arXiv:1602.03073v2 [math.PR] 27 Nov 2016

ON THE LOCAL SEMICIRCULAR LAW FOR WIGNER ENSEMBLES
F. GOTZE, A. NAUMOV, A. TIKHOMIROV, AND D. TIMUSHEV

ABSTRACT. We consider a random symmetric matrix X = [X;;]},_, with upper tri-
angular entries being i.i.d. random variables with mean zero and unit variance. We
additionally suppose that E|X11|**® =: p4ys < oo for some § > 0. The aim of this
paper is to significantly extend a recent result of the authors [18] and show that with
high probability the typical distance between the Stieltjes transform of the empirical
spectral distribution (ESD) of the matrix n~2 X and Wigner’s semicircle law is of order
(nv)~!logn, where v denotes the distance to the real line in the complex plane. We
apply this result to the rate of convergence of the ESD to the distribution function of
the semicircle law as well as to rigidity of eigenvalues and eigenvector delocalization
significantly extending a recent result by Gotze, Naumov and Tikhomirov [I9]. The
result on delocalization is optimal by comparison with GOE ensembles. Furthermore
the techniques of this paper provide a new shorter proof for the optimal O(n=!) rate
of convergence of the expected ESD to the semicircle law.

1. INTRODUCTION AND MAIN RESULT

Let X = [Xjk]?,kzl be a random Hermitian matrix with upper triangular entries
being independent random variables with mean zero and unit variance. Denote the n
eigenvalues of the symmetric matrix W := %LX in the increasing order by

A(W) < < A (W)

and introduce the eigenvalue counting function Ny (W) := {1 < k < n : \((W) € I}
for any interval I C R, where |A| denotes the number of elements in the set A. The
pioneering result of E. Wigner [38] states that for any interval I C R of fixed length and
independent of n

1

lim —E N, (W) = /gsc()\) d, (1.1)
n—oo N I

where g,.(A) == 5-1/(4 — A?); and (z); := max(z,0). Wigner considered the special

case when all X, take only two values £1 with equal probabilities. Later on the
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result (1) was called Wigner’s semicircle law and has been extended in various aspects,
see, for example, [2], [33], [15], [27], [32] and [20]. For an extensive list of references we
refer to the monographs [1], [6] and [35]. In what follows we call Wigner’s semicircle law
or semicircle law not only a result of type (IL1I), but the limiting probability distribution
as well.

If an interval I is of fixed length, independent of n, it typically contains a macro-
scopically large number of eigenvalues, which means a number of order n. In this case
we may rewrite (1) in the following form

1 1 1

It is of interest to investigate the case of smaller intervals where the number of eigen-
values cease to be macroscopically large. In this case the second term on the right
hand side of (L2)) needs to be refined. An appropriate analytical tool for asymptotic
approximations is the Stieltjes transform of the empirical spectral distribution function
Fo (%) := L1 N(_oo.2) (W), which is given by

my(2) = /OO Lf’i(i) = %TI“(W — )t = %Z 7)\]'(W) —

[ j=1

n

where z = u + iv,v > 0. For the imaginary part of m,(z) we get

Im my, (u + iv) = /OO (A_u”wdmu) - %/Oo P (“ - A) dF,(\)

—00 oo

which is a kernel density estimator with a Poisson kernel P(x) and bandwidth v. For a
meaningful estimator of the spectral density we cannot allow the distance v to the real
line, that is the bandwidth of the kernel density estimator, to be smaller than the typical
% -distance between eigenvalues. Hence, in what follows we shall be mostly interested in
the situations when v > £ ¢ > 0, where in some situations ¢ may depend on n, growing
for example like log n.

Under rather general conditions one can establish the convergence of m,,(z) for fized

v > 0 to the Stieltjes transform of Wigner’s semicircle law which is given by

* gse(A) dA z 22
s(z):/ %=—§+\/Z—1.

It is much more difficult to establish the convergence in the region 1 > v > =. Significant
progress in that direction was recently made in a series of results by L. Erdcs, B. Schlein,
H.-T. Yau and et al., [13], [12] , [14], [10], showing that with high probability uniformly

imnuel

logﬁ n

|, (u + iv) — s(u + )| <

g >0, (1.3)

which they called local semicircle law. It means that the fluctuations of m,(z) around
s(z) are of order (nv)~! (up to a logarithmic factor). The value of 8 depends on n,
more precisely on 3 := (3, = cloglogn, where ¢ > 0 denotes some constant. In in the
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papers [13], [12], [14] the inequality (L3]) has been shown assuming that the distribution
of X;, has has sub-exponential tails for all 1 < j, & < n. Moreover in [10] this assumption
had been relaxed to requiring E | X;;|? < p, for all p > 1, where 1, are some constants.

Without loss of generality we will assume in what follows that X is a real symmetric
matrix. We say that the conditions (C0) hold if:

o Xj;,1<j<k<n,areiid. real random variables;
L4 EXH:O,EXIQIZL
o E|X1|*" =: pyys < oo for some § > 0.

Our results proven below apply to the case of Hermitian matrices as well. Here we may
additionally assume for simplicity that Re X;; and Im X are independent r.v. for all
1 <7 < k < n. Otherwise one needs to extend the moment inequalities for linear and
quadratic forms in complex r.v. (see [I8][Theorem A.1-A.2]) to the case of dependent
real and imaginary parts, the details of which we omit.

The result (L3) under the conditions (CO0) was proved in a series of papers [11], [9], [31]
with an n-dependent value 5 = cloglogn. In [I§] we gave a self-contained proof based
on the methods developed in [2§], [23] while at the same time reducing the power of
logn from 8 = cloglogn to = 2. Our work and some crucial bounds of our proof
were motivated by the methods used in a recent paper of C. Cacciapuoti, A. Maltsev
and B. Schlein, [§], where the authors improved the log-factor dependence in (L3]) in
the sub-Gaussian case. Let k = 2(4;;%). In [I§][Theorem 1.1] it is shown, assuming
conditions (CO), that for any fixed V' > 0 there exist positive constants Ay, A; and C
depending on ¢ and V' such that

Cp2 p
E m, () — s(2)P < [ 22 1.4
m(2) = st < () (1)
forall 1 < p < Aj(nv)", V > v > Agn~! and |u] < 2+ v. Note that when stating that
some constant C' depends on § we actually mean that it may depends on 4.5 as well,
that is C' = C(0, 4rs). Applying Markov’s inequality we may rewrite (L4]) in what
follows in the following form

P (o) s(2) > ) < (2} (15)
( )= (%)

nv

forall 1 <p < Aj(nv)*, V. >v > Agn~! and |u| < 2 + v. For applications the range of
v, such that (I4]) holds for fixed p is relevant. It is clear that V' > v > Cp=n~'. Since
we are interested in error probabilities which are polynomially small only, it suffices to
choose p to be of order logn, which implies that V > v > Cn~! logé n. At the same
time the constant K in (IZF) should be of order log®n. Comparing with (L3) we get
g =2.

In the region |u| > 2 + v we can control the imaginary part of m,(s) only. It was
proved in [I8][Theorem 1.1] that for any wy > 0 there exist positive constants Ay, A;
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and C depending on ug, V' and ¢ such that

E|Tmma(z) — Im ()P < (C—p) (1.6)

nv
forall 1 <p < A;(nv)®, V >v> Agn ! and |u] < u.
As mentioned above, we are interested in the case when p is of order logn which
1
implies V' > v > n~!log* n. This choice yields that in our applications all bounds will

depend on log% n. The power x~!, which is independent of n, may be rather large for
d near zero. The aim of the current paper is to strengthen the results of [18], [19] by
proving bounds of type (L3]) with 5 = 1 while at the same time showing that p and v may
be taken of order logn and n~!logn respectively. This is done in Theorem [T below.
To this end we combine our techniques from [I§] with fruitful ideas from [9] and [31]
in particular their moment matching technique. A crucial result in that direction is
Lemma Bl See the sketch of proof below in Section [[.2l It still remains one challenging
open problem, namely extending the bounds to weaken the moment condition to § = 0.

1.1. Main result. Let us introduce the following notation
A (2) i=myu(2) —s(2), z=u+iv.
The main result of this paper is the following theorem, which estimates the fluctua-

tions (L3]) and strengthens (4] and (LG).

Theorem 1.1. Assume that the conditions (CO) hold and let V' > 0 be some constant.
(1) There exist positive constants Ay, Ay and C depending on V and & such that

E A () < (@)

nv
forall1 <p<Ajlogn, V>v> Am tlogn and |u| < 2+ v.

1) For any ug > 0 there exist positive constants Ag, Ay and C' depending on ug, V and

o such that OO\ P
E|Tm A, (2)] < (—p) ,

nv
forall1<p<Ajlogn, V>uv > Ayn tlogn and |u| < up.

As a consequence of this result we may show that similarly to (LH) for all K > 0

P (12 ) < (2 (1.7)

valid for all 1 < p < Ajlogn, V > v > Agn~'logn and |u| < 2+ v. Taking p and K of
order logn we may guarantee that (IL7) is less then, for example, n=2. Thus, comparing

with (L3), we get § = 1.
Applications of Theorem [[LT] outside the limit spectral interval, that is for |u| > 2,
require stronger bounds on Im A,,. Let us denote

7= (u) = uf - 2| (1.8)
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and introduce the following quantity

2

S A4+d

which will control the level of truncation of the matrix entries. We say that the set of
conditions (C1) holds if:

e (CO0) are satisfied;
o | Xk < Dn*1<jk<n, where D := D(«) denotes some positive constant
depending on « only.

By definition k = §/(2(4 + 0)), hence we may write k = 1_220‘.

Theorem 1.2. Assume that the conditions (C1) hold and ug > 2 and V' > 0. There
exist positive constants Ag, Ay and C depending on 0,uy and V' such that

CPpP Cpp2p CP Cpp§
)Ty o)

a = «a(d)

E|ImA,(2)]P < + gt ——3
| m (Z)| = np(,y+v)p (nv)Qp(’Y+U)5 npvi('y+v)

K -1
= >~ /A1 ’ - - = = .
forall1<p < Ay(nv)*, V>v> At and 2 < |u| <

1.2. Sketch of the proof of Theorem [I.1] and Theorem [1.2. The proof of Theo-
rem [[T]is similar to the proof [18][Theorem 1.1]. Applying Lemma B.1 in [18] see (2.7)
below and [8][Proposition 2.2]) it is shown in Section 2l that one may estimate E |A,,(2)[?
or E|ImA,(z)” (depending on Re(z) being near or far from the spectral interval [—2, 2])
by the moments E |T,,(z)[? (see definition (24])).

To estimate E |T,(z)|? we may repeat all the steps of the proof of Theorem 2.1
in [I8] with one important modification. One of the crucial steps in the proof is the
bound E|R;;(2)|P < C}. It was shown in [18][Lemma 4.1] that this bound holds for all
V>v>Am tand 1 <p < Aj(nv)F. Since we have to choose p of order logn we need

)

to prove bounds in the region v > ¥ :=n"! log% n. In order to close the gap in v from v
to vy := n~!logn with p being still of order logn we apply the following strategy. We

start from the fact that E |R;;(2)P < C} log(%fl)pn for all v > vy, see Lemma In
order to remove the logarithmic factor from the r.h.s of the last bound we apply ideas
motivated by moment matching techniques used in [9] and [31]. That is we construct
a symmetric random matrix Y := [Vj;]7, such that EX5 = EYj;,1 < s < 4 and Yj
are sub-gaussian random variables, see Lemma B.4] (see Lemma 5.1 [31]). Then we show
in Lemma that the bound E [R;;(2)[P < C? + E|RJ;(2)[? still holds for all v > v
and p of order logn, where RY denotes R with the X matrix being replaced by the Y
matrix. Our technique in the proof of Lemma is a Stein type method. Finally, using
the sub-gaussian properties of Y we show in Lemma BTl that E |RJ;(2)[? < Cf for all
v >1vy and 1 < p < clogn, for some constant c¢. All these arguments rely on the proof
of Lemma Bl Note in contrast that in [31I] the moment matching techniques were used
to estimate the distance m,(z) — s(z) directly combined with a combinatorial approach
(see, for example, Lemma 5.1 and Lemma 5.2 in [31]).

The proof of Theorem [1.2lis based on the same arguments as the proof of Theorem 1.2
in [18]. Note that E|T,,(2)|” is bounded in terms of EIm” R;;. The same arguments as
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for E |R;;(2)[? will give us the bound EIm” R;; < H{ Im? s(z) + HipP(nv) ™" valid for
some big constant Hy > 0 and v > vg,1 < p < clogn. Since we can derive explicit
bounds for Im s(z) inside as well as outside the limit spectrum we are able to control
the size of E|T,(2)|? as well as of E |ImA,,(2)|? on the whole real line in terms of the
quantity 7 (see (L.§)). This is a another key argument for the proof of Theorem [[.2

1.3. Delocalization, rigidity and rate of convergence. In this section we present
results about delocalization of eigenvectors, rate of convergence of empirical spectral
distribution function (ESD) to the semicircle law and rigidity of eigenvalues. These
results strengthen the corresponding results in [19].

We start this section by showing delocalization of eigenvectors. This question has
been intensively studied in many papers, for example, in [13] [21], [11] and [9].

Let us denote by u; := (uj1,...,uj,) the eigenvectors of W corresponding to the
eigenvalue \;(W) .

Theorem 1.3. Assume that conditions (CO) hold with 6 = 4. For any 0 < ¢ < 2 there
exist positive constants C' and Cy depending on ¢ and ug such that for any
Cylog n) < C

— n2_¢'

]P’( max |ujx|* >
1<j,k<n n

We remark here that it is possible to relax the moment conditions to the case 0 <
d < 4 as well. But here we may only conclude that there exists some constant ¢(d) > 0
depending on 4 such that

]P’( max |ujx|* >
1<j,k<n n

C logn) < C

— ned)’

A comparison with a similar result for the GOE ensemble (see [I][Corollary 2.5.4]) and
the delocalization of eigenvectors of the unit sphere shows that this result is optimal
with respect to the power of logarithm. It is not clear though whether it is still possible
to strengthen the probability bounds above. The numerical calculations in Section 5
of [19] strongly suggest that the actual probability bounds should be very poor. The
proof of this theorem is similar to the proof of Theorem 1.4 in [19], but since this result
is optimal we present it here. It is given in Section Bl The proof is based on Lemma [3.11

The results on rate of convergence and the rigidity of eigenvalues are based on The-
orem [[LT] and Theorem [I.2L We first investigate the rate of convergence in probabil-
ity of ESD to the distribution function of Wigner’s semicircle law defined as follows
Goe(z) == [ gse(N)dX\. To measure the distance between distribution functions we
introduce the uniform distance

A; = sup |Fn(x) - Gsc(x)|
zeR

At this point we omit a detailed discussion of previous results and refer the reader
instead to [19], which provides links to the related papers [25], [4], [21], [23] and [36].
We prove the following theorem.
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Theorem 1.4. Assume that the conditions (CO) hold. Then there exist positive con-
stants ¢ and C depending on § such that for all 1 < p < clogn

. CPlog* n
Pl 2B < =
for all K > 0.
Let Nfz — £, 0+ £] := N((W) for [ =[x — £,z + £],& > 0. The following result

is the direct corollary of Theorem [L4]

Corollary 1.5. Assume that conditions (CO) hold. Then there exist positive constants
¢ and C depending on § such that for all 1 < p < clogn and all £ >0, K >0

N[z — £, 2+ & K CPlog® n
L > — | < —. .
IP( : —0:(0)| 2 7 | < (1.9)

Taking K = C1n~"'log®n with C; = Ce?/¢ (one may of course take a larger constant)

we get that
C, log® 1
P (a; > 7g) <1 (1.10)
n n

The proof of Theorem [I.4] will be given in Section [6l We believe that it is still possible
to reduce the power of log in (L9) from 2p to p or even £, which would be optimal due
to the result of Gustavsson [29] for the Gaussian Unitary Ensembles (GUE).
Instead of A} one may study the following distance of the mean spectral distribution
to its limit
A, :=sup|E F,(z) — Gs(z)].

z€R

The first estimate of A,, was obtained by Z. Bai [3], who showed the bound A,, = O(n_%)
assuming 114 < oo. Already in 1998 Girko [I6] published an error bound order O(n"2)
under the same moment conditions. In 2002 [I7] he closed gaps in his proof. The same
result was independently obtained by Bai and et. al. [5] and Gotze, Tikhomirov [25].
Girko [16] claimed that the actual rate of convergence of the expected spectral distri-
bution function to the semi-circle law is O(n~'/2) even in the Gaussian case. In 2002
Gotze and Tikhomirov [24] showed that for the GUE the rate of convergence to the
semi-circle law is O(n~%?). In 2005 [26] they improved this bound to O(n~'). In 2007
n [37] the bound A, = O(n™') was obtained for the Gaussian Orthogonal Ensemble
(GOE) as well. Up to this point is was not clear what the optimal rate of convergence to
the semi-circular law under weak moment conditions only should be. It follows from [7]
that if the distributions of the matrix entries satisfy a Poincaré type inequality then
A, = O(n73). Recently Gétze and Tikhomirov [28] proved the bound A, = O(n~ )
assuming that pg < oo or puy < oo combined with the assumption |Xj;| < C’n%
Finally in [22] the following theorem was proved
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Theorem 1.6. Assume that the conditions (CO) hold. There exist a positive constant
C(6) depending on § such that

A, < <0
n
In Section [6] we give an alternative proof of this theorem, based on the methods
developed in this paper.
Another application of Theorem [[.1] is the following result which shows the rigidity

of eigenvalues. Let us define the quantile position of the j-th eigenvalue by

i ;
v; / gsc()\)d)\zl, 1<j<n.
n

— 00

We will prove the following theorem.

Theorem 1.7. Assume that the conditions (CO) hold and let K > 0 be an integer.
Then

(i). For all j € [K,n — K + 1] there exist constants ¢ and C,Cy depending on 0 such
that for all 1 < p < clogn we have

CPlog® n
< —
S
(7). Assume that § = 4. For any0 < ¢ <2 and all j < K orj >n— K +1 there exist
constants ¢ and C,Cy depending on ¢ and ug such that for 5 < p < clogn

C CPlog'* n
n2-¢ + Kr

For comparisons we refer the interested reader to relevant results of Gustavsson [29)
for the Gaussian case, as well as to the results in the papers [10][Theorem 7.6], [L1][Theorem 2.13], [21]|
and [8][Theorem 4] already mentioned above. The proof of Theorem [L7 is similar to
the proof of Theorem 1.3 in [I9] up to some small improvements due to an improved
bound in Theorem [[L4l For proving the part (ii) we use the result of Theorem [[.2] using
ideas from [§][Lemma 8.1] and [10][Theorem 7.6]. Note here that our techniques allow
to treat the case 0 < 0 < 4 in (4i) as well, but with weaker probability bounds in (i7) of
order n=¢® where ¢(0) > 0 depends on moment exponent 6. We omit the details and
the proof of Theorem [T

P(|\; — ;| > CyK[min(j,n — j +1)]75n73)

n

W=
win

P(|\; — ;| > CiK [min(j,n — j +1)]75n73) <

1.4. Notations. Throughout the paper we will use the following notations. We assume
that all random variables are defined on common probability space (2, F,P) and let E
be the mathematical expectation with respect to P. We denote by 1[A] the indicator
function of the set A.

We denote by R and C the set of all real and complex numbers. We also define
Ct:={2€C:Imz >0} Let T =[1,...,n] denotes the set of the first n positive
integers. For any J C T introduce Ty := T \ J. To simplify all notations we will write
T;, Ty, instead of Ty and Ty, respectively.
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For any matrix W together with its resolvent R and Stieltjes transform m,, we shall
systematically use the corresponding notations W@ R mg), respectively, for the sub-
matrix of W with entries Xy, j, k € T \ J. For simplicity we write W), W3 instead
of WWH WU | The same is applies to R, m,, etc.

By C' and ¢ we denote some positive constants. If we write that C' depends on ¢ we
mean that C' = C(0, pays).

For an arbitrary matrix A taking values in C"*" we define the operator norm by

|A[l == Supegn;jzj=1 [[Az]|2, Where [[z[s == (377, |x]~|2)%. We also define the Hilbert-
Schmidt norm by A, := Tr AA* = (X7, [Ajf?)2.

2. PROOF OF THE MAIN RESULT

The proofs of Theorem [[.T] and Theorem repeat the arguments of [I8], but for
the readers convenience we provide the main steps here. We start with the recursive
representation of the diagonal entries Rj;(z) = [(W — 2I)7!];; of the resolvent. As
noted before we shall systematically use for any matrix W together with its resolvent
R, Stieltjes transform m, and etc. the corresponding quantities W(J),R(J),mg) and
etc. for the corresponding sub matrix with entries Xi, 7,k € T\ J. We will often omit
the argument z from R(z) and write R instead. We may express R;; in the following
way

1
Rjj = y 5- (2.1)
—z+ % - % El,keqrj Xjk‘XﬂRl(cjl)
Let €j = &1 + €2j + €3j + €4j, where
1 1 ; 1 ;
ey ==Xy ey == Y XpXpRY, ey =-> (X - DRY,
NLD n n
I£kET; kET;
1 )
ey = —(TrR — TrRY)).
n
Using these notations we may rewrite (2.1]) as follows
1 1
= R 2.9
5 T () | ama(e) (22)
Summing last equations for j = 1,...,n, we obtain
1+ 2mp(2) + mi(2) =T, (2.3)
where
1 n
Tn = E Z&jRjj, (24)
j=1

It is well known that s(z) satisfies the following quadratic equation

1+ 2s(2) + s*(z) = 0. (2.5)
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From (2.3)) and (2.5]) we conclude that

A = 1, _ I
Tz me(2) +Fs(2) ba(2)’

where

bn(2) :=0(2) + Ay, b(2) ==z + 2s(2). (2.6)
From Lemma B.1 in [I8] (see also [§]Proposition 2.2]) it follows that for all v > 0 and
|u| <2+ v (using the quantities (2.6)))

A, < Cmin{|z|)j(j:)||,\/|Tn|}. (2.7)

Moreover, let ug be an arbitrary fixed positive number. Then for all v > 0 and |u| < ug

| Tm A, | §Cmin{é?§%,@}. (2.8)

This means that in order to bound E |A,|P (or E|Im AP respectively) it is enough to
estimate E |T,, 7.

Let V be an arbitrary fixed positive real number and Ay is some large constant defined
below. We introduce the following region in the complex plane:

Di={z=u+iveC:|ul <uy,V >v>uvy:=An *logn}. (2.9)

The following theorem provides a general bound for E|T,|? for all z € D in terms of
diagonal resolvent entries. To formulate the result of the theorem we need to introduce
additional notations. Let

A(g) == max maxEs Im? R\Y (2.10)

JI<1 €Ty o
where J may be an empty set or one point set. We also denote

_ PP A(kp) | P [b(2)[2 A (kp)

(nv)p (nv)?p (nv)p

& , (2.11)

16
1-2a°

where Kk =

Theorem 2.1. Assume that the conditions (C1) hold and ug > 2 and V' > 0. There
exist positive constants Ag, Ay and C depending on a,ug and V' such that for all z € D
we have

E|T,|P < CPE,, (2.12)
where 1 < p < Ajlogn.

Proof. See [18][Theorem 2.1]. O

Proof of Theorem[I]. By standard truncation arguments (see Lemmas D.1, D.2, D.3
in [I8]) in what follows we may assume that

| Xk < Dn®forall 1 <j k<n
and some D := D(«a) > 0.
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Applying Theorem 2.1l we will show in section Bl Lemma B.1] that there exist con-
stants Hy depending on ug, V and Ay, A; depending on o and Hy such that
Hp”

(nv)P’

AP (kp) < HY Tm? s(z) + (2.13)

for all 1 < p < Ajlogn and z € D. This inequality and Theorem 2.1] together imply
that

CPpPImP s(z)  CPp*  CP|b(2)|% Im? s(z) lE) 5p
oy (o) (no)? ()%
with some new constant C' which depends on Hy. To estimate E | Im A, |P we may choose

one of the bounds (2.8)), depending on z being near the edge of the limiting spectral
interval or not. If [b(z)[? > &£ then we may use the bound

E|T,PP < (2.14)

(no)?
CPE|T, P
EllmA,p < SEIL
|b(=)[P
The r.h.s. of the last inequality may be estimated applying (2.14]). We get
p p P 2P P Tm? Pps
E|ImA, P < O I 5(z) 02p < Im28(22 ijp —.
(no)Plo(z)[P— (no)?|b(2)[P  (nv)P[b(2)[2  (nv)F[b(2)|2
Since |b(z)[P > (CZ)’;Z the last inequality may be rewritten in the following way

CrpPImP s(z)  CPIm? s(2) N CPpP

E | Im An|p < (nv)p|b<z)|p (nv)p|b(z)|% (nv>p-

It remains to estimate the imaginary part of s(z). Since

PP
(=) < ()" for ful <2 and T s(z) < bc<“)|p otherwise
z
both inequalities combined yield
p
E|[ImA,|P < (@) , (2.15)
nv

where we have used as well the fact that /v +v < [b(2)| < Cy/y+ v for all |u| < uy,

0 < v < wv;. We assume now that |b(2)[P < (an;’;z Then Tm? s(z) < (C;Tp)z and we obtain

a bound proportional to \Tn\%. Hence,

p
E|ImA,[” < CPE|T,|> < (Q) .

nv

Similar arguments apply to E |A,|P. O
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Proof of Theorem[1.2. From Theorem 2.1l we may conclude that
CrprImP s(z)  CPp*  CP|b(2)|% Im? s(z) e

P P
2p2
D .

3

E|T,|P < 2.16
e T R ) A T i 219
Applying (Z8) we get
E|T,P
E|ImA,|? < 75| :
[b(2)[?
This inequality together with (2I4]) leads to
CPpP? Tm” Crp*r C?Im?3 Crps
E|Tm A, [p < S 207 s(2) D m? 5(2) P2 )
(no)Plb(z)|P (nv)*[b(2)[P (n)?|b(2)|2  (nv)? |b(2)|2
Since ¢y/7 +v < |b(z)| < Cy/y+ v for all |u] < wup, 0 <v < vy and
\/%glms(z)g for all 2 < |u| < up,0 < v < vy,
we finally get
CP CPp2p P CPps
E|Im A, < LA A S LTS
This bound concludes the proof of the theorem. O

3. A MOMENT BOUND FOR DIAGONAL ENTRIES OF THE RESOLVENT

In this section we prove bounds for the diagonal entries of the resolvent. As mentioned
before in the Introduction and Section these bounds will play a crucial role in the
proof of Theorem [Tl and Theorem To formulate the main result we shall introduce
additional notations. We denote

P
U(z):=Ims(z) + o (3.1)
and recall definition of the region D,

Di={z=u+ivecC:lul <uyV >v>uvy:=Amn 'logn},

where ug, V' > 0 are any fixed real numbers and A is some large constant determined
below. The main result of this section is the following lemma.

Lemma 3.1. Assuming the conditions (C1) there exist positive constants Cy, Hy de-
pending on ug, V' and positive constants Ay, A1 depending on Cy, Hy,d and K (see the
next section for definition of K ) such that for all z € D and 1 < p < A;logn we have

max E [R;;(z)|" < CF, (32)
JeT
1
—_— <Y :
\z+mn(z)|p_ 0> (3?))
max EIm” Rj;(z) < HJUP(z). (3.4)

JET
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Note that the region D and p depend on « via some constants Ay and A; only, but the
power of the logarithmic factor in the definition of D is independent of . We split the
proof of this lemma into two subsections. In the first subsection we prove (3.2) and (B3.3).
In the second subsection we prove ([34]). The proofs are very similar and we shall give
the proof of (3.2)) in full detail while only sketching the proofs of ([B.3) and (3.4]). Note
that in the subsequent sections we keep the notations for the constants Ay, Ay, Cy and
Hy introduced above, but the particular values may depend on the location.

3.1. Moment bounds for the absolute value of resolvent entries. We start this
section with the following lemma which was proved in [I8][Lemma 4.1].

Lemma 3.2. Assuming the conditions (C1) there exist a positive constant Cy depending
on ug, V' and positive constants Ay, A1 depending on Cy,d such that for all z € D and
1 <p< Ai(nv)* we have

maxE |R;i(2)|" < G (3.5)
and )
—— < (P :
EEETHER 20
Proof. See [18][Lemma 4.1]. O

Proof of B2)) and ([B3]). Since u is fixed and |u| < ug we shall omit u from the notation
of the resolvent and denote R(v) := R(z). Sometimes in order to simplify notations
we shall also omit the argument v in R(v) and just write R. The same applies to the
Stieltjes transform m,,(2).

Let o = n~! log% n, then 1 < p < Ay(n0)* = A;logn. Without loss of generality
we may consider p = A;jlogn only (otherwise one may apply Lyapunov’s inequality for
moments). It follows from (B.5]) that

max E [R;;(v)]” < Cg

jeT
for all V> v > 0. To prove ([B2) we need to descent from o to vy while keeping
p = Ajlogn. Applying Lemma below with sy := log%*1 n we may show that for all
V> U

J

It remains to remove the log factor on the right hand side of the previous inequality.
To this aim we shall adopt the moment matching technique which has been successfully
used recently by Lee and in Yin in [31](see Lemma 5.2 and Lemma 5.3). We denote by
Yjr,1 < j <k <n a triangular set of random variables such that |Yj;| < D, for some
D chosen later, and

a%E IR;;(v)|P < C¥ log(%fl)p n.
€

EX5 =EYj for s=1,...,4.

It follows from Lemma [B.4] below that such a set of random variables exists. Let us

denote WY := ﬁY, RY := (WY —zI)~! and m}(z) := £ TrR¥(2). Then, in Lemma 3]
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we show that for all v > vy and 5 < p < A;logn there exist positive constants C', Cy
such that
E[R;;(v)[” < C7 + GE[R;(0) .
It is easy to see that Y are sub-Gaussian random variables. It follows from Lemma [F.1]
of the following section that
E|RY;(v)[P < C.
This fact concludes the proof of (3.2). Similar arguments yield the estimate (3.3). O

Lemma 3.3. Let Cy be some constant. Assume that for all v/ > 0 and all 1 < p <
Aq(nv')" we have

1

w(V)|P < CF — < (V. :
ﬁzg%E R(v)P <C§ and E P T C} (3.7)
Then for all so > 1,v > 0/sq we have
1
) P P PP s P YD
ﬁ%ﬁ%E\R}k(vﬂ < 2P(1+80)PC;  and E ZT 0P < 55Cy-

Proof. We first consider the diagonal entries. Let us fix sy > 1 and v > ¥/sy and denote
v = sov > 0. Applying Lemma [A.T] and the main assumption ([B.7) we get

IRy (0)|” < s6Ry5(s0v)] < (Coso)”- (3.8)
Applying the resolvent equality
IR;r(v) = Rji(sov)| < v(so — DI[R(v)R(sov)]ju-
The Cauchy-Schwartz inequality and Lemma [A.3] together imply that

Ri(v) — Rys(s00)| < oy IRy (0) [ Re(s00).

It follows that
E|R,,(0)]" < 27 E |Ryu(s0v)|? + 252 B2 [Ry;(v)|P E> |Rys(s00)]".
Applying (3.8) we get
E |R;r(v)[P < 2PCE + 2Ps{CF < 2P(1 + s0)PCF.

Similarly, applying Lemma [AT[Inequality (A.I))], we arrive at a bound for E
We omit the details.

1
|z4man (V)P

Lemma 3.4. For any A,B € R with B > A% + 1, there exists a random variable X
such that
EX=0EX?=1,EX*=AEX*=B
and
supp(X) € [-DB, DB,
for some D independent of B.

Proof. See [31][Lemma 5.2]. O
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Lemma 3.5. For allv > vy and 5 < p < logn there exist positive constants Cy,Co such
that

E|R;x(v)|P < C? 4 CoE|Rjp(v)|” (3.9)

and

1 1
E_ '  oioR_ 1
R e N T

PERmIT (3.10)

Proof. We first prove (3.9)). The method is based on the following replacement scheme,
which has been used in recent results [9] and [31]. We replace the % matrix entries
Xap by Yo, 1 < a < b < n, thus replacing the corresponding resolvent entries Rj; by
RY, for every pair of (j,k). Let J,K C T. Denote by W™ the random matrix W
with all entries in the positions (u,v),n € J,v € K replaced by ﬁYW. Assume that
we have already exchanged all entries in positions (u,v),u € J,v € K and are going
to replace an additional entry in the position (a,b),a € T\ J,b € T \ K. Without loss
of generality we may assume that J = (), K = () (hence WJ®) = W) and then denote

V .= W) | The following additional notations will be needed.

T

a’?

R — {eaebT +ee), 1<a<b<n,

e.e a=~b.

and U := W — %E(“’b), where e; denotes a unit column-vector with all zeros except
j-th position. In these notations we may write

1 1
W=U+—=X,E V=U+——=Y,E®,
+ Jn b ) + Jn b
Recall that R := (W — 2I)~! and denote S := (V — 2I)7! and T := (U — 2I)~!. Let us
assume that we have already proved the following fact

6,.C?  6,E|R;.IP
E Ryl = Z(p) + 27 DERul”

n?2 n?2

(3.11)
where Z(p) is some quantity depending on p,n (see (3.25) below for precise definition)
and |0;| < 1,C > 0 are some numbers. Similarly,

0,CP O, K|S k|P
+ 22 + 2 |]k|
n

2 Y

E|[S;k|? =Z(p) (3.12)

n

where |6y < 1. Tt follows from (B.I1]) and (B.12) that
6, 6 207

Let us denote p:= (1 — %) (1 - %)71. We get

P

C
E[Rjul” < pB[Sjl” + —, (3.14)
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with some positive constant C;. Repeating (8.14]) recursively n(n+ 1)/2 times we arrive
at the following bound

Cp n(n+1)71
E (Rl < p™% If“?leP’”r— Ltpr+..+p . (3.15)
It is easy to see from the definition of p that for some 6, say |0| < 4, we have
9]

From this inequality and (8.15) we deduce that
E Ry < CE[RY, [P+ C3, (3.16)

with some positive constants Cy and C3. From the last inequality we may conclude
the statement of the lemma. It remains to prove (I1) (resp. (312)). Applying the
resolvent equation we get for m > 0

)m+1

(TE@Y)rT 4 (= e XY (TR R, (3.17)
n
The same identity holds for S
b) (=)™ B)ymt1
S=T+ Z % H(TE®D )T 4 WY;}} (TE@Y)m+1g, (3.18)

We investigate (3.17). In order handle arbitrary high moments of R, we apply a Stein
type technique which we have used in previous papers [18] and [23]. Let us introduce
the following function ¢(z) := z|z[P~2 and write

ERji|” = ERjro(Ryg).
Applying (3.I7) we get

IRy =3 =

’I’L
+35
n=>5

1
+ = E X (TE“)™ MR jp(Rj) =: Ao + As + As. (3.19)
n

The bound for A, is easy. It is straightforward to check that [(TE@Y)™+1R];; is the
sum of 2™ terms of the following type

T;i, Ti,... T

Imim

E X5 [(TE“) T] 0 (Rj)

y[(TE“) T jup(Ryp)

Rimk7
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where 4 = a or 4, = b for [ = 1,...,m. We may estimate |Rux| or |Ry| by n, since v >

n~L. Taking absolute values, applying Holder’s inequality and the bound Ee |'T; P <

ZliL-H|
Co log%_1 n for some ¢ > 0 (see Lemma 3.3 with sy := log%_1 n) we get

nlog®™ n

m+1
n

1
| Asf < o E [ Xap| ™ [(TE)™ R Ry DEr [ X PE Ry,

where c( ) > 0 — some constant dependlng on k. Using (C1) we may assume without
loss of generahty that | Xj;| < Dnz~¢ for some ¢ > 0 depending on 4. Indeed, one may

choose ¢ := 4 IR Applying this fact and the last inequality we may write
Cnlog®™
Ao € =2 B R
We now choose m such that ¢(m + 1) = 4. Applying 2 = % + @ and Young’s
inequality we obtain
p—1 CcP E |Rjk|p
|Az| < JEREED E» [Ryl” < pg t— (3.20)

Let us consider the term A; = A;5 + ... + A, where

1
Ay, = (m) E XA [(TEC) " T]n0(Rix), p=5,...,m

We fix some p > 5 and bound A; ,. Let us introduce the following quantity
Tji = E(Ry @), (3.21)

where MY = ¢{X, (5,t) # (a,b)} — o-algebra generated by X,,1 < s < t <
n, (s, t) # (a,b). We may split A, , into a sum of two terms A, , = By + By, where

By = CU B o (TR T (T,

82=< 2 E X4 [(TE“ AT [o(Rjr) — o(Tyn)).

'n,2
For the first term we may write

1 ~ Clo

Bi| < WP E(TEO Pl Bt < T8 B R
C'log®™ C C? | E|Ryul?
< WE P |R]k| WipE P |Rjk|p < st —— 2
Let us introduce the following function
f(0) = p(Tjp+ t(Ryp = Tye), ¢ € [0,1], (3.22)

It is easy to see that

f(1) =eRjr), f(0) =@(Tyx).
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Moreover, by Taylor’s formula, for all [ > 1,

=3 g o Ball = )£ 0(60) (323)

where 6 is uniformly distributed on [0, 1] and independent of all other r.v. It is straight-
forward to check that there exists some positive constant K; depending on [ such that

FOD] < Kt T+ t(Rye = Ty~
Applying (8.23) with t = 1,1 = 1 we estimate By as follows

Bal < L B X P [(TB) Tl Ry — Tl e+ 0(R — TP

Using triangular inequalities we may bound (up to some constant) the r.h.s. of the
previous inequality by the sum |By| < Z; + Z,, where

Ty = < B X [(TE) ] Ry — Tl [T,

mn-2

7, = Lo B Xl (TR T Ry — Ty

Applying again ([B.I7) we obtain Z; < Zy; + ... + Zy4, where we denoted

m 1 -
Ti=p Y —r B X[ [(TEO YT 5] [(TE) T 0 TP,

=1 T 2

m 1 -
Lis = PZ o E | Xop| B | Xop|* E [[(TE?) T | [(TED) T | T e~

u+m+1

Tis = —ghr B X[ [(TE) T [[(TE) ™ R B2
n

Ty = E | X op | [(TE )Tl | B X ™ [(TE)™ R | [0 | T2

u+m+1

It is straightforward to check that

Cm C?  E|RjP
mﬂ“:” IRJkV’<—+ s

ne P

I < o

The term Z;5 may be estimated in a similar way. The terms Z;3 and Z;4 can be estimated
as before choosing m sufficiently large. Let us consider the term Z,. Similarly, it may
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be rewritten as follows

In = Z W(p 5 E [ Xop [V E [[(TEY)AT] || TEY) TP,

= n =2
Iy = Z W(p T B Xop| B[ Xap|* E [[(TE“D)#T i [[(TEY) T [,
=1 n =2

Ty = S | X o [P EDE=D | (TR ATy || [(TE@D) ™Ry P!

pt(m+1) (p—1)
n 2

Toi = 2 B X [H|[(TE D )T ]| B X" [(TED )R] | [90 )1,

pt(m4+D)(p—1)
2

We investigate Z,,. We obtain

" CPpP logc(“)pn < CcP

Iy < ey

=1

The same estimate is valid for Zs,. The terms Z,3, 754 may be estimated as before
choosing m sufficiently large. Finally, we conclude that

E|Rjk|

n2

p
| Ay < — (3.24)

Let us consider now the term Ay. Applying (3.23) with t = 1,1 = 5 — u we rewrite Ay
as follows

4
Z ab [(TE(a b))MT]JkSO(TJk)
L (C)E AL w (a,b) 0
+ i i E X [(TE?)"T](Ryr — Tjx) 0" (Tjk)
=0 o4
~ (- 1
+ z FE X [(TEY) T 1 (R — Typ)* (1 — )
— nx (4-p)

x @O M(Ty + 0(Ry — Tji))
=: Ay + Ao1 + Aope.

Let us study the term Ap. We may write Ay = Zizo ST 1)1 By We fix
some p = 0,...,4 and some [ = 1,...,4 — u. We may apply now (B.I7) with m > 4 and
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get B, = B/(g) + ij) + Bﬁ), where

1
B(O) o Cm,...,um | XAt +2p2+ mpm
oo B K1 200 mum ab
n2tz+t5 tt—"

M1 +---+Mm:l
ptp1+2p2 4. My, <4

x E[(TEY) T, [(TE“) T .. [(TEY) ™ T)fr oV (Ty),
Cl

1) ._ ook +p1+2p2+ . Ampm
Bil= 2 o X
p1epm=l nz2-z 2 2
ptp+2p2 4. M, >4
x E[(TE“Y) ] [(TEO) T [(TEY)™ T o (Ty),
@) l C 2t ot (met1)
R M1 bm+1 ptpr+2pe 4. A (m+1) 41
Bul T Z Z ﬁ+u—l+2ﬂ+ +(m+1)um+1 EXab
pm1=1 p1 4o pm=l—pimqr 0222 0T 2
< [(TE®)“ T, [(TECD)T) . [(TE9) VTt [(TECD)y R o0 (T,
where CL v, are multinomial coefficients. We now introduce in (3.11))

I(p) = Ao+ Y i (_ZPMBS}). (3.25)

pn=0 I=1

The esEimate of B/(j) is similar to A, see ([3.24]). Here, one has to expand ¢ (T;;) at the
point T, and apply the same arguments as before. To estimate B/(j) we again expand

go(l)(Tjk) at the point Tjk. From here on we may apply the same arguments as for A;
and A, (see (8.24) and (B.20) by taking m large enough and bound |Rx| or |Rex| by n.
The same procedure applies to Agy. We finally get

ER;l” = Z(p) +ra(p),

where
Cc?  E|Rjg?
Irn(p)| < ) + o
The proof of (B.I0) is similar. Let us denote by mﬁla’b)(z) the Stieltjes transform of
WHeh{h) Tt is easy to see that

1 1 ma(z) — m&?(2)

2tma(2) 2+ mi(2) " (2 + mu(2)) (2 + mEP(2))

We may use this formula recursively together with (8.17) and get (3.10). We omit the
details. O
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3.2. Moments of the imaginary part of diagonal entries of the resolvent.

Lemma 3.6. Assuming conditions (C1) there exist positive constants Hy depending on
ug, V' and positive constants Ay, Ay depending on Hy, d such that for all 1 < p < Aj(nv)”
and z € D we get

P Hyp*
r?ea%EImp R;;(z) < Hj Im” s(z) + (o)
Proof. See [18][Lemma 5.1]. O

Proof of (3.4). Let v = n™! log% n, then 1 < p < A;(nv) = Ajlogn. Without loss of
generality we may consider p = A;logn only . Using the notation introduced in (B.1)
the statement of Lemma may be rewritten (up to constant) in the following way

ma%EImp R;(z) < HipPUP(z) < H{ log! nUP(z) (3.26)
je

for all V"> v > 0. To prove ([B:2]) we need to descent from o to vy while maintaining
that p = A;logn. Applying Lemma [B.7 below with sy := log%_1 n we may show that
for all v > g

max EIm” R;;(v) < Hf log<%71)p nWP(z).

JET
It remains to remove the log factor from the r.h.s. on the previous equation. We may
proceed as before and arrive at the following bound for any j € T

ETm” Rj;(v) < CYYP(2) + Co EIm” RY;(v).
See Lemma [3.8] below. It follows from Lemma in the next section that
max E Im” RY;(v) < HyWP(2).

J€T
O
Lemma 3.7. Let Cy be some constant. Assume that for all v' > 0 and all 1 < p <

Aq(nv')" we have
I?S%Elmp R;;(v") < HY log? nWP(z). (3.27)
Then for all so > 1,v > 0/s¢ we have

n}ga%%EImp R (v) < so? HY log? nWP(z).
jike

Proof. The proof is similar to the proof of Lemma B3l Applying Lemma we get
EIm? Rj;(v) < shEImP Rj;(sov) < shHEU(sqv) < so? HE log? nW(v).

<Z |le|2> .
=1

We consider now the case j # k. Then

Im Rjk = ’U[RR*]]k =V Z leRTk <w (Z |le|2>

=1 =1

(NI
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Applying Lemma [A.3] we get

ImR;j;, < /ImRj; Im Ry
It follows that
EIm? R (v) < sg? HY log? nWi(v).
OJ
Lemma 3.8. For allv > vy and 5 < p < logn there exists a constant Cy > 0 such that
E|ImRy;(v)[P < CEWP(2) + E [Im RY; (v)[P. (3.28)

Proof. The proof of this lemma is similar to the proof of Lemma 3.5 We shall omit the
details, but emphasize some important points. Applying (B.I7) with some m > 0 we
get

ImR,; = ImT;; + Z m[(TEY)*T];

+ ( 1)m+1 Xm+1 Im[(TE(ab )erlR]
m+1 ab
n
Introduce the function ¢ (x) := 2?7~ and write EIm” R;; = EImR;;¢/(ImR;). Simi-
larly to (B19) we get
4

—1)~
EImpRjj:Z( " X2, T [ (TEY) ] (Im Ry,

=3
2

=0 n
V" B X T (TE9)T] (I R )
n=>5
1
+ mHEXZ})HIm[(TE(“b)mHR]J]w(ImRN) = Ao+ A+ Ay (3.29)
n

We shall keep the same notations as in the proof of Lemma [3.5l Let us consider the term
As. Repeating the same arguments as in the proof of Lemma for the corresponding
terms and applying |R|| < v~ we get
1
|As| < eSS E | Xp|™ ! Im[(TE“" )" IR TP Ry
n

log“n
S m+1

n

Er [Xo|™ P ES Im? Ry

Since | X x| < Dn2~% we obtain that

C'log™ n

p—1
——©° @ p .
o, BT IRy,

|As| <
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We may choose m such that ¢(m + 1) = 4. Applying 2 =
and (nv)~! < ¥(z) we obtain
CV(z)

2, 2(p—1)
ne P

;2) + @, Young’s inequality

Cp\Ilp<Z) n E Imp R]J

n? n?

A, < E Im? R;; < (3.30)

Let us consider A; and split it into the sum A; = Ay 5 + ... + Ay ,,,. For an arbitrary
5 < p<m we get Ay, = By + By, where

B, = tﬁ;u E X}, Im[(TE®?)"T];;4/(Im T ;)
B, = =" E X/, Tm[(TE“?)*T] [ (Im Ry;) — ¢/(Tm T )

nz

and ’f‘jj are defined in (B2I). The term [(TE(@Y)*T];; is a sum of 2* terms of the
following type

T;;,T T T

jir Livig - Ly _viy g
where 7, = a or 4y = b for [ = 1, ..., u. The imaginary part of such a product may be
bounded from above by a product where at least one factor is [Im T, ,|. All other
factors may be bounded by their absolute values due to the first statement (3.2]) of

Lemma 3.1l Applying Holder’s inequality to this product and Lemma [B.7] we get

Cp\Ilp<Z) n E Imp R]J
n? nz2

|B,| <

By the same arguments we get similar bounds for By and Ay. We omit the details. [

4. BOUNDS FOR MOMENTS OF DIAGONAL ENTRIES OF THE RESOLVENT IN THE
SUB-(GAUSSIAN CASE

As mentioned in the previous section we have to bound the moments of the diagonal
entries of the resolvent in the sub-Gaussian case. We denote

Di={z=u+iveC:|u <uyV >v>7:=Amn '},

where ug, V' > 0 are any fixed real numbers and A is some large constant determined
below. Comparing with ID we allow to descent to Agn~' along v.

We say that the conditions (CG) are satisfied if X, satisfies the conditions (CO)
and have a sub-Gaussian distribution. It is well-known that the random variables £ are
sub-gaussian if and only if E|£|P = O(p?%) as p — co. We define the sub-Gaussian norm
of £ as

_1 1
1€y, :=supp™ 2 Er |£]P.
p>1

In what follows we assume that K = || X ]|y,
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Lemma 4.1. Assuming the conditions (CG) there ezist a positive constant Cyy depending

on ug, V' and positive constants Ay, A1 depending on Cy and K such that for all z € D
and 1 < p < Ainv we have

. p 4
ﬁ%ElR]k(Z)\ < Cy. (4.1)
and
b (4.2)
2+ ma(z)fp — '

The proof of Lemma [£1]is based on several auxiliary results and will be given at the
end of this section. In this proof will shall use ideas from [23] and [28]. One of main
ingredients of the proof is the descent method for R;; which is based on Lemma
below and Lemma [ATlin the Appendix, which in this form appeared in [8]. Comparing
the result of Lemma [ with [§][Lemma 3.4] that in the latter the power p is bounded
from above by (nv)1, which is non-optimal.

Since w is fixed and |u| < up we shall omit u from the notation of the resolvent and
denote R(v) := R(z). Sometimes in order to simplify notations we shall also omit the
argument v in R(v) and just write R.

We also estimate the moments of the imaginary part of the diagonal entries of the
resolvent. Recall that (see definition (B.1]))

U(z) :=Ims(z) + %

To simplify notations we will often write W(v) and ¥ instead of W(z).

Lemma 4.2. Assuming conditions (CG) there ezist a positive constant Hy depending
on ug,V and positive constants Ao, A1 depending on Ho and K such that for all 1 <
p < Ainv and z € D we get

I?S%E IImR;;(2)|P < HYWP(2).

Note that the values of Ay and A; in this lemma are different from the values of cor-
responding quantities in Lemma .1} but for simplicity we shall use the same notations.
Applying both Lemmas we shall restrict the upper limit of the moment of order p to
the minimum of the two A;’s and the lower end of the range of v to the maximum of
the two Ay’s via v > Agn !

For any 5 € Ty we may express Rg) in the following way

1
X s 1.5)°
—Z ﬁ - %Zl,kem,j Xijlel(kj)

@ _
RY) = (4.3)
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Let 55. )= egj) + 5(J) + 5(J) + 5% , where
1 ,
J J, J)
Egj) = TXJW 523 = Z lRl(clj)7 53] i Z ka R/ik( ),
" ket " ey

1 ,
58]]) = (Tr RY — Tr RUA)(2)).

We also introduce the quantities Ag)(z) = mg)(z) — s(z) and

1

@ ._ = Dr@

TV =—> & Ry,
JETy

The following lemma, Lemma [£3] allows to recursively estimate the moments of the

diagonal entries of the resolvent. The proof of the first part of this lemma may be found

in [8] and it is included here for the readers convenience.

Lemma 4.3. For an arbitrary set J C T and all j € Ty there exist a positive constant
co depending on ug, V' only such that for all z = u+iv with V > v > 0 and |u| < ug we
have

RE| < o1+ TV RG]+ VIR (4.4)
and 5
1 Tn'|2
SN .
|2+ mn(2)] |2+ mn(2)]
Proof. See [18][Lemma 4.2]. O

Lemma 4.4. Assume that the conditions (CG) hold. Let Cy and sy be arbitrary numbers
such that Hy > max(1/V,6¢y),so > 2. There exist a sufficiently large constant Ay and
small constant Ay depending on Cy, s, V' only such that the following statement holds.
Fix some 0 : 0989 < 0 < V. Suppose that for some integer L > 0, all u,v’,q such that
0<v <V, |ul <up,1<qg< A(nof)

E|R (V)] < C§. 4.6
Jnax max I Ry (v))” < Co (4.6)

Then for all u,v,q such that v/sp < v <V, |u| < wug, 1 < q < Ai(nv)

max max E|RY (0)|? < €L
BII<L-1LkeTy

Proof. Let us fix an arbitrary so > 2 and v > 9/sg, J C T such that |J| < L — 1. In the
following let j, k € Tj. By an obvious inequality we have

E \e |2q < 32q(E \e 1 \2" +E \6]2 + 5 |2q +E \6]4 |29).
From (CG) and Lemmas [A we may conclude that

E|8(»J)‘2q < quq + quq
J — ng (nv)4

C1 q2q

q ( 7)
EIm?m;"(z) + (o)
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Applying Lemma [A T and (£.6) we obtain the following estimate
E[Im m{9(2)]? < siC4.

In view of these inequalities we may write

C q.4 q.,2q

J (nv)a (nv)?a

Similarly, we can estimate
1/2 1/2
1 J 1 J
EITOP < | 2Bl | L ER
JETy JETy
3.3,
- (CCisiyat | (CCoso)yt s

Applying Holder’s inequality and Lemma we write
E[RS) (v)]7 < (30)"(1 + B2 [T B [RY) (0)[* + E2 |77 B2 [RS) (0) ).

Lemma [AJ]and assumption (&6) imply E \Rg) (v)|* < C2%s39. Hence, we may use (A7)
and (48) to show that

CCos0)2qt  (CCyso)?q*  (CCos0)%q°
ERY )" < (30t (14 C0O (OG0 am | [CCaT) ()
(nv)7 (nv)2 (nw)?
The off-diagonal entries Rﬁ) may be expressed as follows
1 :
RY) =— > X;R}7RY).
ik Ik 7]
\/ﬁ ZETJ’J'
Applying Holder’s inequality we obtain
2q
EIR<n PE2 | > XR,”| E2RY)M.
IGT‘]]J
Khinchine’s inequality, Lemmas [A.3HA.T] and assumption (48] together imply
3 3
CC¢s2)iqi
E |R(u]]]€)|q < M. (4.10)
; (n0)

We may choose now the constants Aq sufficiently large, respectively A; sufficiently small

such that (4.9)—(I0) result in

&)
max B[Ry, (v)[* < G

for 1 < ¢ < Ay(nv/sg), v > /5. O
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Proof of Lemma[4.1. We first prove (4.1]). Let us choose some sufficiently large constant
Co > max(1/V, 6¢q) and fix sg := 2. Here ¢ is defined in Lemma 3] We also choose
Ag and A; as in Lemma @4l Let L := [log, V/o] + 1. Since [RO(V)|| < V! we may
write

EIRYIP < P
Je thety Ry, (V)P < Gy

for all u,p such that |u| < 2 and 1 < p < A;(nV). Fix arbitrary v : V/sp < v <V and
p:1<p< A (nv). Lemma 4] yields that

E R(“‘H) P < COP
jnax max B[Ry ()" < G

for 1 < p < A;(nV/sg), v > V/sg. We may repeat this procedure L times and finally
obtain

P <L P
max B[Ry (v)[” < Cg

for 1 <p < Ay(nV/sk) < Ai(nty) and v > V/sk = 5. Thus we proved (@T)). Similarly
one may prove (5] O

The following lemma is the analogue of Lemma[£.3] and provides a recurrence relation
for ImR ;.

Lemma 4.5. For any setJ and j € Ty there exists a positive constant Cy depending on
u, V' such that for all z = u+iv with V> v > 0 and |u| < up we have

J J 1 J I 7
Ing,j)(z) < [Im s(z)(1+ (‘g§ )| + |T£J)\2)\R§j)(z)\) 4 |Ime§. ) 4 ImAg)||R§j)(z)|
+(eP] + TP R (2)]
Proof. The proof is similar to the proof of Lemma 3] is omitted. O

Lemma 4.6. Assume that the conditions (CG) hold. Let Hy be sufficiently large positive
constant and sqg be an arbitrary number such that so > 2. There exist sufficiently large
Ag and small Ay depending on Hy, so, V' only such that the following holds. Fix some
0 Pgsg < 0 < V. Suppose that for some integer L > 0, all u,v’,q such that v < v' <
V, ul <, 1 < g < Aj(no)

max max [E Im? Rl(f)(v') < HiW (V') (4.11)

I:|J|<L I€Ty

Then for all u,v,q such that v/sp < v <V, |u| <wug, 1 < q < Aj(nov)

EIm?RY < HO0(y).
sleie e m? Ry (v) < HyW(v)

Proof. From Lemma it follows that
J 1 J 1
EIm?RY) < (CCo)*Tm? s(2) E2 (1 + (|| + |T9)|2)%
+(CCo) E? [Tme” + Tm A2
+CEE (|| + TV |2) % B Im® R).
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To estimate E |5§J)|2q and E|T"|? we may proceed as in Lemma B4 We obtain the
following inequalities

994 qq49 9024 1 9049
J nd (nv)e  (nv)2a  (nv)% (nv)?
and
1/2
1 Ciqs
EITP <cf | S EEM) < (4.13)
n 4 (nv)?2
JETy

Choosing v" := sov > v; we may show that 2¢ < Ajnv’. Applying Lemmal[A.2] and using
the assumption (4.I1]) we get

E Im? Rg.) (v) < sg? EIm* Rg) (s0v) < s2?HYIW%(s5qv).

Since we need an estimate involving W??(v) instead of U (sqv) on the r.h.s. of the
previous inequality we need to perform a descent along the imaginary line from sqv to
v. Hence we again need to apply Lemma [A.2l Choosing suitable constants Ay and A;

in (412) and (£I3) one may show that
1 H{
Elm'R\) < (CCo) E? [Ime'” + Im AP 4 7011/% (4.14)
Applying Lemmas and [A.6] we obtain

Cqe
(nv)

qu2q
(nv)2a

E | Tm 55»‘“ 24 < E Im?mU9)(2) +

which may be rewritten as follows

(Cso)q?HY Cig*
oy A

E|med ™ < (4.15)

To estimate E | Im AP |7 we may proceed as in the proof of Theorem [[LT1 We will apply
Theorem [2.1] (one has to replace in the definition of (2.I0) the maximum over |J| <1
by the maximum over |J| < L) and assumption ({IT]). Hence,
C'sn)2q9 Ha Clq24
E|Im AD % < M\pq(z) I Sy
(no): (o)

Combining the estimates (AI5) and (4.I6) we may choose constants Ay and A; (cor-
recting the previous choice if needed) such that

(4.16)

Rt ) b q
(CCp)*Ez |[Ime;”| < 7\11 (2).
The last two inequalities and (4.14]) together imply the desired bound
Elm’RY) < HID".
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Proof of Lemma[{.2 Let us take any ug > 0 and any 0 > 2+ uy, |u| < ugy. Furthermore
we fix an arbitrary J C T. We claim that

Im s(u + i0) > % IR (u + iv). (4.17)
Indeed, note first that for all u (and |u| < ug as well)
ImRY) (u +i0) < % (4.18)
For all |u| < ug and |z| < 2 we obtain
I S
(x—u)2+02 ~ (2+wug)>+ 02 — 20

It follows from the last inequality that

! / 2 o 4 — 2%dx > ! (4.19)
— —————— V4 —2%dx > —. .
21 J_o (u — x)% 4 02 20

Comparing ([AI8) and (AI9) we arrive at (£I7]).

We now take v > max(0, V). Let Hy be some large constant, Hy > max(C’,C"). We
choose sg, Ag and A; as in the previous Lemma obtaining

max max Im? Rg-)(z) < HJWi(z)

Im s(u + i0) =

J:II<L jET;
with L = [—log,, 7] + 1. We may now proceed recursively in L steps and arrive at
max Im?R;(z) < HJWI(z)
j€
forv>tvgand 1 <¢q < Ajnv . O

5. DELOCALIZATION OF EIGENVECTORS

In this section we prove Theorem[L.3] The ideas of the proof are similar to [19][Theorem 1.4],
but for completeness we provide the details below. Note that the proof is essentially
based on Lemma [B.1]

Proof of Theorem[L.3. Let us introduce the following distribution function
Foj(a) ==Y Jugl* 1A(W) < a.
k=1

Using the eigenvalue decomposition of W it is easy to see that

n ‘ujk‘z /oo 1
R;i(z) = E — = —dF,;(x),
]J(Z) Pt )\ko)v) — T2 J<x>

which means that R;;(z) is the Stieltjes transform of F,,;(z). For any A > 0 we have

max lujr|? < sup(Foj(z + ) — Fpj(z)) < 2sup AIm Ryjj(u +i)). (5.1)
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To finish the proof we need to show that with high probability the r.h.s. of (B.1) is
bounded by n~!'logn. Let us recall the following notations. We chose an arbitrary
0 < ¢ <t Let Xjp = X[ Xp| < Dna?), X := X 1[|Xju] < Dn2=?] —
E X, 1] X5 < Dn2~?] and finally X;; := X;z0~ !, where 02 := E|X[% Let X, X
and X denote symmetric random matrices with entries Xjk, Xjk and )?jk respectively.

Similarly we denote the resolvent matrices by ﬁ, R and R. In this case we have

where ¢ := 8¢'. Let uy > 0 denote a large constant, whose exact value will be chosen
later. Applying [19][Lemmas A.1, A.2] it follows that

P(IW 2 ) < —.

In what follows we may assume that [|[W|| < uy and W = W. Then for lu| > 2ug and

v >0 we get

slsc,

Rj;(u+iv)| < /

Rl +iv)l m
where C'is some large positive constant which will be chosen later. It remains to estimate
|R;;(u + )] for all —2ug < u < 2ug. Denote this interval by Uy := [—2ug, 2ug]. By
the triangular inequality we may write |R;;| = |R;;| < |R;;| + |R;; — Rj;|. Using the
simple identity

Rj; — Rj; = [R(W — W)R];;
we get
~ ~ B
IRj; — Rjj| < W — W[[[[ejR|l2][Re;]2,
where e; is a unit column-vector with all entries zero except for an entry one at the
position 7. Using Lemma [A.3] in the Appendix we conclude that

. - 1 ~ o~ =
IRj;| < |Ry;| + ;HW — W[/ [R;||Ryj]-

It is easy to see that

—~ 1 C
IIW—WH%:gZ[ | X U[| Xj] > D92 < —

gk

3

We may take v = vy := Cin~"tlogn, with C; > Ay. Applying the inequality 2|ab| <
a® + b* we get
sup |R;;| < 3 sup |R”| (5.2)

u€Up u€EUy

It remains to estimate sup,,y, |Rjj(u +ivg)|. It is easy to see that

R(z) = (W =2 =6 ' (W — 207 )7 = 6 'R(07'2). (5.3)
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Applying the resolvent identity we get
R(z) —R(c7'2) = (z — 0 '2)R(2)R(0'2). (5.4)
Combining (5.3) and (5.4]) we obtain

[Ryj(2) = Ry;(2) < (071 = DRy (07"2) + @Wﬁmz)uﬁﬁ(alzﬂ-

It is easy to check that (07! — 1) < Cn~2 and max(|zR;;(2)],|2R;;(c712)]) < C for
some constant C. Similarly to the previous calculations we get that

sup |R;;| < 3 sup |Ry;]. (5.5)
u€Up u€lp

Note, that the matrix W satisfies the conditions (C1). Applying Lemma B with
p = clogn we obtain

9]

EIR.. i ) [P 1
P(|Ryj(u + ivg)| > Cher) < Ry (u tivo)|? L

- (Coe%)p — nb’

We partition the interval Uy into k, := n* disjoint sub-intervals of equal length, i.e
—2ug = xg < 21 < ... <, = 2ug. Then the Newton-Leibniz formula implies

sup |f{jj(u +ivg)| < max  sup |f{jj(x + ivp)|
u€EUy 1§k§knmk,1§x§mk

< max |Rj;(zr—1 +ivo)| + max / IR (u + ivo) | du.
Tp_1

T 1<k<kn 1<k<kn

We may write

1<k<kn n2-¢

T 9y
max / IR (u + ivg)| du <
Tp—1
Thus we arrive at

P (sup IR, (u+ ivg)| > 2006%)
uEUp

N o _ C

< ;]P’ (\Rjj(:ck,l +ivg)| > COeE> <. (5.6)

We choose now A := vg. In view of (&), (52), (55) and (56]) we get that there exist
C and C] such that

]P( max |uj|® <
1<j,k<n n

Cllogn) o1 C

n2-¢’

which concludes the proof. O]
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6. RATE OF CONVERGENCE TO THE SEMICIRCLE LAW

In this section we prove Theorem [[.4] and Theorem [[.6l. We estimate the difference
between F,, (resp. EF,) and G,. in the Kolmogorov metric via the distance between
the corresponding Stieltjes transforms. For this purpose we formulate the following
smoothing inequality proved in [25][Corollary 2.3], which allows to relate distribution
functions to their Stieltjes transforms. For all x € [—2,2] let us define y(z) := 2 — |z].
Given 1 > ¢ > 0 we introduce the following intervals J. := {z € [~2,2] : y(z) > ¢} and

/

J. =
Lemma 6.1. Let vy > 0 and % > ¢ > 0 be positive numbers such that
2(vV2 + 1)y < £
Assume that F' is an arbitrary distribution function with the Stieltjes transform f(z).

Then for any V > 0 and v' := v'(z) := vo/\/Y(x),x € I, there exist absolute positive
constants C, Cy and C5 such that the following inequality holds

A(F,G) <y / |flu+iV) —s(u+iV)| du+ Covy + Cae?
o §
+ 2 sup / (f(z+iv) — s(x +iv)) dv|.
xEJIE v’
Proof. See [25][Corollary 2.3] or [23][Proposition 2.1]. O

In what follows we will need the following version of this lemma.

Corollary 6.2. Assuming the conditions of Lemmal6.1 we have

E»[AX) < Cy / E> |ma(u+iV) — s(u+ V)P du + Covg + Cse3

—00

1% P
/ (my(z +iv) — s(x +iv)) dv| . (6.1)

,U/

+ 4 E» sup

$EJ’5

Proof. The proof is the direct consequence of the previous lemma and we omit it. For
details the interested reader is referred to [23][Corollary 2.1]. O

Proof of Theorem[1.4 We start from the part (). We proceed as in the proof of Theo-
rem 1.1 in [23]. We choose in Corollary [6.2] the following values for the parameters vg,
and V. Let us take vy := Agn~tlogn, ¢ := (21}0@)% and V := 4. We may partition J_
into k, := n* disjoint subintervals of equal length. Let us denote the endpoints of these
intervals by xp, k =0, ..., k,. We get =24 =29 < 21 < ... < 2, = 2—e. For simplicity
we denote A, (u+iv) := my,(u +iv) — s(u+ iv) but we will not omit the argument. We
start to estimate the second integral in the r.h.s. of (6.I]). It is easy to see that
1% 1%
/ A (x +iv) dv / A (x4 iv) dv

sup . (6.2)

meﬂ/g

< max sup
1<k<kn z;_,<z<zy
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Applying the Newton-Leibniz formula we may write

1% 1%
/ Ay (z+iv) do| < Ay (z—q +iv) do
Ty 14
+ / / |AL (2 + iv)| dv dz. (6.3)
Tp—1 v’

It follows from Cauchy’s integral formula that for all z = x + v with v > vy we have

sup
Tp—1Sz<wg

A (z + v <€§Cn 6.4
n 02

We may conclude from (6.3]) and (6.4) that

1% v
/An(az+iv)dv < / Ay (zp—1 +iv) dv| + —

sup
Tp—1<T<zTg n
Applying this inequality to (6.2]) together with expectations we obtain
% P v Pop
E sup / Ay (x4 w)dv] <E max / Ay (xp_1 + ) do +—
xejls v’ 1§kﬁ§k2n /
P
oL
n(@ro1 +v)|" dv —|——. (6.5)
Since x € J_ it follows from Theorem L] that
C p
E |A,(z + iv)]P < (nf) . (6.6)

Choosing p = A (nvg) 2 = clogn we finally get from (635) and (6.6) that

P P12 2
SC’k‘nlog n+g<Clog n

v
E» sup / Ay (z +iv) dv (6.7)
vt v n n n

It remains to estimate the first of the integrals in (6.1]). It was proved in [19][Inequality 2.8]
that

p+1

E» | A, (u+ V)P < %, (6.8)

which holds for all z = u + iV, u € R. Hence,

dud log?
/Epm (u+zV|pdu<—// “G“()pﬂgo‘)g " (6.9)
- (x —u)2+V2)» n

Combining now (6.1]), (67) and (6.9) we get

2
EiAsp < L8

n
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Since E7 [AX]? is non-decreasing function of p, the last inequality remains valid for all
1 < p < clogn. To finish the proof of Theorem [[4] it remains to apply Markov’s
inequality

E[AZX]P < CPlog® n

P<A" = K) < Kp — Kpnp
0
Proof of Theorem[1.6. Applying Lemma [6.T] with F' := E F,, we get
A, < 2/ | Em, (u+iV) — s(u+iV)| du+ Cyog + Cye?
) v
+ 2sup / (Emy(x + iv) — s(x + iv)) dv| . (6.10)
xEJIE v’

Let us take vy := Agn~!, € := (2@0(1)% and V' := 4. As before we denote A, (u + iv) :=
mp(u+1iv) — s(u+iv). The bound for the first integral follows from [28][Inequality 3.11]
C 2
B Ay (u+iv)) < AL

n
This bound gives
/ E A (u+ V)| du < % (6.11)

oo
To estimate the second integral we shall use the same arguments as in the proof of
Lemma We denote by Yj;, 1 < j <k <n a triangular set of random variables such
that |Y;,| < D, for some D chosen later, and

EX5 =EY} for s=1,...,4.

By Lemma [3.4] these random variables exist. Let us denote WY := #Y, RY := (WY —
2I)7! and m¥(2) := 1 TrRY(z). We will show below that for all j,5 = 1,...,n, there

T on

exists ¢ > 0 such that

C
|ER;;(z) —ERJ;(z)| < oy (6.12)
and, hence,
C
_EmY _—
| Em,(2) —EmY(2)] < R (6.13)
It follows from [28][Theorem 1.3] that
C C
|Em%(z) - S(Z)| < 5T 35 3 1- (614)
nvi  n2vz|z? — 41
Inequalities (6.14) and (6.13]) together imply that
C C C

Em,(z) —s(z)| < .
(@) =5 < =+ i+
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Calculating the second integral in (€.10) we get

A< S
n

It remains to prove (6.12)). For every j,j = 1,...,n, we do % replacements and
corresponding exchanges of R;; by R?'j. Let J,K C T. We denote by WK a random
matrix W with entries ﬁYW in the positions (pu,v),u € J,v € K. Assume that we
have already replaced the entries in positions (u,v),u € J,v € K and want to replace
in addition the entry in position (a,b),a € T\ J,b € T \ K. Without loss of generality
we may assume that J = (), K = §) (hence WK = W) and denote by V := Wah{th,

Introduce

T

Eb) _ ee] +eel, 1<a<b<n,
€a€y a ="

and U :=W — %E(“’b), where e; denotes a unit column-vector with all entries zeros
except in the j-th position. Using these notations we may write
1 1
W=U+—X,E® V=U+_—Y,E®
+ \/ﬁ b ) + \/ﬁ b
Recall that R := (W — zI)~! and denote S := (V — 2I)"! and T := (U — 2I)~.
Applying B17) and BI8) we get

- (_]_)M a
ER;; —ES;; = Y ~—— E[X}, - Y4 E[(TE®“")"T);;

nz
n=>5
<_1 m m+1 (a,b)ym+1 <_1)m+1 m+1 (a,b)ym+1
+7n7+1 E X5 [(TE™Y) R]jj_WEYab [(TE“”)™S];;. (6.15)

Without loss of generality we may assume that | X;| < Dn2~ for some ¢ > 0 depending
on «. Choosing m and applying Lemma we estimate the third term in (6.13]) as

follows

1
—zr B[ X" [(TE )™ R] 5

m—+1
n 2

The same bound obviously holds for the fourth term in (G.I5]). Let us consider now the

first term and investigate the part corresponding to X, (the same estimates are valid
for the part corresponding to Yg,)

C

| < =55
n3toy

CD" pixn) g{(TECD)T),,

I3
na2

NE

=5

It is straightforward to check that [(TE@Y)*T];; is the sum of 2” terms of the following
type

Tjil Tilig .. 'T’imim Timj7
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where i = a or i, = b for [ = 1,...,m. Assume that a and b are not equal to j. Then,
the first and the last terms in the last product are off diagonal entries of the resolvent
T. Applying Holder’s inequality, Lemma [A.8 and Lemma [3.2] we get

C

n3+¢v

m 1 N
>~ =5 E[Xu“E|[(TEC))T);| < ——
nz
n=>5
Assume now that a or (and) b are equal to j. The number of configurations of this type
is of order n. Similarly to the previous inequality we thus obtain the bound

m

1 . C
Z TL_ E |Xab|u E |[(TE b))MT]j]| < =53 n2+¢
n=>5

Repeating the same steps for all 22 + pairs of (a,b) we arrive at (6.12) and m
respectively.
APPENDIX A. AUXILIARY LEMMAS

A.1. Inequalities for resolvent matrices. In this section we collect some inequalities
for the resolvent of the matrix W.

Lemma A.1. For any z = u+iv € C* we have for any s > 1

IR (u+iv/s)| < s|RS) (u + iv).

and
1
- < o . (A.1)
lu+1v/sg +my’ (u+1v/s0)]  |u+ v+ my’ (u+ )|
Proof. See [18][Lemma C.1]. O

Lemma A.2. Let g(v) := g(u + iv) be the Stieltjes transform of some distribution
function G(x). Then for any s > 1

Img(v/s) < slmg(v) and Img(v) < slmg(v/s).
Proof. See [18][Lemma C.2]. O

Lemma A.3. For any z = u+iv € CT we have

- Z RYZ < = Im m®(z). (A.2)

" ke,
For anyl € Ty
1
J J
> IR < IRy, (A.3)
keTy

Proof. See [18][Lemma C.4]. O
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A.2. Moment inequalities for linear and quadratic forms in the sub-gaussian
case. In this subsection we estimate the moments of 55‘? for v = 1,...,4 (recall the
definition (£.3)) in the sub-gaussian case. It is well-known that the random variables
¢ is sub-gaussian if and only if E|£|? = O(p2) as p — oco. We define the sub-gaussian
norm of £ as

_1 1
1€ ]|y :=supp™2 E# [¢P.
p>1

We may conclude that E |5g.)|p < Cp2n~%. The following lemma is the Hanson-Wright

inequality for quadratic forms, see [30]. The following improved version is due to M.
Rudelson and R. Vershynin [34].

Lemma A.4 (Hanson-Wright inequality). Let X = (Xi,...,X,) € R" be a random
vector with independent components X; which satisfy EX; = 0 and || X ||y, < K. Let
A = [a;i]}r=y be an n x n matriz. Then, for everyt >0

n n t2 t
2 |
P( 2 XX =) B 2 t) <20 |~emin (e gopay )|

jk=1
Proof. See [34][Theorem 1.1]. O

A direct consequence of this lemma is the following result.

Lemma A.5. Assume that Xi,..., X, are i.i.d. sub-gaussian random variables which
satisfy EX; = 0 and || X||y, < K. Then for all p > 2 there exists a positive constant C
depending on K such that

£ CPpP

(nv)?”

2
2

P .
¢ P2 BE1m® mU9(2) +
(nv)?

Proof. Applying E [P = p [t~ P(|¢| > t) dt and Lemma [A4] we get

00 2
O Op 2 [T emi ¢ t
Eley +e57|P < v, tP7"2exp | —cmin KRN K2ROD| dt

J J
E |5§j) + 5§j) P <

We may split the last integral in two integrals over the regions [0, [|[RT7) 2[R ||~
and [[[RTV[Z[RTI[|7!, o] obtaining

| RITN|P [° 2 | RIN||p [
Eled + 0P < pll H2/ et gt 4 PR / po—cits gy
0 0

np np
CPps A CP
< pi EIm? mg’])(z)+—pp,
(nv)2 (nv)?
where in the second inequality we applied Lemma [A.3 and |[RT||P < v7P, O

It remains to estimate E |5g)|p . The bound for this term is distribution-independent
and given in the following lemma.
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Lemma A.6. For p > 2 we have

@)
Elel= (nv)p’

Proof. See [18][Lemma A.9]. O
In order to bound EIm” R;; we also need the following lemma.

Lemma A.7. Assume that X1, ..., X, are i.i.d. sub-gaussian random variables which
satisfy EX; = 0 and || X||y, < K. Then for all p > 2 there exists a positive constant C
depending on K such that

CPp> p Cc?
E|Im5 +Im53])|p< EIm?2 (JJ)( )+_pp
(nv)? (nv)p
Proof. The proof is similar to the proof of the previous Lemma [A.5l We omit the
details. 0

A.3. Moment inequalities for off-diagonal entries of the resolvent.

Lemma A.8. Assume that the conditions (C1) hold. Then for all1 < j < k <n and
1<q¢g<2+ g there exists a positive constant C' such that

C
(nv)

E|Rjk|q <

(SIS

Proof. Consider the following equality

1
Rjk:—% Z lle Rjj.

leT;

Applying Holder’s inequality, we get
2q
E|Rul<n $E2 | X;R]| Ez Ry
lET]’

Conditioning, applying Rosenthal’s inequality and Lemma we obtain
q

1 .
ERul* <t [F B [ STIRPP | + g, B2 [ DR

lET; leT;
This inequality and Lemma [A.3] together imply that
1
E [Ry|? < Clq% (n0) ™2 + qpg,(nv) 2.
Hence, for 1 < ¢ <2 +g we get
E|R,|? < C(nv)"2.
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