section we explain the idea of our proof of existence of strong solutions to
equations with additive noise in the case where there are some a priori estimates on
the transition density. In particular, we obtain a sufficient condition for existence
of strong solutions to equation (1.2).

Let us consider the equation

dor = a(py)dt + dé(t), t >0, (2.1)

where () is some Lévy process.
Let ag,a; € C3(RY RY). Denote by () the solution to (2.1) with the drift
coefficient ag + A(a; — ap). Then

o) - et = [ 22y 22)

We observe that

N t Mz !
—8@5){ >:/0 V(ao+>\(a1—ao))owi(x)a%—)(\)dﬁ/o (a1 — ao) 0 3(w)ds.



The Gronwall lemma yields the following estimate:

93 (x) ‘
N

sup
s€[0,¢]

< exp{/ot V(a0 + Alar — ag)) o s0§($)|d8} /Ot (a1 — ao) o g3 (x)|ds.

By Holder’s inequality with 67! + 6'~! = 1 we have
oo ¢ 1/6
ealo)) o (Eexp{e [ 1960+ X~ an) o <¢2<x>>rds}) ~
0
¢ 176/
- (tE [ 1 —ae <so2<a:>>|9’ds)
0
t t 1/6
< (Bew{2 [ [Wao(onits} + Bepizs [ Voo (epiast)
0 0

(e (s —a) o (a)lds) " s

Suppose that for every A € [0, 1] there exists the distribution density p}(z,y) of
¢ (x) and one has the following upper bound uniformly in \ :

E sup
s€[0,t]

M a,y) < pez,y), t>0, z,y € RY N e [0,1],

where p;(x,y) is a function measurable in all variables, p;(z, ) is integrable in y for
all fixed t > 0,2 € R
Set

ki(x,y) ::/Ops(ac,y)ds.

On account of (2.2) and (2.3) we obtain

1/6
E sup [¢(0)~(0)| < (0. Var, Voo, ) [ lr=an)) by}, (24)

s€[0,t]

where C'(t,Vay, Vag, ) depends only on ¢ > 0,0 > 1 and the exponential moments
of the random variable

/0 Vas o (9} (2))]ds.

We observe that that this random variable is a continuous nonnegative additive
functional of a Markov process. Hence the exponential moments exist under rather
weak assumptions (see Section 5 and the reasoning below).

Let now a: R? — R? be a locally integrable mapping. Let ¢, ; denote the solution
to (1.1) with the drift coefficient @, where a™ = a * g,,, gn(x) = ng(nz), and g is
a nonnegative infinitely differentiable symmetric probability density function with
compact support.

Suppose that for every n > 1 there exists the transition density of the process
¢n ¢ satisfying the estimate

p(z,y) < pilx,y), t>0, z,y € RY, (2.5)
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where py(z,y) = pi(r —y) is a function measurable in all variables, p;(-) is integrable
for all £ > 0. Then (2.4) yields the inequality

E sup |Q0n,s(x) - Q0m7s<$>|
s€[0,t]

1/6
< C(t,Va,,Vay,0) ( (an — am)(y)|0/kt(x — y)dy) . (2.6)

R |

For justification of convergence of {¢, s(x),s € [0,t]},>1 it suffices to establish
the uniform boundedness of C'(¢, Va,,, Va,,, 8) in n, m and the fact that the sequence
{a,} is a Cauchy sequence in the space Ly (R%, k;(x — y)dy) (later we show that the
limit satisfies the original equation). We need the following definition.

Definition 2.1. A function f and the measure v belong to the Kato class K(p) with
respect to a nonnegative function p,(x) (t > 0,2 € RY) if

/ |f()|ki(z — y)dy < o0, t >0, x € RY,
Rd

and
limsup [ |f(y)lki(z —y)dy =0,
tl0 yerd JRra

where

and, respectively,

/ k(z —y)v(dy) < oo, t >0, € RY,
Rd

lim sup / ki(z — y)v(dy) = 0.
t0 yerd Jra

If v is a signed measure or a vector measure on R%, then we say that v € K(p) if

lv| € K(p), where |v| is the total variation of v.

Theorem 2.2. Suppose that a locally integrable function a satisfies the following
conditions:

1) for every n there exists the transition density p}(x,y) satisfying the uniform
estimate (2.5) with some common function py(x) such that

sup / pe(x)dr < oo VT > 0;
Rd

t€[0,T]

2) there exists @' > 1 such that the function |a|? belongs to the Kato class K(p);

3) the derivative Va in the sense of distributions is a measure from the Kato
class K(p).

Then there ezists a strong solution to equation (2.1).

If, in addition, equation (2.1) has a unique weak solution, then its strong solution
1S Unique.



Proof. We observe that

sup [ |an(W)|? ke(x — y)dy = sup [ |a* go(y)|" ki(z — y)dy

n R4 n R4
< sup /d ]a\el % gn(Y)ke(x — y)dy = sup ]a\e/ % g * ky ()
n R n

= sup |a|” % k; % go(z) < supa|? * k(2) < 00, (2.7)
Let 6; > #'. Then (2.6) yields that

E sup |pns(x) — @ms(z)]
s€[0,¢]

1/6'
< C(t,Van, Vay, 0)) ( (an — ) ()| ke (2 — y)dy) :

R4 |
The assumptions of the theorem and Lemma 5.3 yield the boundedness of

C(t,Vay,, Vay,b6)

uniformly in n,m. Next, (2.7) and the fact that lim a,(y) = a(y) for a.e. y with

respect to Lebesgue measure imply convergence of the integrals to zero as n, m — oo.
Hence there exists a process {¢;(x),t > 0} such that

E sup |pns(z) — @s(z)| — 0, n — oo. (2.8)
s€0,t]

The fact that the limiting process {p;(z),t > 0} is a strong solution follows from
(2.8), Corollary 9.9.11 in [5] and the uniform estimates on the densities (2.5).

Remark 2.3. We have proved the theorem in the case where the initial condition
is  and is not random. Similarly, we can prove our assertion for every non-antici-
pating initial condition. It can be shown that one can choose a version of the process
@¢(x) jointly measurable in ¢, z.

Slightly modifying the proof in [11], we obtain that ¢;(z) is a unique strong
solution if the weak solution is unique. O

Example 2.4. Let us consider equation (1.2) in the case, where {,(t),t > 0} is
a symmetric a-stable process with o € (1,2). Existence of weak solutions to (1.2)
d

a—17

is known in the case where a € L,(R%,R%),p € ( oo}, see [23], and even in a

more general case where a belongs to the Kato class K '. The transition density is
estimated from above by the transition density of the corresponding stable process.
Let us give the corresponding definition of the Kato class in this situation and
formulate a result on properties of weak solutions.

Definition 2.5. A function f and a measure v belong to the Kato class Kg iof

lim sup / | oz — =4 f(y)|dy = 0
z—y|<e

€l0 ;crd
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and, respectively,

lim sup / |z —y|" v (dy) = 0.
|lz—y|<e

€l0 ;cra
If v is a signed measure or a vector measure on R?, then we say that v € Kg if
lv| € K7, where |v] is the total variation of v.
Remark 2.6. One can show that the Kato class associated with the function

t
+ |x|)d+a

pi(x) = (t1/e

coincides with the class K§, see [30], [8].
The following theorem holds.

Theorem 2.7. Ifa € Ki ', a € (1,2), then there exists a unique weak solution to
(1.2) and this solution is a homogeneous Markov process the transition density of
which satisfies the following estimate: for each T > 0 there is Ly such that

Lyt
ety —a

Lyt

ey —apira Ve LTl ny e R (29)

|)d+a Spt(xvy) S (

where Ly depends only on T, a, ¢, d, and the rate of decreasing to zero of the function
Sup/ lz — y|*Ya(y)|dy as e — 0+ .
z€R4 J |z—y|<e

In particular, (2.9) holds if a € L,(RY,R?),p € (ﬁ, oo] .

Existence is proved in [7], for uniqueness, see [10].

Thus, the hypotheses of Theorem 2.2 are fulfilled if a € K§', |a|'™® € K for

some 6 > 0, and the distributional derivatives p;; = gg"_ are measures from the
J

class K. In this case there exists a unique strong solution to equation (1.2). These
conditions are satisfied, for example, by functions of the form a = >~} _, filla,,
where f; € Cf, and Ay, is a bounded set with smooth boundary. This completes our
discussion of Example 2.4.

3 The general case

Suppose that o € C}(R?, R™ @ R?), the function b; is continuously differentiable in
x and satisfies the conditions

sup/ by (2, ) |Pv(du) < oo, (3.1)
v Jul<1
sup/ | Vb (2, ) Pr(du) < oo (3.2)
z  Ju|<1
sup |Vabi(x, u)| < 0o. (3.3)

T,

Let ag,a; € CLHRY, R?). Set ay(z) := ao(z) + a1 (z) — ap(x)).
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Suppose first that b, = 0. Under the stated assumptions about coefficients, there
exists a unique solution to the equation

oNa) =+ / ax(¢?(2))ds + / /| e )N
+ /Ota(gpi_(x))dW(s),t >0. (3.4)

It is also readily verified (similarly to the reasoning in [20, §3.3]) that there exists
A A
a derivative 8905—)@ in quadratic mean. Moreover, Y; := Y () := 8@5—/\(@ satisfies the

linear stochastic equation

Y, = / (Va) (@} (2))Yads + / (@@ (@) — aolp())ds

t
+/ Vb () (x),u)Ys_ Nduds—l—/Vo z))Y,_dW (s),t >0 (3.5)
Jul<1 0
and L 9o a)
oMz
o) - i) = [ 2ar (3
0
Our aim is to obtain estimates analogous to (2.6).
Set

E(t) == exp{—c/ot Vax (¢ )|ds — ct}.

Let us apply Ito’s formula to |Y;|2E.(t), see [1, §4.4], [20, §2.3]. For shortening
notation let us consider only the case d = 1, m = 1. We have

YiPE(t / Yo PE(s (wmsoi)—cmwi>|—c+\w<so2>|2
14+ Vb () ,u))> —1—2Vb (@), u)|v(du)ds
o AR ()t
+ /0 2Y,_E.(5—) (a1 — ap) o ) _ds
" / Voo (2))Y2 Ex(s—)dW (s)
t 21Y,_2E.(s—)((1 + Vi ?_,u 2—1]’\7du,ds. 3.7
+/0/u|<1||<><<+ (0 u))? — )N (du, ds). (3.7)

Remark 3.1. Under the stated assumptions about coefficients, one can show (see
20, §3.1]) that

sup sup sup E|YNx)[P < oo, Vp > 1.

z€R? A€[0,1] t€[0,T]

Hence the expectation of the stochastic integrals in the right side of (3.7) is zero.



If we choose ¢ sufficiently large, then the first integral in the right side of (3.7)
is non-positive. Hence

t
E|Y|?E.(t) < E/ 2Y,_E.(s—)(ay — ap) o ) ds
e t
< E/ Y2 E.(s—)ds + E/ (a1 — ag) o ) |ds
0 Jo
= E/ Y2E.(s)ds + E/ (a1 — ag) o ) |*ds.
0 0
The Gronwall lemma yields that
¢
E,PE(t) < etE/ (ar — ao) o ©*2ds.
0

Suppose that there exists a measurable nonnegative function
p: (0,00) X [0,00) = [0,00), (@,1) — pi(r)

such that the transition densities p)(x,y) of the processes ¢} satisfy the uniform
estimate
i@ y) <plle—yl) YAE[01],VE>0Va,y R

Then we have
t
pviPe® <e [ [ 1 - a))Frde - yhidds
0

= [ o = )@kl = sl)dy

where

By the Cauchy inequality

ElY,| = EIY;|(E(t)*(E(t) ™ < VEYPEM)VEE()

< / a1 — a0) )Pl — yl)dyx

X \/Eexp{c/ot(]Vao(goﬁ_ﬂ + |Vai (o) )])ds + ct}. (3.8)

Theorem 3.2. Suppose that o € CL(RY, R™ @ RY) and that conditions (3.1), (3.2)
and (3.3) are fulfilled. Let by be Borel measurable. Let g € C(R?) be a nonnegative
probability density. Let v, .(x) denote the solution to (1.1) with the drift coefficient
an = a* g,, where g,(x) := ng(nz), and initial condition @, o(r) = =.

Suppose that the transition densities pi'(x,y) of the processes v satisfy the
uniform estimate

pi(zy) <pllz—yl) VnVt>0,Vz,yeRY

9



where

sup / pe(|z])de < oo VT > 0.
t€[0,T] JRd
If |a|?*¢ belongs to the Kato class K(p) for some e > 0 and the distributional deriva-
tive of a is a vector measure Va € K(p), then there ezists a strong solution to
equation (1.1).

If, in addition, a weak solution is unique, then the indicated solution is the unique
strong solution.

Proof. Note that the o-algebra

O‘{N(A N{|u] <1},]0,¢]), t>0,A € B(Rd)}
and the o-algebra

J{N(A A {lul >1},[0,4]), t > 0,4 € B(Rd)}

are independent, the Poisson random measure N has only finitely many atoms on
the set {|u| > 1} x [0,¢], and

P(N({|u| > 1) % [0,4]) = o) = e~v{lu>1t

Our equation for an arbitrary by coincides with the equation for by = 0 on the time
intervals where the restriction of the measure N to {|u| > 1} x [0, c0) has no atoms.
In addition, the solution for an arbitrary by on [0, 7] can be obtained from solutions
with by = 0 and finitely many jumps, see [20, §3.5].

The following assertion is readily proved.

Lemma 3.3. Suppose that for every initial condition there exists a unique (strong
or weak) solution to equation (1.1) with some by and this solution is a strong Markov
process. Then, for every initial condition, there exists a unique (respectively, strong
or weak) solution to equation (1.1) with an arbitrary by and this solution is a strong
Markov process. In addition, one has

P (x,y) < e?We>ty, (4 ),

where pY(z,y) is the transition density of the solution with by = 0 and py(z,y) is the
transition density of a solution with an arbitrary bs.

We can further assume without loss of generality that b, = 0. Convergence of
the sequence ¢}(x) in L; will follow from (3.6), (3.8) and Lemma 5.3 provided that
we show that

lim supsup | [Van (y) k(| — yl)dy = 0.

t=0+,>1 z Jpd

(3.9)
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Indeed,

L IVantwlitle =iy = [ 1Va s g, lslle sl

< [ (19l g.)ka(le ~ gy
R
= |Va| * g, * ky(x) = |Va| x ky x g,(x) < sup|Va| x ki(z) — 0, t — 0+,
because Va € IC(p).
The proof of relationship (3.9) is similar to the justification of the corresponding
step in Theorem 2.2.

Now [5, Corollary 9.9.11] and the uniform estimate for densities imply conver-
gence in probability

an(p (@) L an(i(2)), o(0l (@) D alei(@)), bi(el(@),u) 5 bi(pi(x),u) (3.10)

as n — oo for every fixed ¢ > 0. The possibility to pass to the limit under the integral
sign in the equations for ¢, ;(x) follows from (3.10) and the uniform estimates for
the second moments of the expressions under the integral sign, which follow from
our assumptions about the coefficients of the equation.

Uniqueness of a strong solution in the case where we have existence of a strong
solution and uniqueness of a weak solution is proved similarly to Theorem 2.2. [

4 The equation for the derivative in initial condi-
tion

For investigation of differentiability of ¢, :(z) in z it is convenient to assume that
equation (1.1) is written in the form

90()—$+/ d8+//€Rd (ps— )N(duds)
—l—/o o(ps—(x))dW (s),t > 0. (4.1)
Suppose that

sup /Rd(|bl(gn,u)|2 + | Vby (2, u)|*)v(du) < oo (4.2)

T

and that for (4.1) the hypotheses of Theorem 3.2 are fulfilled. Then we have well-
defined additive functionals
/ O, a' (ps(x
see Theorem 5.9, where a = (a', .. . Let
Adlp(a)) = AT (o)) = 147" (@)

As a function of ¢ the mapping A;(¢(x)) has bounded variation.
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Theorem 4.1. Suppose that in addition to the stated assumption we have the lo-
cally uniform convergence of the transition densities of the processes pp () from
Theorem 3.2 to the transition density of p(x):

sup  sup |pit(z,y) —pf(z,y)|=0 V§>0. (4.3)

0<t<é—1 |z|,|y|<6—1

Then pn+(x) is continuously differentiable in LP(Q) whenever p > 1, i.e., for all
z,h € R? we have

pi(x + uh) — pi(x) Lr(@)
u

Vu(z)h as u — 0.

The derivative Yi(x) = Vi(x) satisfies the linear stochastic differential equation

Yi(e) =1+ / Yo (2)dAs(o(x)) + / / (). 0)Yin (o) N )
+ /Ot Vo(ps—())Ys—(z)dW(s),t > 0.

Proof. The processes ¢} (z) are continuously differentiable in LP(€)) with respect to
the initial condition and

Vipn(w) = I + / Vil (2)dA ()
+ /0 N Vb (o (), ) Vior o (2)N(du, ds)

+/0 Vo (pns—(2))Vipns—(2)dW(s),t 2 0, (44)

where

Ansla)) = [ Fanlina(a))ds.

Foralln>1,z,h € R, u € R,t > 0 one has
Ont(x +uh) = @ui(z) + / Vni(x+ zh)hdz. (4.5)
0

Let us justify passage to the limit in (4.5) as n — oo.
It follows from Lemma 5.3 that

sup sup E|A} (pns(2))[” + sup E|A(¢(2))[” < oo Vp = 1.

It is readily verified that

sup supsup E|Vip,,(z))l’ < oo,
tel0, 7] n @

sup sup E|Y;(2)]P <oo, Vp>1,T7>0.
tel0,T] =

12



Set

Zp = A} (pns(2)) + /0 Vb1 (pn,s—(2), U)N(du, ds)

N /0 Vo (s (2))dW (5) =: A (ono(x)) + MP.

Then equation (4.4) can be written in the form

Vep(x) =1+ / (A7) Vs (). (4.7)

We need the following fact: for the martingales M;* and each T" > 0, there holds the
uniform convergence in probability

sup |M]" — M, 20, n— . (4.8)
t€[0,T

where

M= [ [ I ds) + [ Vol (o) (s)

and () is the solution constructed in Theorem 3.2. The proof of this fact follows
from the Kolmogorov inequality for the supremum of martingales combined with
convergence (3.10), the boundedness of Vo and (3.1).

From Corollary 5.14 we obtain the uniform convergence in probability for the
corresponding additive functionals:

(p(x)) — A (0 ()

(ax]- a’)*

sup |A,; 50, n— oo,VT > 0.

te[0,T

We recall that a,, = a * g,,. Hence for each T" > 0 we have

(o ()

(8s a1

t
sup / (0,0l (pn,s(2)))"ds — A, 20, n— . (4.9)
0

te[0,T7]

Generally speaking,

tﬁx.ai ns))Tds = tﬁx.ai* n(ons))Fds tam.aii* n(On.s)ds,
/0< . (n) /0< (@ % gu(n)) 7&/0< ) % gu(pn)

but
t . t . t .
/ aﬂ:ja;(@n,b‘)ds = / (axja;(@n,S))ers - / (axja;(Qpn,S))idS
0 0 0
t t
= / (8-1’jaz)+ * Gn(Pn,s) — / (al’jaz)_ * G (Pn,s)ds.
0 0

Now, Lemma 4.8, (4.6), (4.9) and [26, Theorem 14 in §5.4] yield convergence
Vni(z) — Yi(z), n — oo in all L,. Hence (4.5) implies that

oi(x +uh) = @i(z) + / Yi(z + zh)hdz.
0

Similarly to the proof of Theorem 3.2 one can show that Y;(x) is continuously in x
in all L,. Hence Y;(z) is the derivative of ¢;(z) in . O
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Remark 4.2. It readily follows from the proof of the main result in [7] that for
equation (1.2), where {£,(t),t > 0} is a symmetric a-stable process with a € (1,2),
condition (4.3) is fulfilled.

5 Additive functionals of Markov processes

Let us consider a probability space (2, F, P) with a filtration {F;: ¢t > 0}. Let
(X¢)t>0 be a homogeneous Markov process with a phase space E adapted to the
filtration F;. Set N; = o{&(s): 0 < s <t}

Definition 5.1. A random function function {A;,t > 0} adapted to the filtration
{N;} is called a continuous additive functional of the process {X;,t > 0} if

1) it is nonnegative,

2) continuous in t,

3) homogeneously additive, i.e., for allt > 0,s > 0,z € E one has

At+8 = AS + QSAt Px-a.s.,

where 0 is the shift operator.
If, in addition, for each t > 0 we have

sup F,A; < o0,

then { A, t > 0} is called a W -functional and the function
fi(z) = Ex A,
15 called its characteristic.
We need the following result (see [13, Theorem 6.3]).

Lemma 5.2. A W-functional is determined by its characteristic uniquely up to
equivalence.

Lemma 5.3. Suppose that {A;} is a W-functional with characteristic fi(x) and

lim || fa]leo =0, (5.1)

h—0+

where ||g|lo := sup, |g(x)|. Then
E,exp{7A:} <C <oco Vvy>0,t>0,

where the constant C' depends on t,~y, and the rate of decreasing to zero of the norm
| fulloo as h — 0 +.

The proof of this lemma follows from [14, Chapter II, §6, Lemma 3| and [24,
Lemma 1.1].
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Example 5.4. Let £ = R? and let the process {X;} have a transition density
pe(z,y). For a nonnegative measurable function g set

t
At—/ g9(Xs)ds.
0
We observe that
t
fle) = B = [ [ goavts = [ beogman, 62
o Jr R

where .
ki(z,y) = / ps(,y)ds. (5.3)
0

The process A; is a W-functional if

sup/ ki(x,y)g(y)dy < oo, t > 0. (5.4)
x R4
Condition (5.1) is fulfilled if
lim sup/ kn(z,y)g(y)dy = 0, (5.5)
h*’0+ €T Rd

i.e., g € K(p), see Definition 2.1.

Let us consider the process {¢;} from Theorem 2.7. Then the transition density
satisfies the estimate (2.9). It follows from our discussion in Example 2.4 that in
order to have (5.5) it is necessary and sufficient that the function g be in the Kato
class K7, see Remark 2.6 and Theorem 2.7.

Remark 5.5. (i) It is readily verified that if (5.5) holds, then (5.4) is also true.
(ii) If {¢e(z),t > 0} is a solution to (1.1) defined on some probability space
(Q,F, P) with ¢o(x) = x, then

E, A = E/O g(ps(x))ds.

Our next results are concerned with convergence of additive functionals.

Theorem 5.6. 1) Let A;(t),i = 1,2 be W-functionals of a Markov process X, and
let fi(z) be the characteristic of Ai(t). Then for all t > 0 we have

E(Ai(t) — As(t))* < 2 s 1fs = Flloo U1 F oo + 1 £ M1 o0)-
se|0,

2) Let {A,(t), t > 0},>1 be a sequence of W -functionals of a Markov process X.

Suppose that one has the uniform convergence of characteristics
n—00 0 <y<t

where fi(x) is some function.

Then f,(x) is the characteristic of some W -functional A(t). Moreover, for all
t > 0 we have

lim E(A,(t) — A(t))* = 0.

n—oo

15



The proof follows from [13, Theorem 6.4, Lemma 6.5].

Remark 5.7. In case where our formulations contain no assumptions about the
distribution of X (0), this means that the corresponding result is valid for every
initial distribution of the process X.

Theorem 5.8. Suppose that {A(t), t > 0} is a W-functional of a Markov process
{X(t),t > 0} with the characteristic f;(x) satisfying (5.1). Set

An(t) = /0 t wd& (5.7)

Then

E(A(t) — An(1)* < 8l fullocll fernlloo < 8llfallocll fealloo, € (0,1].

In particular, every W-functional satisfying (5.1) is a limit in quadratic mean of
integral functionals of the form (5.7).

The proof follows from the reasoning in [13, Lemma 6.5, Theorem 6.6].

Theorem 5.9. Suppose that a Markov process X has a transition density pi(x,y).
Suppose that v is a measure such that v € K(p), i.e.,

sup / (e, y)v(dy) — 0, ¢ — O+, (5.8)
Rd

T

where ky(x,y) is defined in (5.3). Then

fi(z) = /Rd ky(x,y)v(dy)

is the characteristic of some W-functional Ay = A7 (X) of the process X and one
has convergence in quadratic mean

t
X
At = l.i.m.hg,[}k/‘ fh( >d8
.k

We observe that the characteristic of the integral functional (5.7) equals

= [ nteaay

One can show that
lim sup Hff — fulloo =0, (5.9)

h—0+ 0<u<t
(see the reasoning in the proof of [13, Theorem 6.6]).
The proof of the theorem follows from Theorem 5.8 and Theorem 5.6.
Remark 5.10. Similarly to integral functionals, where the measure v(dy) has the
form ¢(y)dy, the functional AY = AY(X) is sometimes denoted by fot Z—Z(Xs)ds in

spite of the fact that the density Z—Z need not exist. If Xy = x, then the corresponding
W-functional will be denoted by AY (X (x)).
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Example 5.11. Suppose that the conditions of Theorem 2.7 are fulfilled and ¢ is
the solution to equation (1.2). It follows from the reasoning in Example 5.4 that

la) = [ ol vty

is the characteristic of a W-functional satisfying (5.1) precisely when v belongs to
the Kato class K.

The next theorem gives sufficient conditions for convergence of W-functionals of
different Markov processes defined on a common probability space.

Theorem 5.12. Suppose that Markov random functions {X,(t),t > 0},>0 with
values in R are defined on a common probability space and that for everyt > 0 one
has convergence in probability

X,(t) 5 Xo(t), n— . (5.10)

Let the sequence of characteristics of W -functionals {A™(X,)} satisfy the conditions

li " =0 5.11
A, sup i (5.11)
lim sup |f'(z) — f(z)|] =0 Vh>0,R>0, (5.12)

and let the function f7(-) be continuous for every h > 0.
Then for allp > 1 and T > 0 we have

E sup [A}(X,) - AYX)P — 0,n — oc.

te[0,T]

Proof. We have

A7 (Xn) — A2 (Xo

e
/fh d—/fh ds /fh ds—AO(XO)

For estimating the second moment of the first and last terms we apply Theorem 5.8
for sufficiently small 2 > 0 (uniformly in n).

For fixed h > 0, the moments of the second term converge to zero due to con-
ditions (5.10) and (5.12), and the same is true for the third term by the continuity
and boundedness of f and convergence (5.10). Hence for each ¢t > 0 we have

E|A}(Xa) = A}(Xo)]* = 0,n — o0.

Since the functions A} (X,,) are continuous and monotone in ¢, this yields the uniform
convergence in probability

sup |AP(X,) — AY(Xo)| £ 0,n — o0, VT > 0.

t€[0,T]
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For completing the proof it remains to observe that (see Lemma 5.3)

sup sup Ay (X,)|P < o0
n  te[0,T]

forallp>1and T > 0. O

Remark 5.13. The assumption of continuity of f can be replaced by the following
one: for every n > 1, there exists a transition density of the process X, satisfying
the estimate

P (z,y) < pilz,y), t>0, z,y € RY,

where py(x,y) = pi(z — y) is a function jointly measurable in all variables and p,(-)
is integrable for all ¢ > 0.

Corollary 5.14. Suppose that Markov random functions {X,(t),t > 0},>0 with
values in RY are defined on a common probability space and for everyt > 0 one has
convergence in probability (5.10). Suppose that

1) one has the locally uniform convergence of the transition densities

sup  sup |pi(z,y) — py(z,y)] — 0, n— o0, V>0,
s<t<s1 |a].ly|<5—1

2) there exists a function py: x — py(|z|) in L1 (R?) such that

p?(xay) Spt(|x_y|) vn207t>07 I??JE]Rda

3) ve K(p),
4) for each 6 > 0 one has

lim sup / pe(z)v(dx) = 0.
|z|>R

=00 5<p<s—1
Then one has convergence of additive functionals (see notation in Remark 5.10)

E sup [4)(X,) — A/ (Xo)[" =0, n—o0, Vp=>1,T>0.
t€[0,T]

Corollary 5.15. Suppose that the conditions of the previous corollary are fulfilled.
Let g,(x) = nig(nx), where g is a continuous symmetric probability density. Let v,
denote the measure with density g, *x v. Then for all p > 1 and T > 0 we have

B sup [AP(X,) — AY(Xo)l” = 0,n — oo,
te[0,7)
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