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Abstract

In a setting, where only “exit measures” are given, as they are associated
with an arbitrary right continuous strong Markov process on a separable met-
ric space, we provide simple criteria for the validity of Harnack inequalities
for positive harmonic functions. These inequalities are scaling invariant with
respect to a metric on the state space which, having an associated Green func-
tion, may be adapted to the special situation. In many cases, this also implies
continuity of harmonic functions and Hélder continuity of bounded harmonic
functions. The results apply to large classes of Lévy (and similar) processes.
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1 Overview

The study of Harnack inequalities for positive functions which are harmonic with
respect to rather general partial differential operators of second order, diffusions
respectively, has a long history (see [17] and the references therein). Fairly recently,
during the last 15 years, Harnack inequalities have been investigated for harmonic
functions with respect to various classes of discontinuous Markov processes, integro-
differential operators respectively (see [1, 2, 7, 9, 14, 18, 19, 20, 21, 22, 23, 24, 26,
27, 28]).

The aim of this paper is to offer a very general analytic approach to scaling invari-
ant Harnack inequalities for positive universally measurable functions on a separable
metric space X which are harmonic with respect to given “harmonic measures” uY
(not charging U), x € U, U open in X (see (2.6)). For V' C U the correspond-
ing measures are supposed to be compatible in a way which is obvious for exit
distributions of right continuous strong Markov processes and harmonic measures
on balayage spaces (see Examples 2.1). An additional ingredient we shall need is
a “quasi-capacity” on X having suitable scaling properties such that an estimate of
Krylov-Safonov type holds (see (3.3)).

Then a certain property (HJ) of the measures p¥, which in Examples 2.1 trivially
holds for diffusions and harmonic spaces, is necessary and sufficient for the validity
of scaling invariant Harnack inequalities (Theorem 3.3). For Lévy processes it is



easy to specify simple properties of the Lévy measure which imply (HJ) for the exit
distributions (see, for example, Lemma 5.1).

In Section 4, we discuss properties of an associated “Green function” which
allow us to prove a Krylov-Safonov estimate for the corresponding capacity. This
leads to Theorem 4.10 and, using recent results on Holder continuity from [12], to
Theorem 4.12 on (Holder) continuity of harmonic functions.

After a first application to Lévy processes (Theorem 5.2) we discuss consequences
of an estimate of Ikeda-Watanabe type (Theorems 6.2 and 6.3).

In a final Section 7, we indicate how a Green function satisfying (only) a weak
3G-property leads to Harnack inequalities which are scaling invariant with respect
to an intrinsically defined metric.

2 Harmonic measures and harmonic functions

Let (X, p) be a separable metric space. In fact, the separability will only be used to
ensure that finite measures p on its o-algebra B(X) of Borel subsets satisfy

(2.1) p(A) = sup{u(F): F closed, F C A}, A e B(X)

(recall that every finite measure on the completion of X is tight).

For every open set Y in X let U(Y") denote the set of all open sets U such that
the closure U of U is contained in Y. Given a set F of numerical functions on X,
let Fy, F be the set of all functions in F which are bounded, positive respectively.
Let M(X) denote the set of all finite measures on (X, B(X)) (which we also consider
as measures on the o-algebra B*(X) of all universally measurable sets). For every
w € M(X), let ||| denote the total mass u(X).

For sufficient flexibility in applications, we consider harmonic measures only for
open sets which are contained in a given open set Xy of X. More precisely, we
suppose that we have measures p € M(X), z € X, U € U(X,), such that the
following hold for all € X and U,V € U(X,) (where ¢, is the Dirac measure at z):

(Mg) The measure p¥ is supported by U¢, and ||p¥|| < 1. If x € U, then u¥ = ¢,.

(My) The functions y — pul(E), E € B(X), are universally measurable on X and
(2:2) W= )= [l ). wveu

Of course, stochastic processes and potential theory abundantly provide exam-
ples (with X, = X).

EXAMPLES 2.1. 1. Right process X with strong Markov property on a Radon
space X and
:ug(E) = PI[XTUGEL E e B(X),
where 7y := inf{t > 0: X; € U¢} ([4, Propositions 1.6.5 and 1.7.11, Theorem 1.8.5]).
If U,V € U(Xy) with V C U, then 7y = 7 + 7y © 6,,,, and hence, by the strong
Markov property, for all x € X and F € B(X),

TV

H(B) = PLX,, € B) = B" (PA (X, € ) = [ (B)du (1)
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2. Balayage space (X, W) (see [5]) such that 1 € W,
/vduzU—Rgc(x) = inf{w(z): w e W, w>v on U}, veWw.

The properties (M) and (M) follow from [5, VI1.2.1, 2.4, 2.10, 9.1].

Going back to the general setting, let us consider z € X and U,V € U(X,) such
that V' C U, and note first that, having (M), equality (2.2) amounts to the equality

ve + /U g dpy (y)

showing that u¥ > pY on U¢. However,

(2:3) e =y

(2:4) iz 1l = 11Cu) —/Huylldux ) < e Il

In particular, for any A € B(X) containing U,
(2.5) py (A°) > py (A°)  and  pg (A) < py (A).

For every U € U(X), let H(U) denote the set of all universally measurable real
functions h on X which are harmonic on U, that is, such that, for all V' € U(U)
and x € V, the function h is pY -integrable and

(2.6) /hd,u;/ = h(z).

It is easily seen that, for all bounded universally measurable function f on X and
U € U(Xy), the function

(2.7) h:xH/fduxU

is harmonic on U. Indeed, it suffices to consider the case f = 1g,, Ey € B*(X). Let
us fix U € U(Xy), V € U(U) and & € X. Then there are Ey, Fy € B(X) such that
E, C Ey C Ey and ,ug(El) = ,uxU(EQ) By (22),

(28) WE) = [ B a ) forj=1.2
Hence p/(Ey) = pl(E,) for py-a.e. y € X. This implies that the equality (2.8)
holds as well for j = 0.

3 Scaling invariant Harnack inequalities

Let us define
Ulz,r):={y € X: p(z,y) <r}, re X, r>0.
Moreover, let Ry(z) := sup{r > 0: U(z,r) C Xo}, z € X,, and
Uy = {U(x,r): z € Xo, 7 < Ro(x)}.

We are interested in the following Harnack inequalities:
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(HI) There exist a« € (0,1) and K > 1 such that, for all U(xg, R) € Uy,

sup h(U(xo, aR)) < K inf h(U(xo,arR)  for all h € H} (U(zo, R)).

Let us immediately note consequences for arbitrary positive harmonic functions.
PROPOSITION 3.1. Suppose that (HI) holds with o € (0,1) and K > 1.
1. Then, for all U(zo, R) € Uy and h € HT(U(xo, R)),

(3.1) sup h(U(zg, ar)) < Kinf h(U(xg, ar)).

2. If, for allU € U(Xy), the functions in H; (U) are continuous on U, then, for
allU € U(X), the functions in HT(U) are continuous on U.

Proof. Let U(xg, R) € Uy and V, := U(xo,7), 0 < r < R. Further, let h € HT (V)
and 0 < R < R.
1. By (2.7), we may define functions h,, € H; (Vz), n € N, by

€T Y

(3.2) hp(x) == /(h An)du)e r e X.

Then sup h,(Vor) < Kinf h,(Vg) for every n € N . Clearly, h, T h as n — oc.
Thus sup h(Vor) < Kinf h(Vyg). Since R’ € (0, R) was arbitrary, (3.1) follows.
2. Since h — h,, € H*(Vg/) for every n € N, we now see, by (3.1), that

h—h, < K(h—hy)(xg) on V,p.
So h, — h uniformly on V,r. Therefore h is continuous on V z. O

Given ¢ > 1, an increasing positive function A — m(A), A universally mea-
surable in X, will be called a quasi-capacity with constant ¢ > 1 on X if, for all
universally measurable sets A, B in X,

m(A) =sup{m(F): F C A, F closed} and m(AUDB) <c(m(A)+m(B)).

Clearly, every u € M(X) (restricted to Xp) is a quasi-capacity on Xy, and we note
already now that the capacitary set function cap which will be defined in Section 4
is a quasi-capacity (both with constant 1).

To obtain suitable criteria for the validity of (HI), we suppose that we have
a quasi-capacity m on Xy, an increasing continuous function mg: (0, 00) — (0, 00)
and o, a,n € (0,1/3), ¢o > 1 such that the following translation property (T), scaling
property (SC) and estimate (KS) of Krylov-Safonov type hold:

(T) For every U(x,r) € Uy, cy'mo(r) < m(U(x,7)) < como(r).
(SC) For every r > 0, amy(r) < mo(ar), and lim,_,omo(r) = 0.

(KS) For allU(z,r) € Uy, y € U(x,ar) and closed sets F' C U(x, ar),

z,r)\F m(F)
(3.3) pu (F)ZUW-
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REMARK 3.2. Let us observe that (KS) is much weaker than the property of
Krylov-Safonov type we may prove under rather general assumptions on an as-
sociated Green function, which yield that (3.3) holds with m(U(x,ar)) in place
of m(U(x,r)) (see Proposition 4.9).

Finally, let us consider the following property which, of course, trivially holds if
the measures u& ") are supported by the boundary of U(z, ar).

(HJ) There exist a € (0,1), ¢c; > 1 such that, for all z € Xy and 0 < r < aRy(z),

(3.4) pY@en) < cjug(“) on Uz, 1), y € Uz, a’r).

Clearly, (HI) implies (HJ), since, for every E € B(X) with E C U(x,r),
the function z — pY " (E) is harmonic on U(xz,r) (see (2.7)) and p)™*"(E) <
1S (E), by (2.3). Moreover, again by (2.3), if (3.4) holds for some a € (0,1),
then it holds for every smaller a. By the same argument, (HJ) is equivalent to the

following property (at the expense of replacing « by «/2).
(HJ*) There ezist a € (0,1), ¢y > 1 such that, for all z € Xy and 0 < r < aRy(z),
(3.5) pY@aen) < cJ,qu(y”") on U(z, 1), y € Uz, a’r).
Indeed, suppose that (HJ*) is satisfied. Let x € Xy, 0 < r < («/2)Rp(x) and
y € U(x, (a/2)*r). Then U(y,r/2) C U(x,r), and hence

MIU(x,a’r/?) S MyU(yJ’/Q) < ,qu(LT) on U(J,’?T’)c.

So (HJ) holds. Similarly for the reverse implication.
Our main result on scaling invariant Harnack inequalities (assuming the proper-
ties (T), (SC) and (KS)) is as follows.

THEOREM 3.3. (HI) holds if and only if (HJ) holds. In particular, (HI) holds if

the measures ug(“), U(z,r) € Uy, are supported by the boundary of U(x,r).

To prove this result let us assume for the remainder of this section that (HJ)
holds. We shall modify our results from [14] (which were inspired by [1]). Suppose
that (SC) and (KS) hold with a1, a; and (HJ) holds with as.

We choose first

(3.6) 0<a<ap/4,

next k € N with of < a, and define a := af. Then (SC), (KS) and (HJ) (see (2.3))
hold with these «, a. Let

6:—ﬂ and B:zﬁ.

 dect cy
Of course, < 8 < 1/4. We choose jo, kg € N such that
(3.7) a(l+ B)° > 1, ot < (1 = a)/do,
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and fix

(3.8) K> 2 +5)
| T nBakor

Let us now fix € Xy and 0 < R < Ry(x), take 1o := o R and choose r,, € (0, 1)
with

(39) mo(ra) = (L4 ) "mo(ro),  n€N.

We claim that

(3.10) ZneN n < aR.

Indeed, if n =i + kjo, where 1 < i < jo and k > 0, then, by (3.9), (3.7) and (SC),
mO(Tn) < (1 + B)_kjom()(ro) S akmo(ro) S ’r)’LO(O[k’/’O)7

and hence 7, < a*rq. So, by (3.7),

(o)
. k
T, < arg < aR.
Zne]N n Jo Zk:() 0

In connection with (3.10) the following result will immediately yield Theorem 3.3.

PROPOSITION 3.4. Let h € H; (U(xo, R)) and suppose that n € N and there
exists v € U(xg, 2aR) with

(3.11) h(z) > (14 B)" 'K inf h(U(zo, aR)).
Then there ezists a point «' € U(x,r,) such that
h(z') > (14 B8)"K inf h(U(xg, aR)).

Proof. By (3.11), there is a point yo € U(zg, aR) such that h(z) > (1+8)" " Kh(yo).
Replacing h by a h/h(yo), if h(ye) > 0, we may assume that h(yy) < 1.
For every 0 < s < R, let U := U(xo, s). Moreover, let r := r,, R’ := (3/4)R and

B:=U(x,r), B :=U(z,ar), B":=U(zx,a*), A:={ye B":h(y) > Bh(x)}.
Then B C Ugarr C Upyrr and yg € U,,rr. By (KS), for every closed E C A,
1> h(yo) = pyr o (h) > Bh(z)pb e \F(E) = Bh(z)nm(E)/m(Us),
and hence m(A) < (nB(1+ B)" 'K)~'m(Ug). By (T), (SC) and (3.9),
m(Ug) < como(R) < coa™"mo(ro) = coa™™ (1 4 3)"mq(r).
By (3.8), we therefore conclude that

2em(Ug)

) em(A _
(3.12) 2em(A) < Bt

< cpta’mo(r) < cgtmo(a®r) < m(B”).




Since m(B") < c¢(m(A) +m(B" \ A)), we obtain that m(B" \ A) > (2¢)"'m(B"),
where m(B") > acy*m(B'), by (T) and (SC). So there is a closed set F in B"\ A
with

m(F) > a(2ccd) " 'm(B').
Let

v = b\

The measure v is supported by F'U (X \ B’). By (KS), we see that

(3.13) v(F) > nm(F)/m(B’) > na(2ccy) ™ = 2.
Moreover,
(3.14) h(z) = / hdy  and /F hdv < Bh(z)v(F) < Bh(z)v(F).

In particular, v is not supported by F'.
Next we claim that the function H := 1gch satisfies pZ'(H) < Bh(z). Indeed,
if not, then (HJ) implies that, for every y € B”,

h(y) =y (h) = ) (H) > ¢ wl (H) > ¢ Bh(x) = Bh(),

contradicting the fact that A # B”, by (3.12). Therefore, by (2.3),

[ = vty < 2 11) < ).

Defining a := sup h(B) we have
/ hdv < av(B\ B') < a(l — v(F))

B\B'

(where we used that ||v|| < 1). Hence, by the equality in (3.14),
h(x) :/ hdl/+/ hdv < ph(x)v(F) + Bh(z) + a(l — v(F)).
F X\B'

Since v(F') > 203, by (3.13), we thus conclude that

1 -8 —pBu(F)
T

h(z) > (14 B)h(z) > (1+ )"K

completing the proof (we have (1+ 5)(1 —v(F)) =1+ —v(F) — pr(F)). O
Proof of Theorem 3.3. Let h € H; (U(zo, R)) and 7 := inf h(U(zo, ar)). If
sup h(U (o, ar)) < K~

does not hold, then there exists a point x; € U(zg, «R) such that h(z,) > K7.
Proposition 3.4 and (3.10) then recursively lead to points o, x3, ... in U(zg, 2aR)
satisfying h(z,) > (14 B8)" 'K~ for every n > 2. This contradicts the boundedness
of h. =



4 Green function and Harnack inequalities

In this section, we assume that for all open sets U in the separable metric space (X, p),
we have measures u € M(X), z € X, such that (My) and (M;) hold (see Section 2).
Let G: X x X — (0, 00| be a Borel measurable function and, for u € M(X), let

Gule) = [ Glryyduty), sz e X.
For every A € B*(X), let
cap(A) = sup{||u[|: p € M(X), p(A%) =0, Gu <1}

Clearly,
cap(A) = sup{cap(F): F closed set, F' C A},

and the mapping A — cap(A) is increasing and subadditive. So, in our terminology,
m := cap is a quasi-capacity (with constant 1) on X.

As in Section 2, we suppose that X is an open set in X and U(Xj) denotes the
set of all open sets U with U C Xj. For every closed set A in X, let

A._  X\A
e =y .

REMARK 4.1. For a right process X (see Example 2.1,1), £2 is given by
e(E) =P°[Xp, € E], E<€B(X),

T

where Dy := inf{t > 0: X; € A} denotes the time of the first entry into A. For
a balayage space (X, W) with 1 € W (see Example 2.1,2), the measure &2 is the
reduced measure for  and A (see [5, VI, p.67]).

Let us consider the following properties.

(G1) There exists ¢y > 1 such that, for allU € U(X,), v € U, § > 0, the following
holds: For every closed set A C U, there exists a closed neighborhood B C U
of A and a measure v on B such that

41 efl=d<allell  and gl < Guly) <ellell, veX.

(Ga) There are a strictly decreasing continuous function g: [0,00) — (0,00] and
constants ¢, cp, My € [1,00), ag € (0,1) such that, for every r > 0,

g9(r/2) < epg(r), Mog(r) < glagr) and ¢ 'gop < G < cgop.
(G3) There exist 0 < k < 1/2 and ¢y > ¢ such that, for x € Xo and 0 < r < kRoy(z),

(4.2) capU(x,r) > ¢y g(r) ™t

Let us first note that, having (Gs), for every M > 1, there exists 0 < apr < 1/4
such that

(4.3) Mg(r) < g(amr) for every r > 0.

Indeed, it suffices to choose k € N with M < M}, af < 1/4, and to take ays := of.
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REMARK 4.2. Of course, (G7) holds in Example 2.1,2, if balls are relatively com-
pact, the functions G(+, y) are potentials on X with superharmonic support {y} and,
for every continuous real potential p on X with compact superharmonic support,
there exists a measure v on X such that p = Gv (cf. [13]). Indeed, let A be a closed
set, A C U € Uy and 6 > 0. Then A is compact and, by [5, VI.1.2], there exists
a compact neighborhood B C U of A such that [|€Z]| — & < |le2||. Let ¢ € C(X),
1y <p<l1lpand
p:= R, :=inf{fw e W:w > p}.

Then p is a continuous real potential which is harmonic on X \ B. Hence there
exists a measure v, which is supported by B, such that p = Gr, and we have
el < Gu(y) < er||ef| for every y € X.

PROPOSITION 4.3. Property (Gy) implies the following.
o For everyx € X, G(x,x) = lim,_,, G(y, ) = oo.
e The function G has the triangle property: There exists C > 1, such that

(4.4) G(z,z) NG(y,z) < CG(z,y), z,y,z € X.

e For all x € X and neighborhoods V' of x, G(-,x) is bounded on V°.

Proof. By (4.3), lim,_,og(r) = oo. So the inequality ¢7'g o p < G implies that
G(z,x) = lim,_,, G(y,x) = oco. Moreover, if z,y, 2z € X, then p(z, z) > p(z,y)/2 or
p(z,y) > p(z,y)/2. So G(z,2) < *cpG(z,y) or G(y,2) < *cpG(z,y). Finally, the
last property is satisfied, since G(y, z) < cg(r) if p(y,z) > r. O

REMARK 4.4. In Section 7, we shall see that, conversely, the properties of GG
stated in Proposition 4.3 enable the construction of a metric p satisfying (Gy) with

g(r) = r=7 for some v > 1.
LEMMA 4.5. 1. For everyr >0, capU(z,r) < cg(r)™".
2. If Ae B*(X), ve M(X) and Gv > 1 on A, then cap A < ||v||.
Proof. Let p e M(X), Gu < 1. If p(U(z,7)°) =0, then
ol < [ Glay)duty) = Guta) < 1.

If Ae B*(X), u(A°) =0 and v € M(X) with Gv > 1 on A, then

lull < /Gvdu < CQ/GudVS 2]l

Let us introduce the following property.

(G3) There exist 0 < k < 1/2 and ¢y > 1 such that, forx € Xo and 0 < r < kRy(z),
(4.5) ley @71l > ey tg(r) Gy, 2),  y e Ula,r)"
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The next proposition is of independent interest, since assuming that we have a
P-harmonic space where 1 is superharmonic (that is, a balayage space (X, W) with
1 € W, where the harmonic measures p¥ are supported by the boundary of U), and
G(-, x) is a potential which is harmonic on the complement of {z}, we trivially have

||€W|| > cg(r) Gy, z), y € U(x,r)".
Its second part will be used in Section 7.
PROPOSITION 4.6. Suppose that (G1) and (Ga) hold.
1. Property (G3) implies (G3).
2. Suppose that Xo # X and (Gs3) holds. Then (G3) holds.

Proof. Let x € Xy, 0 <1 < kRy(z) and y € U(z,r)°. Further, let 0 < s < r and
d > 0. By (Gy), there exists a closed neighborhood B of A := U(x,s) in U(z,r) and

a measure v on B such that

ley Il < ex(lleyll +6) and [lef]] < Gu(z) < el =€ X.

z

Of course, ||v]| < ¢;capU(z,r) and, by Lemma 4.5,2, cap A < ||

1. First assume that

vl.

cap U(w,s) > ¢3'g(s)™"

whence cap A > ¢, g(s)™!. For every z € U(x,r), p(y, 2) < ply,x) +r < 2p(y, )
and hence G(y, z) > (cpc) g(p(z,y)) > (cpc®) ' G(y, z). Therefore

(4.6) ci(lley " +0) > cl(lley | +6) = eally | > Gr(y)

- / Gy, 2)div(z) > (ep) Gy, D)l > (epcer)  9(s) Gy, 2).

2. Next we assume (G3) and fix a point y € U(z,2r)¢ (such a point exists, since
U(x,2r) C Xo). Let a := p(z,y). Then G(y,z) > ¢ 'g(a). Further, p(y,-) > a/2
on U(z,r). Thus

(4.7)  (cc2) T gla)g(s)™" < lleyll < Gr(y) < cg(a/2)|Iv]| < cpeeig(a) cap Uz, 7).

Since g is continuous, (4.7) and (4.6) imply the desired implications. O

REMARK 4.7. The proof of (2) shows that for the implication (G3) = (G3) it is
sufficient to have (4.5) for just one point y € U(x, 2r)°.

From now on let us assume in this section that (Gi), (G2) and (Gs) hold. Obvi-
ously, property (T) from Section 3 holds. By the doubling property in (Gs) property
(SC) holds with a = 1/2 and a = c5'. We intend to prove that we have property
(KS) with @ = (ccy)™!. To that end we first note the following.

LEMMA 4.8. Let U be an open set in X and A C U be a closed set. Then

ex " (U) = [l = sup.eye

x

| for every x € X.
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Proof. Since £2°U" is supported by A U U®, we know, by (2.2), that

xT

2] = / e e ),
AUUc¢

The proof is completed observing that ¢4 = €., z € A, and £V (U°) < 1. O

xT

The next proposition establishes that (KS) is satisfied for m = cap, even with
m(U(z,ar)) in place of m(U(z,r)) in (3.3) (where we may remember that, in Ex-
ample 2.1,1, we have 5°7""(4) = P*[D 4y < 70(s0.m)).

PROPOSITION 4.9. Let n:= (2cpc*c?)™, M :=2(cpcer)?, 0 < a < ayy so that
(4.8) Mg(r) < g(ar) for every r > 0.
Moreover, let U(xg,r) € Uy, x € U(xg,ar) and A C U(xg, ar) be closed. Then

cap(A)

4.9 AUU(zo,r)* ( A) > )
(4.9) “u (4) 2 cap(U(zg, ar))

Proof. Let § > 0 and z € U(zg,7)°. By (G), there are a closed neighborhood B
of A, B C U(xg,ar), and a measure v on B such that

leZll < er(lleZll +6)  and lejll < Gu(y) < aillsy/|l for every y € X.

Since p(z,-) < 2ar on B, we obtain that
cr' ez |l > 01_2/@(% ) dv > (cci) " g(2ar)|v|| = (epeci) " glar)|v].
Further, p(z,-) > r/2 on B and cg(r/2) < cpcg(r) < (2cpec?)~tg(ar). Hence

le < /G(z, ) dv < cg(r/2)|lv]| < (2epeet) " g(ar)|v]).
Combining these two estimates we see that

el +6 = lle2ll > erHleZ | = 2l = (2epeet) " g(ar) (||
So, by Lemma 4.8, Lemma 4.5,2 and (4.2),

eV EN (U (2,r)) + 6 > (2epec}) " tg(ar)|lv|| > neap A/ cap Uz, ar).

By Theorem 3.3, we now obtain the following result.

THEOREM 4.10. Suppose that we have (HJ) and a € (0, 1) which satisfies (3.6)
and (4.8). Then there exists K > 1 such that, for all U(xz, R) € U,

sup h(U(z,aR)) < K inf h(U(z, aR)), h € H"(U(z, R)).
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We recall that, by Proposition 3.1, (HI) and the continuity of all functions
in H(U), U € U(Xy), imply the continuity of all functions in HH(U), U € U(Xp).
In fact, assuming that the constant function 1 is harmonic on X, [12, Corollary 3.2]
implies even the Holder continuity of all functions in H; (U), U € U(X,). To see
this we only have to verify property (Jo) in [12], that is, the following.

PROPOSITION 4.11. There ezists g > 0 such that, for every U(x,r) € U,
(4.10) pI @ (U (2, 7)) > 8.
Proof. Let U(x,r) €Uy and S := U(x,ar) \ U(x,a?r). By (4.2) and Lemma 4.5,1,

capS > capU(x,ar) — capU(z, a*r)
>y lglar)™t —cg(a®r) ™t > (2¢0) tglar) Tt

So cap F' > (2¢2)"tg(ar)™! for some closed set F' C S. Taking m € N with 27™ < a,
we conclude that, by Proposition 4.9,

RO (U, 1)) = 0 (U, 1)
> (ce)" cap F/ capUlw,r) > (2¢%¢5) " g(r)/g(ar) = (2c%ccp) ™
To finish the proof we note that uzU(x’OCQr)(U(x, r)) > ,uxU(w’T)\F(U(m, r)), by (2.5). O
As already indicated, [12, Corollary 3.2] now yields the following result.

THEOREM 4.12. Suppose that (HJ) holds and 1 € H(X). Then there exist
B €(0,1) and C > 1 such that, for all U(z, R) € Uy,

T B
1 (y) — h(z)] < O]l (p(éy)) for ally € Uz, R), h € Hy(U(z, R)).

In particular, every universally measurable function, which is harmonic on an open
set U in Xq, is continuous on U.

5 A first application to Lévy processes

In this section, let us assume that X = RY, d > 1, p(z) = |z — y|, and the mea-
sures p are given by a Lévy process X on R? such that, for some function n € B¥(X)

and all x € X, 7 > 0 and Borel sets A in R4\ U(x,r),

TU (z,r)
(5.1) P X, ., €Al =E /0 /An(z — X,) dz du.

LEMMA 5.1. Suppose that 0 < o < 1/2 and cy > 1 such that, for y,z € RY,
(5.2) n(z) <cn(z+y) provided |y| < 2a/z|.
Then for allz € R4, v > 0 and y € U(x,ar),

pl@er) < cjp;](y"”) on U(x,r).

In particular, (HJ) holds.

12



Proof. By translation invariance, it suffices to consider the case x = 0. Let r > 0
and y € U(0,ar), 7 := Ty,ar), and let A be a Borel set in U(z,r)¢. By (5.1) and
translation invariance,

py " (A) = iy (A = )

= ]EO// n(z—X dzdu—]EO// (z — Xy +y)dzdu.
A—y

If z€ Aand 2 € U(0,ar), then |y| < ar < 2a(l — a)r < 2alz — Z|, and hence
n(z — 2) <eyn(z — 2+ y), by (5.2). Considering also the case y = 0, we conclude
that 5 (O’M)(A) < c;u7 ) (A). To complete the proof it suffices to recall that
e < VO o0 U0, 1), by (2.3). O

So, by Theorems 4.10 and 4.12, we have the following.

THEOREM 5.2. Suppose that n satisfies (5.2) and that there exists a Borel mea-
surable function G: R? x R — (0, o0 satisfying (G1) — (G3) with p(z,y) = |z —y.
Then there exist o € (0,1) and K > 1 such that, for all x € R* and R > 0,

sup h(U(z,aR)) < Kinf h(U(z,aR))  for all h € H(U(x, R)).

If 1 € H(RY), then there are 3 € (0,1) and C > 1 such that, for v € R and R > 0,

= yl\’
|h(y) — h(z)| < C||hso ( B ) for ally € U(x,R), h € Hy(U(x, R)),

and every universally measurable function on R?, which is harmonic on an open
set U in Xq, is continuous on U.

REMARK 5.3. For a sufficient property which is weaker than (5.2) see (6.5).

6 Application based on an Ikeda-Watanabe esti-
mate

To cover more general processes let us return to the setting of Section 4, where
we have the following: A separable metric space (X, p) and harmonic measures Y
on X, xz € X, U open set in X, which satisfy (My) and (M;) (see Section 2), and
a Borel measurable function G: X x X — (0, 00| such that (G;) — (G3) hold. In
particular, we have an open set X in X, balls U(x,r) :={y € X: p(z,y) < r}, and
Ro(z) :==sup{r > 0: U(z,r) C Xo}, x € X.

For every V € U(Xy), let Gy be the associated (Green) function on V| that is,

Gy (z,y) = Glz,y) - / Gley)di¥(s),  zyeV.

Of course, Gy (-,y) = 0 on V°. We suppose that we have the following relation

between the functions Gy, (z, ) and the harmonic measures ,uU( @),

13



(IW) There exist A € M(X), a kernel N on X, Mpy > 1 and Cpyw > 1 such that,
for all x € Xy, 0 <r < Ro(x) and Borel sets E in X \ U(x, Mywr),

(6.1)  Crppg ™ (E) < /GU(zm)(%Z)N(Z,E) dA\(2) < Crwpg ™7 (B).

REMARK 6.1. With Cy = 1 and My = 1, (6.1) is part of the Ikeda-Watanabe
formula which holds for all (temporally homogeneous) Lévy processes (see [16, Ex-
ample 1 and Theorem 1]).

We are indebted to a referee of the manuscript [14] (which merged into the present
paper) for the hint that, in the Examples 2.1,2, the Ikeda-Watanabe formula always
holds under mild dualitity assumptions (where \ is the Revuz measure of a positive
continuous additive functional H given by a Lévy system (N, H) for a suitable Hunt
process (X;) and an excessive reference measure m associated with (X, W) (see
3, 6, 8, 25]):

1 t
A(A) zlimt_m%IEm/ 140X, dH,, A € B(X).
0

We shall get the following results, where it only remains to prove that property

(HJ) is satisfied (see (3.4) and Theorems 4.10 and 4.12).

THEOREM 6.2. Suppose that there exist C' > 1 and « € (0,1) such that, for all
r € X, 0<r <aRy(z), v,y € U(z,ar),

(6.2) N, ) <CN(y,-) onU(x,r)°

and

6.3 x,2))d\Nz) < C ,2))dA(z).
(63) A@m““ ) dA() meﬂ@@>><>

Then scaling invariant Harnack inequalities hold for functions in HT(U(x, R)),
x € Xg and 0 < R < Ry(x).

Moreover, if 1 € H(X), then scaling invariant Holder continuity holds for func-
tions in Hy(U(z, R)), v € Xo and 0 < R < Ro(z), and every universally measurable
function on X, which is harmonic on an open set U in Xy, is continuous on U.

Let us note that (6.3) trivially holds, if X = R%, d > 1, p(z,y) = |z — y| and X
is Lebesgue measure.

THEOREM 6.3. Suppose that X = RY, p(x,y) = |v — y|, the measure X in
(IW) is Lebesgue measure and there exists co > 1 such that the normalized Lebesque
measure A\y(zn on U(z,r) satisfies*

(6.4) GAu(ary < c29(7), z € Xo, 0 <7 < Ro(x).

Moreover, assume that there are a measure A on ]Rfl, a function n: R¥xR? — [0, 00)
and € > 1, a € (0,1) such that N(y,) = n(y,-)JA, y € Xo, and, for all y,y/ € X,
and z € X,

(6.5)  n(y,2) < Cn(y,2), ifly—2 =1y =2 and |y —y| <aly’ - Z|.
Then the conclusions of Theorem 6.2 prevail.
!The inequality (6.4) trivially implies that (G3) holds (see also [11, (1.14)]).
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REMARK 6.4. Suppose that there exists a function ng: [0,00) — [0,00), Cy > 1
and o € (0,1) such that Cy'ng(|lz — y|) < n(z,y) < Cono(|z — y|) and

(6.6) no(t) < Cong(s), whenever 0 < s <t < (1+ «a)s.
Then (6.5) is satisfied.

Thus rather general Lévy processes abundantly provide examples for our ap-
proach (see [9, 20, 22, 23, 24, 26]).

For the proofs of Theorem 6.2 and 6.3 we need the following simple statement,
where M := 2cpc® and 0 < apy < 1/4 such that Mg(r) < g(anyr), r > 0 (see (4.3)).

LEMMA 6.5. Forally e X, r >0 and 0 < a < ayy,
1
(67) GU(y,T)('v y) > 5 G(> y) on U(yv QQT)'

Proof. Let y € X and r > 0. Since G(-,y) < cg(r) on U(y, )¢, we obtain that

[ G don < el < (20c0) glar),
whereas G(-,y) > ¢ 'g(2ar) > (ccp)~tg(ar) on U(y,2ar). So (6.7) holds. O

Proof of Theorem 6.2. To prove (HJ) we fix 0 < a < (ay A Mpy)/2. Now let
r € Xy, 0<r <aRy(x), y € Ux,a’r), and let E be a Borel set in U(x,r)¢. Then
E is contained in both U(z, Mywar)® and U(y, Mwar)¢. Hence, by (6.1) — (6.7),
Lemma 6.5 and (2.3),

2

W (E)

IN

CIW/GU(:v,aQT)(Ivz)N(ZvE) d)\(Z)

IN

cCCrwN(y, E) / g(p(z, 2)) dA(z)

U(z,a2r)

< oy N(y, E) / 9(p(y, 2)) dA(2)

U(y,2a2r)

IN

22y / Gtgany (1, 2)N (2, B) dA(2)
2¢2C3C3y, qu(y’aT)(E) <2°C3Chy, ,qu(m’T)(E).
in place of ). O

v 1A

Thus (HJ) holds (with «

Proof of Theorem 6.3 (cf. the proof of [9, Proposition 6]). First, we choose 0 < a <
(s AM ;) /2 such that (6.5) holds. Next, we fix z € X, 0 < r < Ro(x) and a Borel
set £ in U(x,r)¢. Then E C X \ U(y, Mywar) for every y € U(z,a?r). By (6.1),
(2.3) and Lemma 6.5,

peeDE) < cCnr [ [ gl 2hn=2) dAE) G,
U(z,a2r) JE
Iqu(x’T)(E) > ;LyU(y’ar)(E) > C]_ml//GU(y,ar)@? 2)N(z, E) dA(2)

> (2Cw) /U( - )G(Z/, 2)N(z, E) d\(z)

Vv

(2ccpCrw) " g(a®r) /U( ) )/En(z,é) dN(Z) d\(2).
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2

Defining 7 := a*r, we hence have to show that, with some constant C’ > 0,

(6.8) / g(lx — z|)n(z, 2) dA(2) < C"g(f)/ n(z, 2) d\(z)
U(z,7) U(a,F)
for every Z € U(x,r)¢. To that end let us fix Z € U(z,r)".
Let B :=U(xz,7/2). Since g(|x — y|) < ¢g(7/2) < epg(T) for every y € B¢,
[ o= shne2)dx0) < eogl®) [l 2w
U(z,7)\B U(z,7)

Moreover, let

7 and B :=U(2,7/4),

A e
T x—|—4|2_$|

so that B" € U(x,7)\ B. If y € B and y € B/, then |y — Z| > |y — 2| and
ly — | <3r/2 < alr —7) < a|y — Z|, and therefore, by (6.5),

d
) < 55 [ 00 D) = s [ 2 axw)

Hence

/B gz — y)n(y. ) dA(y)

where, by (6.4),

1 ol ~
/\(B) / g(|x - yl) d)\(y) < CG/\B(JJ) < CCQQ(T/2) < CCDCQQ(T).
B
Thus (6.8) holds with C" := cp(1 + 2%cc,C). -

7 Intrinsic scaling invariant Harnack inequalities

In this section we shall weaken the assumptions and prove intrinsic scaling invariant
Harnack inequalities, where the metric is derived from the Green function. We start
with the same setting as in Section 4 (assuming that X, is a proper subset of X)
and suppose that we have a Borel measurable function G: X x X — (0, 00| which
satisfies (G1). Let us define

Viz,s):={yeX:Gly,z)" <s}, re X, s>0,

So(z) := sup{s > 0: V(z,s) C Xo}, z € Xj.

Instead of (Gg) and (G3) we assume the following properties (where also the case
w = 1 is of interest).
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(Gh) For every x € X, G(x,x) = lim,,, G(y,z) = oo, and there exists a Borel
measurable function w on X, 0 < w <1, such that

(7.1) /wdug < w(x) for all open sets U in X and x € X,

and G has the (w,w)-triangle property, that is, for some ¢; > 1, the function

~. T G(xa y)
G Gty
satisfies
(7.2) G(z,2) NGy, 2) < e1G(z,y), z,y,z € X.

Moreover, A := inf w(Xy) > 0 and, for every x € X and neighborhood V' of x,
the function G(-,x)/w is bounded on V°.

(G%) There exists c3 > 1 such that, for all v € X and 0 < s < Sp(z),

(7.3) ley N > e5'sGy, @),y € Vi, s)"

Moreover, we introduce the following property.

(HJ') There exist o € (0,1) and c; > 1 such that, for all x € Xy and 0 < s < Sy(z),

o o

(7.4) Y @es) < CJ/J/,}//(I75) on {}(x, s)¢, y € V(x,a’s).
REMARKS 7.1. 1. Clearly, (Gy) implies (G5) with w = 1, by Proposition 4.3.

2. In interesting cases, the function G does not have the (1, 1)-triangle property,
and hence (Gy) cannot hold. However, in these cases the (w,w)-triangle property
frequently holds with w = G(-,y9) A 1, where yq is some fixed point in X,. This is
already the case in classical potential theory and the theory of Riesz potentials, if X
is an open ball in R%.

PROPOSITION 7.2. There exist a metric p for the topology of X, v > 1 and
C > 1 such that, for all (x,y) € X x X,

(7.5) C™ ' p(x,y) " < Glx,y) < Cplw,y) 7.

In particular, (Gy) holds for G with §(r) :=r~". Moreover, let

Ulz,r) ={y € X: p(z,y) <r}, re X, r>0,
Ro(x) := sup{r > 0: U(x,r) C Xo},

and 3 := (\/C)?/7. Then, for all x € Xy and r > 0,

(7.6) Ulz,Br) c V(z,C~) c Uz, r).
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Proof. Since G' = oo on the diagonal, (7.2) implies that G(y,z) < ¢;G(z,y) and
(2,y) = Glz,y) " + Gly,2) !

defines a quasi-metric on X which is equivalent to G—'. So, by [15, Proposition 14.5]
(see also [11, Proposition 6.1]), there exist a metric p on X, v > 1 and C' > 1 such
that (7.5) holds.

Now let z € X, r > 0 and s := C~'7. If y € U(z, Br), then

Gy, z) > NGy, ) > NC ' p(z,y) ™7 > N2C~YBr) Y =571
Therefore U(x, fr) C V(x,s). If y € V(x, s), then
Cplz,y)™" > Gly,x) > Gy, x) > Cr7,

and hence p(z,y) < r. So V(z,s) C U(x,r), where V(z,s) is a neighborhood of z,
since lim,_,, G(z,z) = oc.

Finally, if V' is a neighborhood of z, there exists M > 0 with G(-,z)/w < M
on V¢. Now let 7 := (CM/w(x))~'/7. Then, for every y € U(z,7),

G(y,x)/w(y) = w(z)G(y, ) > C  w(@)p(z,y) " > M.

Hence U(z,7) C V. Thus j is a metric for the topology of X. O

We intend to prove the following theorem, where (HJ') trivially holds, if the
measures pY are supported by the boundary of U.

THEOREM 7.3. Suppose that (HJ') holds. Then there exist o € (0,1) and K > 1
such that, for all x € Xo, 0 < R < Ro(z) and h € H*(U(xz, R)),

(7.7) sup h(U(z, aR)) < K inf h(U(x, aR)).

To that end we introduce normalized measures and normalized harmonic func-
tions. For all xz € X, open sets U and closed sets A in X, let

(78) A= Y, == e
w(z)

For every U € U(Xy), let H(U) be the set of all _universally measurable real func-
tions A on X such that, for all open sets V' with V' C U and x € V, the function h
is 1Y -integrable and

/ hdil = h(z).
Obviously,

(7.9) AU = %H(U).

We shall prove that Theorem 4.10 holds for H*(U(z,r)). Then Theorem 7.3
follows easily using (7.9), since w < 1 and w > X on X.
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So let us verify the assumptions made for Theorem 4.10. It is immediately seen
that (Mp), (M;) hold for the measures i¥ (the inequality ||zY|| < 1 is equivalent to
(7.1)). Further, for all closed sets A C Xj, measures v on A and = € X,

Gv = wG(wv) and A

59? < ~§‘ < 1 6;4.
w(z) w(x)

Therefore (G;) holds for the measures £4 and G with ¢, := A ¢; instead of ¢; (and
measure 7 := wv instead of v). To deal with (Gs) we first show the following.

PROPOSITION 7.4. Property (Gs) holds for G, p and §(r) =r".

Proof. Let ¢ = csC/X. Let x € Xo, 0 < 7 < Ry(z) and s := C~'77. By
Proposition 7.2, V(z,s) C U(z,r). Let y € U(x,r)¢. Using (7.3) we see that

HéyU(z,r)H > w?y) I 5WH > Cglw?y) sG(y,x) > c3' N\ s @(y,x) > 5§1r7é(y,a:).
[
COROLLARY 7.5. Property (G3) holds for G, p, §(r) = =7 and the capacity cap
gwen by G.
Proof. Propositions 7.4 and 4.6. O

LEMMA 7.6. Suppose that (HJ') holds. Then (HJ) holds for p and the mea-
sures il ™" 1 € Xo, 0 < r < Ro(x).
Proof. Let & = af, z € Xy, 0 <r < Ry(z), s := C~ 7. Then

[e)

(7.10) Uz, d&"r) C V(z,a"s), ke N.

Indeed, & < Ba*, where o7 < oF, since ¥ > 1. So (7.10) follows from the first
inclusion in (7.6). Let y € U(x, &*r). Then, by (2.3), (HJ') and (7.6),

Iug(z,&r) < ’ugc/(x,ocs) < CJM;/(JJ,S) < CJ,qu(a:,r) on V(ZE,S)C,

which contains U (z,r)¢. Hence, by (7.8),

~U(z,ar) _ w U(z,ar) < /\—1 w Uz,r) _ /\—1 ~U(z,r) U c
oy - Moy = Cy H - CI on (l’, T') :
w(z) w(y) Y Y

]

As already indicated, Theorem 7.3 now follows by an application of Theorem 4.10
to HT(U(xg, R)) and p, to recall the identity (7.9) and the inequalities A < w < 1
on XO-
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