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Abstract

We apply the subordination principle to construct kinetic fractional
statistical dynamics in the continuum in terms of solutions to Vlasov-
type hierarchies. As a by-product we obtain the evolution of the dens-
ity of particles in the fractional kinetics in terms of a non-linear Vlasov-
type kinetic equation. As an application we study the intermittency
of the fractional mesoscopic dynamics.

Keywords Configuration space; Caputo derivative; Vlasov-type kin-
etic equation, correlation functions, Poisson flow.

1



Contents
1 Introduction 2

2 Preliminaries 4

3 Mesoscopic statistical dynamics 6

4 Fractional statistical dynamics 9

5 Fractional kinetics and Poisson flows 11
5.1 Front propagation for the density . . . . . . . . . . . . . . . . 12
5.2 Intermittency for subordinated flows . . . . . . . . . . . . . . 13
5.3 Polynomially growing density . . . . . . . . . . . . . . . . . . 15

6 Examples 16

1 Introduction
A general scheme for the study of Markov dynamics for interacting particle
systems (IPS for short) in the continuum includes the following steps. We
start with a heuristic Markov generator L defined on functions over a con-
figuration space of the system. Associated with this generator is a forward
Kolmogorov equation for states of the system (a.k.a. a Fokker-Planck equa-
tion (FPE)). A solution to this equation gives the so-called statistical dy-
namics of the model under consideration [FKK12]. A constructive approach
to the existence and uniqueness problem for solution of the FPE and for the
analysis of its properties exploits the possibility of writing this equation as a
hierarchical chain of evolution equations for time dependent correlation func-
tions [FKK12, FKK15]. This step corresponds to a microscopic description
of the system.

A mesoscopic level of the study is related with a Vlasov-type scaling limit
for the dynamics that leads to a kinetic or Vlasov hierarchy for correlation
functions. This scaling limit destroys the Markov property of the evolution of
the limiting Vlasov-Fokker-Planck equation (VFPE): for an initial probability
measure the solution, in general, is no longer a measure. Still, the resulting
dynamics has a conditional Markov property in the following sense. If we
start with a Poisson initial state then the solution of the VFPE will be given
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by a flow of Poisson measures on the configuration space. In theoretical
physics this fact is known as the chaos propagation property.

The Poisson flow which appears in the Vlasov limit is completely char-
acterized by the density function ρt(x), which corresponds to the Poisson
measure from the flow at time t ≥ 0. A specific feature of the mesoscopic
limit is a non-linear Vlasov-type kinetic equation for this density. In most
cases this equation may be informally derived directly from the form of the
generator L. However, a rigorous realization of the above scheme is a non-
trivial task for each particular model [FKK10, FKK12, FKKK15]. The study
of the resulting kinetic equations for concrete Markov dynamics of interacting
particle systems in the continuum belongs to the general theory of non-local
non-linear evolution equations which has been under active development in
recent years.

The aim of the present paper is to extend the concept of statistical dy-
namics and related structures to the case of fractional time derivatives. From
the probabilistic point of view this means that we leave the Markov dynam-
ical framework by introducing a random time change in the corresponding
Markov process – see for example [MTM08, Mai97]. In the language of func-
tional analysis we are no more in the arena of semigroup evolutions.

Below we discuss the concept of a fractional Fokker-Plank equation (FPE)
and the related fractional statistical dynamics, which is still an evolution in
the space of probability measures on the configuration space. The mesoscopic
scaling of the generator of this evolutions leads to the same result as for the
initial FPE. The latter leads us to the concept of a fractional VFPE. A
subordination principle provides for the representation of the solution to this
equation as a flow of measures that is a transformation of a Poisson flow for
the initial VFPE. Note that the density function for the fractal kinetics is
a subordination of the solution to the initial Vlasov equation. This density
characterizes the kinetic behavior of the fractional statistical dynamics, but
it is not the same as the solution to the Vlasov equation with a fractional
time derivative, as is typically assumed in theoretical physics.

In this paper we leave open the problem of rigorous realization of scaling
approach for particular models. Instead, our considerations are focused on
questions about the properties of subordinated flows. In particular, we clarify
the possibility of having time-dependent random point processes with an
asymptotic intermittency property as a result of subordination of Poisson
flows.
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2 Preliminaries
Let B(Rd) be the family of all Borel sets in Rd, d ≥ 1 and let Bb(Rd) denote
the system of all bounded sets in B(Rd).

The space of n-point configurations in an arbitrary Y ∈ B(Rd) is defined
by

Γ
(n)
Y :=

{
η ⊂ Y

∣∣ |η| = n
}
, n ∈ N.

We also set Γ
(0)
Y := {∅}. As a set, Γ

(n)
Y may be identified with the symmet-

rization of
Ỹ n =

{
(x1, . . . , xn) ∈ Y n

∣∣xk 6= xl if k 6= l
}
.

The configuration space over the space Rd consists of all locally finite
subsets (configurations) of Rd, namely,

Γ = ΓRd :=
{
γ ⊂ Rd

∣∣|γ ∩ Λ| <∞, for all Λ ∈ Bb(Rd)
}
. (1)

The space Γ is equipped with the vague topology, i.e., the minimal topology
for which all mappings Γ 3 γ 7→

∑
x∈γ f(x) ∈ R are continuous for any

continuous function f on Rd with compact support. Note that the summation
in
∑

x∈γ f(x) is taken over only finitely many points of γ belonging to the
support of f . It was shown in [KK06] that with the vague topology Γ may be
metrizable and it becomes a Polish space (i.e., a complete separable metric
space). Corresponding to this topology, the Borel σ-algebra B(Γ) is the
smallest σ-algebra for which all mappings

Γ 3 γ 7→ |γΛ| ∈ N0 := N ∪ {0}

are measurable for any Λ ∈ Bb(Rd). Here γΛ := γ∩Λ, and | · | the cardinality
of a finite set.

It follows that one can introduce the corresponding Borel σ-algebra, which
we denote by B(Γ

(n)
Y ). The space of finite configurations in an arbitrary

Y ∈ B(Rd) is defined by
Γ0,Y :=

⊔
n∈N0

Γ
(n)
Y .

This space is equipped with the topology of disjoint unions. Therefore one
can introduce the corresponding Borel σ-algebra B(Γ0,Y ). In the case of Y =

Rd we will omit the index Y in the notation, thus Γ0 := Γ0,Rd Γ(n) := Γ
(n)

Rd .
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The restriction of the Lebesgue product measure (dx)n to
(
Γ(n),B(Γ(n))

)
will be denoted by m(n), and we set m(0) := δ{∅}. The Lebesgue–Poisson
measure λ on Γ0 is defined by

λ :=
∞∑
n=0

1

n!
m(n). (2)

For any Λ ∈ Bb(Rd), the restriction of λ to ΓΛ := Γ0,Λ will be also denoted
by λ. The space

(
Γ,B(Γ)

)
is the projective limit of the family of spaces{

(ΓΛ,B(ΓΛ))
}

Λ∈Bb(Rd)
. The Poisson measure π on

(
Γ,B(Γ)

)
is given as the

projective limit of the family of measures {πΛ}Λ∈Bb(Rd), where πΛ := e−m(Λ)λ

is the probability measure on
(
ΓΛ,B(ΓΛ)

)
. Here m(Λ) is the Lebesgue meas-

ure of Λ ∈ Bb(Rd).
For any measurable function f : Rd → R we define a Lebesgue–Poisson

exponent
eλ(f, η) :=

∏
x∈η

f(x), η ∈ Γ0; eλ(f, ∅) := 1. (3)

Then, by (2), for f ∈ L1(Rd, dx) we obtain eλ(f) ∈ L1(Γ0, dλ) and∫
Γ0

eλ(f, η)dλ(η) = exp

(∫
Rd
f(x) dx

)
. (4)

A set M ∈ B(Γ0) is called bounded if there exists Λ ∈ Bb(Rd) and N ∈ N
such that M ⊂

⊔N
n=0 Γ

(n)
Λ . We will make use of the following classes of

functions on Γ0: (i) L0
ls(Γ0) is the set of all measurable functions on Γ0 which

have local support, i.e., G ∈ L0
ls(Γ0), if there exists Λ ∈ Bb(Rd) such that

G �Γ0\ΓΛ
= 0, while (ii) Bbs(Γ0) is the set of bounded measurable functions

with bounded support, i.e., G �Γ0\B= 0 for some bounded B ∈ B(Γ0).
In fact, any B(Γ0)-measurable function G on Γ0 is a sequence of functions{

G(n)
}
n∈N0

, where G(n) is a B(Γ(n))-measurable function on Γ(n).
On Γ we consider the set of cylinder functions Fcyl(Γ). These functions

are characterized by the relation F (γ) = F �ΓΛ
(γΛ).

The following mapping from L0
ls(Γ0) into Fcyl(Γ) which plays the key role

in our further considerations:

KG(γ) :=
∑
ηbγ

G(η), γ ∈ Γ, (5)
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where G ∈ L0
ls(Γ0). See, for example, [KK02],[Len75a, Len75b]). The sum-

mation in (5) is taken over all finite sub-configurations η ∈ Γ0 of the (infinite)
configuration γ ∈ Γ; this relationship is represented symbolically by η b γ.
The mapping K is linear, positivity preserving, and invertible, with

K−1F (η) :=
∑
ξ⊂η

(−1)|η\ξ|F (ξ), η ∈ Γ0. (6)

Here and in the sequel, inclusions like ξ ⊂ η hold for ξ = ∅ as well as for
ξ = η. We denote the restriction of K onto functions on Γ0 by K0.

A measure µ ∈ M1
fm(Γ) is called locally absolutely continuous with re-

spect to (w.r.t.) a Poisson measure π if for any Λ ∈ Bb(Rd) the projection of
µ onto ΓΛ is absolutely continuous w.r.t. projection of π onto ΓΛ. By [KK02],
there exists in this case a correlation functional kµ : Γ0 → R+ such that the
following equality holds for any G ∈ Bbs(Γ0):∫

Γ

(KG)(γ)dµ(γ) =

∫
Γ0

G(η)kµ(η)dλ(η). (7)

Restrictions k(n)
µ of this functional on Γ

(n)
0 , n ∈ N0, are called correlation

functions of the measure µ. Note that k(0)
µ = 1.

3 Mesoscopic statistical dynamics
In this section we introduce the general scheme of Vlasov scaling for the
Markov dynamics of IPS – interacting particle systems – on configuration
space. Thus we assume that the initial distribution (the state of particles)
in our system is a probability measure µ0 ∈ M1(Γ) with corresponding cor-
relation function k0 = (k

(n)
0 )∞n=0. The distribution of particles at time t > 0

is the measure µt ∈ M1(Γ), and kt = (k
(n)
t )∞n=0 its correlation function. If

the evolution of states (µt)t≥0 is determined a priori by a heuristic Markov
generator L, then µt is the solution of the forward Kolmogorov equation (or
Fokker-Plank equation (FPE)),{

∂µt
∂t

= L∗µt

µt|t=0 = µ0,
(8)

where L∗ is the adjoint operator. In terms of the time-dependent correlation
functions (kt)t≥0 corresponding to (µt)t≥0, the FPE may be rewritten as an
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infinite system of evolution equations{
∂k

(n)
t

∂t
= (L4kt)

(n)

k
(n)
t |t=0 = k

(n)
0 , n ≥ 0,

(9)

where L4 is the image of L∗ in a Fock-type space of vector-functions kt =
(k

(n)
t )∞n=0. In applications to concrete models, the expression for the op-

erator L4 is obtained from the operator L via combinatoric calculations
(cf. [KK02]). The following diagram

L
duality //

K

��

L∗

K∗

��

L̂ = K−1LK L4 = L̂∗ = K∗L∗(K−1)∗

describes the relationships.
The evolution equation (9) is nothing but a hierarchical system of equa-

tions to the Markov generator L. This system is the analogue of the BBGKY-
hierarchy of the Hamiltonian dynamics [Bog46].

Our interest now turns to Vlasov-type scaling of stochastic dynamics for
the IPS in a continuum. This scaling leads to so-called kinetic description
of the considered model. In the language of theoretical physics we are deal-
ing with a mean-field type scaling which is adopted to preserve the spatial
structure. In addition, this scaling will lead to the limiting hierarchy, which
possesses a chaos propagation property. In other words, if the initial distri-
bution is Poisson (non-homogeneous) then the time evolution of states will
maintain this property. We refer to [FKK10] for a general approach, concrete
examples, and additional references.

There exists a standard procedure for deriving Vlasov scaling L4V from
the generator L4 in (9). Heuristically, L4V corresponds to a (non-Markov)
generator LV on observables which may be reconstructed form L4V just on
the level of combinatorial calculations. All together, it gives us the following
chain of transformed operators:

L // LV // L∗V
// L4V .
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The specific type of scaling is dictated by the model in question. The process
leading from L4 to L4V produces a non-Markovian generator LV since it lacks
the positivity-preserving property. Therefore instead of (8) we consider the
following kinetic FPE, {

∂µt
∂t

= L∗V µt

µt|t=0 = µ0,
(10)

and observe that if the initial distribution satisfies µ0 = πρ0 , then the solution
is of the same type, i.e., µt = πρt .

In terms of correlation functions, the kinetic FPE (10) gives rise to the
following Vlasov-type hierarchical chain (Vlasov hierarchy){

∂k
(n)
t

∂t
= (L4V kt)

(n)

k
(n)
t |t=0 = k

(n)
0 , n ≥ 0.

(11)

Remark 1. 1. In applications it is important to consider the Lebesgue-
Poisson exponents k0(η) = eλ(ρ0, η) =

∏
x∈η ρ0(x) as the initial con-

dition. The scaling L4V should be such that the dynamics k0 7→ kt
preserves this structure, or more precisely, kt should be of the same
type

kt(η) = eλ(ρt, η) =
∏
x∈η

ρt(x), η ∈ Γ0. (12)

2. Relation (12) is known as the chaos preservation property of the Vlasov
hierarchy. It turns out that equation (12) implies, in general, a non-
linear differential equation

∂ρt(x)

∂t
= ϑ(ρt)(x), x ∈ Rd, (13)

for ρt, which is called the Vlasov-type kinetic equation.

Remark 2. In general, if one does not start with a Poisson measure, the
solution will leave the spaceM1(Γ). To have a bigger class of initial measures,
we may consider the cone inside M1(Γ) generated by convex combinations
of Poisson measures, denoted by P(Γ).

We would now like to generalize the above general scheme to obtain the
analog of kinetic fractional statistical dynamics (or equivalently mesoscopic
fractional statistical dynamics). It would be tempting simply to replace the
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usual time derivative in equation (13) by a time fractional derivative. Because
the equation (13) in general is non-linear, it is then much harder to obtain
a solution. But more essential is the question of the meaning of such an
equation. A naive use of the fractional derivative in the Vlasov equation is
not justified by the microscopic dynamics and its scaling. Our alternative
approach to realizing this generalization is described in the following section.

4 Fractional statistical dynamics
The procedure of Section 3 is suitable for describing non-Markov evolutions.
More precisely, in the FPE (8) we change the usual time derivative by the
Caputo–Djrbashian fractional time derivative Dα

t (CDfd for short) and then
study the corresponding fractional dynamics.

In order to proceed, we first have to define the CDfd. Let f : R+ −→ R
be given; then the CDfd of f is given in the Laplace transform domain by(

LDα
t f
)
(s) = sα(Lf)(s)− sα−1f(0), s > 0, α ∈ (0, 1],

where Lf denotes the Laplace transform of f ,

(Lf)(s) =

∫ ∞
0

e−stf(t) dt.

Another possible representation of the CDfd is

(
Dα
t f
)
(t) =

1

Γ(1− α)

d

dt

∫ t

0

f(τ)− f(0)

(t− τ)α
dτ, 0 < α < 1.

In case f is absolutely continuous, we have

(
Dα
t f
)
(t) =

1

Γ(1− α)

∫ t

0

f ′(τ)

(t− τ)α
dτ, 0 < α < 1.

The definition of the CDfd has natural extensions to vector-valued or measure
valued functions on R+. We refer to the monographs [Pod99] and [KST06]
for more details and references concerning the CDfd.

We will introduce the fractional statistical dynamics for a given Markov
generator L by changing the time derivative in the FPE to the CDfd. The
resulting fractional Fokker-Planck dynamics (if it exists!) will act in the
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space of states on Γ, i.e., it will preserve probability measures on Γ. The
fractional Fokker-Planck equation{

Dα
t µ

α
t = L∗µαt

µαt |t=0 = µα0 .
(FFPE)

describes a dynamical system with memory in the space of measures on Γ.
The corresponding evolution no longer has the semigroup property. However,
if the solution µt of equation (10) exists, then the subordination principle
(see [Prü93], [Baz01, Baz00] and references therein) gives the solution of the
equation FFPE, namely

µαt =

∫ ∞
0

Φα(τ)µτtα dτ. (14)

Here Φα(z) is the Wright function

Φα(z) :=
∞∑
n=0

(−z)n

n!Γ(−αn+ 1− α)
,

a probability density function in R+). It is known (see for example [GLM99]
and [MMP10]) that

Φα(t) ≥ 0, t > 0,

∫ ∞
0

Φα(t) dt = 1,

and that the moments of Φα are given by∫ ∞
0

tδΦα(t) dt =
Γ(δ + 1)

Γ(αδ + 1)
, δ > −1. (15)

Its Laplace transform is given by∫ ∞
0

e−τtΦα(τ) dτ = Eα(−t), t > 0,

where Eα is the Mittag-Leffler function (see [KST06]):

Eα(z) :=
∞∑
n=0

zn

Γ(αn+ 1)
.
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An application of the subordination principle may be justified in many partic-
ular models where the evolution of correlation functions may be constructed
by means a C0-semigroup in a proper Banach space. In general, the sub-
ordination formula may be considered as a rule for the transformation of
Markov dynamics to fractional ones.

It is easy to see that µαt is a measure. Actually, positivity follows from
that fact that for any measurable set A we have

µαt (A) =

∫ ∞
0

Φα(t, s)µs(A) ds ≥ 0,

since µs is a measure and Φα is a pdf. The σ-additivity property may be
verified using the standard procedure. The FFPE equation may be written
in terms of time-dependent correlation functions as an infinite system of
evolution equations, the so-called hierarchical chain:{

Dα
t k

(n)
α,t = (L4kα,t)

(n)

k
(n)
α,t |t=0 = k

(n)
α,0, n ≥ 0.

The evolution of the correlation functions should also be given by the subor-
dination principle. More precisely, if the solution kt of equation (11) exists,
then we have

kα,t =

∫ ∞
0

Φα(τ)kτtα ds.

5 Fractional kinetics and Poisson flows
As in the case of Markov statistical dynamics addressed above, we may con-
sider Vlasov-type scaling in the framework of the FFPE. We know that the
kinetic statistical dynamics for a Poisson initial state πρ0 is given by a flow
of Poisson measures

R+ 3 t 7→ µt = πρt ∈M1(Γ),

where ρt is the solution to the corresponding Vlasov kinetic equation. Then
the fractional kinetic dynamics of states may be defined as the subordination
of this flow (see comments above). Specifically, for 0 < α < 1 we consider
the subordinated flow

µαt :=

∫ ∞
0

Φα(τ)µτtα dτ =

∫ ∞
0

Φα(τ)πρτtα dτ.
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The family of measures µαt is no longer a Poisson flow. We would like to
analyze the properties of these subordinated flows to distinguish the effects
of fractional evolution. Note first that the density of the fractional kinetic
state is given by the formula

ραt (x) =

∫ ∞
0

Φα(τ)ρτtα(x) dτ.

The latter is the subordination of the solution to the Vlasov equation and
is not related to a fractional Vlasov equation as it is expected in several
heuristic considerations in physics.

It is reasonable to study the properties of subordinated flows from a more
general point of view when the evolution of densities ρt(x) is not necessarily
related to a particular Vlasov-type kinetic equation. Similar transformations
of Poisson flows do appear due to completely different motivations in several
applications. See, for example, [DSO12, OVM15] and, for the related frac-
tional Poisson process, [RS00, Las03, MGS04, MV07, UCS08, MNV11], and
references therein.

Below we will study certain properties of the resulting flows affected by
fractional dynamics.

5.1 Front propagation for the density

Let us consider a density evolution of the form

ρt(x) = 11[−1−vt,1+vt](x), t ≥ 0, x ∈ R,

where v > 0 is the constant speed of the density front. The subordinated
density has the following representation

ραt (x) =

∫ ∞
0

Φα(τ)11[−1−vtατ,1+vtατ ](x) dτ,

and for |x| > 1

ραt (x) =

∫ ∞
A(x,t)

Φα(τ)dτ,

where
A(x, τ) =

|x| − 1

vtα
.

We have ραt (x)→ 1, t→∞, |x| > 1 and ραt (x)→ 0, x→∞, t ≥ 0. Consider
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Ψα(s) =

∫ ∞
s

Φα(τ)dτ.

Due to monotonicity we may find a unique sα s.t. Ψα(sα) = 1/2. Define the
front of ραt for given t > 0 as x ∈ R, for which ραt (x) = 1/2. The motion of
the front is then given by the formula

|x| = 1 + sαvt
α.

The latter result means that in the subordinated dynamics the density will
be expanded sub-linearly and more slower for smaller α ∈ (0, 1).

5.2 Intermittency for subordinated flows

Each measure from the flow µαt defines a generalized random process on Rd

given for f ∈ C0(Rd) by

Xf (γ) =
∑
x∈γ

f(x), γ ∈ Γ.

Let us consider the corresponding moments

mp
t (f) =

∫
Xp
f dµ

α
t , p ≥ 1.

The notion of asymptotic intermittency is well understood for regular random
fields; see for example [CM94, CM95]. In the case of generalized random fields
this notion may be formulated as follows.
Definition 1 (Intermittency via moments). The flow µαt , t ≥ 0 has the asymp-
totic intermittency property if for any 0 ≤ f ∈ C0(Rd) and for all p1, . . . , pn ∈
N with p1 + . . . pn = p one had

lim
t→∞

mp
t (f)

mp1
t (f) . . .mpn

t (f)
=∞.

This property means that moments of the random field grow in time
progressively with the order. In the case of random point processes the
leading growth of moments is defined in terms of correlation functions of the
corresponding orders.

This gives us the option of reformulating the definition of asymptotic
intermittency in terms more convenient for our purposes.
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Definition 2 (Intermittency via correlation functions). The flow µαt , t ≥ 0 has
the asymptotic intermittency property if for any η ∈ Γ0 and its decomposition
η = η1 ∪ · · · ∪ ηn in disjunct subsets for the correlation function kµαt , one has

lim
t→∞

kµαt (η)

kµαt (η1) . . . kµαt (ηn)
=∞.

For a detailed discussion of relations between different versions of the
intermittency property for random point processes, see [KK16].

Let us consider the dynamics of the density given by ρt(x) = eβt
σ , β, σ >

0. The flow of Poisson measures πρt has, for each t ≥ 0, correlation functions
k

(n)
πρt (x1, . . . , xn) = eβnt

σ . Therefore the intermittency is absent.

Theorem 1. Let 0 < α < 1 be given. Consider the subordinated flow for the
Poisson flow introduced above,

µαt :=

∫ ∞
0

Φα(τ)πρτtα dτ.

Assume σ(1 − α) < 1. Then the flow µαt has the asymptotic intermittency
property.

Proof. The n-th correlation function of µαt is given by

(ραt )(n)(x1, . . . , xn) =

∫ ∞
0

Φα(τ)(ρτtα(x))n dτ =

∫ ∞
0

Φα(τ)enβt
σατσ dτ

=
∞∑
k=0

(nβtσα)k

k!

∫ ∞
0

Φα(τ)τσk dτ

=
∞∑
k=0

(nβtσα)k

k!

Γ(σk + 1)

Γ(σkα + 1)

=
∞∑
k=0

nkzk

k!

Γ(σk + 1)

Γ(σkα + 1)
,

where z := βtσα. It is known [Bra36] that the series converges for all values
of z if and only if σ < 1/(1− α), and that

(ραt )(n)(x1, . . . , xn) ∼ C(nz)1/(2µ) exp
(
c(nz)1/µ

)
,
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where C, c > 0, µ = 1 + σ(α− 1). Since 0 < µ < 1, this asymptotic behavior
implies intermittency. In fact, due to Definition 2, we need consider the
limiting behavior of the ratio

exp(c(nz)
1
µ

exp
∑m

k=1

(
c(nkz)

1
µ
) , z = βtσα

for t→∞ under the assumption
∑m

k=1 nk = n. This limit is equal +∞ due
to the inequality (

m∑
k=1

nk

) 1
µ

>
m∑
k=1

(nk)
1
µ

for 1/µ > 1.

5.3 Polynomially growing density

Let us now consider the case of a polynomial density ρt(x) = (1 + t)p, p ∈ N.
For any n ∈ N, the nth correlation function is given by

(ραt )(n)(x1, . . . , xn) =

∫ ∞
0

Φα(τ)ρτtα(x1) . . . ρτtα(xn) dτ

=

∫ ∞
0

Φα(τ)(1 + τtα)pn dτ

=

np∑
j=0

(
np

j

)
tαj
∫ ∞

0

τ jΦα(τ) dτ

=

np∑
j=0

(
np

j

)
tαj

Γ(j + 1)

Γ(jα + 1)

=

np∑
j=0

(np)!

(np− j)!
tαj

1

Γ(αj + 1)

=
(np)!

Γ(αnp+ 1)
tαnp + o(tαnp).

In particular, for n = 1, the 1st correlation function is equal to

(ραt )(1) = ραt =
p!

Γ(αp+ 1)
tαp + o(tαp).
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Therefore we obtain
(ραt )(n)

(ραt )n
=

(np)!

Γ(αnp+ 1)
tαnp ×

(
Γ(αp+ 1)

p!

)n
1

tαpn
+ o(1)

=
(np)!

Γ(αnp+ 1)
×
(

Γ(αp+ 1)

p!

)n
+ o(1),

which is constant as t goes to infinity. In conclusion, the power growth of
the 1st correlation function is not sufficient to organize intermittency in the
subordinated flow. Summarizing the above considerations, we conclude that
subordinating a flow (which corresponds to the dynamics of a system without
intermittency) is a way to organize intermittency .

6 Examples
In this section we apply the general scheme of the fractional statistical dy-
namics developed here to concrete models, namely the contact model and the
pure birth model, also known as the Surgailis pure birth model.
Example 3 (Surgailis pure birth model). This is an example in which the
kinetic fractional statistical dynamics is a mixture of Poisson measures. The
Surgailis pure birth model (zero mortality) has generator given by

(LF )(γ) = z

∫
Rd

[F (γ ∪ x)− F (γ)] dx.

(cf. [KKP08]). Starting from from the Poisson initial distribution µ0 = πρ0 ,
the solution of the FPE {

∂µt
∂t

= L∗µt

µt|t=0 = πρ0

is of the same type:
µt = πzt+ρ0 .

The solution of the fractional FPE{
Dα
t ν

α
t = L∗ναt

ναt |t=0 = πρ0

is then given by the subordination principle as

ναt =

∫ ∞
0

Φα(s)πztαs+ρ0 ds.

16



Hence the solution ναt , t > 0 is a mixture of Poisson measures. The correlation
function of the Poisson measure πztαs+ρ0 is ((ztαs + ρ0)n)∞n=0, and therefore
the correlation function of the mixture ναt is, for n ≥ 0,

r
(n)
t,α =

∫ ∞
0

Φα(s)(ztαs+ ρ0)n ds

=
n∑
j=0

(
n

j

)
(ztα)jρn−j0

∫ ∞
0

Φα(s)sj ds.

The absolute moments of Φα (cf. eq. (15)) satisfy∫ ∞
0

sjΦα(s) ds =
Γ(j + 1)

Γ(αj + 1)
, j > −1.

Accordingly, the nth order correlation function of the measure ναt reduces to

r
(n)
t,α =

n∑
j=0

(
n

j

)
ρn−j0 (ztα)j

j!

Γ(αj + 1)
= (ztα)n

n!

Γ(αn+ 1)
+ o
(
(ztα)n

)
.

In particular

(
r

(1)
t,α

)n
=

(
ztα

Γ(α + 1)

)n
+ o
(
(ztα)n

)
,

and thus

r
(n)
t,α(

r
(1)
t,α

)n = (ztα)n
n!

Γ(nα + 1)
×
(

Γ(α + 1)

ztα

)n
+ o((ztα)n)

=
(n− 1)!

αΓ(nα)
(Γ(α + 1))n + o((ztα)n).

From this we see that as t→∞ the above coefficient does not explode, which
tell us that this model has no asymptotic intermittency. In other words,
the power growth of the correlation function corresponding to the FPE is
not sufficient to realize asymptotic intermittency of the kinetic fractional
statistical dynamics. In the next example we show that under strong growth
on the nth order correlation function of the FPE (exponential growth), the
kinetic fractional statistical dynamics does exhibit asymptotic intermittency.

17



Example 4 (Contact model). The contact model is one of the simplest models
in the theory of IPS. Nevertheless, it has interesting properties, e.g., its
asymptotic behavior and the structure of its equilibrium measures. We refer
to [FKK10] for more details.

The generator L of the stochastic dynamics is given informally by

(LF )(γ) =
∑
x∈γ

m
(
F (γ\x)− F (γ)

)
+

∫
Rd
b(x, γ)

(
F (γ ∪ x)− F (γ)

)
dx.

Here m > 0 is a constant mortality rate and the birth rate is

b(x, γ) =
∑
y∈γ

a(x− y),

where 0 ≤ a ∈ L1(Rd) is even.
In the kinetic limit, the correlation functions of the contact model in the

super critical regime are given by

r
(n)
t (x1, . . . , xn) = Cneβnt

for certain C, β > 0 [KKP08], [FKK10]. The correlation functions of the
solution for the fractional kinetic dynamics are then given by

r
(n)
t,α = Cn

∫ ∞
0

Φα(s)eβnt
αs ds = CnEα(βntα), n ∈ N.

Using the asymptotic behavior of the Mittag-Leffler function Eα as t → ∞
(see eq. (6.4) in [HMS11]), we can conclude that the kinetic fractional stat-
istical dynamics in the contact model does exhibit asymptotic intermittency.
Of course, this statement is a particular case of Theorem 1 for σ = 1.

Acknowledgments

We would like to thank the financial support of the DFG through SFB 701,
Bielefeld University and the project I&D: UID/MAT/04674/2013.

References
[Baz00] E. G. Bazhlekova. Subordination principle for fractional evolution

equations. Fract. Calc. Appl. Anal., 3(3):213–230, 2000. 10

18



[Baz01] E. G. Bazhlekova. Fractional Evolution Equations in Banach
Spaces. PhD thesis, University of Eindhoven, 2001. 10

[Bog46] N. N. Bogoliubov. Problems of a dynamical theory in statistical
physics. Gostekhisdat, Moskau, 1946. In Russian. English trans-
lation in J. de Boer and G. E. Uhlenbeck, editors, Studies in
Statistical Mechanics, volume 1, pages 1-118, Amsterdam, 1962.
North-Holland. 7

[Bra36] B. L. J. Braaksma. Asymptotic expansions and analytic continu-
ations for a class of Barnes-integrals. Compos. Math., 15:239–341,
1936. 14

[CM94] R. Carmona and S. A. Molchanov. Parabolic Anderson prob-
lem and intermittency, volume 518 of Memoirs of the American
Mathematical Society. American Mathematical Soc., 1994. 13

[CM95] R. A. Carmona and S. A. Molchanov. Stationary parabolic An-
derson model and intermittency. Probab. Theory Related Fields,
102(4):433–453, 1995. 13

[DSO12] J. L. Da Silva and M. J. Oliveira. Studies in fractional Poisson
measures. International J. Modern Phys. Conf. Series, 17:122–
129, 2012. 12

[FKK10] D. L. Finkelshtein, Y. G. Kondratiev, and O. Kutoviy. Vlasov
scaling for stochastic dynamics of continuous systems. J. Stat.
Phys., 141(1):158–178, October 2010. 3, 7, 18

[FKK12] D. Finkelshtein, Y. G. Kondratiev, and O. Kutoviy. Semigroup
approach to birth-and-death stochastic dynamics in continuum.
J. Funct. Anal., 262(3):1274–1308, 2012. 2, 3

[FKK15] D. Finkelshtein, Y. G. Kondratiev, and O. Kutoviy. Statistical
dynamics of continuous systems: perturbative and approximative
approaches. Arab. J. Math., 2015. 2

[FKKK15] D. Finkelshtein, Y. G. Kondratiev, Y. Kozitsky, and O. Kutoviy.
The statistical dynamics of a spatial logistic model and the
related kinetic equation. Math. Models Methods Appl. Sci.,
25(02):343–370, 2015. 3

19



[GLM99] R. Gorenflo, Y. Luchko, and F. Mainardi. Analytical properties
and applications of the Wright function. Fract. Calc. Appl. Anal.,
2(4):383–414, 1999. 10

[HMS11] H. J. Haubolb, A. M. Mathai, and R. K. Saxena. Mittag-Leffler
Functions and Their Applications. J. Appl. Math., 2011(3):1–51,
2011. 18

[KK02] Y. G. Kondratiev and T. Kuna. Harmonic analysis on configur-
ation spaces I. General theory. Infin. Dimens. Anal. Quantum
Probab. Relat. Top., 5(2):201–233, 2002. 6, 7

[KK06] Y. G. Kondratiev and O. Kutoviy. On the metrical properties of
the configuration space. Math. Nachr., 279(7):774–783, 2006. 4

[KK16] A. N. Kochubei and Y. Kondratiev. Intermittency property for
random point processes. In preparation, 2016. 14

[KKP08] Y. G. Kondratiev, O. Kutoviy, and S. Pirogov. Correlation func-
tions and invariant measures in continuous contact model. In-
fin. Dimens. Anal. Quantum Probab. Relat. Top., 11(02):231–258,
2008. 16, 18

[KST06] A. A. Kilbas, H. M. Srivastava, and J. J. Trujillo. Theory and
applications of fractional differential equations, volume 204 of
North-Holland Mathematics Studies. Elsevier Science B.V., Am-
sterdam, 2006. 9, 10

[Las03] N. Laskin. Fractional Poisson process. Commun. Nonlinear Sci.
Numer. Simul., 8(3-4):201–213, 2003. Chaotic transport and
complexity in classical and quantum dynamics. 12

[Len75a] A. Lenard. States of classical statistical mechanical systems of
infinitely many particles. I. Arch. Rational Mech. Anal., 59:219–
239, 1975. 6

[Len75b] A. Lenard. States of classical statistical mechanical systems of
infinitely many particles. II. Arch. Rational Mech. Anal., 59:241–
256, 1975. 6

20



[Mai97] F. Mainardi. Fractional calculus: some basic problems in con-
tinuum and statistical mechanics. In Fractals and fractional
calculus in continuum mechanics (Udine, 1996), volume 378 of
CISM Courses and Lectures, pages 291–348. Springer, Vienna,
1997. 3

[MGS04] F. Mainardi, R. Gorenflo, and E. Scalas. A fractional general-
ization of the Poisson processes. Vietnam J. Math., 32(Special
Issue):53–64, 2004. 12

[MMP10] F. Mainardi, A. Mura, and G. Pagnini. The M -Wright function
in time-fractional diffusion processes: A tutorial survey. Int. J.
Differential Equ., 2010:Art. ID 104505, 29, 2010. 10

[MNV11] M. M. Meerschaert, E. Nane, and P. Vellaisamy. The fractional
Poisson process and the inverse stable subordinator. Electron. J.
Probab., 16(59):1600–1620, 2011. 12

[MTM08] A. Mura, M. S. Taqqu, and F. Mainardi. Non-Markovian diffu-
sion equations and processes: analysis and simulations. Phys. A,
387(21):5033–5064, 2008. 3

[MV07] R. Mainardi, F. Gorenflo and A. Vivoli. Beyond the Poisson
renewal process: a tutorial survey. J. Comput. Appl. Math.,
205(2):725–735, 2007. 12

[OVM15] M. J. Oliveira and R. Vilela Mendes. Fractional Boson Gas
and Fractional Poisson Measure in Infinite Dimensions. In
P. Gonçalves and A. J. Soares, editors, From Particle Systems
to Partial Differential Equations II, volume 129 of Springer Pro-
ceedings in Mathematics & Statistics, pages 293–312. Springer
International Publishing, 2015. 12

[Pod99] I. Podlubny. Fractional differential equations. An introduction to
fractional derivatives, fractional differential equations, to methods
of their solution and some of their applications, volume 198 of
Mathematics in Science and Engineering. Academic Press Inc.,
San Diego, CA, 1999. 9

21



[Prü93] J. Prüss. Evolutionary integral equations and applications,
volume 87 of Monographs in Mathematics. Birkhäuser Verlag,
Basel, 1993. 10

[RS00] O. N. Repin and A. I. Saichev. Fractional Poisson law. Radiophys.
and Quantum Electronics, 43(9):738–741 (2001), 2000. 12

[UCS08] V. V. Uchaikin, D. O. Cahoy, and R. T. Sibatov. Fractional
processes: from Poisson to branching one. Internat. J. Bifur.
Chaos Appl. Sci. Engrg.,, 18(09):2717–2725, 2008. 12

22


	1 Introduction
	2 Preliminaries
	3 Mesoscopic statistical dynamics
	4 Fractional statistical dynamics
	5  Fractional kinetics and Poisson flows
	5.1 Front propagation for the density 
	5.2 Intermittency for subordinated flows
	5.3 Polynomially growing density

	6 Examples 

