SEMI-DISCRETIZATION FOR STOCHASTIC SCALAR CONSERVATION LAWS
WITH MULTIPLE ROUGH FLUXES

BENJAMIN GESS, BENOIT PERTHAME, AND PANAGIOTIS E. SOUGANIDIS

ABSTRACT. We develop a semi-discretization approximation for scalar conservation laws with multi-
ple rough time dependence in inhomogeneous fluxes. The method is based on Brenier’s transport-
collapse algorithm and uses characteristics defined in the setting of rough paths. We prove strong
L'-convergence for inhomogeneous fluxes and provide a rate of convergence for homogeneous one’s.
The approximation scheme as well as the proofs are based on the recently developed theory of path-
wise entropy solutions and uses the kinetic formulation which allows to define globally the (rough)
characteristics.

1. INTRODUCTION

We introduce a semi-discretization scheme and prove its convergence for stochastic scalar conservation
laws (with multiple rough fluxes) of the form

N
(1) du+Z@IiAi(aj,u)od2‘§ =0 inRY x(0,7),
’ i=1

u(-,0) = ug € (L' N L?)(RN).

The precise assumptions on A, z are presented in the sections 2] and [3| below. To introduce the results
here we assume that A € C?(RY x R;R") and z is an a-Hélder geometric rough path; for example, z
may be a d-dimensional (fractional) Brownian motion or z(t) = (t,...,t) in which case we are back in
the classical deterministic setting —see Appendix [A]for some background on rough paths. For spatially
homogeneous fluxes, the theory is simpler and z € C([0,T];RY) is enough. In what follows we may
occasionally use the term “stochastic” even when z is a continuous or a rough path.

Stochastic scalar conservation laws of the type ([1.1)) arise in several applications. For example, (|L.1))
appears in the theory of mean field games developed by Lasry and Lions [15], [16], [17]. We refer

to Gess and Souganidis |12] and Cardaliaguet, Delarue, Lasry and Lions [6] for more details on the
derivation of (1.1)) in this case.

The semi-discretization scheme we consider here is based on first rewriting (1.1)) in its kinetic form
using the classical Maxwellian

+1 for 0 <& < u(x,t),
(1.2) x(x, &, t) = x(u(z,t),8) := ¢ —1 for u(z,t) < £ <0,
0 otherwise.
The theory of pathwise entropy solutions introduced by Lions, Perthame and Souganidis in [19] and

further developed by Lions, Perthame and Souganidis in [21] and Gess and Souganidis in |12] (see

Date: December 18, 2015.

2000 Mathematics Subject Classification. 60H15, 656M12, 35L65.

Key words and phrases. Stochastic scalar conservation laws; Kinetic formulation; Rough paths; Transport collapse.
1



2 B. GESS, BENOIT PERTHAME, AND PANAGIOTIS E. SOUGANIDIS

Appendix for the precise definition and some results) asserts that there exists a non-negative,
bounded measure m on RV x R x [0, 7] such that, in the sense of distributions,

(1.3) atx+z (2,€)Dp, x 0 dz’ +ZaxlA ,€)dex 0 dz' = dem,
=1

where, for notational Slmp11C1ty we set

a'(z,§) := (0uA")(, §).
The approximation is based on a splitting and fast relaxation scheme. Given a sequence of time steps
0=ty <ty <---<tg =T, we first solve the linear “free-streaming” transport equation

(1.4) O fae +Z 2,€)0y, fag © dz° +Z&E1A 2,€)0cfarodz’ =0 on RY x R x [tg, tgi1),
=1

and then 1ntroduce a fast relaxation step, setting (see section [1| for the notation),

(1.5) upg(z,t) = /fAt(xanvt_)dn and  far(z, €, thr1) = X(uat (@, te1), §);
note that fa; is discontinuous at ¢ while ua; is not.

The approximation of the pathwise entropy solution to (1.1)) that we are considering here is ua;.

We present our results first for homogeneous, that is, z-independent fluxes, and then we treat the
general case.

Consider the homogeneous stochastic scalar conservation law

N
(1.6) du+ Y 0pAlu)odz' =0 inRY x (0,7).

i=1
We prove the strong convergence of the approximants ua; to the pathwise entropy solution u and
provide an estimate for the rate of convergence (see Theorem below), that is, for ug € (BVNL>*N
LY)(RY), we show that there exists C' > 0 depending only on the data such that

(1.7) Ju(t) - usi(®)l < CVA,
where Az defined by
(1.8) Az:= max sup |z — 2, |-

k=0, K =L tefty, ty41]

In the general inhomogeneous case, that is, for , no bounded variation estimates are known either
for the solution w or for the approximants ua;. In addition, due to the spatial dependence, we cannot
use averaging techniques. To circumvent these difficulties, we devise a new method of proof based on
the concept of generalized kinetic solutions and new energy estimates (see Lemma below). The
result (see Theorem is that, for ug € (L' N L?)(RY) and At — 0,

upns — u in LYRY x [0,7)).
The semi-discretization scheme we introduce here is a generalization of the transport-collapse scheme

developed by Brenier [3,/4] and Giga and Miyakawa [13] for the deterministic homogeneous scalar
conservation law

N
(1.9) O+ 0y, A'(w) =0 in RN x (0,7).
=1
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In this setting, the convergence of the transport-collapse scheme was proven in [3}/4,/13] based on
bounded variation arguments. A general methodology for this type of result as well as for error
estimates was developed by Bouchut and Perthame [2]. An alternative proof of the weak convergence
of the transport-collapse scheme based on averaging techniques was presented by Vasseur in [26] for
with N =1 and A% (u) = %uQ, that is, for Burgers’ equation.

The results we present here generalize what was known before even for the deterministic problem.
Indeed, firstly, we establish a rate of convergence for the transport-collapse scheme (see ) which
was previously unavailable even in the deterministic case (although maybe not too surprising in view
of [2]). Secondly, we prove the convergence of the scheme also in the inhomogeneous case, where the
averaging techniques and, thus, the method developed in [26] do not apply, in particular because our
assumptions allow for degenerate fluxes.

The well-posedness of the pathwise entropy solutions for has been proven in [12/{19,21]. Regularity
and long-time behavior has been considered by Lions, Perthame and Souganidis [20] and Gess and
Souganidis [11]. For a detailed account of numerical methods for (deterministic) conservation laws we
refer to LeVeque [18], Bouchut [1], Godlewski and Raviart [14], Eymard and Gallouét, Herbin [8] and
the references therein.

Finally, we recall that kinetic solutions to ([1.9) were constructed by Brenier and Corrias [5], Lions,
Perthame and Tadmor [22] and Perthame [25] as limits of the so-called Bhatnagar, Gross, Krook
(BGK) approximation, that is,

N
(1.10) O+ 3 (A (0 7 = Z(MF — ),

=1

where the “Maxwellian” associated with a distribution f is defined by

(1.11) Mf(z,6.1) == x( / f (., t)dn, ©).

In comparison, the transport-collapse scheme we are considering here is based on a fast relaxation
scale for the right-hand side of ((1.10|), that is on enforcing M f€ = f¢ at the time-steps tx.

Structure of the paper. The strong convergence and the rate for the homogeneous case is obtained
in section The inhomogeneous case is treated in section Some background for the theory
of rough paths is presented in Appendix [A] The definition and fundamental properties of pathwise
entropy solutions to are recalled in Appendix|B| A basic, but crucial, bounded variation estimate
for indicator functions is given in Appendix [C]

Notation. We set Ry := (0,00) and 0 is the “Dirac” mass at the origin in R. The complement and
closure of a set A C RY are denoted respectively by A¢ and A, and By, is the open ball in RY centered
at the origin with radius R. We write || f||¢(o) for the sup norm of a continuous bounded function f
on O CRM and, for k = 1,..., 00, we let C¥(O) be the space of all k times continuously differentiable
functions with compact support in O. For v > 0, Lip?(O; Rl) is the set of R! valued functions defined
on O with k = 0,...|vy] bounded derivatives and v — |6| Holder continuous |v|-th derivative; for
simplicity, if v = 1 and I = 1, we write Lip(O) and denote by || - ||co1 the Lipschitz constant. The
subspace of L!-functions with bounded total variation is BV. If f € BV, then | f|pv is its total
variation. For u € L1([0,T]; LP(RY)) we write ||u(t)||, for the LP norm of u(-,t). To simplify the
presentation, given a function f(x, &) we write HfHL;& = [|fldzd§ == [|f(x,&)|dzdE. For a measure
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m on RY x R x [0, T] we often write m(x, £, t)drdédt instead of dm(x, &,t). If f € LY(RYN x [0,T]) is
such that t — f(-,t) € L'(RY) is cadlag, that is, right-continuous with left limits, we let

t—)dz =i t —h)dx.
[ oy =tim [ st~ n)do
The space of all cadlag functions from an interval [0, 7] to a metric space M is denoted by D([0,T]; M).
For a function f : [0,7] — R and a,b € [0,T] we set f| := f(b) — f(a). The negative and positive

part of a function f: RY — R are defined by f~ := max{—f,0} and f* := max{f,0}. Finally, given
a,b € R, a Ab:=min(a,b).

2. SPATIALLY HOMOGENEOUS STOCHASTIC SCALAR CONSERVATION LAWS

We consider stochastic homogeneous scalar conservation laws, that is, the initial value problem

1) {w+zﬁghmwwmy:0 in RN x (0,7),
u(-,0) = up € (BV N L®)(RN),

where

(2.2) z€ C([0,T);RY) and A e C*R;RY);

recall that as mentioned earlier BV is taken to be a subset of L.

The kinetic formulation reads, informally,
N . .

(2.3) Oix+ Y a'(€)0y,x 0 dz" = Ogm,
i=1

for some non-negative, bounded measure m on RY x R x [0, T], where a := A’

Fix At > 0, define t; := kAt with k = 0,..., K and KAt ~ T and Az as in (1.8). In what follows

assume
(2.4) Az < 1.

The approximation ua; is defined as

(2.5) uat(z,0) =ug(z) and wuai(z,t) := /fAt(:L‘,g,t—)dg,
where fa; is the solution of
{&:fm + 3N @ (€)Dn, farodz' =0 on (g, tit)

fAt('x:é.vtk) = X(UAt($,tk>,£),
that is, for t € [tg, tg+1),

(26) fAt($7§7t) = fAt(.’L'—G(f)(Zt _Ztk)vatk)'
The main result in this section is:

Theorem 2.1. Let ug € (BV N L®)(RY) and assume (2.2) and [2.4). Then

sup |lu(-,t) —uae(-,t)[1 < \/ZHUOHBVHGHCOJ([—||uou,||u0||) [uoll2VAz.
t€[0,T
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Before presenting the rigorous proof of Theorem we give an informal overview of the argument.
For the sake of this exposition we assume z € C1([0, T]; RY) for now.

The proof is based on the observation that the semi-discretization scheme introduced above has a
kinetic interpretation. Indeed, using the notation (1.11]), we observe that fa; solves

N
(2.7) Dufae+ Y a'()Du, farz' =Y 8(t — t)(Mfar — far) =: Demas.
k

=1

Since |x| = |fa¢| = 1 or 0, it follows that
[ (o) = astoided = [ (o)~ fadoPdeds = [ (6(OF - 200 failt) + 1)) decls
= [ (xO]= 200 fau®) + | au0)
Multiplying and by sgn(€§) and integrating yields

d d
dt/\x(tﬂdﬁda:: —2/m(m,0,t)dx and dt/]fm(t)\dﬁdx: —2/mm(:1:,0,t)da;,

and, since

Oex = 6(§) — d(u(x,t) = &) <4(8),

and
angt S 6(5) + Da?fAt(x - a(f)(Zt - Ztk)vé-vtk) : a/(g)(zt - Ztk)a
we obtain
~25 [ xhadedn = =2 [ @t + x0ufa) dedo
N . . N . .
= —2/ (fm( - Z a'(€)0z,x3" + Oem) + x( — Z a'(§)0z, far?" + 3gmAt)) dédx
i=1 i=1
= 2/ (85fAtm + 85X7TLA,5) dédx
< 2/(m(3:, 0,t) + may(x,0,t)) dédx
+ /szAt(ﬂﬁ —a(&)(zt — 2t,), & ) - a,(f)(zt — 2y, )md§dx
d d
~ 5 [ ldedz = 5 [ faildeds + ooyl — 22| [ Damlde,
and, hence,

/u mtwwmwwm[mthQﬂDmmm

At this point we face a difficulty. The term [ |Dym|dédxz may not be finite and thus an additional
approximation argument is necessary.

To resolve this issue we replace x by its space mollification x° making an error of order ¢||lug| gy and
we note that, if m® is the mollification of m with respect to the x-variable,

T 17 l[uoll2
/ /|Dxm5\d§dxdt < / /mdfd:rdt < =
0 € Jo 2e
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In conclusion, we find

[ 1) = use @t < elfuolmy + I ong =L,
and choosing € = v/Az finishes the informal proof.
For future reference we observe that, if
Xae(z,§,t) = x(uae(z,1),§),
then
(2.8) Xarlw &) = x( [ farlen 0dn, &) = Mfaa,€.1),

and, to simplify the notation, we set
1 = ||uolloo-
We continue with

The proof of Theorem[2.1. We first assume 2z € C1([0,T];RY). In this case, x and fa; solve (2.3)
and (2.7)) respectively. It has been shown in Theorem 3.2 in [19] that x depends continuously on the
driving signal z, in the sense that, if u', u? are two solutions driven by z!, 2% respectively, then

sup [[u'(t) — u*(®)]l1 < Cllz' = 2%l cqpoymm)-
t€[0,T]

In view of (2.6)), it follows that fa; and xa; also depend continuously on z. Hence, the rough case
z € C([0,T]; R"Y) can be handled by smooth approximation in the end (see step 5 below).

Step 1: The kinetic formulation. As mentioned earlier, the proof is based on the kinetic inter-
pretation of the semi-discretization scheme given by ([2.7)).

Since, in view of
/ (M), €)de = / f(, €)de,

we use
[ 1M1, - MG, 91ds = [ x( [ smin©) - x( [ gte.minolde =1 [ 5(.6) - gl ).
to conclude the following L'— contraction property

(2.9) IMF = Mgl <11 =gl

We note that ma, is a non-negative measure. Indeed,

ma;r = 5(t —ti)(Mfar — far)dé =) 5(t —t) | (Mfar — far)dé
[ St [

3 - 3 -
/0 M an(t)d€ = /0 X / Faelem, t)dn, E)dE = € / Faele,n, tydn

Since fa: <1 we find

and, moreover,

3 _ .
/ Fac(t)dE < €A / Fac(t)de,
0
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and, hence,
3 -
| Mai= s 2o
0

Step 2: The approximation. We continue with the uniqueness argument introduced by Perthame
in [24,25] as an alternative to Kruzkov’s method which is well-adapted to the kinetic formulation.

Aiming to estimate the error

/ u(t) — ()| dz = / | / (x(t) — Fae(£))de|dz < / X(®) = Fac(t)ldeda,

we begin by regularizing y using a standard Dirac sequence ¢° = EiNcp(%), with ||¢|[; = 1. That is, we
consider the xz-convolution (the rigorous proof uses also regularization in time so that the equation on
X° is satisfied in a classical way, but this technicality does not play a role here),

Xg(x,f,t) = (X('?fvt) * (PE>(x)a

which solves, for m® = m x ¢©®,

ohx® + Z a' e XEE = = O0gm°.
We first note that

/ (t) — fac(t)]déds = / X(t) — fai(t)2dda

(2.10) = [ @] = 2x(0)a0(0) + | ae(®decls
= F*(t) + Err'(t),
where
Pt i= [ (O] =26 (002e0) + | far(t)]) dl,
and

Errl(t) :== /(!X(t)! — X)) = 2(x(t) — x° (1)) fae(t)) déd.
Since u(-,0) = ua(+,0), it follows that

{f IX(t) = far(t)|dédz = [ [x(t) — fae(t)|dédz — [ |x(0) — xat(0)|dédz

(2.11)
= fot %Fa(s)ds + Errtt.

Step 3: The estimate of %FE. Using the identity
sgn(fau(z,§,t)) = sgn(§),
we first note that
(2.12) ;lt/|xa|d£dx: —Q/m‘e(a:,(),t)dm and ;lt/|fAt|d£d:U: —2/mm($,0,t)d:c.
Furthermore, since, in the sense of distributions,

(2.13) Iex” = (0(§) = (€ —u(x, 1)) * ¢~ < 6(¢) and dex < 6(¢),
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and fai(z, & tk) = x(u(z, ty), §), for ¢ € [tg, tey1), we find
Oefar = Oc(far(x — a(€)(z — 2,), & t))
(2.14) = (Oexa) (@ —a(€)(ze — 2,), & tr) + Dafar(w — a(€)(z — 2,), & 1) - ' () (2 — 21,)
< 0(&) + Dafar(z — a(€)(ze — 21,.), &, tr) - ' (€) (2t — 21,
< 0(&) + Dofar(z —a(€)(z — 24,), & ) - ' (€) (20 — 21,.)-
Using next (2.12)), (2.13)), (2.14]) and |fa¢] < 1 we obtain

d
_2@ /XEfAtd§d$ = _2/8tX€fAt + Xsathtdgde

N N

= —2/ (fAt( - Z a' ()0, X2 + 85m5) + xE( — Z a'(€)0y, fast' + 8§mAt)> dédx
i=1 i=1

=92 / (85fAtma -+ 6§X5mAt) dédx

< 2/(m5(1:,0,t) + mat(z,0,t)) dédx

+23 Vcrcin) [ Dafarls = al€) A6 t0) -/ (€)(ae — 2)m dédo
k

d d
—Cﬁ/’X€|d§dﬂ?—dt/|fAt|d§d33+2||GIHCO([_77777})AZ/|D:cm€’dfd$

! ENPEIVAN
8 [ictagae— & [sdagae 4 VDD [ e pagan,

and, in conclusion,

(2.15) 4 pe gy < 214Nl = na) 2

7 /mxftdfdm

Step 4: The estimate of Err'. We estimate |Err!(t)| in terms of the BV-norm of ug. Since
far € {0,+1}, we first observe that, for all ¢ > 0,

|Erri(t)] < / Ix(t) (t)|déd,
and we state and prove the next lemma.

Lemma 2.2. Assume ug € (BV NL®)(RY) and (2.2). Then,

/ X(t) — (1) dédz < elluoll sy,

and, for all t € ]0,T],
|Err!(8)] < elluoll v

Proof. The x*’s do not only take the values 0 and 1 but instead |x*| < 1. However, since y = 0 or 1
if£>0and y=0o0r —1if £ <0, it follows that x* > 0if £ > 0 and x* <0if £ <0.

Hence,

/ IX(t) — (1) dédz = / (Ix(®)] = 2x(X () + (1)) dede
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and

d N | N |
_2£ xx“dédx = —2/ (( — Zal(é)a@xéz + 85771))(8 + X( _ Zaz(g)amixszz + aﬁms)> dédx

i=1 i=1

= 2/ (MOex® + Ogxm®) dédx < 2/ (m(z,0,t) + m*(x,0,t)) dédx

d d [ .
— 2 [ xldgaz - 2 [ |xelagas,

d

— — x°|dédx < 0.

dt/lx X°|dédr <0
Since ug € BV, using Lemma we find

/ x(8) — X (D)dede < / (0) — X*(0)|dédz < ¢ / IXC. €, 0)]| v de = elluol] v

and, thus,

Step 5: The conclusion. It follows from (2.11)), (2.15)) and Lemmathat, for all ¢t € [0,T7,

ol o (—pap Bz [*
|X(l’,§,t> - fAt(iL',f,t)‘dgdl' <2 c m(x,f,r)d:nd{dr + 2€HUOHBV
0

la"llco(—nmn Az
< ([6 n,m]) Huo||%+25||u0“BV’

and hence, choosing € ~ v/Az to minimize the expression yields

(2.16) / Ix(z,€,t) — xat(z, &, t)|ddx < \/2Hu0HBVHchovl([—n,n}) [uoll2 VAz.

We now go back to z € C([0, T]; RY) and choose 2™ € C1([0, T]; RY) such that 2™ — z in C([0, T]; RY).
In view of the continuity in the driving signal, we observe that, as n — oo

X" —x and xR; — xar in C([O,T];LI(RNH)).
It follows from ([2.16]) that
/ IX" (2, &,t) — XA(, &, t)|dédx < \/2HUOHBvHallcoal([—n,n]) [uoll2 vV AZ"

Passing to the limit in n completes the proof. O

3. SPATIALLY INHOMOGENEOUS STOCHASTIC SCALAR CONSERVATION LAWS

We consider here the inhomogeneous stochastic scalar conservation law

Su+ SN 0y, A(x,u) 0dz' =0 in RN x (0,7),
(3.1) — R
u(-,0) = ug € (L* N L2)(RN),

and its kinetic formulation

(3.2) atx—l—z (,£)0g,x 0 dz" —l—Z&CZA?’ (x f)@gxodz = Ocm,

=1
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where
a'(2,€) = (0,A")(w,€) and  b(z,€) = (05, A'(w, €))L,
and z is an a-Holder geometric rough path for some a € (0,1).
More precisely, we assume that
2 € CO((0, T}; G (RY)),
Ac C?’(RN x R;RY),
a,b € Lip?2(RY x R), for some v > é > 1 and
b(z,0) = 0 for all z € RV,

(3.3)

and note that it has been shown in [12] that, under these assumptions, the theory of pathwise entropy
solutions to (3.1)) is well posed.

Fix At > 0, a partition {tg,...,tx} of [0,T] given by t; := kAt and let

Azi=  max [z, = 2l

The approximation schemeis given by

N N
Oifar+ > a (2, €)0 farodz’ + ) 0, AN(x,€)0cfarodz’ =0 on (tg, tys1),

(34) i=1 i=1
fAt(l',é,tk) = X(uAt(zvtk)aE)v
where
(3.5) uat(z,0) :=wup(x) and ua¢(x,t) = /fAt(x,f,t—)df.

We begin by expressing fa; in terms of the characteristics of (3.4)). For each final time ¢; > 0, we
consider the backward characteristics

dX(ix,ﬁ,h)(t) = ai(X(x,f,tl)(t)7 E(Lg’tl)(t))dztl’i(t), Xé%f,tl)(o) = xi, ;= 1, e ,N,
N

dE(:p,f,h)(t) = - Z(aIiA)(X(x,f,tl)(t)7 E(x,f,tl)(t))dzthi(t)a E(r,{,tl)(o) = 57
i=1

where 21 is the time-reversed rough path, that is, for ¢ € [0, 1],

(3.6) 2(t) = 2(t — ).

Note that, in view of (3.3)), the flow of backward characteristics (z,§) = (X(z¢4,)(t); Z@e)) 18
volume preserving on RV*! and, in addition, for all ¢,t € [0,7] and (z,§) € RN+

(3.7) SE(E (1) (1)) = sgn(§) and  E04)(t) =
Let
Yaet) (D) Cagtn) () = (Xagn) (), Ewen)
The solution fa; to (3.4), for t € [tx,tx+1), is given by
fAt(xv 67 t) = fAt (X(x,ﬁ,t)(t - tk)a E(m,ﬁ,t) (t - tk)a tk) .
We have:
Theorem 3.1. Let ug € (L' N L?)(RY) and assume (3.3). Then, as At — 0,

uns — u in LYRY x [0, T7)).
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Proof. We begin with a brief outline of the proof: Firstly, as in the proof of Theorem [2.1] we rewrite the
scheme in a kinetic formulation with a defect measure ma;. Then we establish uniform in At estimates
for fa; and mas. This allows to extract weaklyx- convergent subsequences fa; — f, may X m. We
then identify the limit f as a pathwise generalized entropy solution to . Since, in view of Theorem
3.1] in [12], generalized entropy solutions are unique, it follows that f = x, and this yields the weak
convergence of the approximants fa;. In the last step we deduce strong convergence.

Step 1: The kinetic formulation of the approximation scheme. Similarly to the homogeneous
setting we observe that the semi-discretization scheme has the following kinetic representation:

(3.8) atfm+z (, )0, far 0 dz' +Zasz (2,£)0¢ far 0 dz' = Demay

=1
where

Oemae =Y 6(t —tp)(Mfar — far),
k

ma¢ being a non-negative measure on RY x R x [0, 7], and M is defined as in (2.§).

We pass to the stable form of (3.8) by convolution along characteristics. For any ¢° € C°(RN+1),
to € [0, T] and (y,n) € RV*L we consider

(3.9) oo (z,y,&,m,t) = 0 <

Then, in the sense of distributions in ¢t € [0, T7,

at(fAt * Qto)(y7777t) = _/a{@to(xayagvnvt)mAt(x7£>t)dtdxd£a

which is equivalent to

(310) (fAt * Qto)(ya m, t) - fAt * Oty (y7 m, 5) = - /( q /859150 (CC, Y, 57 m, t)mAt(x7 57 t)dtdl'dg

for all s < t, s,t €[0,T].

X(z,gt)(t—to) y>
Een(t —to) —n

Step 2: Stable apriori estimate. We establish uniform in At estimates for fa; and ma;. We begin
with an L'-estimate.

Lemma 3.2. Let up € (L' N L?)(RY) and assume (3.3). Then, for all t € [0,T],

(3.11) [ il )dode <ol
and, for some constant M > 0 independent of At,
I 1
(3.12) - / / mad(z, &, r)dgdudr + / s, € 0)6dnde < Juoll3 + Mol
0

Proof. Since (z,8) = (X(g641)(t),E(z,e,t)) is volume-preserving, using (2.9) we find, for all ¢ €
[ths tiv),

/|fAt|($ &, t)dxdé = /|fAt| @et)(t = ), Bwen (t — th), tr) d$d§=/|fm|($,€7tk)d$d§
= / |MfAt’ (x7§7tk_) dxd§ < /‘fAt‘ (wvfatk_) dxdé.v
which proves by iteration.
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Then (3.12) follows as in Lemma 4.7 [12, Lemma 4.7]. O

Next we show that the approximants fa; are uniformly tight.
Lemma 3.3. Let ug € (L' N L?)(RY) and assume (3.3). The family fa: is uniformly tight, that is,
for each € > 0, there is an R > 0 (independent of At) such that

sup / | fadl(z, &, t)dededt < e.
t€[0,7] J B¢ xR

Proof. Choose 0*°C°(RY) and ¢"? € C>°(R) and consider with 0°(z, &) := 0%0(x)0"?(€); the

superscripts s, v refer to the state and velocity variables respectively.

Then

Ot pto(2,0,8,0,t) = a&(QS’O(X(z,g,t) (t—to0))o" (E (@&t (t—10)))

= (060" (X(ag)(t = 10)))0"° (Eag) (t — t0))
+ 0" (X (a0 (t = 10)) 9 (0" (Eae.(t — 10)))
= Do (X ey (t — 10)) - (0 X (6. (t — 10)) 0" (Ew ey (t — to))
+ 0" (X ey (t — 10)) D" (B0 (t — 0))0eE 1) (t — to).

Fix € > 0. It follows from Lemma[A.1| that we may choose § > 0, s < t, to € [s,t] and |t — s| so small
that, for all (x,¢) € RVN*! and r € [s, 1],

)
)

and [0 X (5.0 (r —to)] < 6.

_ 1
(3.13) 85:.@7&7") (’I" — to) > 0, ‘X(m,f,r) (’l“ — to) — 1’| < Z

Hence, for all (z,£) € RN*TL € [s, 1],
— Do** (X (p ey (r —t0)) - (0eX 260y (1 — 10)) 0" (E e (1 — t0))
<D™ (X (4g.0) (1 = t0)||0eX (2.6.0) (1 = t0)|[0"° (E w60 (7 — t0))]
< 61 D0* (X (yg.0) (1 — t0))].

Next we consider a Sequence of Q” %5 such that QZ’O — sgn in L2(R) for L — oo, QL non-decreasing

n [—1,1] and | Do} %(6)| <1 for all 1 < |¢| and DQ%O(E) =0forall 1 <|{| < L. Then
— 0" (X (ge.) (1 = 10)) D0y (Ewe) (1 — 0)) B ey (T — t0)
< = 0" (X (w1 = 10)) D} (Eo ) (1 = 10))0cEa,e.r) (T — t0) Lz, ¢ (r—t0) 21+

Using Lemma [3.2] and dominated convergence, we conclude

- lim / | [ 0K el = 1) D e = 10)0E e (r — to)mai(e, & r)dadéar < 0
s,t

L—oo

and, hence,

i [ [ o060, mas(, € ydeddr < [ [ 61DE Xy to)lmss(e, )
s5,t] (s,]

L—oo (
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Thus, with (y,7) = (0,0) € RV*! in (3.10]), we get

Lh_rgo/fAt(xa‘Sat)Qto,L(x707§707t)dxd’£_l}grgo/fﬁt(xvgaS)Qto,L(x?07§aO78)dxd£

— - Jim [ [ G0t (0,0.6 0,0 mad(o. € r)dodedr
(s,t]

L—oo
< 5/( ]/|DQS,0(X($,§,T)(T — to))|mAt($;€,T)dl‘dfdr,
st

We choose tg = s, use that QZ’O — sgn in L>®(R) for L — oo and sgn(fa(x, &, t)) = sgn(€) to find
J 1 fad(@,6,0) 0% (X (g (t = 8))dwd€ — [ |facl(@, €, 5)™° () dwdg
< 5f(s,t] f ’DQS’O(X(%&T)(T — 3))|ma¢(z, &, r)dxdédr.

Let R > 0 large enough to be fixed later and choose ¢*° : RN — [0,1] such that

1 z|>R—1
Y LR
X — 3

(3.14)

If follows, using (3.13]), that

Lzl =R,

S,O X t_ —

We employ again Lemma to choose a partition 0 = 79 < 71 < --- < 77 = T of [0,7] with
M = M (6) such that (3.13) is satisfied for all intervals [s,t] = [7g, Tk41]. Then, using (3.14)), for all
t €[0,7] and k € {0,..., M} such that ¢ € [rg, Tg11), we find

/BC |fAt|(xa€)t)dxd§§/|fAt|(x7£at)QS’O(X(x,f,t)(t_Tk))d$d€
< [ fadl(@, & m) 0™ (@) dadg + 6
/ At|\T Tk )O x)axr /(v

Tkt
<
BC

/ mardxdEdr,
R—1

]/|DQS’O(X(I7§7T)(7‘ — 7k))|mardzdédr

Farl (2, €, ) dde + 46 /(

’Tk,t]

which, after an iteration and in view of Lemma yields

/IfAtI(:E,&t)d:EdSS / fadl (2,€,0)dude + 46 / N
Bg ¢ 0,2]

R—M
1
S/ IuOI(x)dw+45(§lluO||§+M||uO||1)-
R—M

To conclude, we first choose § < and then R large enough. O

e
2[|uoll5+2M [[uo|lx

Step 3: The weak convergence. For all ty > 0, all test functions gy, given by (3.9) with o* € C°
and all ¢ € C2°([0,T")), we have

(3.15) {foT Orp(r)(0ty * fae)(y,m,m)dr + ¢(0)(ot, * fae)(y,n,0)
— [T [ o(r)Be 010 (x, 9, & my r)ma(, €, r)ddédr,
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that is,
(3.16) {fo J owo(r)ers(,y: &, r) (@, € r)dadidr + [ 9(0)or (2, y, &, m, 0)x(u (), €)dwdg

- f() f‘p a{@to z yv§ nr )mAt(iL‘,f,?”)dlEdde.
Moreover, once again using Lemma we find that, for some C' > 0 and all ¢ € [0, 77,
(3.17) sup

ol (T )

Since " has compact support so does gy, in view of ([3.17). Moreover, Lemma gives

<C.
co([o,T])

sup || fae(, - Ol 1@y xr) < lluoll1-
te[0,T

We use next Lemma and |fa; < 1 to find a subsequence (again denoted as fa;) such that, as
At — 0,

far = fin L°(RY x R x [0,7]) and fa; — fin L'(RY x R x [0,7]).
Moreover, Lemma [3.2] yields

£l oo o, 73521 Y xRY) < [lwolf1-
Since sgn(fa¢(z,&,t)) = sgn(&), the weak* convergence of the fay's implies

f(z,&,t)sen(§) = [fl(z,6,t) <1

Next, we note that

Ocfar = Z Ie(X(X(zet)(t = th)s Eaet) (E = th)y t6)) Lty t40) (D)
= Z (X)) (X(ze.0)(t = th), Eqaety (t — th), tk) O Z e (E — ) Lty 0 1) (D)

+ Z wX X(x,{,t) (t - tk)a E(Jz,f,t) (t - tk)v tk) ’ agX(L{,t) (t - tk)l[tk7tk+1)(t)'
k

Moreover, implies that, in the sense of distributions,
(OX) (X (z ety (t = i)y E(a e,y (t — tr), k)
(3.18) = 0(E (et — tr) = 6 (Emen (t — tr) — w(X (e (t — th), k)
=0(8) = 0By (t — th) — u(X(g ey (t — ), 1)),
where, for ¢ € C(RNT1),
0(Egn (t —tr) —uw(X(gen(t —tr), tk)) (@) = /@(Y(az,g,tk)(t% Caotn) (8))0(§ — u(@, ty))dadg,
and thus
(3.19) {8§fAt =06(8) —var(@,&1) + 224 0() (0w 6.0y (t — tk) — Dy 11y (8)

+ 28 Dax(X(ae) (= th)s ey (= )y th) - Oe X (o e.) (= i) Lty 1400) (1),
with

vae(z, €, 1) Z O(E ey (t —tr) = u(Xzen)(t = th) s th))OcZE(a,e.0)(E = tr) L1ty 000) ()

We use again Lemma |A.]] m to get for At small enough and all ¢ € [ty, txy1),
(3.20) 853(3075775) (t — tk) S [0, 2],
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which implies that va; is a non-negative measure.

Furthermore, for all R > 0, (3-20)) and (3.17) give, for some constants R, C' > 0 independent of At,

T tk+1
/0 /B vardzdédt = Z/ / (I,it (t—tr) —u(X ) (t —tg), tk>)355(x7§7t) (t — tg)dzdedt
R

tk+1 _

= Z/t // 6(§ — u(@, tk))0cE (e, (t — )’Y@ et (Dt (8 (ndxd&dt
" -

tet1

SQZ/ // & —u(x, ty))dzddt < C.

12

Hence, there exists a non-negative measure v so that, along a subsequence,

UAt N V.
Observe that, for each ¢ € C°(RYN x R x [0,T),

> / (2,6, 1) (DaX) (X(ae,0) (t = ), Eaet) (E = th) s th) - O X(we.0) (t — ) L[ty 10 0) (D) dadSdl
k
tit1
= Z/t /(sz)(fﬂ,&tk) e Maet) (D), Cat) (1), D)0 X we ) (0= )y, ) (0.0 e, (0 dTAEAE
k i

tit1
= _ Z/t /X(% & tg) - Dy (SD(Y(x,E,tk)(t), C(x7f7tk)(t), t)agX(L&t) (t— tk)|Y(z,§,tk)(t)=C(z,g,tk)(t)) dxdédt,
L Yt

and, since Lemma, yields that, as At — 0,
sup H8§X(.,.7t) (t — tk)Hcl(RNJrl) — 0,
te[tk,thrl]

we find
> / (2, &) (DX ) (X (a6,0)(t = th), E(we,) (= th), th) - Oc X w0y (t — i) g, 1y, ) (P)dadEdt — 0.
k

Moreover, again Lemma gives that, for At — 0,
||3§~( )(t = tr) = | o@n+1y = 0,
and thus letting At — 0 in we find that, in the sense of distributions,
Ocf =0(¢) -
Recall that (see Lemma , for all ¢ € [0, 7]

I 1
5 | [ maite rdgdedr <3l + Ml
0

It follows that there exists some nonnegative measure m and a weakx convergent subsequence such
that ma¢ Xom.

Taking the limit in (3.16)) then yields
T
| [ oetnen@an s nsdeir + [ o0 (v n.0x00 @), drde

T
=A_/mm&%@w@mMmmamm&w
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Hence, f is a generalized rough kinetic solution to . The uniqueness of generalized rough kinetic
solutions (see [12, Theorem 3.1]) yields that f = x and thus f is the unique pathwise entropy solution
to (3.1). Hence, the whole sequence fa; converges to x weaklyx in L (RY x R x [0,7]) and weakly
in LYRY xR x [0,T]).

Step 4: The strong convergence. We note that, in view of the weak convergence of fa; to x in
LYRYN x R x [0,7]), we have, for At — 0,

T T T
/ / far — x[*dwdédt = / / Fadl® = 2fany + [xPdededt < / / el — 2Fax + [xldededt
0 0 0

T T
— [ [ fasen(©) ~ 2paec-+ Inldndgde [ [ xsn(€) - 2o+ In|dudede
0 0
=0.
The uniform tightness of fa; then implies fOT [ 1far — x|dzdédt — 0 and, hence, as At — 0,

/OT/’uAt—U‘dxdt:/OT/’/fAtdg_/Xdﬂd.’I}dtS/OT/‘fAt_X‘dé‘dmdt_)O.

APPENDIX A. DEFINITIONS AND SOME ESTIMATES FROM THE THEORY OF ROUGH PATHS
We briefly recall some basic facts of the Lyons’ rough paths theory used in this paper. For more details
we refer to Lyons and Qian [23] and Friz and Victoir [10].

Given x € C'=v¥ ([0, T); RN ), the space of continuous paths of bounded variation, the step M signature
Su(x)o,r given by

Sy (x)or = (1,/ dxy, . . .,/ dzy, @ --- ®da:uM> ,
o<u<T O<uy <--<up <T

takes values in the truncated step-M tensor algebra
TMRM) =RoRY o RN @ RV) @ ... ¢ (RV)®M,
in fact, Sys(z) takes values in the smaller set GM(RY) c TM(R™) given by
GMRN) = {Sy(2)o1 0 € C([0,1];RM)} .
The Carnot-Caratheodory norm of GM (RY) given by

1
lgll == inf{ [ ldal € (018 ana sto,l:g},

gives rise to a homogeneous metric on GM(RV).

Alternatively, for any g € TM(RY), we may set
9 := gy @y = max |mk(g)],

where 7y is the projection of g onto the k-th tensor level, which is an inhomogeneous metric on
GM(RN). Tt turns out that the topologies induced by | - || and | - | are equivalent.

For paths in 7™ (RY) starting at the fixed point e := 1+0+...4+0and 3 € (0, 1], it is possible to define
B-Holder metrics extending the usual metrics for paths in RY starting at zero. The homogeneous /3-
Holder metric is denoted by dg_s and the inhomogeneous one by pg_ps1. A corresponding norm is
defined by || - || g—ns1 = dp—nsi(+, 0), where 0 denotes the constant e-valued path.
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A geometric B-Holder rough path z is a path in T11/8) (RY) which can be approximated by lifts
of smooth paths in the dg_ps metric. It can be shown that rough paths actually take values in

GU/BL(RN). The space of geometric S-Holder rough paths is denoted by C%#([0, T7; G[%](]RN)).

We state next a basic stability estimate for solutions to rough differential equations (RDE) of the form
dr =V (x)odz,

where z is a geometric a-Holder rough path.

It is well known (see, for example, [10]) that the RDE above has a flow 9* of solutions. The following
is taken from Crisan, Diehl, Friz and Oberhauser |7, Lemma 13].

Lemma A.l. Let a € (0,1), v > 2 > 1, k € N and assume that V € Lip"™*(RY;RY). For all
R > 0 there exist C = C(R,[|V|| j,0+x) and K = K(R,[|V|[;,v++), which are non-decreasing in

all arguments, such that, for all geometric a-Holder rough paths z', 2% € C%*([0,T7; G[é](RN)) with

HZ ch HoL;[0,T7» ”Z Ha HoL;[0,T < Randalln € {0 k};
Sup ID™ (%" = =) (@) lansro.1] < CPa—msror) (25 2%),
Tre
D" 2h\—1 22\ —1 . <C . 1 .2
SIIIRI?V H ((¢ ) (w ) )(x)Ha—Hol;[O,T] = loa—Hol;[O,T](Z x4 )
Te

and, for alln € {1,...,k},

sup [ D" (2)]| ot jo,r] < K and sup 1D (™) ") la—nsio.n < K.

zeRN xeRN

APPENDIX B. PATHWISE ENTROPY SOLUTIONS TO STOCHASTIC SCALAR CONSERVATION LAWS

Assume (2.2)) and consider the spatially homogeneous problem
B.1) du+ SN 8, A (u) o dz’ =0 inRY x (0,7),
' u(-,0) = ug € (L' N L) (RN).

The following notion of pathwise entropy solutions to (B.1)) and its well-posedness were introduced
in [19].

Definition B.1. A function u € (L' N L>®)(RN x [0,T]) is a pathwise entropy solution to (B.1]), if
there exists a nonnegative, bounded measure m on R x R x [0, T] such that, for all ¢® € C(RV¥*+1),
all o given by

o(x,y,&,m,t) == " (y — x + a(§)z(t), € — ),
and all ¢ € C2°([0,T)),

/ Arp(r) (0 % X)(y, n, 7)dr + ©(0) (0 * x)(y, 1,0 / / r)O¢o(x,y,&,n,r)m(x, &, r)drdédr,

where the convolution along characteristics g * x is defined by

0% x(yimr) = / o, y, &1, 7)x (@, €, ) dade.

The following is proved in [19].
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Theorem B.2. Let ug € (L' N L®)(RY) and assume ([2.2). Then there ervists a unique pathwise
entropy solution u € C([0,T]; LY(RY)) satisfying, for all p € [1,00],

sup |[u(t)|lp < [luollp,
te[0,7

and

T T
1
/ / / m(x, €, t)dadedt = 0, / / (e, €, 0)dedgdt < - uoll.
0 J[—lluollooslluollec]e /RN 0 JRN+1 2

The notion of pathwise entropy solutions was extended in [21] and [12] to inhomogeneous stochastic
scalar conservation laws of the type

Ou+ N 0, Al(z,u) odz' =0 in RN x (0,7),
u(-,0) = up € (L' N L?)(RN).

Assume that A, z satisfy (3.3)). For each ¢; > 0 and for i = 1,..., N, consider the backward charac-
teristics

(B.2)

(1]

AX {611y () = @' (X (ze.0) (),
N

A0y (t) = = > (02, AN (X (g £.00) (1), B ) () © d2™ (2),
=1

Xy e (0) =" and E¢4,)(0) =&,
where, for t € [0,1], 2t is the time-reversed rough path defined in (3.6]).

(z,&,t1) (t)) © dzthi (t)7

Let o4, be a test-function transported along the characteristics, that is, for some o € CSO(RN 1y,
to €[0,T], (y,n) € RNV*L,

Xzen(t—to) —y
B.3 z,y, &, 1) =0 [ Z@&Y .
( ) Qto( Yy g n ) 0 ( :(m,ﬁ,t)(t_tO) -
The following definition is Definition 2.1 and Definition 4.2 of [12].
Definition B.3. Let ug € (L' N L%)(RY). (i). A function v € L>®([0,T]; L*(RY)) is a pathwise
entropy solution to (B.2)), if there exists a nonnegative bounded measure m on RY x R x [0, 7] such
that, for all ¢y > 0, all test functions g, given by (B.3)) with ¢° € C° and ¢ € C°([0,T)),
T
{fo Bup(r) (010 * X) (y, m,7)dr + (0) (00 * X) (9571, 0)
T

= f() f (p(r)aécgto (.%', Y, 5? m, 'r)m(x, §7 T)dl‘dfdr

(ii). A function f € L°°([0,T]; LY(RY x R)) is a generalized pathwise entropy solution to (B.2), if

there exists a nonnegative measure v and a nonnegative, bounded measure m on RY x R x [0, T such
that

(B.4)

(B5) f(l‘,f,O) = X(Uo(ﬂf),f), |f|($7€7t) = sgn(é)f(a:,f,t) <1 and gg = 6(5) - l/(ﬂ?,g,t),

and (B.4]) holds with f replacing x, for all £y > 0, g4, as in (B.3) and ¢ € C°([0,T)).

The following well-posedness results was proved in [12]

Theorem B.4. Let ug € (L' N L?)(RY) and assume (3.3). Then there exists a unique pathwise
entropy solution to (B.2)) and generalized pathwise entropy solutions to (B.2)) are unique.



SEMI-DISCRETIZATION FOR STOCHASTIC SCALAR CONSERVATION LAWS WITH MULTIPLE ROUGH FLUXESL9
APPENDIX C. INDICATOR FUNCTIONS OF BV FUNCTIONS

We present here an observation which connects the BV-norms of u and x(u(-),§).

Lemma C.1. Let u € L}, (RY). Then

lullsy = / (), )l v dé.

Proof. 1t follows from Theorem 1 in Fleming and Rishel [9] that, for any u € L}

lullsy = / 11 e ()l .

Hence,

ullgv = [[u™|lBv + [|[u” || BV

/H et \Bvd5+/||1 ) (O e
- / 1o ) Ol v e + / 1o () (©)ll v
0
=/ 1o () ()||Bvdf+/ 1Lt0e 0 (©)ll v

0
- / I(u* (), ©)ll v + / Ix(u™ (), 6l v .

0 0

Since, for & > 0, x(u, &) = 1(,u) (&) = Liou+)(§) = x(uT, ) and x(u,§) = —x(—u, =) we get

0
/R IX(u(). €| pyde = / IxX(u(), )l pvde + / Ix(u().6) v

—0o0

0
- / Ix(u* (), €) | By de + / | = x(—u(), )|l pvdé

0 —00

- / It (), )l pvde + / ), € v
0 0

= [T I lsvag + [ Inr (. 9llsvde,
0 0

and, hence, the claim. O
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