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SECOND ORDER CONCENTRATION VIA LOGARITHMIC
SOBOLEV INEQUALITIES

F. GOTZE AND H. SAMBALE

ABSTRACT. We show sharpened forms of the concentration of measure phenomenon
centered at first order stochastic expansions. The bound are based on second order
difference operators and second order derivatives. Applications to functions on the
discrete cube and stochastic Hoeffding type expansions in mathematical statistics are
studied as well as linear eigenvalue statistics in random matrix theory.

1. INTRODUCTION

The concentration of measure phenomenon for product measures has been extensively
studied in the past decades. It was established by M. Talagrand in the 1990s [T1], [T2].
Further research was done by S. Bobkov, M. Ledoux and others [L1], [B-G1], [B-G2]. For
a comprehensive survey which summarizes the central concentration of measure results
up to the end of the 1990s see the monographs by M. Ledoux [L2], [L3].

One of the basic results due to M. Talagrand are concentration inequalities for Lip-
schitz functions around their mean or median. For instance, in discrete probability
models, the product probability space (2, A, p) := ®_, (€, A;, ;) is typically equipped
with the Hamming distance d(z,y) := card{k = 1,...,n: zx # yx}. A related approach,
which is essentially due to M. Ledoux [L1], makes use of certain “difference operators”.
That is, for any function f: Q — R in L*(u), set

1

uf@) = (5 | (@) = Floroanmmrin, o) Putdn) (1)

and 0f := (01 f,...,0,f). See Section 2 for a detailed description of the framework of the
difference operators we use in this article. A slight modification of [B-G2, Proposition
2.1] then yields

Proposition 1.1. Let (€, A;, p;) be probability spaces, and denote by (Q, A, pn) =

P (i, Ay i) their product. Moreover, let f: Q — R be a bounded measurable func-
tion. Denote by 0 the difference operator from (L), and assume that the condition
[0f| <1 is satisfied. Then, for any t > 0 we have

p (|f— [ sl = t) < 20PN

Note that the boundedness of f is in fact a consequence of the condition [of| < 1
(see Section 2). If we apply Proposition [Tl to 1-Lipschitz functions with respect to the
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Hamming distance, we recover the classical concentration inequalities by M. Talagrand
(cf. |[L1]). Similar results can be derived in the context of “penalties”, which can be
regarded as generalizations of the Hamming distance [L1]. In [B-G2], a generalized
version of Proposition [LT] is used for deriving concentration inequalities for randomized
sums.

In this article, we show a second order analogue of Proposition [[L.Il Here, the notion
of second order concentration has two aspects. Firstly, it refers to the use of difference
operators of second order. Secondly, it means that instead of fluctuations of f — Ef
we will study fluctuations of f —Ef — fi, where f; is the first order term in the Hoeff-
ding decomposition of f. Let us briefly recall the notion of Hoeffding decomposition,
which was introduced by W. Hoeffding in 1948 [H|. Given a product probability space
(A, 1) := @, (, A;, ;) and some function f € L'(u), the Hoeffding decomposition
is the unique decomposition

Floy, ... x,) = /fd,u + Z hi(z;) + Z hij (i, 25) + . .. (1.2)

=fo+h+fot...+ 1

such that fhil___ik(xil,...,xik),uij(dxij) =0forallk=1,....n,1<i1 <...<i, <n
and 7 € {1,...,k}. The sum f; is called the Hoeffding term of degree d or simply
d-th Hoeffding term of f. Note that for f € L*(u) the f;,7 € Ny, form an orthogonal
decomposition of f in L?(u).

We now formulate our main results. In addition to the “L*-difference” d in (LI,
we need a difference operator adapted to the Hoeffding decomposition. Indeed, for any
function f: Q — R in L'(u), let

D, f(x) = f(z) — /Q floy, oo i, Ui, Ty - o o) i (dy;) (1.3)

and ©f = (D1f,...,9,f). Higher order differences are defined by iteration, e.g.
Diif =9;9;f) for 1 <4,j < n. In particular, we consider the following modified
“Hessian” with respect to ®:

1.4
0, 1= (1.4)

(@ f () = {

For x € R™ let |z| denote its Euclidean norm, and for an n x n matrix A = (a;;);; let
|Allus denote its Hilbert-Schmidt norm given by [|Allus = (37 ,_; lay|*)'/2.

Theorem 1.2. Let (2, A;, p;) be probability spaces, and denote by (2, A, u) = @7 (€,
A;, ;) their product. Moreover, let f: Q — R be a bounded measurable function so that
its Hoeffding decomposition with respect to p is given by

f=> 1
k=2

Denote by 0 and © the difference operators from ([LIl) and (L3). Assume that the
condition

Plfll <1
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is satisfied and that
2) £12 2
J19® flsdn <

holds for some b > 0, where D@ f denotes the “de-diagonalized” Hessian of f from
(), and | D@ f|lus denotes its Hilbert-Schmidt norm.

Then, we have
1
_ du < 2.
/eXp <2<3+b2)|f|) <

If all the measures p; in Theorem are Bernoulli measures, we can somewhat
sharpen this bound. More precisely:

Corollary 1.3. Using the notations of Theorem [1.2, let all the p; be of the form p; =
Piba; + (1 —p;)p,, where a;,b; € R, p; € (0,1) for all i, and 6, denotes the Dirac measure
at x € R. Then, assuming the conditions of Theorem[1.2, we have

1
< 2.
[ew <3+%2|f|) d <2

Using Chebychev’s inequality, Theorem and Corollary for instance imply the
estimate

ulf] = 1) < 2e7
for all ¢ > 0 and some constant ¢ = ¢(b?). The value of the latter constant as given by
the bounds in Theorem and Corollary [[.3] is not optimal, but optimizing it seems
hard. It is possible to obtain a slightly better but still non-optimal constant from the
proof of Theorem and Corollary [L.3]
In the proof of Theorem [[.2, we shall use yet another difference operator, namely
1

o1 @)= (5 [ U@ = Flono i) i) T (15)

Here, f: Q — R is any function in L?*(u). Moreover, if g is any real-valued function we
set g, := max(g,0) for its positive part. It is straightforward to reformulate Theorem
using 0" instead of 0:

Corollary 1.4. Using the notations of Theorem[1.3, we require that
PR <1,
where 07 is the difference operator from (LH). Then, we have

/eXp (ﬁlﬂ) dp < 2.

A generalization of Theorem includes functions whose Hoeffding decomposition
has a non-vanishing Hoeffding term of first order provided this term is of sufficiently
small stochastic size. That is, in Theorem [L2 let f: Q@ — R be a function in L'(u)
with Hoeffding decomposition f = »";_, fx. Then, we denote by

Rfizf—fo—ﬁ:ka (1.6)
k=2
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the projection of f onto the space of the functions f € L'(u) whose Hoeffding terms of
orders 0 and 1 vanish. For convenience we shall assume that the expected value f; of f
vanishes. In order to obtain a result similar to Theorem [I.2] for instance

/GCIfd'u < /60(|f1|+Rf)d,u <9

for some constant ¢ > 0, we add conditions ensuring f; = Op(1). The result is the
following theorem:

Theorem 1.5. Let (2, A;, p;) be probability spaces, and denote by (2, A, u) = @7, (€,
A;, ;) their product. Moreover, let f: Q — R be a bounded measurable function such
that its Hoeffding decomposition with respect to p is given by

f:f1+2fk:f1+Rf-
k=2

(In particular, we have Ef = 0.) Denote by 0 and © the difference operators from (L))
and ([L3)). Suppose that the condition
PPRf|[ <1

1s satisfied and that we have
JIERIE

for some b > 0. Here, |D® fllus is the “de-diagonalized” Hessian of f from (L),
and | D f|lus denotes its Hilbert Schmidt norm. Furthermore, assume that one of the
conditions

(i) [0f1]* < b3 for some by > 0 or
(i) PP <1 and [|0fi]Pdp < o for some o > 0
is satisfied. Depending on these conditions we have

1
) du<2
/eXp<12+4b2+7bO|f|) =

in case of condition (i) and

1
/eXp <m|f|) dp <2

in case of condition (i1).

Similar as in Corollary [L.3] it is possible to improve the constants ¢; and ¢, if all the
underlying measures are Bernoulli distributions. We skip details at this point.

1.0.1. Discussion of Related Inequalities. Hoeffding decompositions have been studied
in particular in the context of U-statistics, that is, statistics of the form

— |
U, (h) = M S (X, X)) (1.7)
n. 117 Fim
for a sequence of i.i.d. random variables (X;);cn, a measurable kernel function h on R™
and natural numbers n, m such that n > m. A U-statistic is called completely degenerate
(or canonical) if its Hoeffding decomposition consists of a single term only. There are a
lot of results on the distributional properties of U-statistics. A partial overview is given
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in the monograph by V. de la Pefia and E. Giné [D-G]. In particular, there are many
inequalities describing their tail behavior starting with Hoeffding’s inequalities. That
is, for U-statistics like U, (h) in (IL7), we have

2M?

if the function A: R™ — R is bounded by some universal constant M and satisfies
Eh(Xy,...,X,,) = 0. Further exponential inequalities for completely degenerate U-
statistics have been proved by M. A. Arcones and E. Giné [A-G] as well as P. Major [M].
These inequalities typically depend on the order m, the second moment o2 and some
bound M of the kernel h only.

P(Un(h) > t) < exp <— ["/m]tQ)

1.0.2. Applications. Consider n independent random variables X, ..., X, and a statis-
tic T,, of the form

Tn<X1, .. 7Xn) = h’O,n + Z th(XZ')TLil + Z h2,n<Xi7 Xj)n*2

1<j

(1.8)
+ > hga(Xi, X5, X2 4
i<j<k
for some “kernel” functions hg,, d = 0,1,...,n, which are degenerate with respect to

the X;. Usually, we then have concentration inequalities of the form
P(Vn(T, = hopn) > 1) < e,

where c¢ is some absolute constant. Using second order concentration, it is possible to
sharpen these bounds. Note that here we use a reformulated version of Theorem
which makes use of a second order version of the difference operator d with Hessian 9.
See Section 6 for details and notations used below.

Example 1.6. Let X1,..., X, be some independent random variables, and let T,, be a
statistic of the form (L8). Assume we have

[P Tllus <M and  |[n0i(T, = Y hin(Xi)n ") < M Vi (1.9)

for some universal constant M and with 92T, as in ([6.3). Then, we have

P(nlTy = hop = 3 hia(Xin ™! 2 1) < 2674,

where ¢ is some numerical constant.

This follows immediately from Theorem A simple case where conditions (L9
are satisfied is the following: Assume that ||hg,|le = sup, |han(z)] < L if d < m and
hgn = 0 for all d > m, where m € N is independent of n and where L is some absolute
constant.

In particular, we may consider functions on the discrete cube. That is, in Example
L6l let Xi,..., X, be iid. random variables with distributions p; = %5“ + %5_1. In
Section 6, we will derive second order concentration results for functions of such random
variables. In particular, by Proposition 6.2 it follows that we may replace conditions
(9) by the single condition

|n®@T, ||lus < M. (1.10)
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Here, DT, is the “Hessian” of T,, with respect to ® defined in (L4). For instance,
if T,(Xy,...,X,) =g+ Y, n toy Xi + ZK]‘ n~2;; X;X; for real numbers g, a;, av;j,
then (LI0) just means (2>, _; aZ )2 < M.

We may furthermore apply our results in the context of bootstrap methods. Sup-
pose X1,...,X,,... are random elements taking values in RP (or some other separable
metric space) which are independent and identically distributed from some distribution
P € Py. Here, Py is a set of probability measures on R?P which contains all discrete
measures. By B, we denote the empirical measure of the first n observations. Let
T, =T.(Xy1,....,X;; P) = Tn(f’n; P) be a sequence of symmetric statistics which may
depend on the distribution P, and let h be a bounded real function defined on the range
of T,,.

Here we are interested in estimating 6,,(P) := Eph(T,(X1,..., X,; P)). Given X,
..., X,,, Efron’s (nonparametric) bootstrap suggests to estimate 6,,(P) by 6,(P,). That
is, if we set

Ba(P) = BT, (B P) = o S0 WTa(Xay,o o X P),

Efron’s bootstrap is given by Bn(f’n) In many situations, this bootstrap can be suc-
cessfully applied, but in a number of examples (in particular bias problems) it fails
asymptotically. D.N. Politis and J. P. Romano [P-R] as well as P.J. Bickel, F. Gotze
and W.R. van Zwet [G], [B-G-Z] have addressed these problems by introducing m out
of n bootstraps, i.e. sampling from an i.i.d. sample of size n m-times independently
with or without replacement. For instance, in the case of sampling without replacement
(also called the (") bootstrap), we consider

JnnP) = Jn(P) =~ S W(T(Xar,- -, X)),

(m) 11 <...<0m
Then, the (:1) bootstrap is given by Jmn(pn)
Results on the asymptotic consistency of .J,, have been obtained by Politis and Ro-

mano [P-R] and Gétze [G]. For instance, by the result [B-G-7], if ™ — 0, m — oo, we
have

In(P) = 0 (P) + Op((=)"/%). (1.11)

Knowing (or at least estimating) the first order Hoeffding term of .J,,,, we may sharpen
(LII) by the second order results in this paper:

Theorem 1.7. Suppose ™ — 0, m — co. Let h =" h; be the Hoeffding decomposi-
tion of h = h(T,,(X1, ..., X)), and assume that

bl <= oulh—ho— )| < 3 (1.12)

foralll < i< j <mandalli=1,...,m, respectively, where ¢, and co are some
absolute constants. Let J,,1(P) denote the first order Hoeffding term of J,,(P). Then,
we have

Jnn(P) = 0, (P) + Jut (P) + OP(%).
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Proof. We proceed as in the proof of [B-G-Z Theorem 1]. That is, suppose T,, does
not depend on P. Then, J,, is a U-statistic with kernel WMTy (21, ..., 2y)) and EpJ, =
O (P). Set Ry, == Jpm — 00 (P) — Jia1 (cf. (L6). Using the notations of Theorem [6.1]
and conditions (EDZI), we have

m m .

”0(2)RJm”HS = Op(g), |DZRJm‘ = Op(g) V.
The proof now follows by applying Theorem O
As for the first order Hoeffding term .J,, 1(P), we have J,,,1(P) = >, hi(X;) with

m

(X)) = — (BT (X, Xy, - - X)) X0) — BR(T0 (X5, X

TEEEE
n J

X))
where j; < ... < jpu—1 is any m — I-tuple from {1,...,n}\ {¢}. Conditions (.I2)) imply
that h(T, (Xl, ..., X)) is “normalized”, i.e. we have By = By = O(1) in Theorem
for f = h— ho — hy. Conditions ([L.I2)) may be achieved by requiring & to be sufficiently
smooth. Note that without (LI2)), we still get J,(P) = 0, (P) + Jm1 + (’)p("%) in
Theorem [L7]

1.1. Differentiable Functions. In differentiable settings, it seems natural to use the
ordinary gradient V instead of difference operators. Indeed, it is possible to formulate a
result similar to Theorem for probability measures on R™ which satisfy a logarithmic
Sobolev inequality. Let us recall some basic notions.

Let G C R"™ be some open set, and let 4 be a probability measure on (G, B(G)).
Then, pu satisfies a Poincaré inequality with constant o2 > 0 if for all locally Lipschitz
functions f: G - R

Var,(f) < 02/G|Vf|2d,u, (1.13)

where Var,(f) = [ f2dp— ([ fdu)? and |V f| denotes the Euclidean norm of the usual
gradient. Another type of functional inequality for probability measures p on (G, B(G))
is given by the logarithmic Sobolev inequality. That is, u satisfies a logarithmic Sobolev
inequality with (Sobolev) constant o > 0 if for all locally Lipschitz functions f: G — R

Ent,,(f?) §202/ IV f12du, (1.14)

where Ent,,(f?) = [ f?log f2du— [ f*dplog [ f2du (see Section 3). Logarithmic Sobolev
1nequahtles are stronger than Poincaré inequalities. For instance, if u satisfies a loga-
rithmic Sobolev inequality with constant o2, it also satisfies a Poincaré inequality with
the same constant o2

We now have the following result:

Theorem 1.8. Let G C R™ be some open set, and let p be a probability measure on
(G,B(QG)) which satisfies a logarithmic Sobolev inequality with constant o® > 0. Let
f: G — R be a C*-smooth function such that f € L'(p) and 0;f € L'(u) for all
1=1,...,n, where 0;f denotes the i-th partial derivative of f. Assume that

/fdu:O and /aifdu:()forallizl,...,n
G G
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Moreover, assume that

1@ lus <1 foralle € G and ‘LWW@%Muﬁﬁ

for some b > 0, where " denotes the Hessian of f and | f"|lus denotes its Hilbert-
Schmidt norm.
Then, the following inequality holds:

1
o (gt ) <>

Note that unlike in Theorem[L.2] we do not need to require i to be a product measure.
Given any function f € C*(G) such that f € L'(u) and 9;f € L*(u) for alli =1,...,n,
we may modify f to remove a “linear” term by considering

fla) = f(2) = p(f) = Y w0 (@i = pla2),
i=1
where u(h) = |, o hdp for any function h € L (p). f represents a centered function with
centered derivative.
Similarly to Theorem [[L5, we may allow non-vanishing integrals 1(9;f) in Theorem
if they are of sufficiently small size. In detail:

Theorem 1.9. Let G C R™ be some open set, and let p be a probability measure on
(G, B(GQ)) which satisfies a logarithmic Sobolev inequality with constant o > 0. Let
f: G — R be a C*-smooth function such that f € L'(p) and 0;f € L'(u) for all
1=1,...,n, where 0;f denotes the i-th partial derivative of f. Assume that

n 2
/fd/L:O and Z(/@,fd,u) < B2
e} — \Ja
for some by > 0. Moreover, assume that
£ @ls <1 for alla € G and [ @) rsdn <
e}

for some b > 0, where f"” denotes the Hessian of f and ||f"||lus denotes its Hilbert-
Schmidt norm.
Then, we have

/ ! If] ) dp <2
Gexp 40%(1 + b%) + 5oby ==

Here we assume o > 0 for the root of the Sobolev constant o?.

1.1.1. Discussion of Related Inequalities. We shall compare our results to a measure con-
centration result for functions on the n-sphere which are orthogonal to linear functions,
see S. G. Bobkov, G.P. Chistyakov and F. Gotze [B-C-GJ. In this context, Theorem [[.2]
can be regarded as a “discrete” analogue of the latter result. Note that in particular, it
covers the case of the discrete hypercube {£1}" equipped with the uniform distribution.
Theorem [L.8 may then be seen as an intermediate between Theorem and the bounds
in [B-C-G]. Indeed, if in Theorem [L.§ 4 is the standard Gaussian measure, the condi-
tion [ 8;fdu = 0 for all 7 is satisfied if we require orthogonality to all linear functions
(by partial integration). The idea of sharpening concentration inequalities for Gaussian
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and related measures by requiring orthogonality to linear functions also appears in D.
Cordero-Erausquin, M. Fradelizi and B. Maurey [CE-F-M].

We would moreover like to mention the results by R. Adamczak and P. Wolff [A-W].
They study the tail behavior of differentiable functions. Requiring certain Sobolev-type
inequalities or subgaussian tail conditions, they derive exponential inequalities for func-
tions with bounded higher-order derivatives (evaluated in terms of some tensor-product
matrix norms). In comparison, our paper has a stronger emphasis on discrete models
and difference operators with a focus on functions structured by Hoeffding expansions of
vanishing first order or, in differentiable cases as in Theorem [L.8] functions from which
we remove a kind of “linear term”.

1.1.2. Applications. We may apply Theorem [L.§in the context of random matrix theory.
Here we consider two situations. Firstly, let {£;,,1 < j < k < N} be a family of
independent random variables on some probability space. Assume that the distributions
of the &;’s all satisfy a (one-dimensional) logarithmic Sobolev inequality (LI4) with
common constant 0. Put & = &; for 1 < k < j < N and consider a symmetric
N x N random matrix = = (§;x)1<;k<n and denote by ™) the joint distribution of its
eigenvalues on RY. By a simple argument using the Hoffman-Wielandt theorem, p(")
satisfies a logarithmic Sobolev inequality with constant o3, = % (see for instance S. G.
Bobkov and F. Gotze [B-G3]). Note that similar observations also hold for Hermitean
random matrices.

Furthermore, we consider $-ensembles. That is, for 5 > 0 fixed, let M(BN& = u) be

the probability distribution on RY with density given by

N
1 1 1
(V) _ = _—BNH) _ = = _

nM(dN) = e A, H(A)_2k§:1jV(Ak) > loglh =N (115)

N 1<k<I<N

Here, V: R — R is a strictly convex C?-smooth function and Zy is a normalization
constant. It is well-known that for § = 1,2, 4, these probability measures correspond to
the distributions of the classical invariant random matrix ensembles (orthogonal, unitary
and symplectic, respectively). Using the convexity of V', we may easily verify that

H'(N\) > ald

uniformly in A, where H”(\) denotes the Hessian of H, Id denotes the N x N identity
matrix and a > 0 is some constant. As a consequence, by the classical Bakry-Emery
criterion, p¥) satisfies a logarithmic Sobolev inequality (LI4) with constant o3, =
1/(aN). For a detailed discussion see S. G. Bobkov and M. Ledoux [B-1J.

Now consider the probability space (RY,BY, u™), where ™) is either the joint
eigenvalue distribution of = or the distribution defined in (LIH). If f: R — R is a
C'-smooth function, it is well-known that asymptotic normality

N
Sv = S(F0) —Ef) = N(0,02), (1.16)

j=1
holds for the self-normalized linear eigenvalue statistics Sy. Here, “=" denotes weak
convergence, E means taking the expectation with respect to £™) and N(0, aj%) denotes
a normal distribution with mean zero and variance a]% depending on f. This result
goes back to K. Johansson [J] for the case of (-ensembles and, for general Wigner
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matrices, A. M. Khorunzhy, B.A. Khoruzhenko and L. A. Pastur [K-K-P| as well as
Ya. Sinai and A. Soshnikov [S-S]. Such results have been extensively studied since
then. Concentration of measure results have been studied by A. Guionnet and O.
Zeitouni [G-Z], proving concentration inequalities centered at the mean using techniques
by Talagrand and Ledoux discussed in the introduction. In particular, they proved that
Sy has fluctuations of order Op(1). Here we can complement these results by a second
order concentration bound:

Proposition 1.10. Let N) be the joint eigenvalue distribution of Z or the distribution
defined in (LI5). Let f: R — R be a C*-smooth function with f'(\;) € L*(u™) and

second derivatives bounded by some absolute constant, and let

N

Sy =5y =Y (A —EN)EF ()

j=1
with Sy as in (LI1G). Then, we have

RecN'/*Sw <2,
where ¢ > 0 is some absolute constant.

Proposition [LLI0l follows from Theorem [L.§ and the fact that the Sobolev constant
0% is of order 1/N. In view of the self-normalized property of Sy, the fluctuation result

for Sy is of the next order, although the scaling is of order v/N only.

1.2. Outline. The main tools we use in this article will be introduced in Sections 2
and 3. This includes some basic facts about difference operators, Hoeffding decomposi-
tions and modified logarithmic Sobolev inequalities. The proofs of our main theorems
for product measures will then be given in Sections 4 and 5. Here, we will first derive
exponential inequalities involving the difference operator ? by making use of modified
logarithmic Sobolev inequalities. After that, we shall relate ? to the second order dif-
ference operators ®;; in form of the Hessian (L4). The proof of Theorem and its
reformulations then follow as an easy combination of both chains of arguments.

In Section 6, we discuss how to evaluate the second order conditions from Theorem
[L2 In particular, we give a reformulation of Theorem which involves conditions
which may be easier to apply. We also apply our results to functions of independent
symmetric Bernoulli variables.

Finally, the differentiable case will be discussed in Section 7. Here we need to modify
some of the arguments from the proof of Theorems and Together with a simple
application of the Poincaré inequality, this will lead us to the proof of Theorems [[.8 and
La

A prior version of these results is based on the Ph.D. thesis of the second author [S].
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2. DIFFERENCE OPERATORS

Let (21, A1), ..., (2, A,) be measurable spaces, and denote by (£2,.4) their product
space. Similarly to [B-G1], we study (difference) operators I" on the space of the bounded
measurable real-valued functions on (€2, .4) such that the following two conditions hold:

Conditions 2.1. (i) For any bounded measurable function f: Q - R, T'f = (I'1f,...,
Lof): Q — R™ is a measurable function with values in R™. We often call T’ a
gradient operator or simply gradient.

(i1) For alli = 1,...,n, alla > 0, b € R and any bounded measurable real-valued
function f, we have |T;(af +b)| = a|T;f].

In particular, we do not suppose I' to satisfy any sort of “Leibniz rule”.

Clearly, the difference operators 9, © and 0 from (LI, (L3) and (LH) satisfy
Conditions 211 Note that here we assume the spaces (£2;,.4;) to be endorsed with
probability measures p;, whose product measure we denote by . We now collect some
elementary facts about these three difference operators. In the following assume that
X1,...,X, is a sequence of independent random variables on some probability space
(Y, A, P) with distributions py, . . ., u, respectively. As we will see, introducing random
variables sometimes facilitates notation:

Remark 2.2.
(1) If p; = %5“ + %5_1 foralli=1,... ,n, we have the simple representation
1
DI(X) = 5 (F(X) ~ f0:X)),
where X = (Xq,...,X,) and ;X = (Xq,...,—X;,...,X,). Moreover, note

(2) For any function f(X) € L*(P), we have
Dif(X) = f(X) —Eif(X)
or (in short) ®; = Id — E;. Here, Id denotes the identity and E; taking the
expectation with respect to X;. -
(8) Let f(X) € L*(P), and let X1,..., X, be a set of independent copies of the
random variables Xy, ..., X,. Set T,f = f(X1,..., Xio1, Xi, Xiv1, ..., Xy) for
any function f(Xy,...,X,). Then, we have

05(X) = (SE(F0) - T ()?) (2.1

Here, E; denotes the expectation with respect to X;. By independence, we can

rewrite (210 as
2 (X) = (H(U(X) ~ ES(X)? + E(0X) B (x))
- (%((@J(X))Q + E@-@@-f(X))Q))W, (2.2)

where E; denotes the expectation with respect to X;.
(4) Similarly, we have

o FX) = (SE) - T2



12 F. GOTZE AND H. SAMBALE
for any f(X) € L*(P) as well as
9,f(X) = Ei(f(X) - Tif (X))
for any f(X) € L'(P).
By induction over n, f is bounded if and only if |® f| is bounded. Using (2.2)), the
same holds for |0 f| instead of |Df|.
Note that the difference operator ® is closely related to the Hoeffding decomposition

(L2). In essence, proving ([L.2)) is based on the identity E; +©; = Id with ©; as in (L3).
We finally get

hzllk(XZp)Xlk) - ( H Ej H ©l>f(X177Xn)
g#{in, ikt 1€{in, g}
For some kind of “harmonic” analysis arguments on the symmetric group, we shall
need a specific second order operator we would call “Laplacian”. Since in our discrete
setting ©;; = ©; for all 7, this cannot be £ = ). D;;. Instead, we define

i#]

Calling (23)) a Laplacian is justified for several reasons. First of all, (2.3]) enjoys
similar properties with respect to scalar products in function spaces (see Lemma [5.1]
below) compared to the classical Euclidean or spherical Laplacian. Moreover, if we
assume p; = pq for all i in Example 2.2] that is for functions of i.i.d. random variables,
the Laplacian (2.3)) is invariant under permutations, i. e.

Lf(x) = £f (m(x))

for any p-integrable function f on R™ and any permutation 7 of {1,2,...,n}. As
usual, here we set f(7(z)) = f(2z—101),...,Tr-1()). This may be regarded as a discrete
analogue of the rotational invariance of the usual Laplacian.

Relating the Hoeffding decomposition to the Laplacian £ yields the following result:

Theorem 2.3. Let (€, A;, p;) be probability spaces, and denote by (2, A, u) := Q7 (€,
A, i) their product. Moreover, f be some function in L*(p) with Hoeffding decomposi-
tion [ =>""_o fa. Then, we have

Lfa = (d)a2fa-
Here, £ is the Laplacian as introduced in (2.3), and we write (d)2 = d(d—1). Thus, the
d-th Hoeffding term is an eigenfunction of £ with eigenvalue (d)s.

Consequently, there is an orthogonal decomposition of L?-functions f on which the
Laplacian operates diagonally.

Proof. Write fa(x1,...,20) =35 o i hinig(Tis - 2i,) as in (L2). Fix iy < ... <dg.
Then, we get

0, i€ {i,..., 14},
hil...i Ly -y Ty i(dz;) = . . .
/ d< d)'u ( ) {hil...id(l‘ip e ,l‘id), 1 §é {Zl, e ,’Ld}.
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Therefore, we have

@l’fd<l’1,...,$n) = Z hil___id(xil,...,xid) (24)
11<...<iq
i€{it,eia}
and consequently
Qijfd<x17---7xn) = Z hil...id<xi17---7xid)- (25)
11<...<tqg
’i7j€{i1,...,id}
Hence it remains to check how often each term h;, ;,(x;,,...,2;,) appears in £f; =
Zi# D,jfa. As we just saw, each pair ¢ # j such that 7,5 € {i1,...,iq} replicates the
summand h;, _;,(z;,, ..., x;,) precisely once. As there are d(d — 1) = (d), such pairs, we
arrive at the result. O

In fact, there are at least two larger families of difference operators which satisfy
similar “invariance properties” with respect to the symmetric group and the Hoeffding
decomposition. One family of this type can be defined via

£ = Z@i, Lo 1= 2? and more generally L= £lf

for any k € {1,2,...,n}. Another one is given by

= ) 9,..9,
i1A90F . Fig

for any k € {1,2,...,n}. It is possible to relate these two families to each other by
representing the £F as polynomials in £;, e.g. we have £5 = £7 — £;.

As in the proof of Theorem 2.3 simple combinatorial arguments show that all the
£r and £; operate diagonally on the Hoeffding decomposition. In case of the £, the
eigenvalues of the Hoeffding terms of order up to k — 1 are 0.

In particular, with £ as in (2.3]), we see that we have £ = £5. In other words, £ is the
second order difference invariant operator which annihilates the Hoeffding terms up to
first order. This is in accordance with our basic concept of second order concentration.

It would be interesting to study concentration of higher order for functions of inde-
pendent random variables with the help of the operators £;, but it seems that this will
get more involved than the second order case and needs a different set of technical tools
for proving concentration. We intend to return to this question in the future.

3. MODIFIED LOGARITHMIC SOBOLEV INEQUALITIES

Let p be a probability measure on some measurable space (£2,.4) and g: Q — [0, 00)
a measurable function. Then, we define the entropy of g with respect to p by

Ent(g) := Ent,(g) := / glog gdp — / gdyilog / gdy.

Here, we set Ent(g) := oo if any of the integrals involved does not exist. A natural
condition for existence of entropy is whether the integral of glog(1 + ¢) is finite or not.
It is well-known that by Jensen’s inequality, we have Ent(g) € [0, 00]. As a modification
of the usual logarithmic Sobolev inequality, we now define
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Definition 3.1. Let p be a probability measure on some measurable space (2, A), and
let ' be a difference operator on this space satisfying Conditions[2.1. Then, u satisfies
a modified logarithmic Sobolev inequality with constant o® > 0 with respect to T if for
any measurable function f: Q2 — R such that the following integrals are finite we have

2
Ent(e!) < %/|Pf|zefdu. (3.1)
Here, |T'f| denotes the Fuclidean norm of the gradient T'f.

This definition goes back to [B-G1J, where it is called LSI,2. The term “modified
logarithmic Sobolev inequality” is due to Ledoux [L3, Chapter 5.3], where other modifi-
cations of logarithmic Sobolev inequalities are discussed as well. The difference between
the usual form of the LSI and modified one in (B.1)) is motivated by the fact that the
difference operators from Example do not satisfy any sort of chain rule. The number
0% > 0 is also called Sobolev constant. When using o instead of o2 itself, we will always
assume it to be positive.

We will use Definition B.Iwith I' = 9 and I' = 0" from Example 22l Setting I' = ©
would be too restrictive since in this case, only discrete probability measures with a
finite number of atoms would have a chance to fulfill a modified LSI of type (81). By
contrast, in case of 0 we have the following:

Proposition 3.2. Let u be any probability measure on some measurable space (2, A).
Then, u satisfies the modified LSI ([B.1) with Sobolev constant 0? = 2 with respect to the
gradient operator d from (L.I)).

Proof. This is due to [B-G2|]. For the reader’s convenience we include a sketch of its
proof here. Noting that we only need (L) in dimension one in the present situation,
we apply Jensen’s inequality to get

Ent,(e?) < Cov,(g,€?) = // N (9@ — e9W)) y(da) p(dy)
<5 [ (6@) = ) + e utanyutan)

= / [0g|*efdp.

Here g is any real-valued measurable function on €2 such that the integrals involved

are finite, and the next-to-last step uses the elementary estimate (a — b)(e® — ) <
s(a—0b)? (e +¢?) for all a,b € R. However, this means that u satisfies the modified LSI
(3.1) with Sobolev constant o2 = 2. O

If we especially consider two-point measures, the Sobolev constant can still be im-
proved a little:

Proposition 3.3. Let i = pdyq + (1 — p)d_1 for some p € (0, 1), where d, denotes the
Dirac measure in © € R. Then, u satisfies the modified LSI ([3.1)) with Sobolev constant
o? =1 with respect to 0 as in (LI)).

This is again due to [B-G2|, and we omit the proof here. It is easy to verify that for
instance in case of p = %, this constant is optimal.

From Propositions and [3.3] we can easily go on to product spaces by the following
tensorization property:
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Lemma 3.4. For all i = 1,...,n, let (Q;,A;) be measurable spaces equipped with
probability measures p; each satisfying the modified LSI 31 with Sobolev constants
02 > 0 with respect to 0 as in (LI). Then, the product measure p; @ ... @ i, on
(U x...xQ, A4 ®...®A,) also satisfies the modified LST [B1) with Sobolev constant

o? = max;—i, . .n cri2 with respect to 0.

As in the case the usual logarithmic Sobolev inequality, this is a consequence of the
subadditivity property of the entropy functional together with the additivity property of
the gradient operator 9. Therefore, Propositions and B3 naturally extend to product
measures.

For technical reasons, we also need modified LSI results for 0. It is easily seen that
if some measurable space (€2,.A) equipped with a probability measure p satisfies the
modified LST ([B.J) with Sobolev constant ¢ > 0 with respect to 0, it also satisfies the
modified LST (B.I]) with respect to 9, and the Sobolev constant can be chosen 202%. As
a result, we can transport Propositions and and Lemma 3.4l to the 9 difference
operators. We summarize these results in the following proposition:

Proposition 3.5. For allt =1,...,n, let (€, A;) be measurable spaces equipped with
probability measures p;. Then, the product measure 13 & ... & piy, on (1 x...xQ,, A ®

... ® A,) satisfies the modified LSI 3] with Sobolev constant o® = 4 with respect to
0" as in (LH). If all the Q; are two-point spaces, we can take 0 = 2.

4. EXPONENTIAL INEQUALITIES

In this section, we derive exponential moment inequalities for functions of indepen-
dent random variables. Consider any probability measure on some measurable space
(92, A) which satisfies the modified LST (B.1]) with Sobolev constant ¢ > 0 with respect
to the gradient operator 0. In Bobkov and Gotze [B-G1], it was proved that for all
bounded measurable functions f:  — R such that [ fdu = 0, we have

/efdu < /e"QDde,u. (4.1)

The proof of (1)) is similar to the proof of inequality (4.4]) which will be sketched in
the proof of Lemma [Z.11
In addition to (A1), we need a second inequality of the form

/ e dy < exp (c(t) / uzdu)

for small ¢t and some constant ¢ depending on ¢. An inequality of the desired form due
to S. Aida, T. Masuda and I. Shikegawa [A-M-S] is known if the underlying gradient
operator satisfies the chain rule (cf. (Z4]) in Section 7). Here, the main argument for
which the chain rule is needed is as follows: let V denote the usual gradient and |V f|
its Euclidean norm. Then, if we assume |V f| < 1, we immediately get

IV =201V <211l

However, if we replace V by the L2-difference operator d from (L)), such an inequality
does not hold. This desirable property is restored by switching to yet another difference
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operator, namely 0" as introduced in (LH). Indeed, let f: Q@ — R be any measurable
function on some probability space (€2, A, ). Then, for any =,y € 2 we have

(f(@)* = f)M); = (F@]+ [FOD*(f @) = [f @)D
< A[f@)P1f @) = [F @)D
Taking integrals and roots, we thus get that for any function f: Q — R in L?(u) such
that [07]f|| < 1, we have
pF 2 < 211, (4.2)
The same holds for product measures, i.e. the multivariate case. Now (L2) leads us

back to the basic inequality needed to estimate large deviations in [B-G1]. We therefore
arrive at the following lemma:

Lemma 4.1. Let p be a probability measure on some measurable space (€2, A) which
satisfies the modified LSI [B.1]) with Sobolev constant 6% > 0 with respect to the gradient
operator 0% from (LH). Moreover, let f: Q — R be a bounded measurable function such
that || f|| < 1. Then we have

: t ,
/etf dp < exp <m/f du) (4.3)

Proof. We adapt the arguments from [B-G1], p. 6 f. First, consider the inequality

1/
/ e dy < ( / 6Af+<1—A>62a+f|2/2dM) (4.4)

for all bounded measurable functions f:  — R and all A € (0, 1]. Here we have already
plugged in 0" as our choice of the difference operator.
To deduce (£4), we use the well-known “variational formula”

for allt € [0, 7).

Ent(g) = sup { /gh dup: h: 0 — R measurable s. th. /ehd,u < 1},

which can be shown by Young’s inequality in the form
uv < wulogu —u+ €Y

for all w > 0 and v € R, for instance. See [L3, Proposition 5.6] for details. If we set
g :=¢l and h := \f + (1 — N)a2[pt f|?/2 — B with 8 = logfe)‘f+(1*)‘)52|°+f|2/2dp, we
have [e"du =1 and thus

/()\f + (1 = N2t f|?/2 — B)eldu < Ent(e).

Since [ satisfies the modified LSI (B.1]) with constant &2, it follows that

)\/fefdu + (1 — \)Ent(ef) — B/Gfd,u < Ent(e”).

This is equivalent to
)\/efdﬂlog/efdu—ﬁfefd,ug(),

from which we directly get (Z£.4)).
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We now apply ([£4)) to the function sf?/(252) with 0 < s < land A = (p—s)/(1—5s)
for any p € (s,1]. Together with (L2]) (note that [9|f|| < 1 implies [oF|f|| < 1), this

gives us
(1=5)/(p—5)
sF2/(252 p8f2
fermn (fen () )

For p = 1 both sides are equal, and as for p < 1 the upper inequality holds, we get that
the logarithm of the left hand side (considered as a function of p) must increase more
rapidly at p = 1 than that of the right hand side. We thus consider the derivatives of
the logarithms of both sides at p = 1 and arrive at the inequality

1 .
0> - [(1 — ) ;f sf2/( d,u /esz/(z‘TQ)d,ulog/ sf2/(252 d,u}

— S

Now we set
U(S) - /esz/@&Q)dlu,
€ (0,1]. Then we get

or equivalently

Hence, the function

u(s) == exp (1

is non-increasing in s, and therefore we have v(s) < lim,jov(s) =: v(0") for all s € (0, 1].
Note that

sJ0 50

1
= exp <ﬁ/f2d,u) .
1-s 1
exp < log u(s )) < exp (2&2

/ f2d/i)
for all s € (0, 1], or equivalently

/ PP gy < exp ( )

Setting ¢t = s/(26?%) completes the proof. O

(1-9)/s
v(07) = lim (u(s)*~9/%) = lim </ sI* d,u)

Thus, we have

Combining inequalities (4.1]) and (43]), we now get the following result.

Proposition 4.2. Let y be a probability measure on some measurable space (2, A) which
satisfies the modified LSI [B.1]) with Sobolev constant o > 0 with respect to the gradient
operator 0 and which moreover satisfies the modified LSI ([B31]) with Sobolev constant
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a2 with respect to the gradient operator 0*. Furthermore, let f: Q — R be a bounded

measurable function such that [ fdp =0 and |00 f|| < 1. Then, we have

/exp (%f) du < exp <$ / |Df\2d,u) : (4.5)

Proof. First, applying (41)) to Af leads to

/e)‘fdu < /e/\Q"QDde,u.

Moreover, (A3) with ¢t = A\?0? for any X € [0, ﬁ) and with f replaced by [0f| gives us

22| f|2 )\20'2 2
e dp < exp T 2o252)2 R f"dp ) -

Combining these two inequalities then yields

M No? 2
/6 dMSGXp<m/|Df| dﬂ)-

Setting A = % completes the proof. O

5. RELATING FIRST AND SECOND ORDER DIFFERENCE OPERATORS

In order to remove the first order difference operator on the right hand side of (4.3]),
we may now study relations of the form

y / of Pdu < / 19® £ |dn

for some constant v > 0, where ®? is the “de-diagonalized” Hessian of f with respect
to the “Hoeffding” type difference operator © introduced in (L4). One of our main
tools is the following lemma about partial integration and self-adjointness for difference
operators and the discrete Laplacian £ defined on functions of independent random
variables.

Lemma 5.1. Let (£, A;, ;) be probability spaces, and denote by (Q, A, u) = Q7 (€,
A, i) their product. Consider f,g € L*(n). Then, we have:

(1)
J@ngin= [ r@gdn= [@.p@g)in
where ©; is the difference operator from (L3]).
(2)
/(fo)gdﬂ = /f(ng)du,

where ® is the gradient operator from ([L3)) and the integral has to be understood
componentwise.

(3)
/(Ef)gdﬂ — /f(Sg)dM = Z/(i)mf)(%g)dm

i#]
where £ is the Laplacian as in (23)).
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Hence, the difference operators ;, the gradient operator ® and the Laplacian £ are in
some sense selfadjoint operators on L*(j).

Proof. The proof is elementary. Note that in order to prove (2) and (3), we only need
to check (1). Part 1 in turn follows from the fact that by Fubini’s theorem, we have

/ /fdm dp = / /fduz- /gdlii)dM:/f(/gdui)du.

For (3), note that we always have ©;;f = ©,;f for any 4,j by (L3)) and Fubini’s
theorem. ]

Using this result, we can prove an inequality of the desired type:

Proposition 5.2. Let (€, A;, p;) be probability spaces, and denote by (Q, A, pn) =
Q% (i, As, p15) their product. Let f € L*(u) be a function such that its Hoeffding
decomposition with respect to p is given by

F=>Y f
k=d

for some d > 2. Then, we have

1
ofPdp < —— [ 1192 flfasdp
d—1

Equality holds if f = fy, i. e. the Hoeffding decomposition of f consists of a single term
only. Here, ||-||lus denotes the Hilbert Schmidt norm of a matriz.

Proof. First, let f = fi. Then, applying Lemma [5.1(3) leads to
J19 il =3 [@u50@ufildn = [ fehia

i#]
Moreover, Theorem 2.3 yields £f = (k)afr. Consequently, we have

/@®m&w=@»/ﬁm (%)

On the other hand, if X;,..., X, is a sequence of independent random variables with
distributions p;, ¢ = 1,...,n, we have
fk:(Xh"'aXn): Z h’il...ik(Xila"'7Xik)7
11 <...<ig

where the summands on the right hand side are pairwise orthogonal in L?. Here we
used the notation of the proof of Theorem 2.3
Now let Xi,..., X, be a sequence of independent copies of the random variables
Xi,...,X,, and additionally consider the functions T; hi, 4, (Xiy, - ., Xiy) = hiya (X
X, X;,) (cf. Example 22(3)). Then,

U {h212k<XZ17 Zk>}U{ 11 Zk( 217"'7Xik)7j:17"'7k}
11 <...<if

is still a (larger) family of pairwise orthogonal functions in L?, now integrating with
respect to the X; and the X;.
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Similarly to the deduction of (24]), we therefore get

CEfi— T

1. 2
:§Ei( 3 (hil,,_ik(Xil,...,Xik)—Tihil,_,ik(xh,...,xik))) .
11 <...<i
i€{it,..., ix }

i fr( X1, -, X0))? =

Using orthogonality, it follows that
E(lek(Xla cee 7X7L))2

= Y ER (Xi,....X;)

As in the proof of Theorem 2.3}, it remains to check how often each term Eh, ; (X,

., X;,) appears in E[0 fi|? = >, E(0;f;)?. However, it is clear that each i € {i1,...,ix}
replicates the summand Eh;, (X, ..., X;,) exactly once. Consequently, it follows that
E[pf|? = KEfZ, or

/|ka|2d/l:k/f,§du. (%)

Comparing () and (**) completes the proof in case of f = f;.
For functions with arbitrary Hoeffding expansion we shall use the orthogonality of
the terms of the Hoeffding decomposition to get

~ 1 1
[ortan= Y"1 (192 alidn < 1 (1091 s
k=d

This finally completes the proof. O
We are now ready to prove our main theorems:

Proof of Theorem[1.2 and Corollary[I.3. First, combining Proposition 2] Proposition
with d = 2 and the assumptions from Theorem leads to

1 1 b?
oo (g0t )i o (5 (1990 san) <o (55) )

if 11 satisfies the modified LST (B.0) with constant o > 0 with respect to ® and further-
more with constant 62 > 0 with respect to d+.
Now, from (E1I) we get

/eXp (%Ifl) dp S/ <eXp (%f) + exp (%(—f))) dp
o (L),
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Thus, by applying Holder’s inequality we obtain

1/k 2 1/k
/eXp (%I,ﬂ) dp < (/eXp (%I,ﬂ) du) < <2exp <%))

for all kK > 1. The last term is bounded by 2 if

Loy
K > (log2+ﬁb ) /log2,

or equivalently

1 < log 2
200k ~ 200log2 + 2b%
By Proposition 8.2 Proposition B.3] Lemma [B.4] and Proposition B.5, we can set
0% =2 and 6% = 4 or, in the Bernoulli case, 02 = 1 and % = 2. We thus choose

log 2
ex du <2 5.2
/ p(\/3_210g2+%62‘f|> = (5:2)

if 02 =2 and 6% = 4 and

log 2
exp fI) dp <2 (5.3)
/ (\/glog 2+ %62 )
if o2 = 1 and &% = 2. Noting that
log 2 1 log 2 1
> and >
V32log2 + px 6+ 22 \/§10g2+%x 342z

for all z > 0 completes the proof. O

Simple modifications of the above arguments now lead to the proof of Corollary [L.4k

Proof of Corollary[I.4 Note that we can use (A1) with 0 replaced by d*, that is

/efdM§/€&20+f2du

for any bounded measurable function f: Q — R with [ fdu = 0. Proceeding as in
Section 4 then leads to the inequality

/eXp (222 f) dp < exp (222 / |0+f|2d/~t)

if f: Q@ — Ris any bounded measurable function such that [ fdu = 0 and [o*[o* f|| < 1.

Since
[t [1orea

we can now use Proposition as well. The remaining part of the proof is similar to
the proof of Theorem [[L2 Thus we finally arrive at the inequality

1 log 2
202Kk — 202%log2 + b%
Plugging in 6% = 4 and noting that
log 2 S 1
8log2+ax — 8+ 2z
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for all z > 0 completes the proof. O
Finally, we prove Theorem [L.5

Proof of Theorem[LA. The basic argument is as follows: if we have two functions ¢,
and ¢ on R" both satisfying

/€Ci|§0i|dlu/ <2 (%)
for some constants ¢; > 0, 1 = 1, 2, it follows that

/emin(cl,cg)4,01+4,02/2dluS/661|4,01|/2€c24,02/2d,u

1/2 1/2
< (/ eclsoldlu) (/e”'“"?'du) <2

due to the Cauchy-Schwarz inequality. In our situation, we set p; = f; and py = Rf.
Hence, we only have to check (x).

The bound for Rf is obvious by Theorem and the fact that D,;Rf = D,;f for
all 7 # j in view of (Z3]). To prove the bound for f;, assuming condition (i), we apply
Proposition and then proceed as in the proof of Theorem Using the notation
from (x), this leads to

(5.4)

o . o
" 6+202 M <= 5o

and hence we can estimate min(cy, ¢2)/2 as stated in Theorem
It remains to check (x), bounding f; using condition (7). Here, inequality (4.1]) yields

/e)\fld'u < /602)\2|Df1|2d'u < 602)\2b(2)

&

for any A > 0, thus
/e’\f”d,u < 260%%3.

As in the proof of Theorem [[.2] it follows that

/€A|f1|/l’vdlu < (2602)\%3)1/& )

for all kK > 1. The right hand side is bounded by 2 if
A Alog 2
M GG = S
Kk~ log 2+ \202b3
The expression on the right hand side attains a maximum at A = (log2)'/2/(cb,) whose
value is (log2)'/2/(20by). Plugging in 0% = 2, we get
1 log2)/2 1
L, _(og2) " 1
2 4+/2b, Tbo
With ¢, as in the first part of the proof we arrive at the bound given in the theorem. [J

Compared to Theorem [L.2] Theorem needs conditions which are more involved
and hence are not always easy to check.
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6. EVALUATING SECOND ORDER DIFFERENCE OPERATORS

In Theorem [[.Z, checking the condition [||D® f||%gdp < b? is straightforward, once
we know the Hoeffding decomposition of f. In contrast, evaluating the condition
P[0f|| < 1 tends to be more involved. Therefore, we shall provide a reformulated
version of Theorem with conditions which are easier to apply.

To this end, in addition to the first order L2-differences 0, let us define second order
L2-differences. Recall the operators T; from Remark 2.2(3) given by

Csz()(ha)(n) = f(Xlu"'in7"'7Xn)7
where X,..., X, is a set of independent copies of the random variables Xj, ..., X,,.
Setting T;; = T; o Tj, let
1/2

0, () = (FEu(F(X) = T (X) = T, (X) + Ty f(X))?) (61

for any i # j. Here, E;; means taking the expectation with respect to X; and X;. Note
that similarly to (2:2)), (61)) can be rewritten as

1 1/2
0if = <Z (D)2 + Ei(Dis [)* + Ej(Dif)? + Ez‘j(@z‘jf)z)) ; (6.2)

where E; and E; denote taking the expectation with respect to X; and X, respectively,
and E;; means taking the expectation with respect to X; and X;. Similarly to (L.4), we
now define another sort of “Hessian” now based L?-differences by

6.3
0, 1=]. (6:3)

O F(X))y = {

Theorem 6.1. Let (€, A;, 1i;) be probability spaces, and denote by (2, A, u) := Q7 (€,
A, ;) their product. Moreover, let f: Q@ — R be a bounded measurable function so that
its Hoeffding decomposition with respect to p is given by

F=Yfu
k=2
Denote by 0 the difference operator introduced in (L1). Assume that the condition

10®) f|lus < By (6.4)

is satisfied for some By > 0, where 0®) f denotes the “de-diagonalized” Hessian of f
from 63) and 0@ f|lus denotes its Hilbert-Schmidt norm, and assume that

[0, f| < By foralli=1,...,n (6.5)

holds for some By > 0.
Then, we have

C
_ du < 2
/exp(Bl+Bz|f|) i<

for some numerical constant ¢ > 0. A possible choice is ¢ = 1/11. If all the underlying
measures f; are two-point measures, we can take ¢ = 1/7.
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Proof. For a set of independent random variables X7, ..., X,, with distributions u;, write

P () = (3 2B ()|~ Tas(x))?) (6.6)

i=1
with X = (X1,...,X,) and T} as in Remark 2.2(3). Without loss of generality, we
may assume that [0f| # 0. To simplify notation, we introduce the convention that
Z(j) means summation extending over all indexes but j. Similarly, Z(j’k) denotes
summation over all indexes but j and k. Now, setting a :== 37, @D@;1)2, b= (0:f),
c:= " W(T0;f)? and d := (T;0:f)* for any 1 < i < n, we arrive at

(Rfl =T f1)? = (Va+b—Verd)? < (W_fw d|)

m
<2(wa-var+ L8,

(6.7)

(Using the simpler estimate |va + b — v+ d| < |v/a — v/¢| + [vb — V/d| instead would

essentially lead to a condition on first order differences only.) Moreover, we have

Va-var = (000" - Z“ (1, 7))

j=1

DS Z“ i = TP = (B (Tf = Ty )’
< Z J(f = Tif =T.f + T, f)? (6.8)

Combining (6.6), (6.7) and (6.8) together with the trivial estimate \/z +y < /2 + /Yy

for all =,y > 0 then yields

99 1/2
WDf(X)HSﬂ(HD@ HHs+< ZE (@ (X ‘Df(”;;@'f(x)”) ) (6.9)

We may further estimate the last term by

1/2
|(2:f (X))? — (T f (X))?| St
(ZE X ) sup _rrllaxn|01f( ). (6.10)

We now claim that

Pf(X)P?

To see this, we first assume that the Hoeffding decomposition of f consists of the second
order term only, i.e. f(Xi,...,Xn) = >, hij(X;, X;). The general case is then proved
similarly using the orthogonality of the Hoeffding terms. Note that by Remark 22](3)

1/2
(ZE (0:4(X))* = (Taif (X >>|> -1 (6.11)
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and the elementary properties of the Hoeffding decomposition (L2), we have
1. n i n i 1 n i n i
0 = 53 Oy = 3 0T = 5 (152 O+ S O
j=1 j=1 j=1 j=1
Here we set h;; = hj; for i > j. Consequently, we get
1/~ "
|(0uf)? = (T (X))°] < 5 ((Z Dhii)* + (> >Tihij>2)-
i=1 '

7=1
Taking expectations, we obtain
Ei|(0:f)* — (T, £(X))?] < (0. )%,

from which the claim follows in the case f = f5. In the general case, we may replace
>t Whis by

> Ohyy 4> Ohygpe+ .

j=1 j<k
where the summation extends over all terms up to the order n. From here on the proof
is similar to the case f = fs.

Combining (6.9), (€.10) and (6.11]) with the assumptions from the theorem, we there-
fore arrive at
P[f|| < V2B + Bs.

Moreover, by Remark 2:2[(4) and Jensen’s inequality (or (6.2]), alternatively), we have
(Dijf(2))* < 4(0;;f(2))* and hence

/ 10® f|Pdy < 4B%. (%)

Finally, consider the “normalized” function f/(v/2B;+ By) and use (x) in (5.2) and (5.3)
from the proof of Theorem [[.2] respectively. The proof of Theorem then follows by
elementary computations. 0

As for conditions (6.4) and (6.5), note that in typical cases (for instance, if the
function f is symmetric) we have By = ©(By) as n — oo.

For functions of independent symmetric Bernoulli variables taking values in {£1},
we don’t seem to need first order differences. It is well-known that such functions can
be represented in the form

i=1 i<j
where the coefficients a;; (with a suitable multi-index I') are real numbers and the sum-
mation extends over all terms till order n. More precisely, we have

aiy i, =Ef(Xy,. . Xn)Xy - X

2d

for any i1 < ... <44, d =0,1,...,n. This representation is called the Fourier- Walsh
expansion of the function f, and the expression on the right-hand side of (6.12]) is also
known as a Rademacher chaos. 1t is immediately clear that (6.12)) is at the same time
the Hoeffding decomposition of f. Applying Corollary [L.3] to functions of this type leads
to the following result:
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Proposition 6.2. Let p be the product measure of n symmetric Bernoulli distributions
i = 2641+ 30_1 on {£1}, and define f: R" — R by

flxy, ... x,) = E Q4T + E QGjRTiT T+
i<j i<j<k
where the sum goes up to order n and the «;, . ;, are any real numbers. Set

B:i= sup ||9Pf(z)|ns
ze{x1}"

with D@ f(x) as in (L4). Then, we have

/exp (5%|f|) dp < 2.

Proof. First consider functions of the form
f:R" > R; flzy,... x,) = Z 0T (%)
i<j

with a;; € R. We also set «;; = ayj; for all ¢ > j. Using (2.0, we easily get

/ 19® flZgdu = 9@ fll2s = S (aymsay)? = 3 a2, (6.13)

i#] ]

Hence, we need to check the condition [d|of|| < 1 for all x € {£1}" only. By Remark
2.2((1), we can write

pf @)l = 5 (S0~ pre))?) (6.14)

k=1
Now use Remark 2.2(1), (24 and the notations from the proof of Theorem [6.1] to show

@f ()’ = @if (@) = (3 Vayyaez;)’

If i # k, we therefore get

n

(0:f(x))? = (Z CR) oy + Oé@-kfb’ﬂ?k)27
j=1

(0:f (op))? = (Z CP i — Oéz‘k%wk)Q-
j=1

If i = k, we have (0,f(2))? = (0rf(orx))?. Now define two vectors v and w by
o Z?Zl (i,k)aijl'z‘l‘j, i # k, e QipTiTy, 1 F£k,

Z > i1 Wy oy, 0=k, ' 0, i=k.
Then, we have

0/ (@)] = [pf (on(x)]| = [lv + w| = |v = wl|

< 2wl =2( 3" O (agaian)?)'”. (6.15)

=1
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Combining (6.13), (6.14) and [6.15] we get
pRf ()] < O (cumizi)®)? = 9P f(2)|lus
i#k
Now apply Corollary to the “normalized” function f/B. Simple estimates then

complete the proof for functions of type (x).
For general functions f, note that as above, we have

i i 2
(Dz‘f@))z = (sz(x))z = (Z ( )Oéiﬂﬂj + Z ( )aijﬂﬂm + .. ) )
=1 j<l
where the summation extends over all terms up to order n. Consequently, if ¢ # [, we
have

<azf<x))2 :(<Z (i’k)()éijl’il’j + Z (i’k)OziﬂSL’iSL’jSL’l + .. )

j=1 j<i

+ (aikl‘il‘k + Z (i’k)aiklxixkxl + .. .))2,
=1

(le(crk{[))Q :((Z (i’k)aijl'il'j + Z (i’k)aiﬂxixm + .. )

j=1 j<l

n

ik 2

- (Ofikxixk + g ( )aiklaziazkml + .. )) ,
=1

while for i = k we have (0;f(z))? = (0;f(oxx))?. Noting that

n
ik _
QT + E ( )aikﬂﬂkﬂ +... =D f(2),
=1

we can proceed as above, which finishes the proof. O

7. DIFFERENTIABLE FUNCTIONS: PROOFS

In order to prove Theorem [I.8, we need to adapt some of the elements of the proof
of Theorem from the previous sections. For that, if (M,d) is a metric space and
f: M — R is a continuous function, we may define the generalized modulus of the

gradient by
. . [f(z) — f(y)]

V[ ()| hr;lj;lp 1y (7.1)
for any x € M, where the limsup is assigned to be zero at isolated points. By the
continuity of f, x — |V*f(x)| is a Borel-measurable function. If f is a differentiable
function on some open subset G C R", the generalized modulus of the gradient agrees
with the Euclidean norm of the usual gradient. We may iterate the generalized modulus

of the gradient by setting

1 Fl o T s IV F @ = [V
V19 (@) = timsup £

(7.2)

for any z € M.
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Using the generalized modulus of the gradient, we have the following analogues of
inequalities (L) and (£3) from Section 4. Let (M,d) be a metric space, equipped
with some Borel probability measure y which satisfies a logarithmic Sobolev inequality
with constant o2. Moreover, let u: M — R be a p-integrable locally Lipschitz function.
Then, we have

/e”f“d“d,u < /e"le*”Pdu. (7.3)

Moreover, if we additionally require |V*u| < 1, we have

u? t 2
/et dp < exp (m/u du) (7.4)

for any 0 < ¢ < 5. Inequalities (Z3) and (Z4) are both due to S. Bobkov and
F. Gotze [B-G1]. As mentioned in Section 4, (Z4) actually goes back to S. Aida, T.
Masuda and I. Shikegawa [A-M-S].

Now consider M = G, where G C R" is some open subset equipped with the Eu-
clidean metric. By proceeding as in the proof of Proposition 4.2, we arrive at the
following exponential moment inequality:

Proposition 7.1. Let G C R"™ be some open set, and let v be a probability measure on

(G, B(G)) which satisfies the logarithmic Sobolev inequality (LI4]) with Sobolev constant

0% > 0. Furthermore, let f: G — R be a locally Lipschitz p-integrable function with

w-mean zero such that |V* f| is locally Lipschitz and |V*|V*f|| < 1. Here, |V*f| is the
generalized modulus of the gradient from ([L1)). Then, we have

1 1 X
/GeXp (ﬁf) dp < exp (W/GW fIQdM) :

Proposition [Tl is a special case of [B-C-Gl, Proposition 2.1]. If f is a C*-function,
the condition |V*|V*f|| < 1 can be simplified by the following lemma:

Lemma 7.2. Let G C R™ be some open set. Then, for any C*-smooth function f: G —
R, the function |V*f| is locally Lipschitz and satisfies

VAV F @I < I (@) s
at all points v € G, where f"(x) denotes the Hessian of f at x € G.
Proof. For the function v(z) = |V* f(x)* = |V f(2)]* = >7_,(0;f(2))?, we have

Ow(x) =2 0, f(2)d;f(x), i=1,...,n
j=1
Hence, by Cauchy’s inequality,

n

(G (@) < 42(@'#(90))2 (05 (x))* = AV f(2)|(0;3.f (2))?,

and thus
V()] < 2|V f()[|| f(2)]us-
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Now consider the function w(z) = |V f(z)| = /v(z). In the region |V f(x)| # 0, w
is differentiable, and we get

V()] = ' < ") s

2 \/U
as required.

If |[Vf(z)| =0, we have 0;f(x) =0 for all i = 1,...,n. By Taylor expansion at the
point x, we have

flz+h) = Za”f Vhj+o(lh])  as h=(h,..., hy) =0,

where |h| = y/h? + ...+ h2. Using Cauchy’s inequality, this yields
(0:f (z + )* < |hf? Z (9f ())° + o(| ),
and therefore

IVf(z+h)| < [hlllf"(x)]las + o(|Al).
Hence, by the definition (7.1),

V" w(z)] = limsup 2ET A =@y g, VIEEI ooy
h—0 |h h—0 |h|
Lemma is proved. O

We can now prove Theorem [L.&

Proof of Theorem[L.8. Given a function f as in Theorem [L.8 applying Proposition [7.1]
together with Lemma [7.2] yields

/Gexp (%f) dp < exp (2(17 / |Vf|2d,u) (7.5)

Since p satisfies a logarithmic Sobolev inequality with constant o2, it also satisfies a
Poincaré inequality (LI3) with constant 0. Therefore, since fG O fdp = 0 for all i, we

have
[oran<y [ @urran
G = Ja
forall i =1,...,n, where 0;;f(z) = leifé;:) Summing up over all 7, we get
L 1wstan< o [ 17 s (76)

Combining (7.5)), (7.6) and the assumptions from Theorem [[.8 we arrive at

1 1 b
/GeXp <ﬁf) dp < exp (5 /GHf”II%de) < exp (5) :

The rest of the proof is similar to the proof of Theorem [L2. We finally arrive at the
inequality
1 log 2
202k — 20%log2 + b2o?
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Noting that
log 2 1

>
202log2 + xo? — 202%(1 + 1)
for all > 0 finishes the proof. O

Finally, we prove Theorem [L.9t

Proof of Theorem[1.9. The proof is similar to the proof of Theorem assuming con-
dition (i) from the latter theorem. Setting pu(h) = [, hdp for any h € L'(u), write
f =1+ o with

p1(z) = Zﬂ(@f)(l“i — p(xi)), pa(r) = f(x) — p1(x).

We now apply the basic argument (5.4]) from the proof of Theorem Here we need

to check that

for i = 1,2 and some constants ¢, co > 0. By Theorem [L.8 applied to ¢9, we may choose
1 1
—Cg = ———.
27 402(1 + )

For estimating the function ¢y, note that [V;|? = >0 (1(9;f))* < b3 by assump-
tion. Therefore, applying (73] yields

/e)‘md,u < /602>\2Vgo1|2d,u < 60'2)\217(2)
for all A > 0. Proceeding as in the proof of Theorem [[L7 we obtain
1 log 2)1/2 1
=C1 = (Og ) Z )
40’()0 50’()0
which easily yields the desired result. 0

2
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