LOCAL FUNCTIONAL EQUATIONS FOR SUBMODULE ZETA
FUNCTIONS ASSOCIATED TO NILPOTENT ALGEBRAS OF
ENDOMORPHISMS

CHRISTOPHER VOLL

ABSTRACT. We give a sufficient criterion for generic local functional equations for
submodule zeta functions associated to nilpotent algebras of endomorphisms defined
over number fields. This allows us, in particular, to prove various conjectures on such
functional equations for ideal zeta functions of nilpotent Lie lattices. Via the Mal’cev
correspondence, these results have corollaries pertaining to zeta functions enumerating
normal subgroups of finite index in finitely generated nilpotent groups, most notably
free such groups.

1. INTRODUCTION

1.1. Submodule zeta functions for nilpotent associative algebras of endomor-
phisms. Let R be the ring of integers O of a number field or the completion Oy of such
a ring at a nonzero prime ideal p of O. Let L be a free R-module of finite rank n and
& be a subalgebra of the associative algebra Endgr(L). For m € N, let

am(EL)=#{H < L| H is R-submodule of £, |L: Hl=m, and EH C H}.

We define the submodule zeta function of € acting on L as the formal Dirichlet generating
function

Cenr(s) =D am(€ ~ L)m ™",
m=1

where s is a complex variable; cf. [I7, Definition 2.1]. The submodule zeta function
Ce~rc(s) may be viewed as a (non-unital) analogue of Solomon’s zeta function; see [23].
Assume now that R is the ring of integers O of a number field. Then (¢~ (s) satisfies
the Euler product

(1.1) Cenc(s) = H CS(op)mc(o,,)(S),
p

where the product ranges over the nonzero prime ideals of O and £(0y) := £ ®p O, and
L(Op) := L ®p O, regarded as an Op-algebra and Op-module, respectively. It follows
from well-known results expressing counting functions such as (g(o,) mﬁ(@p)(s) in terms
of p-adic integrals that each of the Euler factors is a rational function in |O : p|~%; see,
for instance, [§] for the case O = Z.

Assume now that £ is nilpotent. The main objective of this paper is to establish in this
case, under suitable conditions, functional equations for p-adic submodule zeta functions
occurring as generic factors in Euler products of the form ; see Theorem
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Prominent examples of submodule zeta functions of nilpotent associative algebras of
endomorphisms are ideal zeta functions of nilpotent Lie lattices, which we now recall.
Let £ be an O-Lie lattice, i.e. a free and finitely generated O-module of finite rank
n equipped with an antisymmetric bi-additive form (or “Lie bracket”) satisfying the
Jacobi identity. By a Lie ring we mean a Z-Lie lattice. For m € N, we write a,,(£) =
#{H <o L | |£ : H| = m} for the number of O-ideals of £ of index m in L. The ideal
zeta function of L is the Dirichlet generating series

CE(s) =) am(L)m™;
m=1

cf. [13, Section 3]. It fits into the setup from above by considering the associative
subalgebra £ C Endp (L) generated by ad(L); clearly a,,(£) = amn (€ ~ L). The Euler
product (1.1)) takes the form

(z(s) = HCZ(OP)(SL
P

where, for each prime ideal p, the Euler factor Cz(op)(s) enumerates the Op-ideals of
L(Oy) of finite additive index in L(Oy).

Returning to general nilpotent associative algebras of endomorphisms & C Endp (L)
we define O-submodules Z; of L, for i € Ny, by setting Zy = {0} and

Zi-i—l/Zi = Centg(ﬁ/Zi) = {a; + Z; € ﬁ/ZZ ’ S(CIZ) - Zz}

for i > 0. As & is nilpotent there exists i« € N such that Z; = L£; cf. [14, Chapter 2,
Section II]. We set
c= C([:,g) = min{i € Ng ’ Z; = ,C}
(If £ is a nilpotent O-Lie lattice and £ is the associative subalgebra generated by ad(L),
then (Z;)¢_, is just the upper central series of £ and c is the nilpotency class of L.)
In this paper, we consider pairs (£, £) satisfying the following assumption.

Assumption 1.1. There exist free O-submodules Lg, L1, ..., Lc+1 of £ such that
Zi= P
iSeri

fori =0,1,...,c+ 1. Note that £L = Z., L.4+1 = Zy = {0}, and Ly = Z.41/Z. = {0}.
In particular,
L=L1D DL

(direct sum of O-modules).

Remark 1.1. Assumption[I.1]is only made for notational convenience. It is automatically
satisfied if O is a unique factorization domain (e.g. Z). In general, the “centralizers” Z;
will be isolated in £ (viz. the quotients £/Z; will be torsion-free), but may not allow
complements. This may be mitigated by localizing £ at a finite set of prime ideals of
O or — by the general theory of finitely generated modules over Dedekind domains —
by passing to a suitable finite index O-submodule of L; cf., for instance, the discussion
in [26] Section 2.3]. In any case, only finitely many of the Euler factors in are
affected. As we are only looking to prove results for all but finitely many of these,
making Assumption means no loss of generality.

Our main results concern local submodule zeta functions associated to general nilpo-
tent algebras £ which satisfy the following condition.
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Condition 1.1. The nilpotent associative algebra € C Endp (L) is generated by elements
C1,...,¢q such that, forallk=1,...,d and j=1,...,c,

(1.2) Ckﬁj - £j+1.

For a matrix version of this condition, see Condition [2.1

Given a nonzero prime ideal p of O we write ¢ for the cardinality of the residue
field O/p. The paper’s main result establishes, in particular, functional equations upon
inversion of ¢ for all but finitely many of the Euler factors in in case that (£,&)
satisfies Condition For i € {0,1,...,c} we write

N; = rko @ L;=rko(L/Z;),

Jj<c—i

noting that Ng = n = rkpL and N, = 0. Throughout this paper, by a finite extension
of a local ring of the form O, we mean the ring of integers of a finite extension of the
local field of fractions of O,.

Theorem 1.2. Assume that £ C Endp(L) satisfies Condition . Then, for almost all
prime ideals p of O and all finite extensions O of Oy, with residue field cardinality qf,
say, the following functional equation holds:

(1'3) Cg(D)mﬁ(D) (3>‘qﬁq71 = (_1)an((g)7s(zg;é Ni))g‘;(g)mﬁ(g)(s).

Ezample 1.3. For ¢ = 1, Condition is trivially satisfied as &€ = {0}. Theorem
follows, in this case, by inspection of the classical formula, valid for any compact discrete
valuation ring o with residue field cardinality ¢, say,

1
- e ) = T A )

for the Dirichlet generating series enumerating all finite index submodules of 0™; see, for
instance, [13, Proposition 1.1].

Remark 1.4. In general, the operation ¢ — ¢~' means the following. Given a finite

extension O of Oy, write P for the maximal ideal of 9. Thus |O/P| = ¢/. Our proof of
Theorem will show that, excluding finitely many p, the zeta function (g(py~(0)(5)
may be written as a finite sum of the form

M
(1.5) > IViO/B)Wile",a~ "),

i=1
where the |V;(9/9)| denote the numbers of O/P-rational points of the reductions
modulo p of O-defined smooth projective algebraic varieties V; and rational functions
Wi(X,Y) € Q(X,Y). By the Weil conjectures, the numbers [V;(O/%B)| may be written
as alternating sums of Frobenius eigenvalues. By ¢ — ¢~ we mean the operation of
inverting these eigenvalues and, of course, evaluating W, at (q‘f qf ). If the reduc-
tions V; are smooth (i.e. the V; have good reduction modulo p), then Poincaré duality
for étale cohomology entails symmetries among the Frobenius eigenvalues which imply
that [V;(O/B)],q-1 = ¢/ ™ Vi[V;(O/B)|. In the special case that |V;(O/P)] is given
by a polynomial Fy, € Z[X] in the residue field cardinality ¢/, this amounts to the
palindromic symmetry Fy, (X 1) = X~ 4mVi [, (X). The rational functions W; admit a
common denominator of the form [];_, (1 - X% YY) fora; € No, bj €N, j € {1,...,7}.
That the functional equation does not depend on the chosen formula is shown
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in [I8, Section 5|. By [I8, Corollary 5.3], it suffices to show for O = O, for all but
finitely many p.

Whilst we cannot make any quantitative statements on the finite set of prime ideals
of O to be excluded in Theorem there are examples illustrating that this set of “bad
primes” is not empty in general.

Remark 1.5. Conditionis satisfied if £ is cyclic (i.e. one may choose d = 1) orif £2 = 0
(i.e. ¢ < 2). Moreover, it is stable under taking taking direct products and (certain)
central quotients: If & C Endp(L1) and & C Endp(L2) both satisfy Condition
then so does & x & C Endp(Ly @ Lq). If £ C Endp(L) satisfies Condition and
M < Z; = L, is an isolated central O-submodule admitting a complement in L., then
the induced algebra of endomorphisms € C Endp(L£/M) also satisfies Condition As
in Remark the condition on M to be isolated and complementable may be dropped
at the cost of disregarding finitely many (further) prime ideals p of O.

In contrast to Assumption[I.1 Condition[I.I] does delineate an interesting property. In
Section [4 we discuss, along with several examples and applications of Theorem in the
context of ideal zeta functions of nilpotent Lie lattices, a number of known examples of
such lattices whose generic local ideal zeta functions do not satisfy the kind of functional
equations established by Theorem To our knowledge, in all cases of ideal zeta
functions of nilpotent Lie lattices which are known to satisfy generic local functional
equations, Condition [1.1]is satisfied, supporting the speculation that it may actually be
necessary for such functional equations.

Theorem may be viewed as an analogue of the functional equation for the generic
Igusa local zeta functions associated to a homogeneous polynomial over O, as proven
by Denef and Meuser [7]. In the light of this analogy, Condition may be viewed
as a “homogeneity condition” for nilpotent algebras of endomorphisms. For a further
discussion of the connection with Igusa’s local zeta function, necessary vs. sufficient
conditions for local functional equations for submodule zeta functions, and potential
interpretations of the left hand side of , see Section

The proof of Theorem is given in Section [2.1

1.2. Applications I: normal zeta functions of finitely generated nilpotent
groups. Results such as Theorem about ideal zeta functions of nilpotent Lie lat-
tices have corollaries pertaining to normal subgroup zeta functions of finitely generated
nilpotent groups, enumerating the groups’ normal subgroups of finite index. Indeed, by
the Mal’cev correspondence, for every finitely generated torsion-free nilpotent group G
there exists a nilpotent Lie ring £ such that, for almost all primes p, the local ideal zeta
function CZ(ZP)(S) coincides with the local normal subgroup zeta function

Gpls)= > IG:H|™?

H<,G

of G at p, enumerating normal subgroups of G of p-power index in G; see [13, Theo-
rem 4.1]. Moreover, every nilpotent Lie ring arises in this way.

Applications of Theorem to ideal zeta functions of nilpotent Lie lattices are dis-
cussed in Section [4, Via the Mal'cev correspondence, all of them have analogues for
normal subgroup zeta functions of finitely generated nilpotent groups. We only spell
out the following corollary of Theorem [4.4] on free nilpotent Lie lattices. Let ¢,d € N
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and F¢ 4 be the free class-c-nilpotent group on d generators. For i € {0,1,...,c}, set

(1.6) No= Y IS umair,
1<j<e—i 7 K[j

where p is the Mobius function. It is well-known that the N; are the Hirsch lengths of
the quotients of Fi 4 by the terms of the upper (or, equivalently, lower) central series.
They are also equal to the Z-ranks of the quotients of free class-c-nilpotent Lie ring on d
generators f. 4 by the terms of the upper central series; cf. Section @ Note that f.q is
an nilpotent Lie ring associated to F, 4 by the Mal’cev correspondence. Our Theorem@
on the generic local ideal zeta functions of these Lie rings has the following consequence.

Corollary 1.6. For almost all primes p, the following functional equation holds:

No, (N0)—s(Xzt v
CI<]7‘c,d)p(8) p—>p—1 - (71) Op( ? ) 5(21:0 )C?’_‘c,d,}’(s)'

1.3. Applications II: degree in ¢~/* and behaviour at s = —oco. Let (£,&) be as
above with & nilpotent, not necessarily satisfying Condition[I.I} The following definition
is analogous to the concept of uniform representability of families of local zeta functions
developed in [I8), Section 3]; see also [10), § 1.2.4].

Definition 1.7. We call the pair (£, &) almost uniform if there exists a rational function
W € Q(X,Y) such that, for almost all prime ideals p of O and all finite extensions O
of Oy, with residue field cardinality ¢/, say, Ce)nr)(s) = W(q%,q7%). By abuse of
notation we also call (¢~ (s) almost uniform in this case.

Recall that, for general reasons, for all p and all O, the local submodule zeta function
Ce(0)~c(o)(s) is a rational function in q~¥*. The degree of a rational function W =

P/Q € Q(Z) is degz; W = deg; P — deg, Q.

Conjecture 1.8. For almost all prime ideals p of O and all finite extensions O of Oy,
with residue field cardinality ¢f, say,

c—1
(1.7) deg,-ss (Ceyne)(5)) = = Y N,
i=0
(18) Jim (g7 R0 N o) 0 (5)) = (—1) I ).

If (L, &) is almost uniform, say Ceo)~c0)(s) = Wi(q!,q=7%) for almost all p and all O
for some W € Q(X,Y), then degx W = —(5).

Informally speaking, equation ([1.8)) pins down the quotient of the leading coefficients
of the polynomials in ¢~7* giving numerator and denominator of the rational function
Ce)~ro)(s) € Q(¢~/*). The functional equation (1.3 established in Theorem
allows us to confirm this conjecture in the case that Condition [I.1] is satisfied. The
following is proven in Section

Corollary 1.9. Conjecture holds if (L,€&) satisfies Condition|1.1]

Further evidence for Conjecture [1.8] is provided by the numerous examples of ideal
zeta functions of nilpotent Lie rings in [10] which do not satisfy generic local functional
equations; cf. Section [4

Recall that if the degree degy W of a rational generating function W = P/Q € Q(Y')
is nonpositive, then degy @ is the length of a shortest linear recurrence relation satisfied
by the coefficients of W when expanded as a power series in Y; cf. [25, Theorem 4.1.1].
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Equation (|1.7) thus yields a lower bound on the length of such a linear recurrence
relation. Determining this shortest length precisely seems to be a challenging problem.

Remark 1.10. Our conjecture ([1.8) on the behaviour of Cg(g)mc(g)(s) at s = —oo may
be compared with the conjectural behaviour at s = 0. In [I7, Conjecture IV (B-adic
form)] Rossmann conjectures that, for all (!) p and all O,

—fs _ 1 .
(1-q/ )Cg(o)mc(o)(s)‘szo T U —gY).. (=g 7))

cf. also [I7, Section 8.3].

1.4. Context and related work — zeta functions of groups, rings, and algebras.
Our proof of Theorem presented in Section [2.1] proceeds by adapting the p-adic
machinery developed in [29]. There, this technique is applied to establish generic local
functional equations for a range of zeta functions of groups and rings. The most general
of these applications is to subring zeta functions of arbitrary rings of finite additive
rank, i.e. finitely generated abelian groups with some bi-additive multiplicative structure;
see [29, Theorem A]. Via the Mal’cev correspondence, this translates into results for
the generic Euler factors of the subgroup zeta functions of finitely generated nilpotent
groups, i.e. Dirichlet generating series enumerating all finite index subgroups of such
a group; see [29, Corollary 1.1]. In [29, Theorem C] we prove functional equations
for generic local ideal zeta functions of nilpotent Lie rings of class 2 (or, equivalently,
generic local normal zeta functions of finitely generated nilpotent groups of class 2).
Theorem [1.2] generalizes this result.

A variant of the subgroup zeta function of a finitely generated nilpotent group G
is its pro-isomorphic zeta function ([(s), enumerating the finite index subgroups of G
whose profinite completions are isomorphic to the profinite completion of G. These zeta
functions, too, enjoy an Euler product (5(s) = IL, prime C&p(s) whose factors are rational
functions in p~*. There are numerous examples of groups whose local pro-isomorphic
zeta functions satisfy functional equations akin to (see [9. 2] and [5)4]), but also an
example showing that this symmetry phenomenon is not universal for pro-isomorphic
zeta functions (see [3]). Formulating necessary and sufficient criteria for generic local
functional equations in this context remains an interesting challenge.

In [31], Woodward computed the ideal zeta functions of the full upper triangular
n X n-matrices over Z, as well as a number of combinatorially defined quotients of these
algebras. He gives sufficient criteria for local functional equations, as well as some
examples suggesting that these criteria might be necessary.

Local functional equations akin to ([1.3]) are also ubiquitous in the theory of repre-
sentation zeta functions associated to arithmetic (and related pro-p) groups; see, for
instance, [I}, 26].

1.5. Notation. We write N for the natural numbers {1,2,...}. Given a subset I C N,
we write Iy for I U {0}. Given m,n € Ny, we set [m] = {1,2,...,m} and |m,n| =

{m+1,...,n}. We write diag ()\gel), ce )\T(ffbm)) for the diagonal matrix composed of

the matrices A\1 Ide,, ..., Ay Ide,,. Given matrices Ay, ..., A, with the same number of
rows, we denote by (A1]...|A;) the matrix obtained by juxtaposition.

Throughout, p is a rational prime, O the ring of integers of a number field, and p
a nonzero prime ideal of O. We write o to denote a local ring of the form Oy, the
completion of O at p, with maximal ideal p, residue field o/p of cardinality ¢ and
characteristic p, and p-adic valuation v. Note that these rings are exactly the finite
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extensions of the p-adic integers Z,. We denote by O a finite extension of o, with
maximal ideal 9 and residue field cardinality |O /9| = ¢/. In other words, f = f(O,0)
is the relative degree of inertia. Given a matrix A = (A;;) € Maty, ,(0) we write
v(A) = min{v(A;;) | ¢ € [m],j € [n]} for the minimal valuation of its entries.

The “Kronecker delta” dp associated to a property P is equal to 1 if P holds and
equal to 0 otherwise.

2. PROOFS OF THEOREM AND COROLLARY
2.1. Proof of Theorem [1.2|

2.1.1. Querview of the proof. Let p be a nonzero prime ideal of O. We write o = O, and
K, for the field of fractions of 0. We are looking to establish the functional equation
for almost all zeta functions (g(e)~r(0)(s), enumerating the o-submodules A of finite
index in £(0) = o" which are also £(o)-submodules, written A <gy L(0). Clearly
the latter property is really a property of the integral members of the homothety class
[A] ={zA |z € K;} of A in KJ: either all elements of [A] are £(0)-submodules, or none

are. We write [A] <¢ () £(0) in the former case and set
SubModg (o) = {[A] | A o-lattice in K[, [A] <g(o) L(0)}.

Evidently, every homothety class [A] of o-lattices in K contains a unique element Amax
which is contained in £(0) and maximal with respect to this property. As the intersection
of [A] with the set of all full sublattices of £(0) equals {p"* Amax | m € Np} it thus suffices
—in principle — to describe the elements of SubModg ,) and to keep track of their maximal
integral members’ indices in £(0). Indeed,

1
(2.1) Ce(o)nslo)(8) = = > 1£(0) : Amax| ~°.
[A]€SubModg (o)

Geometrically, one may view the set of homothety classes of o-lattices in K, as the
set of vertices V,, of the affine Bruhat-Tits building A(SLy,(kK;)); see, for instance, [12,
Chapter 19]. Keeping track of the indices [£(0) : Amax] is easy (cf. (2.5))), so the problem
of computing the right hand side of is to identify SubModg(,) as a subset of V.
We give an informal overview of our way to address this challenge, deferring details for
the time being.

Firstly, we define an equivalence relation ~ on V,, (viz. d-equivalence; cf. Definition [2.5|)
with the property that — provided £ # {0}, as we may assume without loss of generality
— each ~-class C is a totally ordered set naturally isomorphic to (Z, <). Moreover, the
sets C>o := C N SubModg ) correspond, under these isomorphisms, to (No, <). Setting

(2.2) Zooo(s) =D 1£(0) : Amax|

[AleC>o
we thus obtain
1
(2'3) C&‘(o)mﬁ(o)(s) = 1_7q_ns Z ZCZO (S)

CGVn/N
Rather than to analyze the functions Z¢_(s) directly, we extend the sums (2.2)) defining
them to the whole of C in a way that allows us to recover the original sum algebraically,

uniformly over all C. The motivation to consider these extensions in the first place is
that they give rise to a Dirichlet generating series AY(s) satisfying a functional equation

of the desired type; cf. (2.9)).
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To this end we introduce, secondly, judiciously chosen functions mq,mso : V,, — Ng
with the properties

[A] € SubModg (o) < i ([A]) =0, [A] € SubModg() = ma([A]) = 0.

The function m; may be thought of as measuring a kind of “distance” to SubModg(q).
We set, for each C € V,,/ ~,

= 37 1£(0) £ A oD —ma((AD),

naturally extending the sum defining Z¢>o(s). Our choices of m; and my will
ensure that — up to a power of ¢—* depending on C — the function Z¢(s) is the sum
of two geometric progressions, covering respectively the “nonnegative” part C>¢ and
the “negative” part C<o := C \ C>g of C, which only depend on the data (IV;);_ 5 but,
crucially, not on C; cf. Corollary [2.7] - and Lemma - This entails that, with £(s) :=

gt T () .
%’ we have Zc.,(s) = Zc(s)é(s) for all ~-classes C. As indicated above,

the point of these constructions is that the functions m; and mo are defined in such a
way that — at least for almost all p — the function

A'(s) = Z Ze(s) = Z 1£(0) : Apax|5q~ 5= Dma([AD)=m2([A])
CEVn/~ [Al€Vn

may be expressed in terms of p-adic integrals which fit the templates provided by [29].
In particular, it satisfies, for almost all p, the functional equation (2.9). Moreover,

Z ZC>0 =

CGVn/N

Ce(o)nr(o)(8) = T—gm

1
) Y Zels) = g E(5)A%(s).

The factor Tl_mf(s) trivially satisfies a functional equation of the required type;

see (2.10). Together with ([2.9)), this will prove Theorem

2.1.2. Cocentral bases. For i € [c]p we write n; = rkp(L;), so that N; = rko(L/Z;) =
> j<c—inj- An O-basis e = (e1,...,€,) of L is called cocentral if

Zi = (EN;+15-- - €n)O

for all i € [c]. (This terminology extends the one introduced in [10, Definition 4.37].)
By Assumption cocentral bases clearly exist. Condition is equivalent to the
following condition.

Condition 2.1. There exist generators ci,...,cq of £ and a cocentral O-basis e of L
such that, for all k € [d], the matriz C), representing cy with respect to e (acting from
the right on row vectors) has the form

Cp = (c,fj)) € Matn(O)

1,5€[c]

for blocks C,(:j) € Maty,, », (O) which are zero unless j =i+ 1.
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2.1.3. Lattices, matrices, and the submodule condition. Let e be a cocentral O-basis of
L as in Condition It yields an o-basis of £(0) which we also denote by e and which
allows us to identify the o-module £(0) with o™ and £(o0) with a nilpotent subalgebra of
Maty, (0), generated by matrices C1, ..., Cy representing the o-linear operators cy, . . ., ¢q.
Set I' = GLy(0). A full o-sublattice A of £(0) may be identified with a coset I'M for a
matrix M € GL,(K,) N Mat,(0), whose rows encode the coordinates with respect to e
of a set of generators of A. Let @ € p be a uniformizer of 0. By the elementary divisor
theorem there exist I = {i1,...,4}< C [n— 1], 7, € N, and r = (r4,,...,7;,) € N, all
uniquely determined by A, and « € I" such that M = Da~!, where

(2.4)

D = 7™ diag((wZeer ™)) (gZienginy Tyl=i) | (gri)(—iea) 1(0-0)y ¢ Mat, (o).

We write v([A]) = (I, r;). Note that r,, = v(M) in the notation introduced in Section|[L.5]

The matrix o € I' is only unique up to right multiplication by an element of a finite
index subgroup I'r, of I'; see [29, Section 3.1] for details. Obviously,

(25) |£(0) . A| = detD = qzbelu{n} LTL.

We call A mazimal if r,, = 0 and denote by Apnax the unique maximal integral element
of [A]. In the sequel we will often — and sometimes without explicit mentioning —
toggle between lattices A and representing matrices M, extending notation for lattices
to matrices representing them. We write, for instance, [M] for the homothety class [A]
of the lattice A determined by I'M and M <g) L£(0) if A <g(,) L(0). We also write,
given matrices A and B over o with the same number of columns, A < B if each row of
A is contained in the o-row span of B.
Define the diagonal matrix

(2.6) § = diag((x¢~ ™) (x)"e=1) 1)) € Mat,, (o).

We remark that, up to a scalar factor, ¢ represents a map closely related to the map 75 in
c—1

[10, Definition 4.40]. Note that det § = w2i=1 Vi, The following is a trivial consequence

of Condition for our purposes it is key nevertheless.

Lemma 2.1. For all k € [d], 6C.6~ ! = 7nCy,.

For i € [n] and k € [d], write cx(e;) = Dojq Aye for AL, € O. Then Oy satisfies
(Cr)ys = Ay, for m,s € [n]. Let Y = (Y3,...,Y},) be independent variables and set

n
R(Y) = (Z Aﬁle> € Mat,,»q(O[Y]).
=1 ik
Note that R =0« £ =0 < ¢ = 1. In this case, Theorem holds (cf. Example ,
so we may assume that ¢ > 1. We write a[i] for the i-th column of a matrix o € I, so
that R(a[i]) € Mat,xq(0). The following lemma is verified by a trivial computation.

Lemma 2.2. For all « € T' and A € Mat,(0), and D as in (2.4),
(Vk € [d] : ACra < D)< (Vi€ [n]: AR(«afi]) =0 mod Dy;) .

Proposition 2.3. Given M € GL,(K,)NMaty, (o), there exists a unique mi = my(M) €
No such that, for all m € Ny,

M&™ <g(o) £(0) if and only m > m;.

In particular, M <¢ ) L(0) if and only if m1 = 0. Moreover, m1 < Y, ;7.
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Proof. Write M = Da~! as above. Without loss we may assume r, = 0. Using
Lemmas [2.1) and 2.2 and the fact that Dj; = w2~i<eI™ for i € [n], we obtain

M&™ Sg(o) ﬁ(ﬂ)
S Vkeld: MémCy, < Mo™
& VEkeld: Do~ émCrd™a < D
s VEkeld:nmDa 'Cra < D
& Vi€ [n]: 7" Da 'R(afi]) = 0 mod Dj;
& Vie [n]: 7" Da” ' R(afi])miizer™ = 0 mod wer ™
& 7 Da~ (R(af1]) | --- | R(aln])) -
diag(l(dil), (7-‘-”1 )(d(iz*h))’ o (WZLEI n)(d(nfil))) = 0 mod ﬂ'ZLEI T

In the last congruence, we may replace o~ ! by the adjunct matrix o4,

i,r € [n],

Setting, for

Riy(@) = a*IR(ali]),

UZ-(:)(Q) = min {U(R(L)(a)pa) |t <i,p>ro€ [d]} )
and

m1 (M) = min Zm, Z r, + Z n—i—vg)(a) | (i,7) € n]? 5,
el r<uel >l
we may rephrase the above equivalence as follows:
(2.7) M§™ <g(oy L(0) & m =Y 1, —my(M) =: iy (M). O
el

Definition 2.4. For a lattice A corresponding to a coset I'M, we set mq([A]) = mq1(M).
Informally, m1([A]) is a ‘distance’ in V,, between [A] and SubModgq).

2.1.4. 0-equivalence. Recall the diagonal matrix ¢ defined in (2.6)).

Definition 2.5. Lattice classes [A1], [A2] € V,, are called d-equivalent, written [A1] ~
[Ag], if there exists m € Z such that [A;] = [A20™].

In the sequel, we use the terms lattice class for a homothety class of lattices and
d-class for a ~-equivalence class of lattice classes. Proposition asserts that every o-
class of lattice classes intersects SubModg ) nontrivially. Its proof also shows that, more
precisely, in each d-class C there is a unique lattice class [Ag] such that [Agd™] <g (o) L£(0)
if and only if m € Ny. We shall say that [Ag] generates C>¢ and write Agmax for the
unique maximal element of [Ag]. Setting

CZO = {[Ao(sm] | m 2 O} = C N Sllbl\/lodg(o)7
Cco = {[Aod™] [ m <0} =C\ C>o,

we obtain a partition C = C>9 UC<o and ({2.3) holds with Z¢_(s) defined as in (2.2).
Note that clearly v(M) < v(MJ) for all M € GL,(K,) N Mat,, (o).

Lemma 2.6. For almost all prime ideals p, the following holds for all M € GLy(K,) N
Mat, (Op): if M <go,) L(Oy), then v(M) = v(MJ).
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Proof. We proceed by induction on ¢, including the case ¢ = 1, which we excluded in
the previous arguments. Indeed, for this base case the statement holds trivially (and
for all p) as § = Id,,. Assume thus that ¢ > 2 and that the induction hypothesis holds.
Given p and M, write A for the lattice defined by M and set o = O,. Without loss
we may assume that M is a block-upper triangular matrix, i.e. composed of blocks
M) e Maty, n,(0), 4,7 € [c], with M3) = 0 unless j > i. The claim is that, for almost
all p, the minimal p-adic valuation of the entries of M is equal to that of its last block
column: if 7 divides one of the block matrices M), i € [¢], then it divides the whole
matrix M. By induction hypothesis, the matrix (M(ij))i’je[zc} € Mat,_n, ,(0), defining
the lattice ANZ._1(0), where Z._1(0) = Z._1 ®0 0, has the desired property. So assume
that 7 divides the last block column of M and thus that M) = 0 mod 7 for i > 2 or
§ = ¢, but that there exists j € [c — 1] such that v(M (1)) = 0. Thus one of the first n;
rows of M is nonzero modulo 7, defining an element = € £(0)/Z;(0) which is nonzero
modulo 7. But as the reduction modulo p of Z;(0) is, for all but finitely many p, the
centraliser of L(0/p) = L ®, 0/p, this yields the desired contradiction. O

Assume from now that p satisfies the conclusions of Lemma

Corollary 2.7. For every C € V,,/ ~,

v

1— q—szj“ LN,

Proof. For all m € Ng we have Apmax0™ = (Ao,maxd"™),,. Py Lemma Hence

Ze-o(8) = 1£(0) : Apmax|™*

1£(0) : Ao maxd™| = |£(0) : Mg max|g™ ==t Vi

and therefore

Zeso(s) = > £(0) : Amax|™® Zw : Ao maxd™| " =
[A]EC>Q
1

’E( A()max’ Zq—smzl 1 Vi = ’E( ) AO,max’ W U

We set 6 = ¢~ 16~ and note that det d = 72i-1("=Ni) and C.q = {[Agd™] | m > 0}.
We seek to describe the ‘weight function” w : V,, — Ny defined by the property that
w[subMOdg(a) = 0 and, for each d-class C,

(2.8) Zeo(s) = 1L£(0) : Amax| Sg (A Zw © Ao maxd™] 7.

[AleC<o
Note that then
g i1 (n—N;)
— g s [(n—=Ni)’

Ze_o(s) = |£(0) : Nomax| qu’”zw"“ 1£(0) 5 Ao~

To obtain this analogue of the formula for Z¢_ (s) established in Corollary m we
need to take care to define w judiciously: the point here is that, whilst with Ao, max also

Aomaxd™ is maximal (cf. Lemma , the lattice Ao,maxgm is not, in general, as the
following example illustrates.
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Ezample 2.8. Let L(0) = (x,y,z | [z,y] = 2, [z, 2] = [y, 2] = 0), be the Heisenberg o-Lie
lattice. Consider the matrices
1 1 1
M, = 1 , My = 1 1] € Matg(o),
T 0

~ 43

encoding sublattices of index ¢ in L£(0) = 0°. Clearly neither of them are ideals of
L(o) (in fact, mi (M) = mi(Mz) = 1) and their homothety classes are d-inequivalent.
Considering
m s 1
M6 = T =mnlds, Msyd= ™ 1],
T s
it is clear that whilst M»0 is maximal, M;6 is not. Thus w([M;]) = 0 but w([Ms]) = 1.

Given w to the requirements of , it suffices to show that the function
A¥(s)i= ) |L£(0) t Amax| *g (M)
[AleV,
satisfies the functional equation
(2.9) A%(s)|

Indeed, A9(s) is, by design of w, as Dirichlet generating series with nonnegative coeffi-
cients, divisible by

= (1) g8 a%(s).

q—q !

1 q*SZf;%(n*Ni) 1— qfs(cfl)n

- + - = - - .
| SN gm0 N) (1 g S Ny (1 = g s St ()

sum over Cx>q sum over C<o

We want, however, to isolate the geometric progression (1 —¢~* i Ni)*1 taking care
of the enumeration over the C>¢. Thus, by (2.3)),

= 1 1 (1- q_szgll Ny — g3 Zf;ll("—Ni)) .
Ce)ne(o)(s) = 7= e e A%(s)
s (n—Ny)

(1 _ q—ns)(l _ q—s(c—l)n) - 1—qgns

Given (2.9)), the functional equation (|1.3)) follows as, trivially,
_ =1 N _ =1 N
Lot S T Sl ke

_ A4—ns _ p—s(c=1)n _ 4—ns _ o—s(c=1)n\"’
(L—g ) (1 —gmsmm| (1 =g )L =g slembn)

It remains to devise the weight function w to the requirement of (2.8]).

(2.10)

Definition 2.9. Given M € GL,(K},) N Mat, (o) corresponding to a maximal lattice A,

write M = (M(ij))ije[c} as in the proof of Lemma Define

ma([A]) = min{o(MU) | i € []}.

Informally speaking, ma([A]) is the valuation of the last n. columns of a matrix M
representing Ap.x. Recall the “distance” function mj : V, — Ny; see Definition [2.4

Lemma 2.10. Equation holds with w([A]) = (¢ — 1)m1([A]) — ma([A]).
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Proof. Denote by [Ag] the generator of C>¢ and by Agmax € [Ag] its unique maximal
element. It suffices to observe that v(M 5™ (A)) = my([A]). Hence the matrix M 57 ([A)
corresponds to the lattice 7™2([A])

~—ma([A]) ( M(;ﬁn([/\])) 5N — g (e=D)ma([A) =z ([A])

Ao max, Whence

corresponds to A07max5~77“ (D, O

For later reference we record another formula for the invariant mo. Write M = Da ™!
as above. Setting, for r € [n],

v () := min {v ((aadj)p(,) lp>ro G]Nl,n]} ,
we obtain

ma([A]) = min Zn,Zn—i—v a)|ren]

el r<iel
To compute A%(s) we need, given a lattice class [A] € V,, with v([A]) = (I,rf), to
keep track of the quantity

q*S((ZLEI wr)+nw([A])) —5((X,eq ero)+n((e=1)mn ([A]) =m2([A)])) —

s((Cieq riletn(e=1)))=n((e=1)ma ([A)+m2([A])))

=q

-
(Here we used (2.5), Lemma and (2.7)).) To this end we define, given I C [n — 1]
and r € NI as above, for m = (m1,mg) € N3,

Lrm = [{[A] € Vo [ v([A]) = (I,1), my([A]) = my, i € {1,2}}]
and set

(211) A<] Z q SZLEIT/(L“Fn(C 1)) Z < qsn((c—l)m1+m2)’

I,rm
reNH| m=(m1,m2)€EN3

so that A%(s) = > rcp—1) A7(5)-

2.1.5. p-Adic integration. To establish the functional equation (2.9)) for A%(s) we express
each of the functions A7(s) in terms of p-adic integrals of the form [29, (6)] that satisfy
the hypotheses of [29, Theorem 2.3]. To this end we define, for i,r € [n],

£ = {(R®),, l1<ipzroeld},
1200 = { (") o= o €lNinl}.

and set, for I C [n — 1],

o= {Hx} » U (Hmf“””L)fi&”(y),
(3,7

el i,r)E[n]2 \eel
67‘ L
gn] z,y) {be} U (be : )fﬁz)(}’),
el re[n] \wel

and, for k € [n — 1],

woton- {1}

el
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With this data we define the p-adic integral
Zi(s) = Zi (s )iers ), 50) ==
(1)

1 Sn Sn Sk
[, 180 182 @) TT oty idelay
pHIXT KkENn—1]

Here, s = (s1,...,8n— 1,37(11), s%)) is a vector of complex variables; note, however, that

Sy occurs on the right hand side if and only if K € I. Moreover, |dz||dy| denotes the
Haar measure, normalized such that the domain of integration has measure ¢~/ ‘,u(I‘),
where u(I') = [[iL;(1 — ¢~%). The integral Zj(s) is, by design, of the form [29, (6)].
Discarding at most finitely many primes, we may assume that the assumptions of [29]
Theorem 2.2] are satisfied. This will imply that the normalized integrals

Zi(s)
(1 =g Hpu(T)
(cf. [29, (10)]) satisfy the ‘inversion properties’ established in [29, Theorem 2.3]. Hence
the sum Z<(s) := > -1 (?)q,lZf(s) (cf. [29, (16)]) satisfies the functional equation

Zi(s) =

(2.12) Z4(s)| = (-1l ZaGs);

‘q—>q7

cf. 29, Cor. 2.3]. Here, (7) + € Z[X] denotes the Gaussian multinomial coefficient.

It remains to show that, for each I C [n — 1], the generating function Aj(s) is indeed
obtainable from the p-adic integral Z7(s) by a suitable specialization of the variables s.
We start by measuring the sets on which the integrand of Zj(s) is constant. More
precisely we set, for m = (m,mg) € N3 and r € NHI,

:u’?,r,m =L {(w,y) S pm xT|Veel:v(x,)=r,m(zy)= (ml,mg)} ,

where m(z,y) = (m(x,y);, m(x,y)2) and

m(z,y) = min{ Y r, 3 w(w) + Y v(w) ol (y) | () € )

el r<uel i>1e]

(:13 y 2 = min ZT“ Z L +v£2)(y) | re [TL}

el r<iel
Then, by design,
M (2)

r€N|I| m:(ml,mg)eN%

(213) Zi(s) =

The numbers pj . ., are closely related to the natural numbers N}, = we are looking to
control.

Lemma 2.11.

2.14 < () 9 Xerri(un=o+1)
( ) I,rm (1 - q_l)ulu(l—\) qu,mq

Proof. Analogous to [29, Lemma 3.1]. O



LOCAL FUNCTIONAL EQUATIONS FOR SUBMODULE ZETA FUNCTIONS 15

Thus, combining (2.11)), (2.14)), and ([2.13]), we obtain

Aj(s Z q =52, e mu(ttn(c—1)) Z Nf’r’mqsn((c—l)m1+m2)
reNl| m:(ml,mg)eNg
— (1 _1 m Z q >er Te(s(ttn(c—1))—t(n—1)—1) Z uir’mqsn((cfl)m1+mg)
(T reN\f\ meN3

_ G)qz”; ((s(c+ (e — 1)) — i(n— 1) — 1),y —ns(c — 1), —ns) .

The functional equation ([2.9) for A%(s) = >_;c(,_1 A7 (s) now follows from (2.12)). This
concludes the proof of Theorem

2.2. Proof of Corollary [I.9] The proof of Theorem [I.2] expresses the relevant local
submodule zeta functions in terms of p-adic integrals which are known to be repre-
sentable by formulae of Denef-type. In other words, there exist algebraic varieties Vj,
defined over O, and rational functions W;(X,Y) € Q(X,Y) for i = 1,..., M, such that
the following holds. For almost all p and all O we have

—fs
Ce@)ne®)( Zyv O/ Wilg,q'*) = Po(q7?)

— Qolq~7*)
for coprime polynomials Py (Z), Qo (Z) € Z[Z], say
deg, Py ' r deg; Qo '
Po(Z)= Y aZ' Qo(Z)=]J0-d“2% = > Bz
i=0 j=1 i=0

for integers a; € No, b; € N, j € [r]. Note that the coefficients 8; of Qo are uniformly
given by polynomials in ¢/ with integral coefficients which are independent of O. (The
pair (£, €) is almost uniform if and only the same holds for the coefficients «o; of Py.)
Moreover, the degree d := deg, Qo is independent of O. Note that ag = Sy = 1, as the
generating series (g(9)~c(0)(s) has evidently constant term 1. The functional equation
implies that 0; := degy, Py, too, is independent of O and there exist ¢;,c2 € Ny,
01,09 € {0,1} satisfying co — ¢; = (72‘) and o1 + 02 = n mod (2) such that

Wilygr = (=) g Y5, g, fori € [161/2]],
/Bi|q—>q*1 = (_1)02q7fC2B52—i7 for i € H52/2“7

and 01 — d2 = deg,—ss (gg(g)mﬁ( (s)) = —>5, LN Corollarymfollows.

3. NECESSARY VS. SUFFICIENT CONDITIONS FOR LOCAL FUNCTIONAL EQUATIONS

Theorem gives sufficient criteria for generic local functional equations for sub-
module zeta functions associated to nilpotent algebras of endomorphisms. Moreover, all
examples of such submodule zeta functions for which we know explicit formulae for the
generic Euler factors are consistent with the speculation that the hypotheses of Theo-
rem are also necessary for local functional equations of the form to hold. An
analogy with Igusa’s local zeta function, however, sketched in Section suggests cau-
tion. An insufficient but potentially necessary criterion for local functional equations for
zeta functions in terms of so-called reduced zeta functions is discussed in Section [3.21
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3.1. Igusa’s local zeta function. The proof of Theorem is ultimately inspired
by Denef’s and Meuser’s proof of a functional equation for Igusa’s local zeta functions
associated to a homogeneous polynomial. Let F' € O[Xq,...,X,], let p be a nonzero
prime ideal of O of index ¢ in O and O be a finite extension of O, with maximal ideal
B of index ¢f in O. Igusa’s local zeta function associated to F at P is

Zrg(s) = [ IF@)ldal,

where | |p is the 9B-adic norm and |dz| denotes the additive Haar measure on O,
normalized such that ©” has measure 1. It is a rational function in ¢~/. Denef and
Meuser proved that, if F' is homogeneous of degree d, then, for almost all p and all O,
the functional equation

(3.1) ZEg(8)ggr = 4P Zrp(s)

holds; cf. [7, Theorem 4]. (Note that in [7] the inertia degree f = f(O,O,) is denoted
by e.) Here, as in Theorem equation is explained in terms of a suitable formula
of the form ([1.5) and the Weil conjectures for smooth projective algebraic varieties over
finite fields; cf. Remark Projectivity of the relevant varieties is a consequence of
the homogeneity of F. This line of argument breaks down if F' is not homogeneous
(or becomes homogeneous after an affine transformation of polynomial variables), and
simple examples illustrate that functional equations such as ([3.1]) will not hold in general.
We do not know of general necessary conditions.
Note that the functional equation implies an analogue of , viz. that

(3.2) deg,—rs(Zrgy(s)) = —d,

a fact first proven in [6]. We are not aware of general results on the degree of Igusa’s
local zeta function for nonhomogeneous polynomials, but again simple examples show
that is not universal. This contrasts with Conjecture which predicts the
degree of generic local submodule zeta functions associated with nilpotent endomorphism
algebras, regardless of whether or not they satisfy functional equations.

3.2. Reduced zeta functions. In [11], Evseev introduced “reduced zeta functions”
associated to various enumeration problems pertaining to finite-dimensional Lie alge-
bras. His constructions apply quite generally to zeta functions Z(s) = Hp Zy(s) which
satisfy Euler products, indexed by the nonzero prime ideals p of a number ring, whose
factors are rational functions in ¢—® whose coefficients can be interpreted in terms of
suitably “geometric functions” in the respective residue fields, such as formulae of the
form . Informally speaking, the reduced zeta function Z,.q(7') is a rational function
in T obtained by “setting ¢ = 1” in such formulae, whilst treating the parameter ¢—*
as an independent formal variable T. If Z(s) is “almost uniform” (cf. Definition [L.7)),
i.e. if there exists W € Q(X,Y) such that Z,(s) = W(q,q™*) for almost all p, then
Zred(T) = W(1,T). The formal definition given in [I1] uses Euler-Poincaré character-
istics in a motivic setting. We remark that the concept of reduced zeta function seems
subtly related to the concept of topological zeta function; cf. [17].

Under certain conditions, reduced zeta functions satisfy functional equations upon
inversion of T" which reflect geometric properties of polyhedral cones. Indeed, in [I1],
Evseev describes sufficient conditions for a reduced zeta function to be the Hilbert series
H(T) of a graded ring R¢ associated to a rational polyhedral cone C C RZ; cf. [11]
Proposition 4.1]. Up to a sign, the rational function resulting from the inversion of T is
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the Hilbert series of the graded ring R¢o associated to the interior of C. A functional
equation of the form

H(1/T) = +TPH(T)
occurs if and only C has a unique minimal integral interior vector. For further details
and an interpretation of these facts in terms of commutative algebra, viz. the language
of Cohen-Macaulay and Gorenstein rings and modules, see [24] Chapter 1]. For an
application in the context of ideal zeta functions of nilpotent Lie lattices, see Section [4.3]

A functional equation for the reduced zeta function is, in general, not sufficient for
generic p-adic functional equations; cf. Example If, however, Z(s) is almost
uniform as defined above, then a functional equation for the reduced zeta function
Zred(T') is a necessary condition for functional equations for the p-adic zeta functions
Zy(s) = W(q,q™*). We speculate that this also holds without the hypothesis of almost
uniformity.

In the light of the analogy with the theory of Hilbert series associated to rational
polyhedral cones sketched above, it is tempting to interpret the result of the p-adic
zeta function obtained by “inverting ¢” in terms of a generating function enumerating
“Interior points”, too. In this spirit, in [I0, Definition 4.26] du Sautoy and Woodward
introduced the notion of p-ideal of a Z,-Lie lattice, in analogy to the notion of interior
point of a polyhedral cone. Their hope clearly was to interpret local functional equations
in terms of natural correspondences between the ideal- and p-ideal-lattices. Our proof of
Theorem [I.2] however, relies in an essential manner on geometric properties of smooth
projective algebraic varieties, as established by the Weil conjectures (see Remark .
It seems therefore that any such interpretation of the local functional equations estab-
lished in Theorem would have to interpolate between these deep algebro-geometric
symmetries on the one hand and the symmetries satisfied by Hilbert series associated
to cones on the other.

4. IDEAL ZETA FUNCTIONS OF NILPOTENT LIE LATTICES

In this section we discuss applications of Theorem to ideal zeta functions of nilpo-
tent Lie lattices. Ideal zeta functions of nilpotent Lie rings have been introduced in [13]
as tools in the study of normal subgroup growth of finitely generated nilpotent groups.
The technical tool facilitating this linearization is the Mal’cev correspondence; cf. Sec-
tion[I.2] Hence, all results in this section on ideal zeta functions of nilpotent Lie lattices
have immediate consequences on normal subgroup zeta functions of finitely generated
nilpotent groups. Only in Corollary did we choose to spell out such a consequence
(of Theorem in this instance).

Assume that £ is a nilpotent O-Lie lattice satisfying Assumption [1.1] — which, as
we we saw in Remark is vacuous for Lie rings —, with Lie bracket [,]. Recall that
(Z;)¢_y is the upper central series of £. In particular, ¢ is the nilpotency class of £
and N; = rkp(L/Z;) for all i € [c]p. As noted in Remark Condition is trivially
satisfied if ¢ < 2. In these cases, Theorem confirms known results. For ¢ = 1, see
Example For ¢ = 2, Theorem in this setting is (a mild generalization of) [29]
Theorem C].

4.1. Examples without functional equations. That local functional equations akin
to ((1.3) may fail in nilpotency class greater than 2 was first discovered by Woodward.

Example 4.1. Consider the class-3-nilpotent Lie ring

L =Fily = (z,21,x9, 3,24 | [2,21] = T2, [2, 2] = x3, [2, 23] = 4, [x1, 2] = 4)7.
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Here, as well as in comparable Lie lattice presentations throughout the paper, relations
other than those following — by antisymmetry or the Jacobi identity — from the given
ones are assumed to be trivial. [I0l Theorem 2.39] gives explicit formulae for the local
ideal zeta functions C§i14(zp)(s), valid for all primes p. They are all given by a single

rational function W(X,Y) € Q(X,Y) upon the substitution X = p, ¥ = p~* and do
not satisfy a functional equation of the form . The associative algebra £ generated
by ad(Fily) does not satisfy the conditions of Theorem Indeed, it is generated by
ad(z) and ad(x1) which, with respect to the chosen cocentral Z-basis (z, z1, z2, 3, Z4)
of Fily are represented by the integral 5 x 5-matrices

—1
Cl = —1 and C2 - 1 9
-1

respectively. Here, the block structure reflects the decomposition £ = @?:1 L; with
L1 = (z,21)7 and L; = ()7 for i € {2,3,4}. Condition is clearly violated as Co
is not supported solely on the first block-off diagonal: (C%)s4 # 0. The failure of the
functional equation reflects the (easily verifiable) fact that no other decomposition or
choice of generators for £ mitigates this failure.

Example 4.2. Consider the class-3-nilpotent Lie ring

L=g66= (T1,...,%6 | [T1,T2] = x4, [1, 23] = @5, [T1, T4] = X6, [22, 23] = T6) 2.

As observed in [10, Example 4.58], Z1 = (x5,26)z, Z2 = (x3,%4,25,%6)7, Z3 = L. Set
ﬁl = <a}1,a}2>Z, [:2 = <333,334>Z7 [:3 = <$5,1‘6>Z. Whilst Cc1 = ad(xl) and Cy = ad(wg)
satisfy condition , c3 = ad(z3) does not. Moreover, this failure is independent of
the specific choice of complements £;. Crucially, c3 is not contained in the associative
algebra generated by ¢; and co. This is consistent with the fact that the ideal zeta
function of gg ¢ does not satisfy the conclusions of Theorem see [10, Theorem 2.44].

Remark 4.3. Like many others of their kind, the computations in [I0] are only carried
out for local rings o = Z,. The resulting formulae, however, also cover the case of
general finite extensions o of Z,; one replaces p by the residue field cardinality ¢. See
[18, Section 3.3] for a formal justification of this stability under local base extension.

Numerous further formulae for local ideal zeta functions of nilpotent Lie rings lacking
a generic local functional equation can be found in [I0, Section 2]. Like most formulae
recorded in [I0], they are obtained by computations with p-adic cone integrals; cf. [§].
In [10, Conjecture 4.5] du Sautoy and Woodward formulate a sort of conjecture on such
cone integrals that would imply functional equations akin to . The conjecture’s
hypotheses, however, suffer from a degree of illdefinedness (“Suppose that [two specified
conditions| and some as-yet-undetermined conditions hold.”). It takes indeed a “cavalier
attitude to the incompleteness of Conjecture 4.5” ([10} p. 98]) to use it to speculate about
the occurrence of local functional equations of ideal zeta functions of Lie rings.

The shortcomings of [10, Conjecture 4.5] notwithstanding, the present paper owes a
great deal of inspiration to [I0, Chapter 4]. Our very Condition is modelled on the
conjunction of the properties (1) and (*) in [10, Definition 4.56]; our matrix 4 (see (2.6))
represents — up to a scalar factor — the map mg in [10, Definition 4.40] with respect to
a cocentral basis, a concept generalizing [10, Definition 4.37]. There are, nonetheless,
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two fundamental differences in approach. Firstly, we do not analyze cone integrals but
develop the p-adic machinery introduced in [29]. Secondly, we realize that the ideal zeta
function of a nilpotent Lie lattice £ is determined by the associative algebra generated
by ad(L£); rather than hypothesizing about linear bases for the former, we formulate
necessary conditions on suitable generators of the latter.

In the remainder of the section we develop a number of (unconditional) applications of
Theorem [I.2]establishing generic functional equations for ideal zeta functions of nilpotent
Lie lattices, confirming some of the more specific conjectures in [10].

4.2. Free nilpotent Lie rings. Given c,d € N, consider the free class-c-nilpotent Lie
ring f.q on free Lie generators x1,...,z4. The well-known formula for the Z-ranks of
the sections of the terms 7;(f.q4) of the lower central series of f. 4 (which coincides with
the upper central series of . 4), due to Witt ([30, Satz 3]), implies that, for i € [c]o,

rkz (fe,a/Ve—i+1(fe.d)) Z ZM dj/k

1<j<c— z klj

the numbers defined in (1.6). The following consequence of Theorem implies the
conclusion of [I0, Theorem 1.3] without relying on the incomplete [10, Conjecture 4.5].

Theorem 4.4. For almost all primes p and all finite extensions o of Zy,

Ga@®)| = ()= Em MG o).

PP
Proof. We choose a Hall (Z-)basis H on {x1,...,2q} for f.4; cf. [I5]. By construction,
elements of H are Lie monomials in z1,...,z4 with a well-defined degree, or weight

i € [c]. Fori € [c], write H® for the set of elements of H of weight 7. For instance,
H' = {x1,...,24}. Note that |J,.; H* has cardinality N; for each i € [c]o. Setting
L; = (H')g fori € [c] and {c1,...,cq} = {ad(x1),...,ad(xq)}, Condition is clearly
satisfied. The result thus follows from Theorem .2} O

Explicit formulae for ¢ (s) are known for ¢ =1 (see (L.4)), ¢ = 2 (see [28]), and
(¢,d) = (3,2) (see [10, Theorem 2.35]).

Remark 4.5. Theorem also implies a corrected version of the conclusion of [10]
Theorem 4.73]. Note that the meaning of the numbers N; and Ny there is different from
the one in the present paper. In any case, the power of p~® on the right hand side of
[10}, (4.45)] is not equal to the sum of the coranks of the upper central series of f. 4.

4.3. Some Lie rings of maximal class and their amalgams. Given a partition
A=(A1,..., ) €N with Ay > Ay > -+ > )\, define the class-A-nilpotent Lie ring
L = (0, {Tij biep) e | Vi€ [r],J € [Nj — 1] ¢ [x0, Ti5] = Tij11)z

For r = 1 and A1 > 2 this yields the Lie ring M), of maximal class A\; described
in [I0, p. 99]. If A\, > 2, then £ is obtained from amalgamating M),, ¢ € [r], along zo.
IfA=10 = (1,...,1), then we obtain the abelian Lie ring Z!*"; cf. Example The
general case is evidently just an amalgamation of these special cases, again along xg. For
X = 20" we get “Grenham’s Lie rings” Gy, on 147 Lie generators; cf. [10, Section 2.6].
Explicit formulae for the local ideal zeta functions szm (Zp)(s), valid for all p, are given

in [27, Theorem 5]. (On the face of it, the formulae there are for the local normal zeta
functions of the torsion-free finitely generated nilpotent groups associated to the Lie
rings L, by the Mal’cev correspondence. As ¢ = 2, however, the formulae coincide
with those of the ideal zeta functions of L, (Z,) for all p; cf. [13, Remark on p. 206].)
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Definition 4.6. We say that \ is a near rectangle if it is of the form A = (¢(m),1(72))
for some ¢ € N and 71,72 € Np.

A geometric interpretation of this property of A is given in Proposition
Lemma 4.7. Condition|1.1] is satisfiable for Ly if and only if X is a near rectangle.

Proof. We may assume that ¢ > 1. If A = (c(”), 1(”"2)) is a near rectangle, then, setting

<330,ﬂf]_]_,...7$r1]_>Z fOri: 17
Li= (@157 0)z fori e|l,c—1],
<(L‘1c, o s Loy Trg4+11s -+ - Ty 4rg 1>Z for i = C,

and {c1,...,cq} = {ad(zo),ad(z;1) | ¢ € [r1]}, Condition [1.1]is satisfied.

Assume now that A is not a near rectangle. This implies that ¢ > 2 and there exists
k € [r— 1] which is minimal with respect to the property that ¢ = A\ > Agy1 > 1. Write
L = Ly, with upper central series (Z;)¢_,. Following [10, Definition 4.49], we define the
depth of an element x € L as

dep(z) = c+1—min{i € [c|o | z € Z;}.

The depth-1-elements of the Z-basis B = {xg,zi; | i € [r],j € [Ai]} of L are exactly
xo and w41, for k € [k]. To see that Condition is not satisfiable, note that the
subalgebra & = (ad(z) | z € B, dep(z) = 1) of the associative algebra £ generated by
ad(L) is a proper subalgebra of £; indeed, the element xfy11 has depth c— A1 +1>1
and ad(zg411) € €\ &1. This follows, for instance, from the fact that B clearly has the
property that if z, 2’ € B, then either [z, 2'] = 0 or dep|z, 2’| = dep(z) + dep(2’). O

4.3.1. Local ideal zeta functions. The following consequence of Theorem implies,
in particular, the first of the two conclusions of [10, Proposition 4.75]. Note that the
latter only considers the case that A\, > 2 and is conditional on the incomplete [10),
Conjecture 4.5].

Theorem 4.8. Let ¢ € N and r1,70 € Ng. For almost all primes p and all finite
extensions o of Zy,

— (_1\l+ceritr (1+cr1+r2)75(c+(c+1)r1+r2) 4
1 ( 1) 9 ’ ’ E(C(T1>,1(T2))(°)(s).

9; (s)

L (r1) 1(r2))(0)

In particular, [10, Conjecture 4.24] about the Lie rings M. of mazimal class ¢ holds.

Proof. By Lemma Condition is satisfied. We find rkz(ﬁ(cm) 1(r2))) = Ny =
1 + ¢rq + ro and, more generally, N; = 1+ (¢ — i)r1 + 20— for i € [c — 1]y, whence
Zf;é N;=c+ (C;rl) r1 + r9. The result thus follows from Theorem O

In agreement with the second, conjectural conclusion of [10, Proposition 4.75] we
speculate that the “near rectangle” condition on A is also necessary for local functional
equations for the ideal zeta functions of the Lie rings £). Some evidence for this are
the explicit formulae for A = (3,2) — the smallest partition which is not a near rectan-
gle — given in [10, Theorem 2.32] as well as the following results on the reduced zeta

functions (7, .4(T); cf. Section
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4.3.2. Reduced ideal zeta functions.

Proposition 4.9. The C[T]-Basis By = {xo,zij | i € [r],j € [M\]} of the C[T]-Lie
algebra L) (C[T]) is nice and simple in the sense of [L1].

Proof. By is simple as, for all z,y € By, there exist z € B) and € € {0,1, —1} such that
[z,y] = ez. To see that By is nice we show that all pairs (z,y) € B3 with x # y are
removable in the sense of [11, Section 3]. (Strictly speaking, Evseev defines removability
only for certain pairs of indices of basis elements.) Concretely, we need to find pairwise
distinct integers lo, li;, @ € [r], j € [Ai], such that, for all z € C\ {0}, the maps

o ZZO.CC(], Tij — Zlijib‘ij, 1€ [T],j € [)\1]7

are automorphisms of £, (C[t]). This is the case whenever lg+ l;; = [; j41 for all i € [r],
j € [N —1]. Setting lp =1 and I;; =1+ (>_,_; A\) + J is one way to achieve this. [

Define the rational polyhedral cone

(4.1) C\ = {n € R;{;Z::1 A ‘ Vi € [T‘] DN, ML = Ngo = o > ni)\l} .
Corollary 4.10. (7 4(T) = ZnechHZ{:l N T2m,
0

Proof. As By is nice and simple, this follows from [II, Proposition 4.1], where C, is
called ng O

The reduced zeta function C,Z’)\,red(T) is thus the Hilbert series associated to the graded
monoid algebra R¢, spanned by the integral points in Cy. Such Hilbert series satisfy
functional equations upon inversion of T' if and only if (!) Re, is Gorenstein (cf. [24]
Theorem 12.7]). The latter condition is satisfied if and only if there exists a unique
minimal integral vector 3 in the interior C} of Cy, i.e.

(4.2) if v € €3 NN"Zi=i A then v — 8 € Cy.
Note that C3 is defined by replacing the inequalities in (4.1)) by strict inequalities.

Proposition 4.11. A unique minimal integral interior vector 3 € C3 exists if and only
if X is a near rectangle.

Proof. Assume that

B = (Bo, i1, B12, -, By Bats - Borgs - os Briyo-vy Bra,) € CRANITZi= X
has the property (4.2)). It is not hard to check that

(43) (/807 ﬁll?ﬁl?) e 751)\1) = ()‘15 )‘1’)\1 - 17 .. '727 1)

Observe that A is a near rectangle if and only if this property determines 8 uniquely.
Indeed, if X is a near rectangle, say A = (c(”), 1(7"2)) for some ¢ € N and 71,79 € Ny, then

B=(c,coe—1,...,2,1,¢c,e—1,...,2,1, ... c,e—1,...,2,1, 1())

o 14cri+r
€ Clatrn) 1(ryy NNTTEETE

satisfies both and and is clearly unique with this property. If A is not a
near rectangle, there exist more than one ways to “complete” the vector in to an
element 5 € C5 N NI+22i=1 A guch that By = A and Bi1 = A for i € [r]. The difference
between any two of these completions, however, is zero on these coordinates, hence is
zero, contradiction. O
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Corollary 4.12. X is a near rectangle if and only if there exist k,l € Z such that
(4.4) Gawed(1/T) = (=1)'T*CE, coa(T).
In this case, | =1+ cr1 + 1y mod (2) and k = c+ (Cgl)rl +7y.

Remark 4.13. If (7 (s) is almost uniform, say CZ)\(Z)(S) = Wi(p,p~*) for W (X,Y) €

Q(X,Y) and almost all primes p, then Corollary implies that the “near rectangle
condition” on A is also necessary for local p-adic functional equations. Indeed, in this
case, (7, 1oq(T) = Wi(1,T); cf. [11, Section 3].

Example 4.14. A functional equation of the form for reduced zeta functions is not,
in general, sufficient for functional equations for generic p-adic zeta functions. Consider,
for instance, the Lie rings My = L4) and Fily; cf. Example Whereas the local ideal
zeta functions (14\/[4 (ZP)(S) satisfy functional equations (cf. Corollary , the local ideal
zeta functions C1?‘114(Zp)(3) do not (cf. [10, Theorem 2.39]). The respective reduced ideal

zeta functions, however, coincide; cf. [I1, Example 4.5].

5. FURTHER EXAMPLES

In this section we discuss two applications of Theorem [I.2]to submodule zeta functions
which are not ideal zeta functions of nilpotent Lie lattices. In Section [5.1] we consider a
class of abelian matrix algebras; Section [5.2is dedicated to full algebras of strictly upper
triangular matrices. Throughout, o is a compact discrete valuation ring of characteristic
zero and residue field cardinality ¢ and let n € N.

5.1. A class of abelian matrix algebras.

5.1.1. Local formulae. Let p be a prime and o be a finite extension of Z,. We set
(5.1)

Mi(o) =M . 1)(0) = {(8 dlag(zlb' o ’Z")> | 21,...,2n € 0} < Matay, (o)
———

n times

and consider 02" as an M (0)-module by right multiplication. We record a formula for
the submodule zeta functions (uq, (0)~e2n(8). It is very similar to that for the ideal zeta
functions C?{(o)n(s) of the n-fold direct product of the Heisenberg o-Lie lattices H (o) of

strictly upper triangular 3 x 3-matrices over o given in [20, Theorem 3.1]. We formulate

this result partly in the notation of [20]. In particular, D, denotes the set of Dyck

words in letters 0 and 1 of length 2n, of cardinality n%rl (25), the n-th Catalan number.

Recall the formula (1.4) for (o0 (5)-
Theorem 5.1.

CMl(o)mUQ"(S) = (1 - qis)nC{O}ma"(s) Z Dw(%qis);

w€D2n

where, for w = [[i_ (0Fi—Li-11Mi=Mi-1) ¢ Dy, = the rational function Dy(q,q~%) is
defined as D} (p,p~*%) in [20, Theorem 3.1] with q in place of p and with numerical data

xj = ¢t (litd) for j €My, M,

yj = g M M =G Mi) - for j €Ly, L),
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Sketch of proof. Mutatis mutandis, the analysis of |20, Theorem 3.1] carries over. The
centre Z(H(0)) = o™ is replaced by Z1(0) = Cent (o) (0*") = 0™, whereas the role of
the cocentre H(0)/Z(H(0)) = 0%" is taken by 02"/Z;(0) = 0", explaining the change in
numerical data. ]

The construction of the algebra Mj(0) may be generalized by replacing the diagonal
matrices in by “generic block-diagonal” matrices with block sizes fi,..., fy, say.
Roughly speaking, formulae for the submodule zeta functions associated to the resulting
nilpotent algebras

Mi(0) = M....1(0) = (0 ding(Maty, (0), .. Maty, (0))

0 0 > < Matgn(o),

acting on 02" by right multiplication, are obtained by modifying the “numerical data”
in the formulae given in [20, Theorem 3.6] and in the formula for the zeta function
preceding it. We leave the precise details to the reader, spelling out only the result in
the other “extremal” case f = (n), yielding

Mn)(0) = <8 Maton(o)

The following is analogous to [20, Corollary 3.7].
Theorem 5.2.

1 i
(5.2) M@)oz (8) = Copron (8) 77— > (7;) 11 1 i 7.
q (]

" 1Cn—1] !

> < Matay,(0).

el
where (?)X € Z[X] denotes the Gaussian multinomial coefficient and
T = G0 =30H0) for j e [n].

kId, Matn(k)

0 k1d,
abelian subalgebra of Mata, (k); cf. [22]. The right hand side of is a product of
two Igusa functions in the terminology of [20, Definition 2.5].

Remark 5.3. Let k be a field. By a theorem of Schur, < > is a maximal

Theorem 5.4. For allg € N and £ = (f1,..., fy) € N9, the functional equation

2n

Cf‘/lf(")fWQ" (S)|q_>q71 = q( 2 )_SnSCMf(o)mOQ" (s)

holds.
Sketch of proof. Analogous to [20, Theorem 1.2] with 3n and 5n(= 3n+ 2n) replaced by
2n and 3n(= 2n + n), respectively. O

5.1.2. Global zeta functions and Euler products. The local formulae in Section [5.1.1| may
be put in a global context as follows. For any ring R, consider

(3"

Let K be a number field with ring of integers O and of degree n, say. By restriction of
scalars from K to Q, we may consider M(Q) as a subalgebra of Mata,(Z), turning Z"
into an M(O)-module by right multiplication, with associated submodule zeta function

(5.3) Cmoynzze(s) = ] CM(O2,) 720 (5)-

p prime

) < Mats(R).
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This is a close analogue of the ideal zeta function C;I(O)(S) of the Heisenberg Lie ring
over O studied in [20]. If p is unramified in K, i.e. pO = [[%_, p; for pairwise distinct
prime ideals p; of O with residue degrees f; for i € [g], then O ®@zZ, = [[{_, Z,s,, where
Ly, denotes the unramified extension of Z, of degree f;. Hence

M(O &z Zp) = My(Z,).

Therefore, all but finitely many of the Euler factors in are covered by the formulae
sketched — and written out in Theorem for the primes which split totally in K and
in Theorem for the primes which stay inert in K — in Section [5.1.1} Formulae for
the Euler factors indexed by the rational primes which remain unsplit in K (but may
ramify) may be obtained by modifying those for CE(O)(S) described in [21]. Note that

Theorem is applicable for £ = M(O) and £ = Z*" as ¢ = 2; cf. Remark The
functional equations established in Theorem [5.4]strengthen the result in this special case
by implying that the set of exceptional primes is contained in (and conjecturally equal
to) the set of primes which ramify in K.

5.2. Strictly upper triangular matrices. For m € N, let u,,(0) be the associative
algebra of all strictly upper triangular m x m-matrices over o, acting on 0" by right-
multiplication, say. Given a partition A = (Ar,...,A,) € N of n. =37 | \;, consider

u)\(o) = @ Uy, (0)7
=1

diagonally embedded into u,(0). Theorem is clearly applicable and implies the
following result.

Theorem 5.5. For almost all primes p and all finite extensions o of Zp,
n n _s r n;+1
Cu,\(a)mo"(s)‘pﬁp—l = (_1) q((2) Zl:l( 2 ))Cu,\(a)mo"(s)'

Explicit formulae for generic submodule zeta functions of the form ¢y, ()~on () have
been computed by Rossmann for A = (m), m < 5 as well as well as for numerous
other partitions of natural numbers n < 7; see [19) Section 9.4] and the database in the
computer algebra package [16]. All these functions are given by rational functions in ¢
and ¢~°. Theorem is consistent with and explains the functional equations recorded
in [19, Theorems 9.5, 9.8, 9.9].
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