TRANSFERENCE OF BILINEAR RESTRICTION ESTIMATES TO QUADRATIC
VARIATION NORMS AND THE DIRAC-KLEIN-GORDON SYSTEM

TIMOTHY CANDY AND SEBASTIAN HERR

ABSTRACT. Firstly, bilinear Fourier Restriction estimates —which are well-known for free waves— are extended
to adapted spaces of functions of bounded quadratic variation, under quantitative assumptions on the phase
functions. This has applications to nonlinear dispersive equations, in particular in the presence of resonances.
Secondly, critical global well-posedness and scattering results for massive Dirac-Klein-Gordon systems in
dimension three are obtained, in resonant as well as in non-resonant regimes. The results apply to small
initial data in scale-invariant Sobolev spaces exhibiting a small amount of angular regularity.

1. INTRODUCTION

The Fourier restriction conjecture was shaped in the 1970s by work of Stein, among others, and has
generated significant advances in the field of harmonic analysis and dispersive partial differential equations
since then, see e.g. [37, 44] for a survey and references.

As an example, let n > 2 and C be a compact subset of the cone, say C' = {(|¢],£) | 3 < [¢] < 2} Cc R,
and g be a Schwartz function on R"*1. Equivalently to the Fourier restriction operator R : g — g|c, consider
its adjoint, the Fourier extension operator

efttw) = [ 099 pey,

for smooth f with supp(f) contained in the unit annulus. The function £f can be viewed as the inverse
Fourier transform of a surface-measure supported on the cone C, and defines a function on R"*! which
solves the wave equation. The Fourier restriction conjecture for the cone is equivalent to establishing the
corresponding Fourier extension estimate
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within the optimal range of p,q. In the special case ¢ = 2 this holds iff p > =%==

dispersive equations this is stated as
He_it‘vlfHng(Rnﬂ) S fllzz

and called a Strichartz estimate for the wave equation [41], see also [22] for more information.
In the course of proving Fourier extension estimates for the cone, it became apparent that a key role was
played by bilinear estimates. Indeed, a major breakthrough was achieved by Wolff [49], when he proved that
n+3

for every p > nri =2, we have

e %1 £ 1g]| by sy S WSz gz,
provided the supports of f and g are angularly separated and contained in the unit annulus. As a result
Wolff was able to prove the linear restriction conjecture for C' in dimensions n = 3. It is important to note
that, in the presence of angular separation, a larger set of p can be covered in the bilinear estimate than
would follow from a simple application of Holder’s inequality together with the linear estimates.

In parallel to these developments, bilinear estimates proved useful in the context of nonlinear dispersive
equations, see e.g. [23, 14, 19]. The perturbative approach to dispersive equations is based on constructing
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adapted function spaces in which nonlinear terms can be effectively estimated. Bilinear estimates for solutions
to the homogeneous equation, which go beyond simple almost orthogonality considerations, give precise
control over dynamic interactions of products of linear solutions. However, to apply these homogeneous
estimates to the nonlinear problem, necessitates the transfer of such genuinely bilinear estimates to adapted
function spaces.

Such a Transference Principle was implemented first in X*° spaces, see [20, Lemma 2.3] and [25, Propo-
sition 3.7]. Let us briefly illustrate it by looking at the following example. Suppose that u,v € L L2 are
superpositions of modulated solutions of the homogeneous equation, i.e.

u(t):/eit)‘eit‘vlF,\d)\7 U(t)Z/eit)‘,eit‘leXd)\/.
R R

which is true for u,v € X%t if b > % Suppose in addition, that the spatial Fourier supports of u,v are
angularly separated. Then, for any p > Z—I‘Iﬂ Wolff’s estimate transfers to

vl 1y gy g// 1YY G o (niydAAN S (/ ||FA||Lgd)\></ ||GN||Lng)
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which is equivalent to the bilinear estimate holding for functions in X%?. Another strategy involves certain
atomic function spaces introduced in [27]. Suppose that

u(t) =>_ 1,0ef,, o) = > 1p(t)eVg,.

JeT J'er’

for finite partitions Z,Z" of R and f;,g;» € L2. Then, under the above angular separation assumption,
Wolff’s bound implies
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As a consequence, we deduce that Wolff’s bilinear estimate holds for angularly separated functions in the
atomic space UP, see Definition 3.4 below. This is one instance of the transference principle in UP, which
has been formalised in [21, Proposition 2.19].

For many applications, the above superposition requirements are too strong, partly due to the duality
theory for the spaces X% for b > % and U?P for p < 2. Nevertheless, variations of the above strategies have
been successfully employed in numerous applications to nonlinear global-in-time problems in the case p > 2.
In the case p < 2, the only result we are aware of is [39, Lemma 5.7 and its proof], where this approach is
used in conjunction with an interpolation argument to give a partial result only, see Remark 6.2 for further
details.

It turned out that one of the most powerful function spaces in the context of adapted function spaces, is
the space of functions of bounded quadratic variation V2, which is slightly bigger than U?. Our first main
result of this paper is the corresponding transference principle in V2 for a quite general class of surfaces in
Theorem 1.1 below.

We start with some definitions. Define Z = {(¢;);ez | t; € R and t; < t;41} to be the set of increasing
sequences of real numbers and 1 < p < oo. Given a function p : R — L2, we define the p-variation of p to be

1
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The Banach space V? is then defined to be all right continuous functions p : R — L2 such that
lollve = llpllLeerz + [plve < 0.

Given a phase ® : R” — R we let V¥ denote the space of all functions u such that e=#*®(=iV)y ¢ VP

equipped with the obvious norm [ullyy = |e= @ (=iV)

uHVp. In other words, the space Vj contains all
functions u € L{°L?2 such that the pull-back along the linear flow has bounded p-variation, in particular we
have

e fllye = (1 £l 22
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Before stating Theorem 1.1, we need to introduce the assumptions that we impose on our phases, which
are motivated by [33, 2|. Examples will be discussed in Section 2. Let ®; : R™ — R and A; be a convex
subset of {1z < [£] < 16}. Given h = (a,h) € R'™ and {j, k} = {1,2} we define the hypersurfaces

Eih)={eAn(Ag+h)| (&) = Pp({ — h) +a}.
With this notation, we are ready to state the main assumption, cp. [2, 33].

Assumption 1 (Transversality/Curvature/Regularity). There exist D1,Dg > 0 and N € N such that for
Dy, Dy : R™ — R the following holds true:

(i) for every {j,k} ={1,2}, h e R1*", £, € 5,(h), and n € A, we have the estimate
[(V@;(€) = VO;(€) A (VE;(E) — V()| = Dul€ — €',
(ii) we have ®; € CN(A;) with the derivative bound

sup ||8N(I)j||Loo(Aj) < D2.
NN
The condition (i) in Assumption 1 is somewhat difficult to interpret, but one immediate consequence is
the bound ,
D,[{ —¢'|

2 8 o+ [Vl
which holds for every &,¢ € ¥,(h). To some extent, this is a curvature condition, as it shows that the
normal direction varies on X;(h). Another consequence of (i) is that for every £ € Ay, n € Ay we have the
transversality bound

IV®;(§) — V(&)

(1.1)

D,
min{||V2®; || pe, [V2Pa L}
This follows by simply observing that for every € € A; there is h € R such that £ € ¥1(h). Our first main
result can now be stated as follows.

Theorem 1.1. Letn > 2, p > Z—ﬁ, and D1,D2,Ro > 0. For j = 1,2, let Aj, A} C {% < €| < 16} with

Aj convex and A} + R%J C Aj. There exists N € N and a constant C > 0 such that, for any phases ®; and
By satisfying Assumption 1, and any uw € V§ , v € Vg, with suppu(t) C A}, suppd(t) C A5, we have

(V1 (§) = Vo (n)| >

(1.2)

luvllzy ey < Cllullvg. [0llvz,.

Note that the constants N and C' depend on the parameters p > Zﬁ’, n > 2, and Dy,Ds, Ry > 0, but
are otherwise independent of the phase ®;, the sets A;, A

j )
conditions in Assumption 1 are invariant under translations, the condition that A; C {% < |€] < 16} can be
replaced with the condition that the sets A; are simply contained in balls of radius 16. In other words, the
location of the sets A; plays no role. We refer the reader to Corollary 6.1 for a generalisation of Theorem
1.1 to mixed norms. Further, we refer to Corollary 6.4 for a generalisation to more general frequency scales
in the case of hyperboloids, which is also shown to be sharp.

Let us summarize the developments for solutions to the homogeneous equation, i.e.

w=etPL=V) o it®a(=iV)

and the functions u and v. Moreover, as the

g.
First estimates of this type for nontrivial p < 2 are due to Bourgain [12, 13] in the case of the cone, i.e.
D1(&) = P2(§) = [£|. Subsequently, these have been improved by Tao—Vargas—Vega [47], Moyua—Vargas—
Vega [35], Tao—Vargas [45], before finally Tao [42] proved the endpoint case p = Zi:{’, see also Remark 5.1.
Actually, we observe that the vector-valued inequality in [42] is strong enough to deduce the estimate in
U? in the case of the wave equation, see Remark 5.2. Related estimates for null-forms have been proved
by Tao—Vargas [46], Klainerman—Rodnianski-Tao [24], Lee-Vargas [32], and Lee-Rogers-Vargas [31]. In the
case of the paraboloid, i.e. ®1(£) = ®3(&) = [€]2, the result for homogeneous solutions is due to Tao [43],
with generalisations by Lee [29, 30], Lee—Vargas [33], and Bejenaru [2] under more general curvature and
transversality conditions, as well as by Buschenhenke-Miiller—Vargas [15] for surfaces of finite type. For our
approach, the most important references are [43] concerning notation and general line of proof and [33, 2],
concerning the assumptions on the phases and its consequences. Throughout the paper, we shall point out
similarities and differences in more detail.




We would like to highlight the fact that we explicitely track the dependence of the constants on the phases
in Theorem 1.1 based on the global, quantitative Assumption 1, in particular we avoid abstract localisation
arguments. This is helpful for applications to dispersive equations, as we will see below. The main novelty
of this result, however, lies in the fact that it holds for V2 -functions in the range p < 2.

Now, we turn to the application of Theorem 1.1 to nonlinear dispersive equations with a quadratic
nonlinearity which exhibit resonances. Roughly speaking, by a resonance we mean the scenario that a product
of two solutions to the homogeneous equations creates another solution of the homogeneous equation, see
Section 8 for details. This leads to the lack of oscillations in the Duhamel integral and hence to strong
nonlinear effects. In many instances, one finds that the Fourier supports intersect transversally in the
resonant sets. As an example, we mention the local well-posedness theory for the Zakharov system [6, 4],
where this is exploited in terms of a nonlinear Loomis-Whitney inequality [10, 7, 8, 26]. This is a special case
of the multilinear restriction theory [9, 8]. Here, we will exploit transversality in resonant sets via Theorem
1.1 and prove global-in-time estimates which go beyond the range of linear Strichartz estimates.

With this approach, we address the Dirac-Klein-Gordon system

—iy* O + Mop =¢)
D6 +m?¢ =pT’y
Here, ¢ : R™3 — C* is a spinor field, ! = @i ¢ : RT3 — R is a scalar field, O := 9? — A, is the

d’Alembertian operator, and M, m > 0. We use the summation convention with respect to 4 =0,...,4 and
the Dirac matrices y* € C**4 are given by

0_ 3 / 0 o
7" =diag(1,1,-1,-1), v/ = (—aj 0/’

1 (01 2 (0 —i 3 (1 0
"‘(10"’_¢ 0)°7 = \o 1)
We are interested in the system (1.3) with the initial condition
¥(0) = 1o : R? — C* and (¢(0), 9,6(0)) = (¢0,¢1) : R* = R x R. (1.4)
In the massless case (1.3) can be rescaled and the scale invariant Sobolev space for (g, ¢o, ¢1) is
L2(R% CY) x H? (R*R) x H™(R%R).
Let (Q)° denote o angular derivatives, see Subsection 7.2 for precise definitions. Our second main result is
the following.

(1.3)

with the Pauli matrices

Theorem 1.2. Suppose that either 2M > m > 0 and o > 0, or that m > 2M > 0 and o > %. Then, for
initial data satisfying

H<Q>U¢0HL2(R3) + H <Q>U¢0HH%(R3) + H<Q>a¢l HH*%(H@) <1,
the system (1.3)—(1.4) is globally well-posed and solutions (1, @) scatter to free solutions as t — +oo.

As the proof relies on contraction arguments in adapted function spaces, the notion of global well-posedness
in Theorem 1.2 includes persistence of regularity and the local Lipschitz continuity of the flow map and it
provides a certain uniqueness class. Note that the angular regularity does not affect the scaling of the spaces.
In summary, Theorem 1.2 establishes global well-posedness and scattering in the critical Sobolev space for
small initial data with a bit of angular regularity.

In the case 2M > m > 0, which we call non-resonant regime due to Lemma 8.7, this theorem improves
Wang’s result [48] by both relaxing the angular regularity hypothesis and replacing Besov spaces by Sobolev
spaces. We also mention the previous subcritical result [3] without additional angular regularity, where the
possibility of a Besov endpoint result with an € > 0 of angular regularity was discussed [3, Remark 4.2]. In
the case m > 2M > 0, which we call the resonant regime due to Lemma 8.7, this appears to be the first
global well-posedness and scattering result in critical spaces for (1.3). A similar comment applies to the case
2M = m > 0, which we call the weakly resonant regime. It is the resonant regime where we employ Theorem
1.1, see also Remark 7.6. Concerning further comments on the number of angular derivatives required in the
resonant case, we refer to Remark 8.4.



We shall only mention a few selected results on this well-studied system (1.3). We refer the reader to [18]
for previous local results and to [16, 1, 3, 48] for previous global results on this system, also to the references
therein. Concerning its relevance in physics we refer the reader to [11].

The organisation of the paper is as follows: In Section 2, we discuss a sufficient condition on the phases,
verify Assumption 1 in the case of the Schrédinger, the wave, and the Klein-Gordon equation, and derive
important consequences, in particular the dispersive inequality, and a bilinear estimate for homogeneous
solutions in Lfﬁw. In Section 3, we study wave packets, atomic spaces and tubes. In Section 4, we state
and prove a crucial localised version of Theorem 1.1. The proof proceeds by performing an induction on
scales argument, and reducing the problem to obtaining a crucial L2-bound which in turn follows from a
combinatorial estimate. Section 5 is devoted to the globalisation lemma, which removes the localisation
assumption used in Section 4, and hence concludes the proof of Theorem 1.1. In Section 6, we generalise
Theorem 1.1 to mixed norms and, in the case of hyperboloids, give an extension to general scales and discuss
counterexamples. In Section 7 we prepare the analysis of the Dirac-Klein-Gordon System and prove Theorem
1.2 under the hypothesis that certain bilinear estimates hold true. In Section 8 we discuss some auxilliary
estimates and finally provide proofs of the bilinear estimates used in Section 7.

2. ON ASSUMPTION 1: EXAMPLES AND CONSEQUENCES

In this section we discuss examples, and consider in detail a number of key consequences of Assumption
1. All of this is known to experts at least in the specific cases we are interested in. The main objective is to
verify that Assumption 1 allows for a unified treatment which allows to track the dependence of constants
on the phases.

2.1. A Sufficient Condition. Let diam(A;) = supg ey, [€ — &'[- The condition (i) in Assumption 1 is
somewhat difficult to check (essentially since we insist on a global condition rather than just a local condition
using the Hessian of ®;). In practise it is easier to check the following marginally stronger conditions.
Lemma 2.1. Assume that the following three conditions hold:

(i) For all§ € Ay and n € A

V1 (§) = VPa(n)| > Ay (2.1)
(ii) For j = 1,2, and every h € R™™ and £,¢' € ¥;(h)
[(V2,66) = V8,(€) - =] > Asle €1, (22)
(iii) The sets A1 and Ag satisfy
. . AiAy
diam(A;) + diam(Ag) < (2.3)

5-
2(IV2®@1 || oo (ay) + V2 P2l (ay))
Then, condition (i) in Assumption 1 holds with Dy = %AlAQ.

Proof. The first step is to observe that for vectors z,y € R", and w € S"~! we have

[z Ayl = lyllz - wl = [afly - wl. (2.4)
Indeed, this follows from |z A y|? = |z|y|*> — (z - y)* = [y[*|z — @%y‘z, which implies
z-y z-y ||
ol =l o= = 2y| > bl o= Tyl 2 0 (1ol = o).
lyl ly lyl
In particular, if we let x = V®,;(§) — V®;(¢), y = V®,(&§) — VOi(n), and w = %, then since |z| <

Y
[V2®; | o a,)|€ — €] (using the convexity of A;) the lower bound (i) in Assumption 1 would follow from
(2.2), (2.4), and the transversality condition (2.1), provided that
¢
€ =¢
5

AA,
T2 V2® | a,

(V@;(€) — Ver(n)) (2.5)




The proof of (2.5) requires the condition &, &’ € 3;(h) together with the assumption (2.3) on the size of the
sets Aj. Let

0j(x,2) = ®j(x) = ®;(2) = V®;(2) - (z — 2).
A computation gives

VO;(2) - (z —y) = (Dj(x) — 0j(x,2) = Bj(2) = VP;(2) - 2) — (;(y) — 05 (y,2) — ®;j(2) = V&;(2) - 2)
=0;(z) — ©;(y) + 05y, 2) — 0j(x,2)
and hence, using the assumption &,& € X;(h), we see that
(V& (&) = VOr(n) - (€&
= 0;() = B;(€) + 05(€,€) — (956~ h) = Bu(€’ — h) + ox(€' — hom) — k(€ — o))
= O—j(§/>§) + O_k(f - hﬂ?) - O—k(gl - hﬂ?)
If we now observe that

oj(x,2) = 0;(y,2) = /O [V, (y +t(x —y) = VO;(2)] - (v — y)dt < [|V2Dj 1 (a,) diam(A;)|z — y]

we then deduce the bound

_ ¢!
‘(V%(f)V@k(n)).g_gl < diam(Ay)|[ V20, || e (ay + diam(Ag) | V2®s]| 1 (ny)-
Consequently (2.5) follows from (2.3). O

2.2. The Schrodinger, the Wave and the Klein-Gordon Equation. We now consider some examples
of phases satisfying Assumption 1. It is enough to check the conditions in Lemma 2.1. In particular, by
making the sets A; slightly smaller if necessary, it suffices to ensure that the transversality condition (2.1)
and curvature condition (2.2) hold.

Firstly, consider the Schrodinger case

1
2(6) = el
Then the condition (2.1) in Lemma 2.1 becomes
[VO1(8) = V®a(n)| = |€ —nl,

thus we simply require that the sets A; have some separation. Assuming that the diameters of the sets A;
are sufficiently small, we just need to ensure that (2.2) holds. However (2.2) is just

(Va6 - Vo, (€)) - 22| = e~ !

=€
and so (2.2) clearly holds (with constant Ay = 1).
Secondly, consider the case

1

D;(&) = (E)m, = (M7 +1¢%)”
where the mass satisfies m; > 0. To simplify notation, we assume that for £ € A; we there is a constant
A > 0 such that

1
= < (Em,
To check the transversality condition (2.1) we note that
£ n [’

V01(6) = Va ()| =]

<§>ml_<77>m2
g N 2AdWl (. £

‘<<5>m1 <n>m2> RGERCI (1 |§In|>

( (male] D (malel — ) \2 . 2elll (. €n
(<f>m1<n>m2<|§|<n>m2+|n|<§>m1>> T s (Mo (1 |€||n> (26)

(in particular, we always have transversality if |{] = || = 1 and m1 < mz).
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On the other hand, to check the condition (2.2), we use the following elementary bound.

Lemma 2.2. Let £ > 2 and (a,h) € R™*. Ifx,y € {z € R | |z| = |2 — h| 4+ a} we have the inequality

x y |2 o T x—h |4 |z — h|?
il 2l e AP+ e R PP
[yl x| |z = A1 16[z|ly[|z = k[ + 4(jx = b| + [2])?|y]
Proof. The condition € {z € R’ | |z| = |z — h| + a} implies that |z — h|?> = (Jz| — a)? and hence
2 2
T h= \h|2‘;|a + a. Therefore
x y‘>|h\2—a2 1 1‘ |z —h|| = x—hf“' |H
S A SO e H ) e x| -y
[yl 2(hl Ml fylt 20hlly[ T2 [z — Al
where we used the identities h =  — (x — h) and a = |z| — |x — h|. Lemma now follows by noting that
. 2 2
&= yl? = lollyll & — [ + Izl — lol[” O

We now show that (2.2) holds. A computation gives

S I ST St

m;  my Em;  (Em,

g HmE g +md
<£>m] <§/>mj

(VD () — Vy(¢)) - (€ — €)] = ’

= ’(Qmj + (€ )m,

- <§>mj + <§/>mj z i‘z
2 [ [yl
were we let z = (m;,€) and y = (m;,£’). If we now note that the surface ®;(¢) = ®({ — h) + a can be
written as |z| = |y — h'| + a with b/ = (my — m;, h), then an application of Lemma 2.2 gives
Al

[

[(V05(6) = Ve5(€)) - (€ = )] > 557

5
Therefore, by Lemma 2.1, we see that (i) in Assumption 1 holds with D; = %. Note that the above
argument also applies in the case of the wave equation m; = mgo = 0.

2.3. The Dispersive Inequality. To simplify the statements to follow, we fix constants Rg > 1, D1, D5 > 0
and N > n+ 1, and assume that we have phases @1, @, satisfying Assumption 1 and sets A;, A7 with A;
convex and A% + R%) CAjc{L <l¢ <16}

As a consequence of the curvature type bound (1.1) relative to the (n — 1)-dimensional surface ¥;(h), we
expect that we should have the dispersive inequality

s (—i _n-1
||e7,t‘I’J( v)f||Lg° 5 t 2 ||fHL'1r (27)

for f € L' with suppf C A;. To prove this decay in practise, the standard approach would involve a
stationary phase argument. However, as we only have curvature information on the surfaces X;(h), and
these surfaces are somewhat involved to work with, the standard approach via stationary phase arguments,
keeping track of the constants, seems difficult to implement. Consequently, we instead present a different
argument, using an approach via wave packets. Roughly speaking, fixing some large time ¢ ~ R, the idea is
to cover A; with balls of size R™2 and decompose

eitéj(—iV)f _ Z K§0 % f
_1 -~
EoER™ 2Z"Nsupp f
7



for some smooth kernels K¢, (¢, z) with || K¢, (t)|| 1 < R™%. Then since ;(b) is a hypersurface, by restricting
to points close to X;(h) we should have

Heitq)j(_iV)fHL:O < HfHL;

Z Kfo(tvx)

1 —~
§oER™ 2Z"Nsupp f

1
sfmgv%ﬂ 3 Ke, (1, 2)
£oeR’%Z"ﬂ(2j(h)+R*%)

Lg

Lo

x

The condition (i) in Assumption 1 then shows that, for times ¢ &~ R_%7 the spatial supports of the kernels
K¢, (t, z) are essentially disjoint, and hence

H > Ke, (t,x)

€ER™ZZPA(Z, (h)+R™2)

|3

~ Sup [Key ()|l e SR 2 &t
L¥  &eR™3Znn(S,(0)+R™2)

which would then give the desired dispersive estimate (2.7).
In the remainder of this subsection, we fill in the details of the argument sketched above. We first require
a technical lemma involving the surfaces £;(h).

Lemma 2.3. Let {j,k} = {1,2}, h = (a,h) € RY™" andr > 2%?R0. Assume &y € (A;f—&-ﬁ)ﬂ(j\z—i-h-l-ﬁ)
and

S|

|®;(&0) — Pr(&o — h) —al <

Then [§ — Z5(h)| < 5=-

Proof. Define F(§) = ®1(§) — ®2(§ — h) — a, by replacing F with —F' if necessary, we may assume that
F(&) = 0. We need to show there exists |£ — &| < DDfr such that F(£) = 0. To this end, let £(s) be the
solution to

VF(¢(s)
DE(s) = _#
IVF(&(s))]
£(0) = -
Note that, for times s € [0, :])321], we have |£(s) —&| < s. On the other hand, since |F(£)| < 1 by assumption,
the transversality property (1.2) implies
8 , , 1 D,
F(&(s)) = F(&) — [ IVF(&(s))]ds’ < — — s
0 T DQ

Consequently F'(£(s)) must be zero for some s € [0, T%zl] and hence result follows. O

We now come to the proof of the dispersive inequality.

Lemma 2.4 (Dispersion). Let j = 1,2. For any f € L. with suppr A+ ﬁ and any t > 1 we have

e D o £ 6T Ly

where the implied constant depends only Ro,D1,Ds, and n > 2.

Proof. Tt is enough to consider the case j =1 and R <t < 2R with R > (1OR0)2. Since A3+ ﬁ contains a
ball of size (2Rg) ™!, we can find a finite set H C R™ such that #H <R? and Ay = Upeg A N (A5 + ﬁh).

In particular, by decomposing suppf into O(RYy) sets, is is enough to consider the case suppf C (AT +
o) N (A5 + 55 +h). Let p € C5°(|¢] < 1) such that

2R
> pE—k) =1

keZm

8



The support assumption on f, together with the fact that R > (10Rg)?, implies that
(") () = > K, (t) * f(2)
€o€R™ 32 N(supp [+ 1ok )

where K, (t,2) = [5. p( Rz (€ — &))e™®1©ei€de Since R <t < 2R, our goal is to show that

D S L
&)ER—%Z"ﬂ(supr-i-ﬁ) ’

D1
D;

we can find a € §*R™27Z with |a| < 2D5 such that

We would like to write this sum in a way Which involves the hypersurfaces 1 (h). Fix 0 < § <« > and

let 6* = D1(5 Given § € R~ 370N (suppf+

10R )
1

[®1(0) — P2(€o — h) —al <S*R™=.
Therefore, an application of Lemma 2.3 with r = R%/é*7 implies that & € $1(a, k) + R~ and hence we

have
Z |Ke, (t,2)] < Z Z |Ke, (t,2)]

€0ER™ 2 ZN(supp f+1ok—) a€6*R™37 €eR™3 27N (S1(a,h)+5R™3)
0 la|<2D>
1
< R sup > | Ke, (t,2)].

€0€R™FZMN\(S1 (h)+6R " 2)
We now exploit the localisation of the kernel, together with the partial curvature condition (1.1). Write
Ke,(t,o) = R°% / p(€)eit 1P (R 2E4E0) —R™ 2V (60) €] (iR 2 (21T 1 (60) € g
Integrating by parts n + 1 times gives
[Keo(t,2)| S R7E (14 R o + 190 (&) ) - (2.8)
Let & € R™2Z" N (31(a,h) + R~2) denote the minimum of |z 4+ tV®;(&)|. We claim that for every
€€ R 272" N (X1(a, h) + R™2) we have
o 4 191 (60)| > D Rlg — & (29)
Assuming this holds for the moment, we would then obtain
> |Ke, (1, 2)| S R? Sup > | Keo (¢, )|

1 -~ 1 1
€0€R™ 3 ZrN(supp [+ o) €€R™FZMO(S1 (h)+R™3)

SRT Y (L+REg g

1
€0ER™ 22N

as required. Thus it only remains to verify (2.9). This is immediate if RD1|§y — &(| < 2|z + tV®1(&))].
Thus we may assume that RD1|& — &y = 2|z + tV P (&) Note that this implies that |€ — &| > R™2. By
construction, there exists £,£ € ¥1(h) such that | —&o| < IRz, [§ —&)| < OR~ 2. Therefore, applying the
lower bound (1.1), we deduce that

@+ 1V®1 (£0)] > H{VD(E) — VO(E)] — |o+ 1V D1 (€h)] — tIVP1(E) — VB1(E)] — H]V1(Ep) — V1(E)]
> RDy[¢ — €| — |z + 1V P (&)] — 4D20R?
> RO 6o — &| — ADy + Dy)iR

> RTKO — &



provided that we choose § < D . Hence we obtain (2.9) and thus result follows. O

Remark 2.5. By the standard TT*-argument, this implies the linear Strichartz type estimates for wave
admissible pairs. We omit the details and refer to [22].

. Classical Bilinear Estimate in L2 The main use of the transversality property (1.2) contained in
Assumptlon 1 is to deduce the following Well known bilinear estimate, which dates back at least to Bourgain
[14, Lemma 111] in the case of the Schrodinger equation and n = 2.

Lemma 2.6. Let 0 < r < 1 and f,g € L2. Assume that the supports off and g are contained in balls of
radius r intersected with A1 and Ay respectively, and for all £ € Ay and n € Ao

V@1 (€) — VPa(n)| = Co. (2.10)
Then,

n—1

) . . » r 2
e P £ P2 Vg o iy S ( o ) Ifllzzllgllzz-

Proof. For m =1,...,n let Q,, = {(f,n) € Ay x Ay | [0m @1 (&) — OmPa(n)| > %} Condition (2.10) and
the support assumptions on f and ¢ implies that we can decompose

(eitél(—iv)/f-;@g(—iv)g Z ff g la, (€ —n,mn) M@ (E=m+P2(m) gy

Consider the m = 1 term and write 7 = (11,1’) € R x R"~!. The change of variables (11,7') — (7,7') where
T =®1(¢ —n) + D2(n) gives

L f(f MG(n)la, (€ —n,n) M P E=M+E20) gy

5 * * ! _itT
//]Rn 1 1P 77))21@)2(77*)191 (5_77 1 )dnet dr,

where n* = (m[r, &, 7'],7'). Thus an application of Plancherel, followed by Holder in 7, shows that

f (€ —m)d(n)la,, (€ —n,n) MBI ETM+ED) gy

2
Lt§

H /]R o 81<1>1 ;@ 21)2(,]) 1q, (& —mn.m)dy

P o= matr)

2
LT>§

<(2r)

2
LT,ﬁ,n’

1
2
)71z lgllza

where the last inequality follows by undoing the change of variables. Since the terms with 1 < m < n are
identical the lemma follows. ]

n—1
0

2.5. Geometric Consequences. The last step in the proof of Theorem 1.1 requires a combinatorial Kakeya
type bound. This bound relies on the fact that certain tubes intersect transversally, and is the main reason
for introducing the condition (i) in Assumption 1. The following is motivated by [33, 2], see also Section 9

of [43].
Let h € R'*™ and define the conic hypersurface
Ci(h) ={(r,—rV®;(&)) | r e R, £ € X;(h)}.
A computation shows that the tangent plane to C;(lh) is spanned by the vectors

(1,-V®,(£)) and H®;(&)v for v € Te;(h).
10



On the other hand, as we will see in the proof the Lemma 2.7 below, the condition (i) in Assumption 1
implies that

[(1,=V®;(&)) A (1, =V@x(n)) A (0, VO;(E) = VO,(£))| Z € - €]
for every €,&" € ¥;(h). Hence, letting £’ — ¢ in ¥,;(h), we can interpret (i) in Assumption 1 as saying that,
for every v € T¢X,;(h) we have
|(1,=V®;(&)) A (1, =V®x(n)) A (0, HB(E)v)| Z [v]

where H®;(§) denotes the Hessian of ®; at . In particular, the vector (1, —V®(n)) must be transversal
to the surface C;(h) for every n € Ai. A more quantitative version of this statement — and the one we make
use of in practise — is given by the following.

Lemma 2.7. Let h € R'™ and {j,k} = {1,2}. For everyn € A; and p,q € C(h) we have

D |p —q|

- N (1,=V;(n)| > .
| L=V 2 G 8 a0 Ve = o)

[vAz|
[v]

Proof. Let w,w’,w"” € R™. The identity |z Ay A z| = inf,cqpan{a,y} |z A y| implies that

[(Lw") A (Lw) A (0,w—w')| =](Lw") A (0,w—w")A(0,w—w)|
v A (1w
1}€W|(|»U|)|’(O’w_w//) A (07’LU—IU/)’

> |(w—w") A (w—w)],

where W = span{(0,w — w"), (0,w — w’)}. Consequently, applying the wedge product identity once more,
we deduce that for every v € span{(1,w), (0,w —w’)}

[(w = w") A (w = w')|

v A (1,w")| >
oA (w2 e e —

o). (2.11)

Fix n € Aj and p,q € Ci(h). By definition, this implies that we have &, & € X;(h) and r,7” > 0 such
that p = (r, —=rV®,(&)) and ¢ = (r', —1r'V®4(¢’)). Clearly, due to the convexity of Ay we have |V (&) —
VL&) < V2P| oo (ap)|€ — €. If we now let w = =V®(€), w' = —=VP,(¢'), and w” = —=V®,(n) in
(2.11), then we deduce from (i) in Assumption 1 that

Dl‘U‘
(L + V@& Lo (an) IV2Pk | Loo (a4

|v A (17 —V<I>j(77))‘ >

for every v € span{(1, —=V®;(£)), (0, VP, (&) — VP, (¢'))}. Taking v = p— ¢ and observing that we can write
(p—a) = (r—1")(1,=VO,(E)) +1'(0, VO,(§) — VOi(E)),

the required bound now follows. O

3. WAVE PACKETS, ATOMIC SPACES, AND TUBES

In this section we discuss the wave packet decomposition. To some extent, we follow the arguments in [43],
but use a slightly different notation by using projections labelled by phase space points as in [33]. Again, this
helps us to carefully track constants. In addition, we consider certain atomic decompositions. Concerning
the phases ®;, it turns out that the only property we require in the construction of wave packets below, is (ii)
in Assumption 1. Consequently, throughout this section, we fix constants Ry > 1, Do > 0 and N > n + 1,
and assume that for j = 1,2 we have sets A;, A} with A; convex and A} + R%) C A; C {55 <[¢] <16}, and
phases ®; : A; — R such that

sup |07 @ Lo (a;) < Da.
1<|6I<N
11



3.1. Wave Packets. Let R > 1 and define the cylinder
Qr={(t,z) eR""" | & <t <R, |z| < R},
and X = R3Z" x R™37". Define
X; = {(z0,&) € X | & € A] +3R ™%}
to be the set of phase points which are within 3R~ 2 of Aj. Note that provided R > (3Ro)?, if v = (o, &) €
X;, then & € A;. Given a point v = (20, &) € X in phase-space, we let z(y) = z¢ and {(v) = & denote the

projections onto the first and second components respectively. Fix n, p € S(R™) such that suppn C {|¢] < 1},
supp p C {|¢] < 1}, and for all z,£ € R"

Sk =3 pe-m=1.
kezn kezn
Given v € X and f € L2(R"), define the phase-space localisation operator

(Lo f)(a) = n(ac —Rz(v)) {p(—iVij(v))f} ().

Note that by definition we have

f:ZL’yf; SuppL/,;TfC{é'E]Rn||£76(7)|<2R7%}

yeX

@)N_Hn;l , for any I C X we have the orthogonality bounds

|31
y€T

To simplify notation slightly, we define the slightly larger phase-space localisation operators L?y = wy(x)L,.

Moreover, letting w, (z) = (1 +

ol

2 S <Z |wv(~’”)L7f(l’)|%g> 2 Sz (3.1)
v ~ver

It is worth noting that Li f no longer has compact Fourier support, this does not pose any problems in the
arguments to follow, as the only properties that we require are the trivial bound || L, f||z2 < ||Lf f|| 2 and
the orthogonality bound in (3.1).

To define wave packets, we conjugate the phase-space localisation operator L. with the flow eit®i (=iV)

Definition 3.1 (Wave Packets). Let j = 1,2, R > (3Rp)?, and u € L°L2(R*™). Given a point v; € Xj,
we define

(Py,u)(t) = eitq)j(_iv)L% (e‘it@j(_iv)u(t))
Similarly, we define
(ng u)(t) = e”q)j(_N)Lﬁ% (e‘it@j(_iv)u(t))
We also require the associated tubes T,.

Definition 3.2 (Tubes). Let j = 1,2 and v; € X;. Then we define the tube T, C R'*" as

T, = {(t,x) € RI*"

1
B<t<R Jo—a(y) +1V0;(¢()| < R}
The most important properties of the wave packets P, u are summarised in the following.

Proposition 3.3 (Properties of Wave Packets). Letj = 1,2. For any R > (3Ryg)?, f € L2 with supp f C A%,
and u = e*® (=) f we have u = ijexj P, u, suppﬁj\u c{l¢ —€(y)| < 2Rz}, and given any I Ccx;
we have the orthogonality bound

|5 e

Vi €L

=

S(X 1 18:) S 1l (32)

eI
12
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Moreover, the wave packets P+, u are concentrated on the tubes T, in the sense that for every r > Rz, and
any ball B C R'™", we have the bound

()

~ Rf

£
Here, the implied constants depend only on Rg,Ds, N and n > 2

(o f||L2) (33)

RISV

’Y_7‘€Fj Lto,om(BmQR)

dist(T,;,B)>r

Proof. This result is somewhat standard, see for instance [43, Lemma 4.1] and [29, Lemma 2.2] for related
estimates. We only prove the localisation property (3.3), as the remaining properties follow directly from
the definition of P, together with the analogous properties of the phase-space localisation operator L.. Let
v; = (20, &) and write

Py, ult, ) :/ (fw\f)(g)e“@j(i)eimfdg
= | g (tw—y)(Ln, f)y)dy

Rn
where, as in the proof of Lemma 2.4, the kernel is given by K¢, (¢, z) f]R" R% 50))eit®j(5)ei"”'5d§. Note
that, as in (2.8), integrating by parts N — 1 times, and using the fact that || < R, R > 1, we deduce that
n tVo
Ke(t,x) SR (1 | et Ve (&)l Z (§°)|)

Plugging this bound into the identity for P, u(t,x), we deduce that
Pryutt.a)| B3 (14 Em R TR T By T,
n 2

2

|z — 20 +tVP;(&o)| ) =N

5R—%(1+ -

ILE, iz

Since there are O(R?) choices of &, and
|l’ — X9 -+ tV<I>J(§0)| = |(t7 l’) — (t, To — th)] (50))| 2 dlSt((t, I’), T’Yj)’

an application of Holder’s inequality gives for any (¢,z) € B

> |7>wu<t7m>sR—2( > (14 et Ve )(ZHL f||L2)

v; €L v €X; v; €T
dist(T,,,B)>r dist(T,,,B)>r
nt3 _ - _ 3
(L) (X (e mmrRE) ) (X I s1,)
’ © N erbzn €L
l
()7 (S I
w) g I
as required. 0

3.2. Atomic Spaces and Wave Packets. Closely related to the VP spaces, are the slightly smaller U?
spaces, see [27, 21, 28].

Definition 3.4. Let 1 < p < oo. A function p: R — L2 is called a UP atom if there exists a decomposition

p = ez Ls(t) f; subordinate to a finite partition Z = {(—o0, 1), [t2,13),...,[tn,00)} of R, such that
1
Wllezz i= (S Aal%,) 7 <1
JeT

13



The atomic Banach space U? is then defined as

Ur = {chpj
J

p = inf Cr|.

lollor = _int 3

g COr
¢r UP atom

The space U} is the set of all u: R — L2 such that e~ *®(=*V)y € UP with the obvious norm.

(c;) € ((N), pj a UP atom}

with the induced norm

Let u=>,1;(t)e*®(=V) f; be a U%j atom. Since 1;(t) commutes with spatial Fourier multipliers, we
have
P, u—Zl et N)L o andPﬁu—Zl e®i(= van fJ
J
Proposition 3.3 gives the followmg.

Corollary 3.5 (Wave Packets for U§ atoms). Let j = 1,2. For any R > (3Ro)? and U3, atom u =

> 17(t)e®i(=iV) £ with supp @ C A%, we have u = ijeé\fj Py, u, Supp?i;j\u c{lE-¢(y) < 2R_%}, and
gwen any I'; C X; we have the orthogonality bound

1

2
(DRI Y () Dl V2210 Ry (3.4
i€l v; €Ly

Moreover, the wave packets Py, u are concentrated on the tubes T, in the sense that for every r > R%, and

any ball B C R, we have the bound

‘ Z Pyu

7€l
dist(Ty; ,B)>r

1

S (é) - ( Z HL’Y]fJHe?L?) - (3.5)

75 €L

LOC (BQQR)

Here, the implied constants depend only on Ry, Ds, N and n > 2

3.3. Sets and Relations of Tubes. We repeat the definitions and notation used by Tao [43], but as above
we adopt the point of view that the basic objects are the phase space elements v € &, rather than the
associated tubes T’ .

For 6 > 0, let B be a collection of (space-time) balls of radius R'~% which form a finitely overlaping
cover of Qr. Similarly let q denote a collection of finitely overlapping cubes ¢ of radius R2 which cover the
cylinder Q. Let R%q denote a cube of radius R*2 with the same centre as g. Given a collection I'; C &,
and a cube ¢ € q, we define

Lj(q) = {n €15 | T, N R'q # &}
so I';(g) is the subcollection of our phase-space decomposition, such that the associated tube T’ intersects a
shght enlargement of the cube g € q. In the remainder of this subsection, the implied constants may depend
on n > 2 only. Given 1 < 1, uo < R0 define

a(pn, p2) = {q € al p; <#L5(q) <2p5, 5 =1,2}.
Thus, roughly, q(j1, pu2) restricts to those elements of q which are intersected by u; tubes T, v; € T';.
Given v; € I'y, we let

A(vjs 15 pi2) = #{q € a(pr, p2) | Ty, N ROq # 2}

and for every 1 < A\; < R0 we define

LA pa o] = {5 € Ty [ Aj < A(yj, s p2) < 2X5}
So T'j[Aj, 11, po] essentially restricts to v; € T';, such that the associated tubes T,, intersect A; cubes in
a(p1, pi2). Clearly

U L (g, 1, p2) = Ty
LKA 1 e SR100R

The following relation ~ between balls in B and v; € I'; plays a key role in the arguments to follow.
14



Definition 3.6. Given v; € I';[A;, 1, o], we let B(7y;, Aj, 11, p2) € B denote a ball which maximises

#{q € ap1, p2) | Ty, N R°q # @, qN B(vj, Aj, pa, i) # 2}

If B € B, and y; € T'j[Aj, 1, po], we then define v; ~x, iy uo B, if B C 10B(v;, Aj, p1, p2). To extend this
definition to general points v; € T'j, we simply say that v; ~ B if there exists some 1 < A\j, 1, pra S R100n
such that v; ~x; 41 0, B-

Remark 3.7. This definition has the following important consequences.
(i) Let 7; € T'; and consider the set {B € B | 7; ~ B}. Since there are at most O(R¢) dyadic
1< Aj, p1, p2 < RY such that v, € T;[A;, p1, peo], and only O(1) balls B such that v; ~x, u; 40 B,
we have

#{B€B|vy;~ B} < > #{B € B| 7j ~x, 2 B} S > 1< R
LAy 1 i SR 1SN 1,2 SR10OT
5 €T [N, p1,12]

(i) Fix 1 < Ay, g, pe S R and let v; € T4[\j, 1, p2]. By definition, we have
N < #{q € a(pr, p2) | Ty, N Rq # 2}

<Y #acalp,m) | T, NRq# 2, ¢N B+ o}
BeB

< #B#{q € q(p, p2) | Ty, NR°q# @, ¢NB(v;, M1, pi2) # 2}

where we used the maximal property of the ball B(vy;, A;, pt1, pt2). Therefore, as #8B < R(H1)6 e
deduce the lower bound

#a€a(p, pe) | T, NRq # @, qN By, A\j, i, pi2) # 2} 2 R™H0N

4. A LocAL BILINEAR RESTRICTION ESTIMATE
The main step in the proof of Theorem 1.1 is prove the following spatially localised version in UZ.

Theorem 4.1. Letn > 2 anda > 0. Let Rg > 1 and D1, D3 > 0. For j = 1,2, let Aj, A} C {1—16 < €] < 16}
with Aj conver and A} + P%g C Aj. There exists N € N and a constant C' > 0 such that, for any phases
@y and Oy satisfying Assumption 1, any v € U , v € U£2 with suppa(t) C Aj, suppo(t) C AS, and any
R > 1, we have
(07
el g < CR el Dol

In the remainder of this section we give the proof of Theorem 4.1. The proof is broken up into three
key steps. The first step is use an induction on scales argument to reduce to proving an Ltzym bound. We
then use the localisation properties of the wave packet decomposition to show that the L%ym bound follows
from a combinatorial Kakeya type bound. The final step is prove the combinatorial estimate using a “bush”
argument.

4.1. Induction on Scales. Let o > 0 and fix the constants Rg > 1, Dy,Dy > 0. Fix N = ¢t1(100n)2.
For j = 1,2, let Aj, A} C {5 < [¢] <16} with A; convex and A% + R%) C A;. Tt is enough to show that there
exists a constant C' > 0 such that, for any phases ®; and ®, satisfying Assumption 1, any R > (3Rg)?, and
any U(%j atoms u =Y, 1;(t)et (=) £, 0 =5 1,(t)e®2 (V) g, with supp f C A%, suppgy C A}, we
have
[luv|| nts < CR*®. (4.1)
LT (Qr)
To simplify the notation to follow, we now work under the assumption that any implicit constants may now
depend on «, n > 2, and the constants Rg, D1, D2, but will be independent of R and the particular choice
of phases ®; satisfying Assumption 1.
The proof of (4.1) proceeds along the same lines as Tao’s argument for the paraboloid [43]. Namely,
we use an induction on scales argument to deduce the estimate at scale R, by applying a weaker estimate
15



at a smaller scale R'~°. We start by observing that it suffices to show that, for every I'; € &} such that
#I'; < R'9" and any 8 > a, we have

Z PWluPWQU
i€l

To deduce (4.1) from (4.2), we let

Xi(n)={me|n< ||LilfJ||e%‘,Lg <2, Ty, N2Qr # 2}

and X (v2) similarly where v; € 22. An application of Corollary 3.5 gives the decomposition u = Z% cx, Piu
as well as the bounds '

1

nis S RO(#T1#T2) " sup |[LE frllea 2|5, 90 ez, 12 (4.2)
L (@Qn) €Ly ’ T

D SR I
Y1EX] L. (Qr)
TwlﬁQQR:@
and
: :
(X 1Puales:) < (X 1 aile) 501
Vi €X; v EX;

The analogous bounds hold for v. Moreover #{v; € X; | T, N1 2Qr # @} < R™"'. Collecting these
properties together, we deduce that X;(v1) = & for v; > 1 and

U — Z Z Py u < R,
R-100n<yy <141 €y (1y) Lg% (Qr)

A similar argument shows that

v Y > P < RO,
R—100n 1y <1 7o € X (1) L7 (Qr)

Therefore, applying the bound (4.2) with I'; = X;(v;) and S = «, we obtain

||'LLU|| :er < uv — Z Z PVluPV2U n+3
Liz" (@r) R=100n <y <1y, €5 (1) L7 (Qr)
+ Z Z Py uPy,v n+3
R—1007z<l,j§1 'YjGXj(Vj) L:,L:r (QR)
1
S Lt log(RIR" sup (#2:00)#(0) " sup L5, fale sz N gl u2)
Vi ’YjEXj vj

/S R2a

where the last line follows from the orthogonality properties of the phase space localisation operators (3.1).
Hence (4.1) follows.
The proof of (4.2) proceeds via an induction on scales argument. The first step is to note that we already
have (4.2) provided we take 8 > 0 sufficiently large. Indeed, a crude argument by Holder and Bernstein
n+1

inequalities implies the bound with 8 = s (which could be improved by using linear Strichartz estimates

as indicated in Remark 2.5). Suppose we could show that, if (4.2) holds for some 8 > «, then for every ¢ > 0
we have

1
Z Py tuPay0|| s < R*(RU=98 4 RPO)(#I1#1)? sup ||LgthHe3LgHLE,QQJ’H@,L@- (4.3)
o LT (Qr) Y€l
where § = Df‘m and D > 0 is some constant which depends only on the dimension n. Then, since D§ < «, by

taking e > 0 sufficiently small, we deduce that we must have (4.2) for some 5’ < §. Iterating this argument
then gives (4.2) for 8 = . Consequently, our aim is to prove (4.3), under the assumption that we already
have (4.2) for some § > «.
We now fix I'; C X; such that #I'; < R'%", and 8 > «a. Let B denote a collection of balls B of radius
R'~% which form a finitely overlapping cover of Qr. Let ~ denote the relation between points v; €' and
16



balls B € B given by Definition 3.6. It is important to note that the relation ~ depends only on the fixed
sets I';, and not on u and v. Decompose

E Py uPyyv net3 < § Py uPyyv nt + E E PryuPy,v nt3
v; €L Ly (Qr) BeB " v;€r; Ly (B) BeB v; €L Lz (B)
vi~B ~1¢B or 3B

For the first term, which contains the tubes which are concentrated on B, we apply the induction assumption
at scale R~ to deduce that

Dol D PruPrv|| e
BeB!l v er; L3 (B)

vi~B

1
SRUTPN " (#{m €Ty | ~ B}#{12 €T [ 12 ~ B})? swp HLEHfJHeZJLg||L329J/He§,Lg
BeB Vi€l
— 1
< RERUTOB(HT,#T,) 2 SUIIQ ”LgylfJHZ?,Lg|‘Lfﬁyng’||£3,L§
i€l

where the last line followed from (i) in Remark 3.7. For the second term, as we can now safely lose factors
of R, we may ignore the sum over the balls B (as there are only O(R°"+1)) balls). Thus, after replacing
D with D —n — 1, we need to prove the bound

H Z Py uPq,v

7i €L
T1#B or v200B

1
wes S R (HTIHTL)? sup L8 follepa L8, 000l pe- (4.4)
L (B) ;€L ' !

To this end, an application of Holder together with the orthogonality property of the tube decomposition
gives

H Z P’h uP’YQ“

ALY
Y1#B or 2B

} }
# 2 # 2
Ll,(3>§R< Sl ) (X Il )

y1€ v2€l2

1
S R(#T1#T12)° sup ILE, folles 2 1L, 9.0 ez, 2
i€l

In particular, the convexity of the L? norms implies that (4.4) would follow from the L7, bound

‘ ‘ Z Py uPy,v

jer; L? .(B)
1 74;]0T ’{/2743 f (45)
_n-1 i
< Re+DI-"5 (#Fl#l“z) ? sup ||Lg,1fJ||£?,L§||Luyng’||€2,L§,-
75 €L !
n+3
Thus we have reduced the problem of obtaining the L;";" estimate (4.3), to proving the L, bound (4.5).

Remark 4.2. The fact that the above reduction can be done in U2, is the key reason why we can extend the
homogeneous bilinear Fourier restriction estimates to UZ.

Our goal in the following two subsections is to prove the bound (4.5), and thus complete the proof of
Theorem 4.1. As in the previous subsections, we essentially follow the argument of Tao [43], but apply the
results of Section 2 in place of analogous results for the paraboloid. The general strategy is to first use the
transversality via Lemma 2.6 to reduce to counting intersections of tubes. The number of tubes is then
controlled by using (i) in Assumption 1 via Lemma 2.7 together with a “bush” argument. The notation for
various cubes and tubes introduced in Subsection 3.3 is used heavily in what follows.
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4.2. The L? Bound: Initial Reductions and Transversality. Recall that the ball B € B is now fixed.
Write

Z Py uPqy,v = Z PruPy,v + Z PyuPq,v.
i€l RASINE vi€ls,
T1#B or v24B n#B v1~B and v2#B
We only prove the bound for the first term, as an identical argument can handle the second term (just
replace I'; with {71 € I'1 | 71 ~ B} and reverse the roles of u and v). The first step is make a number of
reductions exploiting the spatial localisation properties of the wave packets, together with a dyadic pigeon
hole argument to fix various quantities. To this end, decompose into cubes q € q

2 3
E Py uPy,v < E Py uPy,v .
v; €L, L%,I(B) q€q,qC2B " v;€T;, L%,z(fl)
Y1#4B y1#4B

Note that the concentration property of the wave packet decomposition implies that

Z Pyu

7€l Ty, NRq=2

_ _n+3 1
S ROV (#10)? sup (L frlle -
Lfﬁr(q) y1€T

A similar bound holds for v. By our choice of N, we have §(N — "TJ“Q’) > 100n. Therefore, as #I'; < R

and #q < R?", it suffices to prove
2 \}
(X | & rura] )
4€a,qC2B ' v;€T;(q), A C)
%71721(9(1 : (4.6)

_n-1 L
5 Re-‘rDé 1 (#Fl) (#F2) 2 ’Yslel%) ||L”iY1 fJH[f”Li ||nggJ/ ||€§/Li.
J J

[

Let T75(q) = {7 € T1(q) | 11 # B} and decompose into

2 3
g E Py uPy,v
q€q,qC2B | ;€0 (q), L7 .(a)
Y1#B

E Py uPy,v
71 €T P ()N A1, 1, p12]
v2€l2(q)

< X (=

1A, 1, p2 SR S g€q(pa,p2),qC2B

2 > 3
L7 .(2)

Clearly, as we can freely lose R¢, (4.6) would follow from proving the estimate for fixed A1, u1, o,

N

> S e )
q€q(p1,12),9C2B " ~, D7 P ()N [A1,p1,102)] L7 2(9) e
v2€T2(q) ( : )

Nl

1
SRR (#11) 2 (#T2) 2 SUIF> ||Lﬁy1fJ||z2JLg||L5yng'||e§,Lg-
jE€L;

.

To make the notation slightly less cumbersome, we introduce the short hand

Ti(q) = 7P (q) N Ty, o, o).

Given ¢ € q and h € R'™", we define the set

T (g,0) = T A, o) (0, 5) = {1 € T5() | €(n1) € Z1(h) + O(R™7)}.
18



Thus T (¢, b) consists of all v, € T'(q) such that £(v;) lies within CR™2 of the surface ¥;(h). If we expand
the square of the L7, in (4.7) we get

t,x
2
RIS S D SR D T b |
€T} (q) Lie(@)  yier;(a) vi€Ts(q) 72€T2(q) ’
v2€T2(q) v5€T2(q)

We now exploit the Fourier localisation properties of the wave packets to deduce that the inner product
vanishes unless

E(n) +€(2) = €03 +E(33) + O(R™H) 48

1(E(1)) + 2(E(2)) = P1(60)) + B2(E(7) + O(R2)

In particular, if we take by, ;= (®1(£(71)) — P2(£(73)),€(71) — £(7%)), then an application of Lemma 2.3
implies that
2

Z Py uP,y,v
7€l (q) L3 o (a)
v2€T2(q)
< Z Z Z ‘<,PV1UIP’)'2'U7,P%UIP')'§U>L$I .
€T () Y1 ETT™ (0,04, 1) Y2€l2(q) '
72€r2(0) E(r2)=€(1)+EOH)—E (1) +O(R™ )

On the other hand, an application of Lemma 2.6 easily gives the U2 bound
_n-1
1P uPyvllce, S BT NLE fallez 2 L5, 900 le2, 12
If we now note that, for fixed 1, 74, and +1, and any ¢ € q we have
_1 n
#{2 €Ta | Ty N Rq # 0,6(72) = £(11) +€(72) — €(n) + O(R™2)} S R™

then an application of Cauchy-Schwarz gives
2

_n—1
> PuuPv S RPPTIEHTI(Q#T2(0) sup #T57(a,0) sup L5, Fol3 2 LS, 9017z 2
vleFI(q) L?,z(q) i} v €T ’
v2€T2(q)

Consequently the bound (4.7) would follow from the combinatorial estimate

> #mq)#rz(q)hsﬁgp #I77(q,h) S RPOHT1#T 5. (4.9)
= 14n

gea(p,p2)
qC2B

We now simplify this bound slightly by exploiting the dyadic localisations we preformed earlier. More
precisely, by definition, for every ¢ € q(u1, 12), we have #I'3(q) < 2u2. On the other hand, by exchanging
the order of summation, recalling the short hand I'j(q) = FTB(q) N T [\, g1, p2], and using the definition
of the set I'y[A1, p1, 2], we deduce that

S #@ < Y #(Ti(g) N, p2))

q€a(p1,p2) q€q(p1,p2)
qC2B

- > #{aea(m,p) | T, NRq # 0}

Y1ED A1, p1,p2]
< 20 #1

Therefore, we have reduced the bound (4.9) to proving the combinatorial Kakeya type estimate

*% #FQ
sup Fl [)\17 M1, MQ](Qa h) S RD(;T- (410)
heR! " 142
q€q(p1,p2),qC2B
The proof of this bound is the focus of the next subsection.
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4.3. The L? Bound: The Combinatorial Estimate. We have reduced the proof of Theorem 4.1 to
obtaining the combinatorial bound (4.10), which is essentially well-known to experts as it does not see the
difference between homogeneous solutions and quj—functions. For completeness, we include the proof here.
We follow the “bush” argument used in [43], making some minor adjustments only to relate it to Assumption
1. Recall that we have fixed a ball B € B. Fix any h € R'™" and ¢y € q(u1, p2) with go C 2B. Our goal is
to prove

*% #FQ
#I7" (g0, h) S RO 1.
() S RO
The first step is to exploit the fact that ; is not concentrated on B. Recall from Subsection 3.3 that for
~v1 € T'1 we have defined the ball B(y1, A1, p1, 2) € B to be (a) maximiser for the quantity

#{q € ap1, pu2) | Ty, N R°q # @, N B(vj, Aj, pa, i) # 2}

Let 71 € T'7*(qo, b). By construction this implies that v, € FfB(qo), and hence by definition of the relation
~, we have B ¢ 10B(y1, A1, i1, p2). Since go C 2B and the balls in B have radius R'~°, we must have
dist(qo, B(y1, A1, f1, p2)) = R'7. In particular, by (ii) in Remark 3.7, we have for every v € I'f*(qo, b)

#{a € a(ur, p2) | T, N R°q # 2, dist(q, q0) 2 R’}
Z #{a € a(ur, p2) | Ty, N Rq # 2,40 By, Ay, o) # 2}
> RPN
On the other hand, since for ¢ € q(u1, pu2) we have #I'5(q) = us2, we deduce that
#{(¢,72) € a(ur, p2) x Lo | Ty, N Rq # 2, T, N R°q # @,dist(q,q0) 2 R"°} 2 R~ Ay puo.

Summing up over 1 € I'1*(qo, h) and then changing the order of summation gives
)\1#2#]-—‘;* (q07 b)

SR YT #{(e,7) €alp, pe) x Ta | Ty, N RPq # @, Ty, N RO # @,dist(g,q0) 2 R’}
Y1€7*(qo0,h)

=R > #{(q,m) € alp, p2) x T (g0, h) | Ty, N ROq # @, T, N ROq # @, dist(q, q0) 2 R'°}.
Yy2€T2

Therefore the required bound (4.10) follows from the following lemma, cf. [43, Lemma 8.1].
Lemma 4.3. Let qo € q, h € R, and v, € T'y. Then
#{(q,m) € a(pr, p2) x T1*(qo,b) | T, N R°q # @,T,, N R°q # @,dist(q, q0) = R'~°} < RP?.
Proof. Define the bush (or “fan”) at g by
Bush(gg) = U T,.
Y1€T7" (q0,h)

Thus Bush(go) € R'™™ is the union of all tubes T, (associated to phase space elements v1 € I'{*(qo, b))
passing through a neighbourhood of the cube gy3. Our goal is then to bound the sum

> #{n €1 (q0,b) | o, N R'q # &} (4.11)
gea(p,p2), .
¢CBush(go)NTy, +O(R2 %)
dist(q,qg)ZRl_‘s

We first count the number of possible cubes in the outer summation. The idea is to first show that
Bush(qo) C (to,z0) + C1(h) + O(RZ+P?) (4.12)
where (to, o) denotes the centre of the cube ¢g, and the conic hypersurface C;(h) is given by
Ci(h) = {(r, —rV21(§)) [r € R, & € Ta(h)}.
Since if we had (4.12), an application of Lemma 2.7 would then show that Bush(gy) N T, is contained in a

ball of radius Rz 72%, and hence the outer summation in (4.11) only contains O(RP?) terms. To show the
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inclusion (4.12), suppose that (t,z) € Bush(go). Then (¢,z) € T, for some v; € I'{*(go, h). By construction,
we have £(7) = & + O(R™2) for some £* € 31(h). On the other hand, since T,, N Ry # 0, we have

z—ag+ (t—to)VO1(E(m)) = [& — 2(7) + tVP1 (€(11))] — [0 — 2(7) + taVP1(§(11))] = O(R2HY).
Therefore, since |t — to| S R, we can write
(t,z) — (to, z0)
= (t—to,—(t = to)VP1(£")) + (0,2 — o + (¢t — to) VR1(E(11))) + (0, (¢ — to)[VPL(ET) — VP1(7(€))])
= (t — to, —(t — to)V®1(€")) + O(R=+?)
and hence we have (4.12). Consequently, the outer sum in (4.11) is only over O(R®?) cubes.

Fix ¢ € q(p1, pu2) with dist(q,qo) = R'*7°. As the outer sum in (4.11) only adds O(RP?), the required
bound would now follow from

#{m €Ty | &(n) € Su(h) + O(R™Z), T, NRPq # @, T, N\ Ry # &} S R°. (4.13)

The point is that since the cubes ¢ and qg are at a distance R' ¢ apart, the condition that 7. ~, must intersect

both cubes, essentially fixes the tube T%,. Since £(71) € X1 (h) + O(R™2), the bound (1.1) implies that fixing

the tube T,, also more or less fixes the phase space element -, (note that without the bound (1.1), the set

in (4.13) could potentially contain far more than O(R’) points). In more detail, let
_1
1,7 € {m €1 | &(n) € £1(h) + O(R™2), T,, NR°q # @, T,, N R0qo # 2}.
In light of (1.1), the estimate (4.13) would follow from the bounds
o) —2()I S R, Jo(m) —v())] S REF (4.14)

where ease of notation we define the velocity v(vy1) = @1(5(71)). We now exploit the condition that the
tubes T, and T, intersect the cubes ¢ and go. Let (f4,7,) denote the centre of the cube g and (to, o) the
centre of gg. Since |v(y1)] < D2 and

1
zo — Tq + (to — t)v(11) = (20 — (1) + tov(n)) — (zq — x(1) + tgv(11)) = O(RZHP?),
the separation of the cubes ¢ and gy implies that R1=¢? < |tg — t,| < R. A computation shows that

(to = tq) (v(m) = v(3})) = O(RF*P?), x(n) = 2(41) = to(v(4}) — v(m)) + O(RFTP?)
and hence the bound on [ty — t,| gives (4.14). O

5. THE GLOBALISATION LEMMA

In this section, we complete the proof of Theorem 1.1 by showing that it follows from the localised bound
in Theorem 4.1. The proof of Theorem 1.1 proceeds by using a strategy sketched in Section 8 of [24], together
with interpolation argument to replace U%j with quj.

Proof of Theorem 1.1. The first step is to show that by, exploiting the (approximate) finite speed of propa-
gation of frequency localised waves, the bilinear estimate on @ implies the same estimate holds on I x R™
with Ir = [0, R]. The second step is to remove the remaining temporal localisation and R factor by using
duality, together with the dispersive decay in Lemma 2.4. Finally we use a simple interpolation argument
to replace U%j with the larger quj space.

Step 1: From Qg to Iz x R". Let R > (10Rg)?, u € Uq%j, and v € U%j with suppu C A} and
supp® C Aj5. Assuming Theorem 4.1, our goal is to prove that for every o > 0 we have

uv < R*||u v . 5.1
ool st S Bl ol 6.1

It is enough to consider the case where u, and v are atoms, thus we have a decomposition
W= SO, 0= Y (e,
J J’
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with

SOl + 3 a3 <1
J J!

and we may assume that suppr C A3 and suppgy C A3 (using sharp Fourier cutoffs). By translation
invariance, the bound (5.1) would then follow from

1 1
||uv|| nts RO‘(ZH(l+R_1|m|)_("+1)fJHii> (ZH (1+R™ 1|x\) ("'H) ) (5.2)
J J’

1 (Qr)

since we can then sum up over the centres of balls (or cubes) of radius R which cover R™. The inequality

(5.2) is a reflection of the fact that, as u and v are localised to frequencies of size = 1, we expect that the
waves et®i(=1V) £, should travel with velocity 1. In particular, v and v on Qg, should only depend on the

data in {|]z| < R}. It turns out that this is true, modulo a rapidly decreasing tail.
Let p € S with suppp C {|¢] < 1} and p = 1 on |z| < 1. To prove (5.2), we start by noting that since the
left hand integral is only over Qr, we may replace uv with p(R™'x)u(t, z)p(R™1z)v(y). Note that we can

write
p(%) (embj(fiv)f) (v) = /n /n R"p(R(E—n)) eit%(n)f(n) dn v dg
= / / R B(R(E —n)) F(n)F(t, R(E — n),n) dne=ei®©de (5.3)

where F(t, &,m) = x(&n)e* (G0 -20) and y € O ({le] < 2} x (A + 5)) with x = Lon {lg] < 2} xA*.
The oscillating component of F' is essentially constant for |¢| < R. To explolt this, we expand F' using a
Fourier series to get

F(t,&n) = Y c(t)e® &, ck(t) = / F(t, & n)e™ &M de dn
kez2n R2n

and by (ii) in Assumption 1, the coefficients satisfy |cx(t)] Sro.p, (14 [k1]) 72D (1 + |ko|) 72"+ with
k = (k1, ko). Applying this expansion to p(R~'x)u and p(R~'z)v we obtain the decompositions

p(R7a)u =3 3 k@0 g p(RMe)o =323 A WLr e Vg (5.4)
J k J ok
where the coeflicients ¢, ¢}, are independent of J and J’, and the functions fi ; and g s are given by
T T
k,J\T) = p| 5 1)Jg\x 2)s gk, g \T) = p\ 5 1)95\T 2
fia@) = p(F + k1) ol + ko) () = p( 5 +H1 ) g (o + k2)

with k& = (ki1,k2). Note that supp ka C AT+ ﬁ since R > (10Rg)?, thus the fj s satisfy the support
conditions in Theorem 4.1 (with A;f replaced with A; + R%), and Ry replaced with 2Ry). A similar comment

applies to the gi/ ;. Therefore, plugging the decomposition (5.4) into the left hand side of (5.2), we deduce
via an application of Theorem 4.1 that

o] 2o

L{7 (Qr)
5 Z (1 + |k|)—2(n+1)(1 + |k,/|)—2(n+1) H Z 1J(t>€it¢)1(_iv)fk7J 1, (t)ez'tsz(—iv)gk,’f Z—ﬁ
k,k!€Zn X" J,J! Ly (Qr)
R )L )
Kok

Nl

2)
!
L2

< (SN R o= Ria) ™ 1) (S0 R e = I RRD g,
J 5%

)

N|=

<RQ(ZH 1+R 1|ID n+1)f HLQ)E(ZH 1+R 1|x‘ n+1)gJ/

Thus we obtain (5.2) and hence (5.1).
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Step 2: From Ir x R” to R, Let u € U<%1 and v € U%Z with suppu C A and suppv C As. Our
n+3

goal is to show that for every p > 1=

luvllzz, < llulloz, lolluz,. (5.5)

In fact the argument below gives the marginally stronger (though essentially equivalent) bound

[[uv]] . S llulluz Mvlloz - (5.6)
To deduce (5.5) from (5.6), note that dispersive estimate in Lemma 2.4, together with the abstract Strichartz
estimates of Keel-Tao [22, Theorem 1.2], implies there exists 1 < a < b < oo such that [|uv|fazy 1. On
the other hand, the Fourier support assumptions imply that we have the trivial bound ||uv||LooLT7(]Rl+n) <1
for every p > 1. Thus interpolation gives (5.5) from (5.6).
We now turn to the proof of (5.6). As in step 1, we may assume that u and v are atoms with the
decomposition

u= Z 1,(t)e ™™V £y v = Z 1y (t)e™ ™=V g,,
7 7

with supp f; C A%, supp gy C A3, and

Sl + 3 lgrl3e <1
J J!

+3
By real interpolation it is enough to show that for every ¢ > == 7 we have
[luv]| nts <1
tq ooL:ZLﬁ-l

where L}* is the Lorentz norm. Applying duality, this would follow from the estimate
[ vl syt <107 (5.7)
Q Lyt

for every measurable {2 C R. Define the Fourier localised solution operator U;(t)[h] = e“‘I’J’(*N)PA; h where

we let @(5) = pA: (f)ﬁ({) with p € C§°(A] + 10R ) and p =1 on A}. If we interpolate Lemma 2.4 with
the trivial L{°L2 bound and apply duality, we deduce that for every 1 < a < 2

[)QQ (U OIGOL U OIGW) , e S OPR GG (5.8)

lt—t'|ZR

where U denotes the L2 adjoint of U;. The dispersive bound (5.8) together with the bilinear estimate (5.1)
are the key inequalities required in the proof of (5.7).

n+3

We now begin the proof of (5.7). If || < 1, then (5.7) follows by putting uv € L{°Lg ™" and using Sobolev
embedding. Thus we may assume that |2] > 1. Let us set J¢, := QN J’. An application of duality gives

/||uvH ntadl < sup /(F,uvﬁi dt'
Q Lyt IFIl ngs<ilJo

LPLy
Z/ (F,ulls(t gJ]>L2 dt‘

HF” n+3 <1
LOCL

<HFH M@(ZH U (t FudtH)
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If we expand the square of the L2 norm, we have via (5.8) with 2 = 2.+ 1

n+3
;H/éum 7

=X L., o wee),, a

=2 / (U () [Pa), U3 (¢)[Fa] ), de de

[t— t\>R
vX Y [ o ), aa
J' |I-T'|<R NI JJjgnr’ z
< QPR T —71)HFuHLocLa+ZH/ U () [P dtH
LAl

< |02 p—2e-b 2 2 * — 2
SIOPRSNER sl + 20| [ wsorraal
L JI an E

here we always take I (and I') to be a decomposition of R into intervals of size R. We now essentially repeat
the previous argument, but expand v instead of v to obtain

A

2

sSup
ZJ’ g IHLQ <1

Z/ <F,ﬂu2(t)gJ/,[>L%dt
JNI JLNI

2
< sup
Z]/ N llg, IHLQ\

< Z H /Jnml/{l t)[Fur dtH

>, N ng' IH22<

Z/J . <uf(t)[FEI]7fJ>Lidt

where we take vy =Y, Ly (t ) 5(t)gsr 1. Again expanding out the L2 norm, and applying (5.8), we have

ZH Uz (6)[Fo] / / DIFT:], Uy () [Fop] ) ., dtdt
JonNI J II I’|>>R JonI JJoNI’ x
/ / DIFS, U (¢)[Fop)),, didt’
I |[1— I’|<R JanI JJonI’ x
e sup||v1||LooL2 —&—ZH/ Uy (t)[Fug] dtH
JonI

Collection the above chain of estimates together, and using the fact that
lorllfsers <Y lgrallzs <1
1,J/

together with another application of duality, we see that

n—1 2 %

uv|| wisdt < QIR + sup ( H Z/{l(t)[Fm]dtH )

/Q L+t [Fall nys <1 ; JanI L3
L L, ?

ZI g’ ||91 J’HL2 <1

< QIR + sup Z/ lurvrll ngs dt
>r0 llgr J’HLz 221 11, JHLz\ ant Le
where we define uy = >, ; 1;(6)Us(t)[f1,5]. Observe that Y, [lurl|f. < >, s IIfr.s1172 < 1, and that u;
) D, ) x

satisfies the support properties in Theorem 4.1 (with Aj replaced by A7 + ﬁ, and Ry replaced by 2Ry).
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A similar comment applies to v;. Consequently, an application of (5.1) gives for any o > 0

S [ vl g di <
T JanI Lyt

n+3

XR™)

_2 o a
<l R (anz,Jn%g) (ZHWHLQ) <lo# R
I1,J

1,J’

and therefore

/ ||UUH n+3 dt < |Q|R "+3 + |Q|n+3 Ra

Lo+t

To complete the proof, we choose R = || with C' > 0 sufficiently large so that |Q|R_% < |Q|§ On the

2 2 1
other hand, since ¢ > Z—ﬁ, we can take oo = %(% - %) which implies that Q78 R* = |Q|7+3 T2C < |Q|«

Therefore we obtain (5.7) as required.

Step 3: From U2 to V2. Let p > Zﬁ’, u € Vgl, v E V£2, and suppu C A} and suppv C Aj. An
application of [27, Lemma 6.4], see also [21, Proposition 2.5 and Proposition 2.20], gives a decomposition
U= penur and v = Y, vy such that ug, vy retain the correct Fourier support properties (we can just

use sharp Fourier cutoffs here) and for any r > 2 we have the bounds
2_
lurllog, S 2°CDlullvg , lloellog, S 24 “Vllollvg,-
1

Let 283 < ¢ < p, and take 6 = % < 1. Then an application of (5.5) (with p = ¢) together with the convexity

of L;'l +nlorms, gives
RS ) e g e

lavll <D o

kK’ Kk’
6 —
<3 (lwelloz, Nowlloz, ) (luellogs llow o)
k' k
S llullvg, lollyg, > 270027+ 0=0)

k,k’
< lullvz llellvz,

where we used Sobolev embedding and the fact that the Fourier support of w, v is contain in the unit ball to

control the Lt > norm. Thus Theorem 1.1 follows. |

Remark 5.1. The argument in Step 3 above, using (5.6), also implies the slightly stronger estimate

: <
”uvH prLEi? (R1+n) = CHu”V‘gl ”,U”V‘I?z’

This is well known in the case of homogeneous solutions, see e.g. [43]. However, the estimate in the endpoint

p=q= Zﬁ’ remains open. For homogeneous solutions it is known only in the case of the cone [42].

Remark 5.2. In fact, since Tao’s endpoint result [42, Theorem 1.1] holds for Hilbert space valued waves,
we observe that one can deduce the U2-estimate for the cone directly. This follows by noting that, given
UZ?-atoms u = > rer lrur and v = ZJEJ 1;vy, we have

ol < () (X 1)’ = v

IeZ JeJ

with ¢2-valued waves U and V.

6. MIXED NORMS AND GENERALISATIONS TO SMALL SCALES

In this section we give some consequences of the bilinear estimate in Theorem 1.1. Namely, we state an
extension to mixed LIL" spaces, and, in the case of the hyperboloid, we give a small scale version of Theorem
1.1. The small scale estimate will play a key role in the our application to the Dirac-Klein-Gordon system.
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6.1. Mixed Norms. Let ®; and ®, be phases satisfying Assumption 1. A standard TT* argument (see for
instance [22]), together Lemma 2.4 implies that, prov1ded + 2L < 221 and ¢ > 2 we have the Strichartz
type bound

7% fl Lo asny S 11 F 1z (6.1)
As in Step 3 of the proof of the globalisation lemma, by decomposing V2 into U® atoms (see [27, Lemma
6.4] or 21, Proposition 2.5 and Proposition 2.20]) we see that, for any 1 + 221 < 2L,

lwollpgry S llullvg llvllvz, -
Interpolating with Theorem 1.1 then gives the following mixed norm version.

Corollary 6.1. Let n > 2 and assume that a > 1, é + ”TJZI < ol and

2
1 n—1 {Lf n>3
> 1 5 9"

st1p n=2

a + 4b
Let &y, ®y, and u,v be as in the statement of Theorem 1.1. Then

(6.2)

luollzess < lullvz, llollve

Remark 6.2. Let p > "+3 . It is possible to deduce a weaker version of Theorem 1.1 and Corollary 6.1 directly
from the homogeneoub estlmate

He“‘bl(_N)feit%(_iv)g||Lfym(R1+n) SNz llglze (63)

where the phases satisfy the conditions in Assumption 1, and f, g € L? have the required support conditions.
We sketch the argument as follows. By interpolating (6.3) with the trivial L L2 bound, we deduce that for
every a > 2 we have
[ ®1 (V) feit®2 =iV g 2z Sz llgles
¢ Ly
By decomposing V2 functions into U atoms [27, 21, 28] and using the convexity of the LP spaces, we see
that for a > 2

vl s S el ol

Consequently, as in the proof of Corollary 6.1, by interpolating with the standard Strichartz estimates, we
obtain
lwollery S llullvg [lvllve,

provided that a > 1, L + %H < 24l and

1 D(E_LH)+l n>3
<{n+3 2 2 2 ) (64)
n = 4.

In particular, the homogeneous bounds contained in the work of Lee-Vargas [33] and Bejenaru [2], implies a
weaker version of our main result, with (6.2) in Corollary 6.1 replaced with (6.4). Note that condition (6.4)
is much more restrictive than (6.2). This is most apparent in the low dimensional cases, for instance if n = 2
then Corollary 6.4 allows a < 2 while (6.4) only allows the somewhat trivial (from a V? perspective) a > 2.
To summarise, our main result, Theorem 1.1 not only clarifies the dependence of the constant on the global
properties of the phases ®; and ®5, but also presents a significant strengthening of the allowed exponents
for the V2 estimate.

We observe that the above argument, namely deducing a V2 bound directly from the homogeneous
estimate, has been used in [39, Lemma 5.7 and its proof] in the case of the cone.

Remark 6.3. In the special case of the hyperboloid, ®; = (£),,,, or the paraboloid, ®; = |€]2, the Strichartz
bound (6.1) holds in the larger region é + 37 < 7. This can be used to improve the range of exponents in
Corollary 6.1, in particular (6.2) can be replaced with

n n+1
*+§ T
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However, it is important to note that, in the case of the hyperboloid, some care has to be taken as the
constant will now depend on the masses m;.

6.2. Small Scale Bilinear Restriction Estimates. In the case of hyperboloids we now generalise Theorem

1.1, similarly to [32] in the case of the cone. Given 0 < a < 1, we define C, to be a collection of finitely

overlapping caps of radius a on the sphere S" 1. If k € C,, we define w(k) to be the centre of the cap .
We consider the case ®;(§) = — £; (§) and define the corresponding Viz’m space as Vim = ng, thus

lullvz,, = eV mu(t)]ve. (6.5)

We define the corresponding Uim space similarly. Rescaling Theorem 1.1 then gives the following optimal
result.

Corollary 6.4. Let p > %, 0<my,mg < 1.
(i) For any X 2 my +my, ™32 <o <1, K,k € Co with (%15, £21") = a, and
supp@ C {[¢] ~ A, g €r}, swppd C {[€| =\, g €r},

we have the bilinear estimate

HuvHwa <a"m » ||UHvi2hml ||”Hvi22,m2'

(i) For any A 2 m1 +mag, 0 < a K %, Kk, k' € Cqy, €1 = co = \ with
O(d1k, £2k') S |mici — maca| = a)?,

and
suppﬂC{HE-w |701|<<0<)\ |€I<L} suppﬁC{Hﬁ'w |702|<<a)\ ‘€n}

3 g

we have the bilinear estimate

luollry, S ™" L IIUHvi i llvz,

Proof. Fix &1 = + and +9 = =+, the remaining cases follow from a reflection. We start with (i). If o = 1,
then estimate follows from rescaling in = together with an application of Theorem 1.1. Thus we may assume
that 0 < a < 1, and after a rotation, that x is centred at e; and &’ is centred at (1 — aQ)%el + aes.
Similarly to [32], we define the rescaled functions

!/

LQ+LL’) ; (t$>_v(Lﬂ+Li)
2NN a2 an)’ Al TGN N T a2h an

(where we write z = (z1,2') € R x R""!) and the phases

Un,a(t,x) = u(

—1 1 1 1
1(6) = - (M3 + 226G+ a®EP) = 0a), @29 = - ((m3+ N6+ a2 NUEP)F 7 A)

with associated sets A; = {& =~ 1,[¢'] < 1} and Ay = {§& = £1,& = 1,|¢"7| < 1} (where we write
€= (&,8,¢") e Rx R x R"2). A computation gives suppi,,» C A1 and

[ P 0] @) = [ T u(h) ] (5, £5).
Similarly we can check that supp v, x C Ag and
[0, 0] (@) = [HFH T ()] (3. 55).

Therefore, after rescaling together with an application of Theorem 1.1, it is enough to check that the phases
®; satisfy Assumption 1 on the sets A;. To this end, we start by noting that we can write

_ 2
Ve, (§) = : ( (&) — ] T ,’>
(A72m2 + & +a?(¢?)* NAPmE + & + %) " + G
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which shows that (ii) in Assumption 1 holds with Dy depending only on N and n. A similar argument shows
that @9 satisfies (ii) in Assumption 1. On the other hand, to check condition (i) in Assumption 1, we invoke
Lemma 2.1. First, we observe that for any £ € Ay, n € As, we have

V@1 (&) — VO2(n)| = [02@1(€) — 022 (1)
_ ‘ & + 72
(A2mi + & +a2leP)E T (A2m3 4 4l 2)

21

and hence we can take A; ~ 1. It remains to check (2.2) in Lemma 2.1. We make use of the following
elementary inequality; if (h*,a*) € R*™ x R! and z,y € {z € R"" | |2| = |z — h*| + a*}, then

1 (rAy|2+(ﬂf—h*)A(y—h*)l2>
zlly[ \ |«lly] |z = h*{ly — h*|

2
z oy
> (6.6)
| ‘ 4]

lz| [y

To prove (6.6), we start by observing that since z,y € {|z| = |z — h*| + a*}, we have
x Y |2 1

|yl lally]

(Jz =yl = ||=| - 1l

1 * * * *
:Tﬂmqufh>f@—hn?ﬁw7h|7w—huﬂ
I i Tt A R

[]]y] e = " Jy—hrl

The inequality (6.6) now follows from the identity |w — w*|* > M for w,w* € S"1. We now return
to checking (2.2) in Lemma 2.1, we only check the case j = 1 as the remaining case is identical. Let
&,m € Yi(a,h) for some (a,h) € RY™ such that &€ — h,n —h € Ay. A computation gives

|(V®;(6)=V®;(n)) - (£ —n)

(gla a2€,) _ (7717 O(27']/) . _
Q@lmh&ﬂ%m ulmbaﬂwo &=

-2

=«
2
_ 0472 |()‘71m13 517 a€/)| + |()‘71m13 M, 0477’)‘ (Ailmlv fla agl) o (Ailmla M, a27]/)
2 |(/\_1m1,§1,04§')\ |()\_1m17§17aé-l)
2
—2| T Y
~ = L 6.7
ol Tl 67

where we take = (A\"tmq, &1, a€’) and y = (A"tmq,m1, an’). Note that the condition ¢ € ¥ (a, h) becomes
|z| = |z — h*| + a* with h* = (A\"tmg — Atmy, hy,ah’) and a* = o?a. In particular, since |x| =~ |y| ~
|x — h*| = |y — h*| = 1, an application of (6.6) gives

T Y

2
E L Ay 4 (e = b A (g — B (6.8)
B "+ |

The required bound (2.2) with As ~ 1 now follows in the region [£; — 1] < |€' — 7| by noting that

lz Ayl = alén —mé'| = a(l€ —n'l|&] — 1€]1& —ml) = ol — 7' = al¢ — 1|

and applying the inequalities (6.7) and (6.8). On the other hand, if |, —n;| > |¢'—7/|, then as {—h,n—h € Aq,
we have

[(x = h*) A (y —R")] = al(§1 — h1)(n2 — ha) — (m — h1)(&2 — h2)|

P
> a(|&r — mllne — ha| = [&2 — n2llm — hal) = alé&r —m| = al¢ — 1)

which again gives (2.2) with Ay ~ 1. Thus the phases ®; satisfy Assumption 1 with D; ~ Dy ~ 1 and
therefore Part (i) follows.
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We now turn to the proof of Part (ii). The argument is similar to (i), but we need a further rescaling to
exploit the radial separation condition. As before, after rotating, we may assume that w(x1) = e;. Define
the rescaled functions

t T tcy T ) t T tcy T )

# _ (7 o . # — (7 1 r
t = t =
Walt ) =u N axt a2X{c1)m,  aA Ralt:z) =0 N axt a2X{c1)m,  aA

(where, as previously, we write z = (z1,2') € R x R""!) and the phases

/ /

! oy oA
21(6) = oy (7 + (@) + a?X¢P)* - e &)
and N
¥l .
22(6) = oy ((md + (X6 + ™V P)* 5 252

with associated sets Ay = {|¢&1 — —fze1| < 1,[€'] < 1} and Ay = {|&1 F —izee| < 1,[€'| S 1}. As previously,
a computation shows that supp ﬂf y C Ay, supp@f y» C Ao and we have the identities

[t D (1)) @) = [ u() | (B 25)
and

{e—it¢2(—iv)vj)\(t)} (z) = {e:tit<v>7n2v(ﬁ>} (2, ).
Thus, as in the proof of (i), after rescaling and an application of Theorem 1.1, it is enough to check that the
phases ®; satisfy Assumption 1 on the sets A;. To this end, note that we can write

o (006 — ) — (%) oAle'P?

f(aA&r, af’)
for some smooth function f with f ~ 1 on A;. Since 92/ [(aA?€1)* — ¢f] < aX® for all M > 0 and &; € A, we
see that ®; satisfies (ii) in Assumption 1 with constant depending only on n and N. A similar argument,
using the fact that 2| <cf)1m1 - (c;ﬁ ~ 1, shows that ®, also satisfies (ii) in Assumption 1. On the other
hand, to check (i) in Assumption 1, we use Lemma 2.1. Concerning the transversality condition (2.1), we
observe that for £ € Ay, n € Ay, we have [&1] ~ || ~ L and

0Py =

m1 + mo
ax ]

oMy + My

L R e e R

|efm3 — nim3| ~
Therefore
)\2 , / )\2 , /
!V<I>1(£)—V<I>2(77)\=' —2,.2 (26; g) 2(¢712) 5 + —2,.2 (2n21 727> 21,712 5
(A72mf+ a2 X267 +a2[{'2)2 (A72m3 + a®A%nf + o?|n/[?)2
2 Xal GO md + a2 + a2 ) — RO + 02N + ol

~my+mg 21

so that (2.1) holds with A; ~ 1. We now check the curvature condition (2.2) for j = 1. Let &,n € X1 (a, h).
Repeating the computation (6.7) we deduce that

[(V®1(8) = VP1(n) - (€ —n)| m a2

2 a2 (jx Ayl + (@ — h*) A (y— h)?)

where x = (A\"1my, a1, af’), y = (A my, e, an’), b* = (A" mg — A7tmy, alhy, k'), and we used the
fact that x,y,z — h*,y — h* all have length 1. It thus remains to show that
[z Ayl + (@ —R") A (y = h")| 2 ol - ¢
since then (2.2) holds with As &~ 1. If |&; — m| < |€ — 0| we simply observe as previously that
[z Ayl = aladen’ — admé| > a(|€ —n'|edg] — 1€ aré —ml) = alg’ — 7| = al¢ — 7]
On the other hand, if [£&; — 71| = |£' — 7/|, then as £ — h,n — h € Ag, we have

[z Ayl + (& = P7) Ay = B7)| = ama|& —m| + ams|(& = hi) — (m = ho)| 2 € —1l.
29



An identical argument shows that ®, also satisfies the curvature condition. Thus the phases ®; satisfy
Assumption 1 with Dy & Dy & 1 and therefore Part (ii) follows. O

The a and A dependence in Corollary 6.4 is sharp. At least for (ii), this can be seen with the following
example. Let
Q; = {|& — ¢j| < aX?, ¢ < ar}

with |e; — 2| S a)?, ¢; ~ ¢y & A, and a < A™1. Define f({) =1q,(£), 9(§) = 1q,(&) and

w= etV f, v =ty
Then
1
lullva, = £z = %
and similarly ||U||V<2v) = [Q3|2. On the other hand we have

(“”)(t’x):/ / At €)0(t, )™ D dedy = / / et ein (e,
n n Ql Qz

The idea is to try and find a set A C R'™™ such that the phase is essentially constant for (t,z) € A. We
start by noting that for £ € £, we have

(6 - Ltas

oy AP A+ EP) A+ ) — (1 +a)?[ =270 —a)? + L+ )| = a®A
and hence

‘<§> —(en)™' - Tﬁl‘ Sa

Similarly, since

C1 C2 _92 _3 (6%
— — |~ A — ~ A — ~—
o) o) le1(e2) — c2{c1)] ler — caf 3
we deduce that for n € Qs
1 Co c1 c1 ’ ‘ 1 C2 ‘ ’ C1 C2 ‘ < 2
- 7 < - —m|+t |- — Sat.
‘<77> <02> (<CQ> <Cl>>02 < >771 02> <82>771 <Cl> <CQ> ‘771 c2| «

In particular, for [¢t| < (a?X\)7!, |2y + ﬁt\ < (aA?)7! and |2'| < (@)™, the phase is essentially constant
and hence

|(uv)(t, )]

/ / (€)= (o)™ = geky &) it —{ea) ™! ~(7y —ibydea= gibym) ilor HEiy) @ bm—er—ea) bl (€ 40') g
Q1 JQo

2 2192
which then implies that

1
luvllgr 2 (@™ 2A"H2) 77 5 |4 |).
Therefore, if the estimate

Juvllzg, < Clon Mllullva, lollva,

holds, then we must have
_n+t2 1 1
(aX)™ 7 1]192] S Clu | |2

n—"—“)\n-&-l——

Since |Q1| &~ |Q2] & a™A"T! after rearranging, this becomes C' > « » , which matches the

bound obtained in Corollary 6.4.

7. THE DIRAC-KLEIN-GORDON SYSTEM

In this section we set up notation and reduce the DKG system to the first order system (7.3). We then
give the proof of Theorem 1.2, up to the crucial nonlinear estimates, which are postponed to Section 8. In
the remainder of this article, as we now only consider the DKG system, the dimension is fixed n = 3.
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7.1. Notation and Setup. Fix a smooth function p € C§°(R) such that supp p C {% <t <2} and
> r(F) =1,
g2z

and let p; = Z)\@ p(%) with p1(0) = 1. Similarly, we let ), be a finitely overlapping collection of cubes of
diameter % covering R?, and fix (Pq)qeq, to be a corresponding subordinate partition of unity. We now
define the standard dyadic Fourier cutoffs, for A € 2N, A > 1, g € Q, d € 2%

P,\ZP(‘iiw), Py =pi(| —iV]), Py = pg(] —iV]), Cj’m:p(w),

We also let Ci&m = w<d Cj’m, any related multipliers such as C;’Im are defined analogously. To simplify
notation somewhat, we make the convention that

Co=CFt, cf=1.cPM

where M will denote the mass of the spinor in (1.3) and 11 as defined below. Given a < 1, we let (px)rec.,
be a smooth partition of unity subordinate to the conic sectors {& # 0, I%I € k}, and define the angular
Fourier localisation multipliers as

R, = pu(—iV).

We use the well-known fact that for any 1 < p,q < oo the modulation cutoff multipliers are uniformly
disposable in L{L” for certain scales, namely we have the bounds

Hcdi’mPARnUHLgL; + HciémPARHUHLgL; S IPaReull Loy, (7.1)

provided that x € C, and d 2> o?\. Similarly, by writing C;E’m = eFitVim p(=ile)eEFHV)m and using the
fact that convolution with L}(R) functions is bounded on V2, we deduce that for every d € 2%

+,
ICEmullve < lullv - (7.2)

To deal with solutions to the Dirac equation, we follow the by now standard approach used in [18, 3] and
define the projections

I (§) = %(Ii @%(éﬂovj + MVO))

~

and the associated Fourier multiplier (H/i\f)(f) =TI1.(€)f(&). A computation shows that II II_ =II_II; =0
and II2 = II.. Moreover, given any spinor v we have

V=T + Iy, (=0, + M)TTetp = 7°(—idy £ (—iV) ).

As in the paper of Bejenaru-Herr [3], we can now reduce the original system (1.3) to a first order system as
follows. Suppose we have a solution (¢4, ¢ ) to

(=0 £ (V)ar) s = Iy (R(o4)7"0)
(=i + (V)m) s = (V)5 (017 ) (7.3)
¥e(0) = fr,  ¢+(0)=g4
where ¢ = 194 + II_+_ and the data (fi,g) satisfies Iy f1 = fy. If we let ¢ = R(¢4), then since
T~%) is real-valued, we deduce that
200 +i(V),, 0:0) = by + (V) 0y + (b1 — i (V)i Drbs)
=204 — (V)52(17%) + (V)32 (0T7%0) = 26,

Consequently, if we take g = ¢(0) + i(V),.19,6(0), a simple computation shows that (¢, ¢) is a solution to
the original DKG system (1.3). Note that, after rescaling, it suffices to consider the case m = 1. Therefore,

to prove Theorem 1.2, it is enough to construct global solutions to the reduced system (7.3) with m = 1.
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7.2. Analysis on the Sphere. We require some basic facts on analysis on the sphere S? which can be
found in, for instance, [36, 40, 38]. Let Y, denote the set of homogeneous harmonic polynomials of degree ¢,
and let y;,, n =0,...,2¢ be an orthonormal basis for Y, with respect to the inner product

(Yo Yo ) 12(s2) = /5,2 [ye,n(w)]TyZ’,n’ (w)dS(w).

Given f € L?(R3), we have the orthogonal (in L?(R3)) decomposition

ZZ (Iz[w), ye,n (w)) 22 (s2)Ye.n (37) -

¢ n=0

For N > 1, we define the spherical Littlewood-Paley projections

20
(Hyf)(@ ZZ (#)(f ), Yen) L2y Yen (i) Hi= ZZp1(£)<f($)7yé,n>L2(Sz)yl,n(‘%)-
£eN n=0 £eN n=0
Fractional powers of the angular derivatives () are then defined as
0)7f= Y N°Hyf. (7.4)

Ne2N

If we let Q;; = z;0; — x;0; denote the standard infinitesimal generators of the rotations on R®, then a
computation gives

1€ Hn fll 22 ms) = NIIHN ]l L2 &3)-

In addition, if Ag2 denotes the Laplacian on the sphere of radius |z[, then Ag2 =37, ij These facts are
not explicitly required in the following, and we shall only make use of the spectral definition (7.4). More
important for our purposes, are the basic properties of the multipliers Hy .

Lemma 7.1. Let N > 1. Then Hy is uniformly (in N) bounded on LP(R3), and Hx commutes with all
radial Fourier multipliers. Moreover, if N’ > 1, then either N ~ N’ or

HyTly Hy = 0.

&oof. The first claim follows from [40]. To prove the second claim, let T' be a radial Fourier multiplier with
Tf() = cr(|§|)f(§). It is enough to show that, if f(x) = a(|x\)yg(ﬁ) for some y; € Yy, then T'f = b(|:z:|)yg(|%|)
for some b(|z|) depending on a and o. But this follows directly from [36, page 158]. To prove the final claim,
suppose that N > N’ or N <« N’. Our goal is to show that HyIILHys = 0. Since Hy commutes with
radial Fourier multipliers, it is enough to show that Hx(0;f) = 0 in the case f(z) = a(|x|)y¢/(ﬁ) with
yer € Ypr and NTI <0 < 2N'. Since 9; = %&« +> ‘;ﬁﬁjk where 0, = \%I -V, and 0O, (yg/(‘:f—l)) =0, we can
reduce further to just showing that Hy (2x8;rye) = 0 which corresponds to checking that

(Yo, Tk Qjyer) 2(s2) = 0 (7.5)

for every % < ¢ < 2N. Since zQ,;ye is a polynomial of order ¢’ +1, by the orthogonality of the polynomials
ye, (7.5) clearly holds if £ > ¢/ +1. On the other hand, after an application of integration by parts, we obtain

(We, 2 Qjyer) 1252y = (s (TrYe), Yer) £2(s2)

since Qp;(zrye) is a polynomial of order ¢ + 1, we see that again (7.5) holds if ¢/ > ¢+ 1. |

An application of Lemma 7.1 shows that Hy commutes with the Py and Cq multipliers since we may write
Cfit’m = eﬁt(v)n”bp(_fft)eﬂt(v)m. On the other hand, it is important to note that Hy does not commute
with the cube and cap localisation operators R, and F,.
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7.3. Norms and the energy inequality. Fix 0 < ¢ < 1, % < % < % + 1005 and b = % — 1, and define

1_
[ullysm = A5 =0 sup d||C ™ P Hyul| o2
N de2?

and
lull e = 1 PxHxcullvz, + ullys
We also let )
3
lullrgg, = (32 D0 AN fullpe )
A>1N>1 '

and define the Banach space
Fiin = {ue CR(Q)77H) f [ullpgo < oo}

+,m

For the remainder of this section, let opy = o if M > % and oy = % +o0if 0 < M < % Thus oy

corresponds to amount of angular regularity in the statement of Theorem 1.2. We will construct a solution
(Yy,04) € Fii\j‘f X Fff ™ to the reduced system (7.3). Thus we work in a frequency localised V? space,
with the additional component ijvm needed to control the solution in the high modulation region, for the
latter cp. [5, Section 4].

There are three basic properties of Vf’m which we exploit in the following. The first is a simple bound in

the high modulation region, see [21, Corollary 2.18] for a proof.
Lemma 7.2. Letm >0 and 2 < ¢ < 00. For any d € 2Z we have
ICT ™ ull g2 S A7 fullvz -
The second key property is a standard energy inequality, which reduces the problem of estimating a

Duhamel integral in F f: }\1[\4, to controlling a trilinear integral.

Lemma 7.3. Let F € L°L2, and suppose that

sup ’/(PAHNv(t),F(t»Lgdt‘ < .
HP/\HN'U”V:% 51 R

If u € C(R, L2) satisfies —i0yu £ (V)u = F, then P\xHyu € Vﬁym and we have the bound

[PxHyullvz S (|1PxHNu(0)]| 2 + sup /<PAHNU(t)7F(t)>L§dt- (7.6)
’ R

IPxHnvll2 <1
Zom

Proof. See [26] or [21, Proposition 2.10] for details on the duality. It is also possible to prove this directly
as follows. Clearly it is enough to consider the case u(0) = 0, thus u(t) = fot eTHt=){Vim F(s)ds. Let K > 0
and (t;) € Z. A computation gives the identity

(30 et Byu(h) = = Pyyuttn 1)13) = [ (PuHo(s), F(5)ads
k| <K ' R
with
(s) = A1 Z 1[%717%)(8)(en(sfwvmu(ik)_en(sftkflxvmu(tkfl))
|k|<K
and

N

A= ( Z Heiitk(v)mPAHNu(tk) _ eiitk_lw)mp)\HNu(tk_l)”%2)
|k|<K
It is easy to check that ||P/\HNUH\/§ < 1. Thus, by taking the sup over ||P,\HNU||V§ S 1, and then letting

K — oo we deduce the bound (7.6). Since w is also continuous, we obtain u € Viz’m as required. O

Note that the norm on v can in fact be taken to be the stronger Ui,m norm, but we do not require this
improvement here.
The final result we require on the Vim spaces, concerns the question of scattering.
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Lemma 7.4. Letu € V2,,. Then there exists f € L2 such that |u(t) — eT*V) f||12 — 0 as t — occ.

QO'JM

Clearly, this result can be extended to elements of the space F'7}. In other words, if we construct a

solution in Fy’ ij” , then we immediately deduce the solution must scatter to a linear solution as t — +o0.

7.4. Proof of Theorem 1.2. We now come to the proof of Theorem 1.2. In light of Lemma 7.4, it is

1
enough to construct a solution (¢4, d4) € Fi o Fj:fM to the reduced system (7.3). Note that we may
always assume that ¥4 = [I 44, provided that this is satisfied at ¢ = 0. Define the Duhamel integral

t
IE[F) = / eFit=)Vim p(5)ds.
0
Note that Z:[F] solves the equation
(—i0y & (V)m)TE[F] = F

with vanishing data at t = 0. Moreover, we can check that for every 1 < p < oo we have

1O " Tl F Wz € dHICT " Flug s (7.7)
If we had the bounds

T4, Ty [¢’70Hi2 HIFO o S 19l oM||90||F0 e

) (7.8)
H<V> 11?_ [(Hi1 Hiz ]H <’M ~ ||¢||F0 "MHSO”FU "M

then a standard fixed point argument in F 0 YR Fz 2’ "M would give the required solution to (7.3), provided
of course that the data (fi, g, ) satisfied

{7 felle + [T g4l 1 < 1.
Let
¢uN = P HNo, P, N, = Py Hyy, ©ra.Ny, = Py Hn,
We have the following frequency localised estimates.

Theorem 7.5. Fiz M > 0. Then there exists € > 0 such that

||H:|:11$11 [QS;L,N'YOH:tzSO)\%N?] HF;\E;AJZ

1 min{ g, Ay, Ao} \ € (7.9)
< op (P UH AL A2
i min{N, No}) 7 (P 10l e
and
||Ii‘— [(HilwAlle)TVOHiz 50>\2,N2] Hsz\lr
min{:“’? A17 )\2} (710)

< 3 Ny, N- UM(—)E . .
2 (min{ Ny, No}) max{ Ar o] “w||Fi{£f|‘g0||F)\i22)}éV;

Remark 7.6. The proof of Theorem 7.5 in the resonant regime 0 < M < % relies on the small scale V2
estimates in Corollary 6.4. However, it is possible to prove a weaker version of Theorem 7.5, with o/
replaced with some larger o, provided only that a robust version of the homogeneous bilinear restriction
estimate (6.3) holds. More precisely, by following the proof of Corollary 6.4, and then interpolating with the

K-G Strichartz estimates as in Remarks 6.2 and 6.3, it is possible to show that (6.3) implies the V2 bound
< AMFa-

1
lavllzg ygoesy S AE e ollve,

in the range % + % < 2, % + ﬁ < g where v and v have Fourier support in 1—separated angular wedges
of size 1 x 1 x A at distance A from the origin. The case a = 2— and b = %—&— can be used together with
the L7t L2~ angular Strichartz bound from [17, Theorem 1.1] instead of the argument used in the high-high
case in the proof of Theorem 8.8 below. However, the estimate obtained is weaker than the one in Theorem
7.5. Moreover, it still requires a robust version of the homogeneous bilinear estimate (6.3) for which we can
track the dependence of the constant on the phases ®; due to the lack of homogeneity of the Klein-Gordon
phase. Irrespective of fact the Theorem 1.1 applies to V2-functions, a key advantage of our formulation of
Theorem 1.1, in comparison to [2, 33|, is that it allows us to read off the above mentioned dependence.
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The standard Littlewood-Paley trichotomy implies that the lefthand sides of (7.9) and (7.10) are zero
unless

max{p, A1, Ao} ~ med{p, A1, A2} 2 min{p, A\, A2} (7.11)
and
max{N, N1, No} ~ med{N, N1, Na} 2 min{N, Ny, No}

It is now easy to check that the bilinear estimates (7.8), follow from Theorem 7.5. Consequently, we have
reduced the proof of Theorem 1.2, to proving the frequency localised bilinear estimates in Theorem 7.5. As
the proof of Theorem 7.5 requires a number of preliminary results, we postpone the proof till to Subsection
8.4 below.

8. LINEAR AND MULTILINEAR ESTIMATES

In this section our goal is give the proof of Theorem 7.5. To this end, we first provide some linear estimates
and adapt them to our functional setup, prove an auxiliary trilinear estimate in V2, and eventually give the
proof of the crucial Theorem 7.5 in Subsection 8.4.

8.1. Auxiliary Estimates. As is well-known, see e.g. [18], the system 7.3 exhibits null structure. To exploit
the null structure of the product ¥T~%), we start by noting that for any z,y € R?, we have the identity

[Hilf]T'YOHizg = [Ty, - Hil(x))f]T'YOHigg
+ [, (2)f]' (T, = T,y (9)g + L, ()7 T, (9)g
This is then exploited by using the null form type bound
| 1 |z %2 Jyl|

|H:|:1 (ZL’)’YOHiQ (y)| S 0(:&11’, :l:Qy) + <l‘> <y> ’

(8.1)
which follows from (2.6) by observing that
M, ()7 T () = T, () (T, (2)7° = 7T, (3) ) T ()

11 o) (32 - ) + (G + o)t

together with the following lemma, see [2, Lemma 3.3] for a similar statement to Part (i).

Lemma 8.1. Let 1 < r < oo.
(i) IfA>1,a >\t Kk €C,, then
[(Ie, — s, (w(s))) RePrf|[ S ol RePaulL;-
(ii) IfA>1,0<a <A1 Kk €Cy, q € Qr2g with center &y, then
| (T, — T, (&0)) RuPyPrf||,,. S @l RuPyPul| Ly

T Y
LI

Proof. Concerning Part (i), see [2, Proof of Lemma 3.3]. Concerning Part (ii), we may assume || = A and,
due to boundedness, we may replace the symbol of R, P,Py by a smooth cutoff x g to the parallelepiped E
with center & of side lenghts au? x au x au with long side pointing in the direction &. After rotating &
to &o = [&0/(1,0,0), the operator has the symbol

me) = (£ 89 (75 — ) £ 190 (1 ) )xs(®)

Om (oM Om (Co)m
for certain B!, B2, B3 € C***. It suffices to prove the kernel bound
(Fim)(z)] < a*AY1 + aX|zy | + aM2|) 7,z = (z1,2), (8.2)

as it implies |7, 'm||f1(rs) S a. In the support of xg we obtain, from (2.6) and a simple computation,

m(€)] S AT2lE] = 6ol + 0(&, &) + A2 [I€] = [l S
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From the localisation of x g, where |8£1 %j < A1 and the Leibniz rule, we conclude for £ > 0

(€ M| ~
06, mE)] S a(@X) ™ 4+ Y AT ) Salan?)
0<t1 <L
Integration by parts now implies (8.2) if aA?|z;| > aA|z’|. For k = 2,3, we have |8§Ic é;M | < A within the
support of x g, hence we conclude for ¢ > 0

6, mE)] S alaN) ™+ D> A (@) T Sala)
o<1l

Integration by parts now implies (8.2) in the region where aA?|z1| < a)|z|. O

The proof of Theorem 7.5 requires a number of standard linear estimates for homogeneous solutions to
the Klein-Gordon equation. We start be recalling the Strichartz estimates for the wave and Klein-Gordon
equation.

Lemma 8.2 (Wave Strichartz). Letm >0 and 2 < g <oo. If0<pu <\, N >1, and 71 =
every q € @, we have
1 1

i 1_ 1_
||€:F t<V>quP)\f||L2L£ ,S w2 T2 7||PqP)\f||L§

Moreover, by spending additional angular reqularity we have
; 3_1
|eF*NIm P\HN fllpors S AT aN|PAHp f]| 2

Proof. The proof of the first estimate can be found in [3, Lemma 3.1]. The second follows by simple
modification of the argument in the appendix to [38]. More precisely, after interpolating with the L$°L2
estimate, we need to show that

¥ Hy P fll gy € NAYETD7 2 HyAf | 2.
After rescaling, and following the argument on [38, pp. 226-227], it is enough to prove that for every ¢ > 0
we have the space-time Morawetz type bound

11+ J2) "2Vl 22 5 [|(9u(0), Vu(0)) (8.3)

Iz

for functions u with Ou +mu = 0, and the constant in (8.3) is independent of m. However the proof of (8.3)
follows the same argument as the wave case in [38], the only change is to replace the wave energy-momentum
tensor with the Klein-Gordon version

Qusr = 3 (0a 0058 + 030000 — gap (976056 + m?|]2) )
we omit the details. O

The amount of angular regularity required for the Lt2+L§ Strichartz estimate to hold, is much less than
that stated in Lemma 8.2. In fact, in [38], it is shown that the same estimate holds with N3+, However, as
the sharp number of angular derivatives is not required in the arguments we use in the present paper, we
have elected to simply state the result with a whole angular derivative. On the other hand, the number of
angular derivatives required in the following Klein-Gordon regime, plays a crucial role.

Lemma 8.3 (Klein-Gordon Strichartz). Let m > 0 and 13—0 < % < 15—4. Then for every € > 0 we have
¥V Py fl| g, € NP7 NTGT 803 Py H | 2.
Proof. This is a special case of [17, Theorem 1.1]. O

Remark 8.4. Without angular regularity, the optimal Lj , Strichartz estimate for the Klein-Gordon equation
isr = 1—30, see for instance [34]. However, in the resonant region, we are forced to take r slightly below 3, thus
the additional angular regularity is essential to obtain the additional integrability in time. In other words,
the angular regularity is used not just to obtain the scale invariant endpoint, but also plays a crucial role in
controlling the resonant interaction. Note that the number of angular derivatives required in Lemma 8.3 is
not expected to be optimal, and any improvement in this direction has an impact on Theorem 1.2.
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We have seen that the addition of angular regularity improves the range of available Strichartz estimates.
An alternative way to exploit additional angular regularity is given by the following angular concentration
type bound.

Lemma 8.5 ([38, Lemma 5.2]). Let 2 < p < o0, and 0 < s < %, IfFAN>1,a> )XY and k € C, we have
[RePyHN fll e sy S @ N*|PxHn fll 12 (rs)-

Finally, we need to estimate various square sums of norms. As we work in V2, this causes a slight loss
in certain estimates. However, as we have some angular derivatives to work with, this loss can always be
absorbed elsewhere.

Lemma 8.6. Let (P;)jcy and (M;)jes be a collection of spatial Fourier multipliers. Suppose that the
symbols of P; have finite overlap, and

[M;P;fllee S O0lP;fllzz
for some § > 0.
(i) Let q > 2, r > 2. Suppose that there exists A > 0 such that for every j we have the bound
||€$it<v>mpijL;%L; < A|P;fl Lz
Then for every e > 0 we have
1
2 €
(Y IMPwlZs )" S 6(#T) Alollyz, -

JjeT

(i) Fir po > 1. Suppose that there exists A > 0 such that ||P;f||re < Al fl|z. Moreover, suppose that
for every p > po there exists B, > 0, and for any j € J there exists K; C J with #K; S 1, such
that for every k € KC;

|PuPilcy, < Boll Pl IPwollos, -

Then for every q > po and %0 < 0 <1 we have

1-6 ,1_
S IPuMePwlle, S5(#9) T ATOBY ullvs  lvllvz,
JjET KEK;

Proof. We start with the proof of (i). Let 2 < p < ¢ and suppose that ¢ = >, 1;(t)eFHV0m f1 is a UP
atom, thus >/ || fr]l5. < 1. The assumed linear estimate, together with the finite overlap of the Fourier
multipliers P; implies that

1
(Z ||Mjpj¢||§3L;) 7 < (Z > He”“’“WMijfzIIQgL;)

=

jeJ I€T jeJ
1 P 1
P 2\ 7
<A S IMPs)” <oa(X (S Imal3)") <64
JjeEJ IET IeT jeJ
Consequently the atomic definition of UY | then implies that for any 2 <p < g¢
(3 IMPrullys,, ) S Adlluls - (8.4)

JjeT

Let v € VZ,,. There exists a decomposition v = ),y v¢ such that for every p > 2 we have fvellvr . <

25(%71)”11”‘/@ , see e.g. [27, Lemma 6.4] or [21, Proposition 2.5 and Proposition 2.20]. An application of
37



Hélder’s inequality, together with (8.4) gives for any 2 < p < ¢

1

(S IMPol,)’ s @3S (X IMPuly,,)”

JET leN jeTJ

SOAHT)E Y vellon
LeN
SOAGT)F wllofly > 2'G Y

£eN

=

SSA#T)E

Thus (i) follows by taking p sufficiently close to 2.
We now turn to the proof of (ii). As in the proof of (i), we decompose u = > ,cyur and v = >, vy
< 2/ and vellor < 211 for every r > 2. Let ¢ > po and Bb <6 < 1. Then

o my N

HUHV;M-

with [luglloz

the convexity of the L? norms together with Holder’s inequality, our assumed bilinear estimate, and the U?
summation argument used in (i) implies that

> |PuMPeol|ys

JET kEK;

0 1-0
S (#j)170 Z ( Z HPjUMkPk'U”Lf'Ix) ( skue[} ”PjuéMkkaé’”Lff’x>
’ 75

LUEN jET kEK;

- - 1-6
SS(#T)0ABE, Y (|\w||in1| velluz, 2) (luellog . Noellvg )
(47EN
—0 —0 RO —0(1—0)o—0'(1—0
S AT B lullve, |, llve, ,,, > 270702700
2.0’ eN

1-0 41-0 RO
ST AT B ulvs ol
Therefore (ii) follows. 0

Clearly the previous lemma allows us to extend Corollary 6.4, and the linear estimates discussed above,
to frequency localised functions in Vﬁﬁm. For instance, for any 1 < pp <A\, a > A1, and e > 0, ¢ > 2, we
have by Lemma 8.2

Nl=

l*e
(Z ) HRNPWMNH;E) 5075(%)4 Ml nllvz s (8.5)

q€Q, KECqy
1
2 2 _ 3_1
(3 IRwrwlfers)” Sa AN ur vz, (8.6)
KECq i

where we use the shorthand uy v = PxPyu. Similarly, an application of Corollary 6.4, Lemma 8.1, and (ii)
in Lemma 8.6 gives for every g > % and € > 0

( Z Z HRK/”P(I”lehN [(H+ - H+(Nw(’i)))Rquwu,NJTHig’I(RH—x))
N,K”EC“71 4,9 €Q, (87)

lg—q" |=p or |r—r""|p™"

[V

S uldpnlive b livz ,

where w(x) denotes the centre of the cap x € C,,-1. This bilinear bound plays a key role in controlling the
solution to the DKG system in the resonant region.

8.2. General Resonance Identity. After an application of Lemma 7.3, proving the bilinear estimates in
Theorem 7.5 for the V2 component of the norm, reduces to estimating trilinear expressions of the form

/}R " oIy pdadt. (8.8)
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Suppose that ¢, 1, and ¢ have small modulation, thus supp (;NS c {lr+(€)| < d}, supp C {|7=£1 (E)ar] < d},
and supp @ C {|7 £2 (¢) ] < d} for some d € 22. If € € supp1/; and 7 € supp @, then it is easy to check that
the integral (8.8) vanishes unless

(€ =) F1 (E)n £2 (Mue| S d.
To exploit this, we define the modulation function
M, +,(6m) = [(€—n) F1 (E)m T2 (M ua].
Clearly we have the symmetry properties M, 1 (&,n7) = M_ _(n,€) and My =(§,m) = M4 +(n,§). The
proof of our global existence results requires a careful analysis of the zero sets of 94, +,, the key tool is the
following.
Lemma 8.7. Let M > 0.

(i) (Nonresonant interactions). We have

N2
V€M 2O+ Panl€n) 2 e (“% D el e + 1),

and

1§ —nllé] o 1€ —nllnl o
M- _ e 0“(&—n,— m = 0“(& — .
s (fﬂ?) ~ <£> + <77> (5 ;s 6)7 +,+(§77l) ~ (E 7]#7)

(&) + ()
(i) (Resonant interactions). We have

My (€,1) ~ ‘M2 (€] = D)2 4]\421‘

(€ +(m o el i+ &+

and

(1] = Mg —nl) 2M — 1

Proof. We begin by noting that, if we let mq,mo, ms > 0, then for any x,y € R™ we have the identity
(2 = 1)y = (@) my £ (Y)ma)?]
= | F 2(@)my Y)me — 20y + (M3 — mi —m3)|
= [2((@)my Whma — (2llyl +mams)) +2(|zllyl £ 2 - y) £ ((m1 £ m2)* —m3)|
‘ (may| — malz|)? (my £ mg)? — mj ’
(@), (W)ms + [][y] + mame 2

We now turn to (i). The bound for M_  is clear. On the other hand, by taking z =&, y =n, mi = mg = M,
ms = 11in (8.9), we have

My (€m) = [(€—n) 1w — (1 M||~

(8.9)

+lzllyl £ -y +

€= m? = (e - ()’

( 61~ '”' T lellmeA(e m) +1>

Similarly, taking z = & — n and y = &, gives

- E—m O] e llel
M) = e e O~ @ Y

Using the symmetry 9M_ _(&,n) = M4 4 (n, ) gives the remaining bound in (i). To prove (ii), we note that
another application of (8.9) gives

1
My () = m

;|

€= m)2 = ((©)ar + (M)

(16~ In)” o
M + €| |n] + M2 +&lnl +&-n+ —
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from which the first inequality in (ii). The second inequality in (ii) follows from a similar application of
(8.9). O

8.3. The Trilinear Estimates. Suppose we would like to bound an expression of the form P\ H NI?,:L [F] in
Vim. An application of the energy inequality, Lemma 7.3, implies that we have

IPAENTE[Fllvz . S sup \ / (PAHNu)TFda:dt’.
' HPAHNUH@ <1 JRIES

Thus to bound the V? component of || [F]|| z+.n, it is enough to control the integral [5,,; (PyHyu)! Fdadt.
AN
Consequently, to estimate the V2 component of norms in Theorem 7.5, the key step is to prove the following

trilinear estimate. To simplify notation somewhat, we define B, = (%)6 it M > %, and if 0 < M <
1

5 we let

B. — (%) << max{A1, Ao} or g > min{A, A2}
1+ g6t (min{N, N, No}) 50 pm Ay = Ao

Theorem 8.8. Let M > 0. For every 135 < 0 < 1 we have

(ZS[L,N (H:i:l wkl,le—fYOHﬂ:z PA2,No d.’tdt‘

‘ R3+1

(8.10)
1,0
< p2 (min{N, Nz})‘SBmm{g,i_i}||¢||Fm [on vz, ||90||Ff2%;§;
and
T.0
¢,U.,N (Hi1¢A1,N1) Y H:i:290)\27N2dmdt
R3+1 1 (8.11)
1 . 5
S w2 (mind Ny, Nob)"Bryin s 11yl dunllve 190 pr ol e o
In the region A\ > A1 we have the slightly stronger bound
I fyor dadt
- G (M, P, v, ) 7 T, o, N, di
R N (8.12)
1, . 1\°8
5 w2 (mln{Na NQ})(;(E) H(blhf\"h/j1 ”w/\l,Nl ||Vi21,M ||()0A2,N2||Vi21M'
Similarly, when p < A1, we have
T_.0
‘ d)/,l,,N (Hilw)\l,Nl) '7 H:‘Zz(p/\Z,Ndedt‘
R3+1
(8.13)

)
1 . YA AY]
< w2 (min{Ny, No}) (7\1) 1D nllve lon v llve | lex vz, -

Proof. We begin by decomposing the modulation (or distance to the relevant characteristic surface) and
writing

+
¢/,L,N (Hil w)\th) ’YOHiz SOAZ,NZ

T T

= Z Cd¢M,N(C§é¢A1,N1) ’YOC;‘LQWQ,NQ + Ccatp,n (CT r N, ) 7002%\2,1\/2

de2”

T +
+ C<d¢,u,N (C;téw)\l,Nl) Pyocd 230)\2,1\[2

=Y Ao+ A1+ A,

de2z

Keeping in mind (7.11), we now divide the proof into cases depending on the relative sizes of the frequency

and the modulation. Namely, we consider separately the low modulation cases

A& X > pand d < A, p>> min{Ay, Ao} and d < p, MaX~pand d << p
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and the high modulation cases
A& A 2 pand d 2 A, > min{Ay, Ao} and d 2 p.

Clearly, this covers all possible frequency combinations. The first case in the low modulation regime, where
the two spinors are high frequency, is the easiest, as this case interacts very favourably with the null structure.
The second case, when g > min{A;, A2}, is more difficult, and is the main obstruction to the scale invariant
Sobolev result. The final case, when u ~ A; = Ay is the only resonant interaction, and this is where
the bilinear estimates in Corollary 6.4 play a crucial role. In the remaining high modulation cases d 2
max{, A1, A2}, the null structure of the system no longer plays any role, and we need to exploit the Y/\i]’\,m
norms to gain the off diagonal decay term. 7

High-Low I: © < A\ = Ay and d < A;. Our goal is to show that

> / Agdadt|+| [ Avdedt|+ | [ Asdadt]
dex, RIS R1+3 R1+3
1 o (8.14)
176
SN (50) I9nnllve onmllvz, s mllvg,
where we let Ny, = min{N, Ny, Na}. Clearly this gives the bounds (8.10), (8.11), and (8.13) in the region
M<</\1%A2 andd<</\1.

We now prove the bound (8.14). The condition d < A;, together with an application of Lemma 8.7,
implies that we must have +1 = +5 and moreover, that the sum over the modulation is restricted to the
region p~1 < d < p (in particular this case is non-resonant). To estimate the first term, Ay, we note that
after another application of Lemma 8.7, we have the almost orthogonal decomposition

AO = Z Z Cd¢u,N (C;tclanqu)\l,Nl)T’YOC:S‘:;RK’Pq’QO)\Q,Ng

ko' €Ca 4,4"€EQ,
!
ln—r|Sa lg—q'|Sp

where a = (du)%)\fl. Then, using the null-structure by writing
CEAR. Py, = CZpM (I, — T, (Mw)) R Py, + C2y M, (Mw, )R Py,

(here w,, denotes the centre of the cap ) and applying Lemma 8.1, together with the uniform disposability
of C’gl’M from (7.1), we obtain for every € > 0

| [zt s 32 S0 alCatunlliy, IRePatri a1 R Prns vl
k,k'€Ca q,q4'€EQu
l—r'|Serlg—q'|<p

1
L H\2™€
Suda ()" Ndunlve s mllvz,, lox vz, (8.15)

where we used Lemma 7.2 to control the L? , norm of the high-modulation term, and the bound (8.5). On

t,x
the other hand, we can decompose

+ T _0p+
Ay = E CaRyr b N (CZi RN Ny) Y CE R o1, N,
K,k k" ECg
[k—r'],|&" +2r"| B

where 8 = d%;f%, again by almost orthogonality and Lemma 8.7. As above, we obtain for every ¢ > 0

| [aodsat| s S BICHRwdn i I Rtrim g, [ Rrsva s,
K,k k" ECg
|[k—k'|,|&" £2r"|<B
_ _1 1
S BT AT MBNmin) TG nllve onvllve,  lexvalve (8.16)
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where we used the angular concentration Lemma 8.5 on the lowest angular frequency term. Combining
(8.15) and (8.16), by taking e > 0 sufficiently small, we obtain for every 0 < § < 1

dy 1 PN 1
> | Az () Wi (5) 1 NRuENGllvz Il s s
p1<dSp ntSdsp o o

1
s (H\7T 1
S Vi (5) 1t lunllve, onm vz, lenaliva,
which gives (8.14) for the Ay term. Next, we deal with the A; term. The argument is similar to the above,
but the initial decomposition is slightly different as we no longer require the cube decomposition. Instead,
we need to decompose the ¢ term into caps to ensure that the C'«4 multiplier is disposable. In more detail,
the resonance bound in Lemma 8.7 gives

+ T_0p+
Al = Z Z C<dR"”¢H’N (Cd 1RK¢)\1’N1) v CS?IRH'@AmNz
K,k ECq n”ECB
lk—r'|Sa |k o' |<B

where o = (‘i—‘g‘)% and 8 = (%)%. By exploiting the null structure as previously, we then obtain for every
1

€e>0

| / Adadt| S 3> allRedunling 16 Rt millez 1R orana s,
K,k ECq Kk''€Cy
lr—r'|Sa |k 2k |<B

e 1,14
Sal T prd 2 AR g nllve n v lve, | loxvlve (8.17)

where we used Lemma 7.2 to control the Lf’x norm of the high-modulation term, and again used (8.5) To
gain a power of d, we again exploit the angular concentration estimate by exploiting a similar argument to

(8.16) to deduce that

| / Adadt| S 3 BIRw bl ICE Rt vz | Reonavallrs
K,k k" ECy
[k—r'|,|s" £2r"|<B
_ 1.1 1 1
< B AN (BN | B llvz 10w llvz | Ioxmllve, (8.18)

Combining (8.18) and (8.18) as in the Ay case, and summing up over p~' < d < p with e sufficiently small,
we obtain (8.14). The remaining term A5 can be handled in an identical manner to the A;. Thus the bound
(8.14) follows.

High-Low II: x> min{\;, A2} and d < p. Let {j,k} = {1,2} and A\; > . Our goal is to prove that
1 Ak\ &

> / Adadt) + | / Ajdadt| S A NS () lounllve lon villve, | loranallvz, - (819)

A<y R1+3 R1+3 /1, ’ 1 2

On the other hand, for the A; term, we have the weaker bounds

IOYAN S
> Apdxdt SW(*) (min{ N, N} g, nllvz [9an vz, lonemallvz (8.20)
R1+3 /1, +,1 +1,M +o,M
d<
and
Ao\ %4 191l g1 (|05, N, V72 k=1
S| [ Avdnde] S (25) T N oz, 4 e T (8.21)
d<p R1+3 M +, “¢A1’N1HVithHSOHFiZ,}\},Z k=2

where 3 < 1 < J + ;&5 is as in the definition of the Y)\j’[]’\]m norm. Clearly (8.19), (8.20), and (8.21) give the
estimates claimed in Theorem 8.8 in the region p > min{A;, A2} and d < . Note that we have a weaker
bound when the low frequency term has modulation away from the hyperboloid, and for this interaction, we
are forced to exploit the Y/\ijvm norms.
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We begin the proof of (8.19), (8.20), and (8.21) by observing that since the estimate is essentially symmetric
in ¥ and ¢, it is enough to consider the case p ~ A; > Aq, in other words, we only consider the case j =1
and k = 2. As in the previous case, as d < i, Lemma 8.7 implies that we only have a non-zero contribution
if £y = + and )\2_1 < d < Aa. To control the Aj term, we decompose into caps of radius g = (i)% and

A2
cubes of diameter Ay. Lemma 8.7 implies that we have the almost orthogonality identity

T o +
Ao= > Y PyCadun(PuReCEbr, ) 1 R CZi0r, N,
k' €Cs  q,q4'€Qa,
|6F2r'|SB lg—q'|SA2

m

Thus exploiting the null structure as previously, disposing of the C’fit’ multipliers using (7.1), and applying

the L{ , Strichartz estimate we obtain for every € >0

[ ededt| s YYD BIPyCatunllg, I PRt v it Bl
R1+3 ] ; ) N T
k,k'€Cp 4,4 €EQxy
[6F2r'|SB lg—a'[SAe

o 1/ A i—e
SERHZ)T Mounlve, onomllvz , loxmallvz, , - (8.22)
On the other hand, by decomposing into

— + t.0 +
Ao = E Ry Cadp, N (RCEyt0a, 1) 7P R CZ30,
K,k k' ECa
l6Far| 6" £2x"|<B

and using the angular concentration bound Lemma 8.5 on the smallest angular frequency term, a similar
argument gives

Aod%dt‘ S > BlICaRwr dunllrz [1Bea Ny s IR oxensllrs
k,k' k" ECg
|k Far'],|k" £2k"|<B

’ R1+3

1,1 o1
S prpE EN#u‘nH(bMNHVfJ||¢>\1,N1”V_f)MH@/\mNzHViZyM' (8.23)

As in the previous case, combining (8.22) and (8.23) with e sufficiently small gives (8.19) for the Ay term. The
A; term can be estimated by an identical argument (since the high modulation term is again at frequency
1). To control the A component, we start by again applying Lemma 8.7 and decomposing into

Ay= Y > Pq’C<d¢u,N(PquC;—d'(/}/\th)TVORR’C;‘Q@/\%NQ

r,k'€Cs  4,4'€Qx,
l6F2r’|SB lg—q'|SAe

where as usual g = (%)%. Applying the by now standard null form bound, (7.1), and the L}, Strichartz
estimate, we conclude that for every e > 0

+
| / Aededt| S YT 30 BlPrbun iy I Pa R g, IR € ons a2,

k' €C8  q,q' EQxy
|eFar|SB lg—q' |2

1o ef H\€
St (50) Mwnlive, lonmilve  lloxmallve, (8.24)
Note that we get no high frequency gain here (in fact we have a slight loss due to the sum over cubes). On
the other hand, by decomposing all three terms into caps of size 3, using null structure, the L{L? Strichartz
estimate in Lemma 8.2, and Bernstein’s inequality followed by Lemma 7.2 for ¢y, n,, we obtain for any
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2<q<2+§

| / Aodadt| S Y BlRwun] e Rt s IR CE ol | s
Ri+s K,k k" €Cy L Lt LiL:"
|kFar'|, k" £2r"|<B
spdNiie oy it
Sip()" T G)T Ml Iorslve el (8.25)

(schematically, we are putting the product into Ly~ L2+ x LZT L2 x LI L4~). Switching the roles of ¢,
and ¥, n,, and combining (8.24) and (8.25) with ¢ close to 2, and e > 0 sufficiently small, we obtain (8.20).

It remains to prove (8.21), thus we need to consider the case where ¢ also has the smallest angular
frequency. We begin by again using Lemma 8.7 to decompose

.
A = > > R PyCeatun (RePyCEybn, n,) 'V R C? 0,0,

r,w' k' €Ch 4,4 €Qxy
[6Fa2r’| 6" 26" [$B |g—q" | SAe

where 3 = (A%)%. An application of Bernstein’s inequality, Lemma 7.2, and the angular concentration lemma
for ¢, together with the null form bound, and Lemma 8.2, implies that for any € > 0 sufficiently small

‘ / Agd:cdt‘
R1+3
S > > BlRer Pyrdunll 2o |RePyoa, vl 20 | ReCTox, ol oo
roon ” Lt Lia Lt Lia LtL"”
Kk, KECE 4,9 €Qx,

[sFor'] 5" £2k" | SB lg—q" | SA2

B (L) () E (8

1
a

—1 5 +
2(BN)° | PuHNGllvz 191l per v 1€ 0082 Ml g 22
’ 1:4V1

A2
Ao\ 3a—1/d\3(3-b+7)
< (57 (5)
SNy () " lounllve, 1¥rmllve , I#llyee
which gives (8.21) since + <1 <l 4 - andb—1 =2 1<% <2,
2 S a <27 1000 a " a 500 = 3

High-High: u~ A\ = Ay and d < p. Our goal is to prove that if M > %, then for any § > 0 we have
the bound

Aoda:dt’ n ‘ Ald:cdt’+’ /R o Agd:z:dt’

’ R1+3 R1+3

d<p (8.26)

NG
5 ,uz‘]Vmin||¢H7N||V+271 HwAth HVin,M ||(p)\2,N2HV§2_’M

while if 0 < M < %, for every s,0 > 0, we have

‘ / 3" AgtA; + Agdxdt‘
B (8.27)

1 _1 =
S0 N (L 175N bun vz 1o mllve | losmllve -

The key difference to the previous cases, is that if 0 < M < %, we no longer have the non-resonant bound
d > p~', and thus we also have to estimate the resonant interactions d < p~'. This is particularly
challenging in light of the fact that in the strongly resonant regime, 0 < M < %, there is no gain from the
null structure when d < p~!. However, we do have transversality in the region d < p~', and consequently,
we can apply the key bilinear restriction estimate in Corollary 6.4. On the other hand, in the weakly resonant
regime, M = %, somewhat surprisingly and in stark contrast to the cases M # %, the null structure gives
cancellation for all modulation scales.
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We start by considering the non-resonant region p~! < d < p. By decomposing into caps of radius

~

8= (%)%, an application of Lemma 8.7 gives the identity

Z + T_0 +
AO = Rn”cdd)u,N (Rmcgcllw)\l,Nl) vy RR/CSElQO)\z,Ng-
K,k k" €Cg
|£15F2r'],|w" 22k |SB

Thus by applying the L;{m Strichartz bound, exploiting the null structure as previously (here we need the
assumption d > p~!), and using the angular concentration bound in Lemma 8.5 on N,,;,, we obtain for
every € > 0

Aod%d%‘ S > BllRwr Cadunllrz N1 Beton, v s N Rer@xs Nallns
K,k €Cy
|£1aFor],|6" £2k|SB

‘ R1+3

—e j—1 F)
< BT p(BNwin) 18 n vz loamillve, | lexenallve, -

Taking 6 > 0 and € > 0 sufficiently small, and summing up over the modulation x~! < d < p then gives
(8.26) and (8.27) for Ag in the region u=' < d < p. A similar argument bounds the A; and Ay terms in
(8.26) and (8.27) provided the sum over modulation is restricted to p=1 < d < p.

We now consider the case d < p~'. Note that if M > %, then using Lemma 8.7, we see that A9 = Ay =
As = 0 and thus (8.26) is immediate. On the other hand, if we are in the weakly resonant regime M = %,
then another application of Lemma 8.7 implies that +; = 4, 45 = —, and we have the decomposition

— + t.0 -
Ao = Z Z Rﬁ”Cd(me(RHchgd%l,Nl) VR PyCoypra N
ko' K€Cs q,4'€Q 2,
ks[5 —r|SB |g+q' |<p2B

where = (g)%. Therefore, using the null form type bound (8.1), together with (ii) in Lemma 8.1 to exploit
the null structure, the orthogonality estimate in Lemma 8.6, and an application of Lemma 8.2 gives for every
e>0

Aodl,dt’ S Z Z BHRK“Cdd)M,N”Lf,m”R"'ﬁpqdj’\l’NlHL%JHRWPQI('DAQ’NQHL%’I
K,k k" ECy QanGQ;ﬁﬁ
|k—r'|LI5" ~KISB |g+q' |<uB

<Bxd™Ex ux BEB) ™ X (BN’ vl [ vz

+.M

’ R1+3

lellve

where we used the angular concentration bound in Lemma 8.5 on the term with smallest angular frequency.
Choosing € > 0 sufficiently small, and summing up over 0 < d < p~! then gives (8.26) for the Ay term. An
identical argument bounds the A; and As terms.

It remains to prove (8.27) when 0 < d < pu~!. Another application of Lemma 8.7, implies that we must
have +1; = 4 and 4+5 = —, as well as the key orthogonality identity

> Ag+ A+ 4,
d<p—1
t o
=Cxp10uN ((32#71 Ur,Ny) ’)’OC<<#71 ©xg, N2

T _
Z Z Rn”Pq”C<<u*1¢p,,N (RKPqC;;#—lz/})\l,Nl) WORK’C<<“—1§0)\2,N2-

f@,n',n”ecu_1 0,9"€Qu
\/{+/{'|§p,_1 lg—q"" |=p or |k—k" |=p~

1

Note that the summation is restricted to terms for which R PyvC -1, v and RKPqC;QM_lwAhM have

either angular orthogonality, or radial orthogonality. In either case, we may apply Corollary 6.4 (via the

bound (8.7)), the null structure bound in Lemma 8.1, and the Klein-Gordon angular Strichartz estimate in
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Lemma 8.3, to deduce that for every % <qg< % and € > 0 we have

‘/ > Ao+ Ar+ Asdad
RIS

— T
Sut Z Z [ Ry Py Cg 10y, N (R PyCL 19001 N, ) e llexa nall o
K,k €C 1 4,4'€Q 7
" =~ or I*”»ffi”lzlf1
5_3 7(l,l)+6
Sue TN T T g n vz lvae s vz, lose wllve

where for ease of reading we suppressed the It (w,) matrices used to extract the null form gain of = 1.

Choosing ¢ sufficiently close to %7 and e > 0 sufficiently small, then gives (8.27) in the case No = Nyip. To
deal with remaining cases, we just reverse the roles of ¢, ¥, and ¢, again apply Lemma 8.7 to deduce the
required transversality, and always use the angular Strichartz estimate from Lemma 8.3 on the term with
smallest angular frequency. This completes the proof of (8.27).

High modulation I: p© < A\ = Ay and d 2 A\;. We now consider the high modulation case. In this
region, the null structure plays no role, and thus the arguments are significantly easier. Our goal is to prove
that

1
< 3 ﬁ)s
> o s+ | [ adodt] St (45) Moz, Ionmlive, L bonnalz, - 829
ZA1

and for every § > 0, the weaker bounds

)
1/ N8, .
> / Apdadt| S i (5) 7 (mind Ny, No)Pllduvllve, lonmllve, lorvallve, , (8:29)
d>)\1 RL1+3 1 > > ,
and
1 1% Lf%
Z | / L Aoddt] S ()" ol willvz, L llonrallve, (8.30)
A1

where q is as in the definition of the ij&" norm. We start with the estimates (8.29) and (8.30) for the Ay

component. Decomposing 1 and ¢ into cubes of size u, together with an application of the Lf’z Strichartz
estimate gives for all € > 0

[, Avdadt| 32 1Cun g WP, s, IProna vl

4,4'€Q,
lg—q'|<p

1 )\1 € )\1 %
St (5) () Moumllvz Ionmlve,  loxnallvz, , - (8.31)

As in the proof of (8.25), if we instead apply the L{ L% bound, together with Bernstein’s inequality for ¢, we
obtain for any 2 < g < 2 + 12—1

| [ Avdadt| S 1Cadunll | sn linmlgzglonsvell s, 2o
R1+3 L} L

L~ fpae
LA \a e
et () (50)" TMlonnlve enmlv, el (832)

(schematically, we are putting the product into LT L4~ x L2T L2 x L~ L2F). Switching the roles of 9y, x,

and ¢y, N,, and combining (8.31) and (8.32) with ¢ sufficiently close to 2 and € > 0 sufficiently small, followed

by summing up over d = \;, we obtain (8.29). On the other hand, to obtain (8.30), we again use Lemma
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8.2 to deduce that

Agdadt| S 37 ICabunll o I Ptns v |
4,4'€Q, o L
la—a" <k
1 )\1 b 1 b-‘r%—l—&

st () (%) l6llyo ormallve, ,, lerenallve, ,,

which then gives (8.30) if we choose e sufficiently small as £ > 1 and b+ 2 — 1 =4(2 — 1) (here a,b are as
in the definition of the Y™ norm).

We now turn to the estimates for A; and A,. By symmetry, it is enough to consider the A; term. After
decomposing into cubes of size p and applying the Lf}’w Strichartz estimate, we obtain

L2a

x

a P, a
:271 L2a [ q'PAr2,N2 ”Lta{l

‘ Rl +3

+
Avdtda| S 3 Ngunlloe ICH Pyonnillnz 1Py oranllns.
quleQu
lg—q'I<k

1
1/ NTTELAL 2
<ut(30)" () Nounlve on iz, lox vz,

‘ R1+3

Summing up over d > A1 and choosing ¢ sufficiently small, then gives (8.28).

High modulation II: g > min{A;, A2} and d 2 p. Our goal is to prove the bound

Z‘/ Aodxdt‘+‘/ Aldxdt’Jr‘/ Agdxdt‘
d>u R1+3 R1+3 R1+3

1

1
1P llvz Nonwllve, | lexevallvz, -

(8.33)
< b (mln{Al, )\2}>

As the estimate is essentially symmetric in A\; and A2, we may assume that A\; > As. The bound for Ag
follows by decomposing into cubes of size Ay and applying the standard L;{w Strichartz estimate to obtain

Aodtdw‘g > CaPy iz N1Paoxn s llorenallzs

7,4 €Qx,
la—q" | <Az

1/ A2 §—e o) 3
() () Mounlva Ionmlve,  lior v,

which easily gives (8.33) for the Ay term, provided we choose e sufficiently small. The proof for the 4; term
is identical (as we do not exploit any null structure here). On the other hand, to estimate the Ay term, we
again decompose into cubes of size Ao and apply the Lﬁx Strichartz estimate to deduce that

’ R3+1

Azdtdx‘ﬁ Do PNl 1Patrs i llos IC20x0 N 22,

‘ R3+1

7,q" €Qxy
la—q" <2
< % Ao 3¢ ) 3
SiE(T)7(5) Ml Ionmlive,  losamalig, -
Therefore (8.33) follows. This completes the proof of Theorem 8.8. O

8.4. Proof of Theorem 7.5. We begin with the proof of (7.9). An application of the energy inequality in
Lemma 7.3 gives

HP)\l HNl]._.[j:lI]\j}l [d)ﬂ,N’YOH:‘:ZQPAZ,NQ} Hvi21,M

5 sup QSM,N(Hilw)\l,Nl)TVOHiz@Az,del‘dt .

<1 ‘ R1+3
H%l’Nleil,MN
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Therefore an application of (8.10) in Theorem 8.8 implies that

HP>\1HN1 Hilzl\jill [¢H7N70Hi2<p)\271\72} ||V2

+9,M

L . (8.34)

S p2 (in{N, No}) By g 136l pr ol g
which gives the required bound (7.9) for the F i 11\1,\14 component of the norm. To complete the proof of (7.9),
it remains show that there exists € > 0 such that

T, T3 [0 vy Teta oo v [y 2000 S 02 (min N, No}) E B[] bt [l 0] o (8.35)
A1, Ny w N Ao, No

To this end, we consider separately the cases A\; < Ao and A; = A2. In the former region, note that an

application of (8.12) in Theorem 8.8 together with the energy inequality Lemma 7.3, and the L?@ bound in
Lemma 7.2, gives

||P)\1HNlc(fitlIJ:\t41 |:¢P~N,YOH:|:QSD)‘2’N2] HLfm

_1
S d 2| Py Hy 1y, Z;7 [¢/L,N70H12<PA2,N2]HV§ ;
1
< _1 1 . o )\1 3%
S b min{N, N1 E () T onnllve e willvz, - (8.36)

On the other hand, since we are localised away from the hyperboloid we have by (7.7) together with Lemma
8.2

123 H, € T [$037 Mtaprana] | 5,

S AP, (b vy Ty o, m0)l| g,
t

x

S a7 ownlliy, Ios ol 2,

) i
S A pEA Noll b nllvz loxe nallvz_,,- (8.37)
12
Repeating this argument but instead putting ¢ € L, L% and ¢ € L;{w we deduce that, since \; < \g = 1,

_1
A, 3 HP>\1HN1CdilzJ\i41 [(ZSH,NVOH:‘:?('D)‘?’NZ] HL%L2
T (8.38)
< 1, A2\ 3
<t min{N. N} () lonlvz, llonvallvz,

Note that this bound is far to weak to be useful on its own, as we have A\; < A\3. On the other hand, if we
combine (8.36) and (8.38), and use the convexity of the LY spaces, we deduce that if we let 0 < 6 < 1 be

: 120, 1-0 : _ 140
given by - = ¥ + 5=, then, as this forces b = ==, we deduce that

AT [Poy v, CE T3 (60 Mo ]|

LyL:

_1 7
< (P12 H, CP T [unr Maonaa] | 3 )

1 E R ==t 0 o
X (d2 HP)\lHNlcd I]\J I:(b/‘”Nry Hj:QSDAz,Nz]HL%’w>

1, 0+2 (1) ( A1 32(1—0)—30
< (minN, No})" F0 (5 lllv, loxsnalivz,
Since 3 < L < 1+ &5, it is easy enough to check that (1 —6) — $6 > 0, and hence (8.35) holds when
A1 € A2. We now consider the case Ay 2 Ay. The proof is similar to the previous case, the main difference
is that we need a more refined version of the bound (8.38). To this end, by decomposing ¢ into cubes of size
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min{y, A2}, we deduce that by Lemma 8.2 and Lemma 8.6, for every ¢’ > 0

[Px Hu, €3 Ia [ 87 T, 0,7, ||LgL2
t x

1
_ 2
Y [ ENER RN )

3

L?

[N

Sallsunl e (D 1Pl

5 r4
¢ v 4E€EQmin{pu, g}

11 . 1\ i4e
S A7 A N(min{p, A1) N opvllvz, lenanalive, -

’

o=

Since (min{y, Ao }) ¢ T

deduce that

for €’ sufficiently small) and Ao < Ay, by using the bound (8.37), we

~

d)\;% [Pxy Hy €3 T [$0.v7 Tty 0z, v, ||L%L2 (8.39)

1 .
< it minN, NoHldnllvz loxmllvz, -

Note that, unlike the bound (8.39), we have no high frequency loss here. As in the case A\; < A2, we now
combine the bound (8.34) with (8.39), and deduce by the convexity of the L norm and Lemma 7.2, that

/\1é_bdb“PA1 Hy,C3 ' In [d,ny Ty oo, v HL?Li
B 0
S (d)‘l éHPAlHNlcdiIIﬁl (60,57 Ty 02, HL%L,Q)

1-6
X (d% HP)\l HNlcétlIIj:\/fl [¢M>N70Hi2¢A2’N2] ||L?1)

< Lo 0+2(1-0) 51—0
< p? (min{ N, Na}) Bt - 12llera el pea .
Since 0 < # < o, we obtain (8.35). Therefore, the bound (7.9) follows.
We now turn to the proof of the second inequality (7.10). The argument is similar to the proof of (7.9)
so we will be brief. An application of the energy inequality in Lemma 7.3 together with (8.11) in Theorem
8.8 implies that

1 . o
||‘PILILINII+ [(Hﬂnw)\l,Nl)T’YOH:EQSD)Q,Nz] HV2 5 2 (mln{Nh NQ}) 4 Bmin{ﬁ,%fi}Hw”FihM ”@”Fi%M'
+,1 a A1,N7p Ag,Ng
(8.40)
Therefore it only remains to prove that there exists ¢ > 0 such that

1 . o
|z [(Hh%l,Nl)TVOHizsﬁxz,Nz]Hy:}Vl < w2 (min{ N, NQ})2B€H1/)||Fil’]\ljvlf”<p”p‘i2}é‘;[' (8.41)

Similar to the proof of (8.35), we consider separately the cases u < A; and g 2 A;. In the former case, as
in (8.39), since we are localised away from the hyperboloid we have by (7.7) together with Lemma 8.2

||PHHNCdi1If_ [(Hﬂnw)q,Nl)T’YOHich)\zJ\B] ||L%L2
t

x

5 d—* HPH((Hil wkl,Nl)T’YOHiQQAz,Nz)H

%
LLG

S d7 (minfAy, Ao })¥ (maxfAr, Ao })? min{ Ny, Nodlvng w vz lloxemvallvz, - (8:42)

1,1

Since A; ~ A2, we can replace the max and min in (8.42) with A "2, If we now combine (8.42) with the

energy inequality in Lemma 7.3, the bound (8.13) in Theorem 8.8, and Lemma 7.2, we deduce that by the
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convexity of the LY spaces that

where as previously, we have % = 23—9 + % (which implies that b = %) Since % < é < % +

NiibdePHHNCII;— [(Hi1 77[}>\1,N1)T70Hi2<)0)\271\72] H[gg[i
6
S (dﬂ_% HPMCJIT [(Hilw)\h]\fl)Tryoniz@)\m]\b] HL%L?)
1-6
x (d% HPMC;IY [(Hi1 w)\1,N1)T’YOHi2 90)\2,]\72] ||Lf2~r>

L ms 0+2(1—0) [ A1\ 75 (1-0)—30
< p? (min{Ny, No}) 7 (7) [onvillve  llexa.msllve,

g

Tooo 1t 18 easy

enough to check that (1 —6) — 26 > 0, and hence (8.41) holds when ;1 < A;. We now consider the case

> A1. Since we now have (min{A;, A2})3 (max{Ay, A2 })2 < 32, an application of (8.42), together with
(8.40), Lemma 7.2 gives

|| P Hy CF T (Wi n, ) 0 T 2
4
S (d,ufié HP/LOJIT [(Hil wAth )T’YOHiQ SD/\2’N2] ||L%L2)
1-0
% (@ | PuC T [Ty ton, ) ' M re] 2 )

1, 942 (1-0) 1
SMQ(mln{NhNQ}) * Biﬂlf{k%i 1}||w>\1,N1||V§11MH(p)\mNz”Vf:%M

’2a 4

Since 0 < § < o and 1 > 1, we obtain (8.41). Therefore, the bound (7.9) follows. This completes the proof
of Theorem 7.5.
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