REPRESENTATION GROWTH OF THE HEISENBERG GROUP OVER
Olz]/(2?)

DUONG HOANG DUNG

ABSTRACT. We present a conjectured formula for the representation zeta function of the
Heisenberg group over O[z]/(z"™) where O is the ring of integers of some number field. We
confirm the conjecture for n < 3.

1. INTRODUCTION

Let G be an infinite finitely generated torsion-free nilpotent group (or a 7-group for short).
Two complex representations p and o of G are called twist-equivalent if there exists a 1-
dimensional representation A of G such that p = A ® 0. Twist-equivalence is an equivalence
relation on the set of finite dimensional isomorphic irreducible complex representations of GG
and its classes are called twist-isoclasses. The numbers r,(G) of twist-isoclasses of dimension
n are finite for all n, cf. [3 Theorem 6.6]. The representation zeta function of G is defined to
be the Dirichlet generating function

o0
o) =32 4
n=1
where s is a complex variable. The sequence (r,(G)) grows polynomially and thus (g(s)
converges on a complex half-plane Re(s) > a, cf. [7, Lemma 2.1]. The infimum of such « is
the abscissa of convergence a(G) of (z(s) which gives the precise degree of polynomial growth;
i.e., a(G) is the smallest value such that Zﬁf:l 7 (G) = O(NG)F€) for every e € Rsy.

Let H be the Heisenberg group scheme associated to the Heisenberg Z-Lie lattice of strict
upper-triangular 3 x 3 matrices. For every ring R, the group H(R) is isomorphic to the group
of upper-unitriangular 3 x 3 matrices over R. If R is a torsion-free finitely generated Z-module,
then H(R) is a T-group of nilpotency class 2 and Hirsch length 3 - rkyz(R). When R = O is
the ring of integers of a number field K, the zeta function of H(O) is

_Sk(s—1) 1—[0/p|7?
o Ck(s) 11 1= |O/p|t=s

where (g (s) is the Dedekind zeta function of K and p ranges over the nonzero prime ideals of
O. This is proved in [4] for K = Q, in [2] for quadratic number fields, and in |7, Theorem B] for

(1.1) Cr(0)(8)
peSpec(O
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arbitrary number fields. The zeta function (g (o)(s) has abscissa of convergence a(H(0)) = 2,
which is independent of K, and may be meromorphically continued to the whole complex plane.

In this paper, we consider the Heisenberg group over rings of the form O[z]/(z™). If n =1
then it is the Heisenberg group over O. Snocken computed in his PhD thesis [6, Example 6.5]
that the zeta function of H(O[z]/(x?)) is

s—1 2s — 3
(1.2) CH(Ol]/(22) (8) = CKCEK(S) ). gﬁzs — 2;'

In this paper, we carry out the computations for the zeta function of H(O[z]/(2?)). The result
is the following.

Theorem 1.1. The zeta function of H(O[x]/(x?)) is

CK(S — 1) ) CK(QS - 3) ) CK(?)S - 5)

Ck(s)  Cx(2s—2) (k(3s—4)
Corollary 1.2. The zeta function of H(O[z]/(x™)), with n < 3, has abscissa of convergence 2
and meromorphic continuation to the whole complex plane.

(1.3) CH(O[2)/(23))(8) =

Let g be the Lie algebra of H and gle,| := g ®z Qle,] regarded as a g-Lie lattice. Let
H][e,,] denote the group attached to g[e,]( cf. [B, Section 7]), then Hle,| is a unipotent group
scheme and Hle,|(O) = H(O[z]/(2™)). We remark that the uniformity of the analytic invari-
ants determined in Corollary namely their independence of O, is the general feature of
representation zeta functions of 7-groups obtained from unipotent group schemes; see [1] for
more details. We believe that Corollary also holds for the Heisenberg group H(R) over
arbitrary ring R which is also finitely-generated torsion-free as an Z-module.

Formulae , and suggest the following conjecture for the zeta function of
H(Olx]/(z")).

Conjecture 1.3. The representation zeta function of H(Olx]/(z™)) is

Cr(is—21+1)
1.4 n
(14) CH(OW] /(@) (5 HCK23—22+2)
In [5], Rossmann introduces and studies topological representation zeta functions associated

to unipotent group schemes Informally, this is the constant term of the local zeta function ex-
panded as a series in p— 1, which is a rational function in the parameter s; cf. [3, Definition 3.5].
It follows from (1.1)), (1.2) and (1.3)) that the topological zeta function of He,] with n < 3 is

n . .
s — 21+ 2
1.5 —_
(1.5) 21;[12'3—21'—}—1

Simple computations show that all questions in [5, Section 7], except Question 7.3 which is not
yet known, have positive answers for H[e,,] with n < 3.
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Organization and notation. In Section 2, we recall formulae of local representation zeta
functions in terms of p-adic integrals. The zeta function for the case n = 3 is computed in
Section 3. The calculation in Section 3.2.2 yields a lot of terms and is then rather long, we
record the results in the Appendix.

We fix some notation. Denote by N the set of positive integers. Let O be the ring of integers
of some number field K and p a non-zero prime ideal of O. Denote by O, the p-adic completion
of O and let ¢ := |O,/p| the residue field cardinality. Let v be the valuation on O, and for
z € Oy, let x| = ¢"®) denote the p-adic absolute value.

Acknowledgements. This research is supported by the DFG Sonderforschungsbereich 701
at Bielefeld University. We are indebted to Tobias Rossmann and Christopher Voll for several
helpful discussions. We would like to thank the referee for useful comments.

2. PRELIMINARIES

2.1. Local representation zeta functions. In this section, we will present the local zeta
functions of (gy(o[)/(2n))(8) in terms of p-adic integrals. The zeta functions of T-groups ob-
tained from unipotent group schemes (eg. H) are developed by Stasinski and Voll in [7].
Readers are referred to [7] for background information.

The group H(O[z]/(z™)) is a T-group of nilpotency class 2 and Hirsch length 3n - rkz(O).
The zeta function (g (o[e]/(zn)) (s) has an Euler factorization (cf. [7, Proposition 2.2])

mop/en(®) =TI oym/em(s),
)

pESpec

where p ranges over the nonzero prime ideals in O and O, is the completion of O at p. The
local factors (pp(o,[2)/(2n)) ave rational in [O/p|= and almost all of them satisfy a functional
equation (cf. [7, Theorem A)).

The O-Lie lattice associated to H(O[z]|/(z")) has the following presentation; see [7, Sec-

tion 2.4]:
Loy, L1, yTp—1 P .
zivq ifi4+75<mn,
<y07y17"'aynl [‘T’Hy]]:{ Y >

0 otherwise.
20,215 5 ”2n—1

The associated commutator matrix with respect to the chosen O-basis is defined by

an:( : Q"(Y)),

~Qu(Y)'| 0
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where
Yi Y2 YE& Yn—l Yn
Y Y3 .- Y, 0
Qn(Y) = : .| € Mat,(O[Y1, -+, Vo).
Y, 1 Y, -0 .- :
Y, 0 - i i 0

Fix a nonzero prime ideal p and denote o := O,. Let ¢ := |0/p| be the residue field cardinality
and p its characteristic. Let W,,(0) = o™ \ p". Set

n . . 2||p
(2.1) Z,(p,7) ;:/ o LBV En 0,
(wy)epxWalo) oy | Fj-1(y)ll?

"+l is normalized such that pu(o™*!) = 1, and

where the additive Haar measure p on o
F;(Y)={f]|f= f(Y) aprincipal 2j x 2j minor of R,(Y)},
|H(X,Y)|| = max{|h(X,Y)|| h € H} for a finite set H C o[X,Y].
The local factor (g(ofz)/(2n))(s) can be expressed in terms of the p-adic integral as the
following (cf. [7, Corollary 2.11]):

(2.2) CH(O[:):}/(:):”)) =1+ (1 — qil)flzp(—S/Q, ns—n— 1).
2.2. Auxiliary lemma.

Lemma 2.1. The following identities hold in the ring of power series Q[[a, b, ]].
X1V min{X,Y} _ abc(1—ab)
(1) Y (xyyene aX0Y XYY =

X3V min{X,2Y} _ _abc(l—a+ac—a?bc)
() Z:(X7Y)€N?a pY et} = (1—a)(1—b)(1—aZbe?) *

X3Y min{X,Y} .min{X,2Y} _ abc? (1—a+ac—abc—a?bc3+a®bc?)
(3) Z(X,Y)€N2a b*e ¢ = T ({1—a)(1—b)(1—abc2)(1—a2bc?)

(4)
min min abd? 1 c
Z QXY o2 guin{X,Y +22} gmin{X 2V +42} _ = C+
(X,Y,Z)ENS
acd? abd? 1 a’cd abd? 1 a’bd® 1 a’cd*
1—acd21—abd21—c+ 1 —a?cd*1 — abd? 1 — acd? + 1 —a2bd?1 — abd? 1 — a?cdt
a’bd? 1 —a+ad—a*ed®

1 —a2bd® (1 —a)(1 — a2cd*)(1 — a*edb)’

Proof. The identity (1) is from [8, Lemma 2.2]. We present the proofs of (2) and (3) while (4)
is proven similarly.
For (2), consider the case X <Y and let Y = X + Y’ with Y/ € Ny. Then

Z o XpY min{X,2Y} _ Z G XpXHY X abc 1

1—abcl—b
(X,Y)eN? (X,Y")eNxNg abe b
X<Y
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Consider the case X >Y and let X =Y + X’ with X’ € N. Then

2p .2 2
XY min{X,QY} — X' Y min{X’,Y} . a“be (1 —a bc)
a*b’c = a” (abc)’ ¢ =
(X%IEN2 (X/%):GN2 (1 —a?bc?)(1 — a)(1 — abe)
X>Y

by (1). Hence

Z o XpY pmin{X2v} _ abc 1 n a?bc?(1 — a?be)
(Xy)en? T l—abcl—b ' (1—a2be)(1—a)(l - abe)
abe(1 — a + ac — abe)
(1—a)(1=b)(1—a?bc?)’

For (3), first consider the case X <Y and let Y = X + Y’ with Y’ € Ny. Then

i i ’ b 2 1
Z aXpY min{X,Y} min{X,2Y} _ Z aXpXHY X X ] i ;bcz —.
(X,Y)eN? (X,Y")eNxNy
X<y

Consider now the case X >Y and let X = X’ +Y with X’ € N. Then, by (1)

. . I 3 /
§ : aXbYlen{X,Y}len{X,2Y} _ Z CLX +YbYCYCm1n{X +Y,2Y}

(X,Y)eN? (X',Y)eN?
X<Y

/ o 2p3(1 — a2be?
— Z CLX (abCQ)chm{X Y} a“be ( a“be )

— a2h3 _ _ 2N
(X’,Y)€N2 (1 a’be )(1 a)(l abce )

Hence

T oXpY emin{X¥}pmin{X2Y) abc® 1 N a?bc3(1 — a®bc?)
(X,Y)eN? 1—ab?1=b (1 -a?be)(1 = a)(1 - abe?)
_abc®(1 — a+ ac — abe — a®bc® + aPb?c?)
(1 —a)(1—0b)(1—abc?)(1 — a?bc3)

2.3. The zeta function of H(O[x]/(2?)). In this case 7 = 25 — 3 and Fo(Y) = 1, [1(Y) =
{X2. Y%}, [(Y) = {Y*}, with Y = (X,Y); cf. (2.2) and (2.1). We have

Zy(—5/2,25 - 3) = || 273wz, wy, y? || S dp.

uep
y=(z,y)€W2(o)

One can easily compute Z,(—s/2,2s — 3) and obtain (1.2).
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3. THE ZETA FUNCTION OF H(O[z]/(z?))
In this case one has 7 = 3s — 4 (cf. (2.2)). Denote Y = (X,Y,X), one has (cf. (2.1))
Fo(Y) = 1, Fi(Y) = {X2,Y2 22}, Fy(Y) = {Z4, Y222, (XZ — Y22}, Fy(Y) = {Z6). By

abuse of notation, we set the following functions in u, x,y, 2:

A= HZQ’ZUZJ?Z - y2HS7
B = HzQ,yz,xz — 2 zTu, yu, uzl| "%,
C = ||2%, 22u, yzu, (xz — y*)u| ~%.
Then
CH(ola)/(@))(5) = 1+ (1 —¢ 1) Z(s),
where
Z = 2y(—5/2,35 —4) = wep lu[3*~*ABCdp.

y=(z,y,2)€W3(0)
Write Z2 = Z1 + Z5 + Z3 where

— 3s—4
2y = [L oy [ ABCp

x,Yy€eo0

Zo 1= /u,zep |u\3s_4ABC'd;L,

reo
yeWr (0)

Z3 = vy lu[**~*ABCdp.
€W (o)

3.1. Computation of Z;. Since z € Wj(0), it follows that A = B = C = 1. Hence
35—4 12 @t
_ s— (1 _ =S
Z) = ﬁe;a,zewl(o) |u|* *dp=(1—-q¢ ") e where t := ¢~ °.
x,Yy€eo0
3.2. Computation of Z,. Since y € Wi(o0) and z € p, it follows that zz — y?> € Wi(0) and
A=1, B=1, C=|u,2%|* Thus
Y I T
u,zEPp

Write Z9 = Z91 + Z99 where

Zn= | e WP 2,
v(w)<o(z)

Z29 ::/u,zep ul* ™ u, 22| " dp.
v(u)>v(z)

Computation of Z91. Let z = uz; with z; € 0. Then
2,2
t

_ 3s—4) (—s+1 g, _ (1 _ —1y_ 94
221 - uep |u| ’u| d/‘ - (1 q )1 _ q2t2 .
zZ1€0
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Computation of Z92. Let u = zuy with u; € p. Then
3s—4|_2s—3 21—
L T
u1,2€P

Since p({(u1,2) € p? | v(w) = X,v(2) =Y}) = (1 — ¢~ 1)%¢~ XY, one has by Lemma [2.1] (2)
Zyo = (1 — q_1)2 Z q—X—Yq(—35+4)Xq(—25+3)qumin{X,2Y}

(X,Y)eN2
— (1 _ q—1)2 Z q(—3s+3)Xq(—2s+2)qu min{X,2Y}
(X,Y)eN2
2q—3s+3—2s+2+s(1 _ q—35+3 4 q—38+3+8 - q—65+6—2s+2+s)

=(1=q) (1— ¢ 3s3)(1 — ¢ 25+2)(1 — g Os+6-2s+2+2s)

_ (1 B 71)2 q5t4(1 o q3t3 + q3t2 o q8t7)
(1 —¢*2)(1 — g*t3)(1 — ¢%16)

Hence
q2t2(1 + q3t2 o q3t3 4 q6t4 o q6t5 o q8t7)

(1 _ q3t3)(1 _ qStG)
3.3. Computation of Z3. In this case, x € W1(0),y,2 € p, whence A = ||22,yz, 2z — 32|,
B = ||lu, 22, yz,x2 — y?|| 7%, C = ||23, 2%u, yzu, (z2 — y)?ul| 5. Write Z3 = Z31 + Z32, where

Zy=Zo14 Zop=(1—¢q7 Y

Z31 = /u,yﬁzep u**"*ABCdp,
:BGWl(U)
v(y)>v(z)

232 = /U,y,ZGP |U’38_4ABCCZ/,L.
€W (0)
v(y)<v(z)
3.3.1. Computation of Z31. Let y = zy; with y; € p. Then
A= 2%z = g2 = |2z, — yiz])® = |2 (since z — yiz € Wi(0)),
B = |lu,2[|7%, C = |2|~*|lu, 2| 7°.

Thus
Zy=q '(1- q_l)/ 2l =, 2] 75w, 2%~ dpe.

u,zEP

Since u{(u,2) € p | v(u) = X,v(z) =Y} = (1 — ¢ 1)2¢ XY, Lemma (3) implies that

Zy =g (1 g / a4 2l 2|, 22 S

u,zePp

_ qil(l . q71)3 Z qufYq(f?)s«HL)ququ min{X,Y}qs min{X,2Y}
(X,Y)EN?

— q_l(l _ q—1)3 Z q(—35+3)Xq—2qu min{X,Y}qs min{X,2Y'}
(X,Y)eN?

3t(1 o q3t3 + q3t2 o qt2 . q4t3 + q5t6)
(1=g )1 —qt)(1—*t3)(1 — ¢*t?)’

=(1-q"
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3.3.2. Computation of Z3. Let z = yz; with z; € 0. We have

A=yl llyz1, 221 —yl®, B = [[u,y%z1, y(wz1 — y)| =%,
\—v_/
=A

I

C = [y~ |ly*21, yzru, u(zzr — )

=Cq
Thus

239 = %cewl(o) ul**~4|y| A1 BCdp.

u7y€p
zZ1€0

Write Z39 = Z391 + Z309, where

Z391 1= /xewl(o) |u***|y| Ay BC1dp,
u’yep
z1€W1(0)

Z399 1= %gng(o) |ul***|y| A1 BC1dp.

u?yep
zZ1€Ep

Computation of Z391. Since z1 € Wi(o0), it follows that xz; — y € Wi(0) and so

Zzn = (1 - Q‘I)Q/ [l = ylllu, yll =Nl |7 dp = (g = 1) Zs1.
u7y€p

Computation of Z309. Write Z390 = 2300, + Z399p, Where

Z329q 1= /J:EWl(O) ‘U|3S_4|y|A1301dM,

u,y,21E€p
v(y)>v(z1)

Za0p 1= /z€W1(0) |u>*~*|y[ A1 BCydp.

u,y,z1 Ep
v(y)<v(z1)

Computation of Z309,. Let y = z1y1 with y; € p. We have
Ay = |z1)° (since © — y1 € Wi(0)), B = [lu,y127[| >,
Cr = |a1|™* lyiat,ul ™.
—_——
:=C
Thus
Zam= (=) [l P ECudn,

u,Yy1,21€p
Since pf{(u,y1,21) € p | v(u) = X,v(y1) =Y,v(z1) =2} = (1 — q*1)3q*X*Y*Z, one has
Z3990 = (1 _ q71)4 Z qufoZq(fSSJrﬁl)XqfquZqu min{X,YJrQZ}qs min{X,2Y+4Z}
(X,Y,Z)eN3
—(1- q_1)4 Z q(—3s+3)Xq—2Yq—3qu min{X,Y+22}qs min{X,2Y +42}
(X,Y,Z)eN3

2

One now can apply Lemma (4) with a = ¢73*%3, b= ¢ 2, ¢ = ¢73 and d = ¢° to obtain

Z3994. We record the result in the Appendix.
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Computation of Z309. Let 21 = yzo with zo € 0. We have
A=yl lyzo, 220 — 1|1°, B = [lu,y’20,y% (222 — 1) 7%,
—_——
=Ag

Cr = |yl % |ly*23, yzou, u(zze — 1)] 5.

:=C2
Thus
Z390p = %;gwl(o) |u[*Hy[? Ay BCodp = Z300m1 + Zs212,
%
where
— 35—41,,12
Z320p1 = %ewl(o) ul” " [y[" A2 BCadp,
z2€p
u7y€p
Zaoop 1= 5~ y[? A, BCyd
32202 z€W1(0) |ul ly|* A2 BCadp.
ngWl(U)
u7y€p
Computation of Zsoop. Since zy € p, it follows that xz9 — 1 € Wi(0). Thus Ay = 1,B =
lu, y?|| =% and Co = ||y*z3, ul|~*. It’s now easy to compute
Zgoom = (1 — ql)/ Jul**"*|y[* BCadp.
u,y,z2€p

Since pi{(u,y, 22) € p* | v(u) = X, v(y) =Y, v(z2) = Z} = (1 — ¢~ ")?¢~* "7, one has
Za9op1 = (1 o q71)4 Z qufoZq(f3s+4)Xq72qu min{X,ZY}qs min{X,4Y+3Z}
(X,Y,Z)eN3
— (=g 1) Z (BB =B (=7 s min{X2Y} s min{ X AY 437}
(X,Y,Z)eN3

One needs first to compute Z(X%Z)GN;; aXbY ¢ @min{ X2V} qmin{ X AY 432} gimilarly to Lemma (4)

and then apply to a = ¢733, b =¢™3, ¢ = ¢! and d = ¢° to obtain Z399p;. The result is
recorded in the Appendix.

Computation of Z399p2. The equation zzo =1 mod p has g — 1 roots (a1, az2) € (FZ)Q. We have

=z — 35—4 2A BCs>dy = / 35—4 2A BC>d
a2 = [ o 1015 P A2BCad 2 Sy 0 A28
q uy

u,yEP (a1,a2)€(
=(q-1(g—2)N+(qg—1)J2,

where

Ji = %ﬂc,zz)e(al,ag)erQ \U|3s_4|y\2A2BC2dH7

arazZl mod p
u,yep

‘]2 = %.’E,ZQ)G(GI,(ZQ)“,’F)Q ‘u|3874|y‘2AQBCQdN‘

ara2=1 mod p
u7y€p
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In computing Jp, notice that in this case xz; Z1 mod p, and so Ay =1, B = ||u, y2”—s and
Cy = ||u, y4H’S, and thus we have

J1 = q2/ u|>$~4y|> BCadyp.
u7y€p

Since p{(u,y) € p* |v(u) = X, v(y) =Y} = (1 —¢ )¢ ¥, one has
Ji=q2(1—q 1) Z g XY g(BsTX =2 s min{ X2V} s min{X,4Y}

(X,Y)eN2
_ q—2(1 . q—1)2 Z q(—3s+3)Xq—3qu min{X,2Y}qs min{X,4Y}'
(X,Y)en?
We first need to compute 3 x y)ene aXpY min{ X2V} mind XAV} gimilarly to Lemma[2.1](3) and

then apply with a = ¢=33, b= ¢~3

and ¢ = ¢® to obtain J;. We record J; in the Appendix.
In computing Jo, notice that in this case, on each coset (a1, az)+p? we have z20 =1 mod p. We
change variable v = w29 — 1 € p. Then Ay = ||y,v||*, B = ||u, v, v%v|| =%, C2 = ||y*, yu, uv||~*
and

Jo=q! / |34 y|2 Ay BCydp.
u,Y,vep
Since p{(u,y,v) €p|ov(u) =X, v(y) =Y, v(v) = Z} = (1 — ¢ 3¢ XY =%, one has

Jo=q 11— ¢ 1y Z <q(—3s+3)Xq—3Yq—Zq—smin{min{Y,Z}
(XY, Z)ep

X ¢° min{X,3Y,2Y + 2} ¢ min{X+Y,X+Z,4Y})

Again computing Z(XA/,Z)@W aXvY ¢Z g~ min{Y,Z} qmin{X 3Y,2Y +Z} ymin{X+Y,X+Z,4Y} o1 q then ap-
3 ¢=q ' and d = ¢° yields Jy which we record in the Appendix.
Summing up Z = 21 + Z2 + Z3, we obtain

plying for a = ¢33, b= ¢~

(1 -1 —¢**)(1 - ¢'t?)
1—qt)(1 =) (1 = ¢°t?)’

CHolal /@) (8) = 1+ (1 =g )2 = (
and hence Theorem [L1] follows.
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