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Abstract

Let ¢ : R — R be a continuously differentiable function on an interval J C R
and let & = (a1, a9) be a point with algebraically conjugate coordinates such that
the minimal polynomial P of ay,as is of degree < n and height < ). Denote by
MZ(Q,~,J) the set of such points a such that |p(a1) —az| < ¢1Q7. We show that
for a real 0 < v < 1 and any sufficiently large () there exist positive values co < c3,
where ¢; = ¢;(n), i = 1,2, which are independent of @, such that cy - Q"T177 <
BME(Q, 7, T) < ez - QI

1 Introduction

First of all let us introduce some useful notation. Let n be a positive integer and ) > 1

be a sufficiently large real number. Consider a polynomial P(t) = a,t"+. .. 4ait+ay € Z][t].

Denote by H(P) = nax |a;| the height of the polynomial P, and by deg P the degree of the
sn

polynomial P. We define the following class of integer polynomials with bounded height
and degree:

Po(Q) :={P € Z[t] :deg P < n,H(P) < Q}.

Denote by #S the cardinality of a finite set S and by upS the Lebesgue measure of
a measurable set S C R*, £ € N. Furthermore, denote by c; > 0 positive constants
independent of (). We are also going to use the Vinogradov symbol A < B, which means
that there exists a constant ¢ > 0 such that A < c¢-B. We will also write A < Bif A< B
and B < A.
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Now let us introduce the concept of an algebraic point. A point & = (v, ) is called
an algebraic point if oy and ay are roots of the same irreducible polynomial P € Z[t]. The
polynomial P of the smallest degree n > 2 with relatively prime coefficients such that
P(ay) = P(az) = 0 is called the minimal polynomial of algebraic point «. Denote by
deg(a) = deg P the degree of the algebraic point e and by H(a) = H(P) the height of
the algebraic point a.. Define the following set of algebraic points:

A2(Q) ={a e C?: dega < n, H(a) < Q}.

Further denote by A%(Q, D) := A2(Q)N D the set of algebraic points lying in some domain
D C R%

Problems related to calculating the number of integer points in shapes and bodies in
R* can be naturally generalized to estimating the number of rational points in domains in
Euclidean spaces. Let f : Jy — R be a continuously differentiable function defined on a
finite open interval Jy in R. Define the following set:

Ni(@Q,7,J) == {(p1/a. p2/q) €Q*: 0<q<Q,pi/qg€ J, |f(p1/9) —p2/al <Q},

where J C Jp and 0 < v < 2. In other words, the quantity #N;(Q,,J) denotes the

number of rational points with bounded denominators lying within a certain neighborhood

of the curve parametrized by f. The problem is to estimate the value #N;(Q,v,J). In

[8] Huxley proved that for functions f € C?(J) such that 0 < ¢; := 1£§ lf"(x)| < ¢5 =
rcJo

sup | f”(z)| < oo and an arbitrary constant & > 0, the following upper bound holds:
ey

#N;(Q, 7, J) < Q7.

An estimate without using a quantity € in the exponent has been obtained in 2006 in a
paper by Vaughan and Velani [I5]. One year later, Beresnevich, Dickinson and Velani [I]
proved a lower estimate of the same order:

#NH(Q, v, J) > Q7.

This result was obtained using methods of metric theory introduced by Schmidt in [10)].

In this paper we consider a problem related to the distribution of algebraic points o €
A%(Q) near smooth curves, which is a natural extension of the same problem formulated
for rational points. Let ¢ : Jy — R be a continuously differentiable function defined on a
finite open interval Jy in R satisfying the conditions:

sup |¢'(x)] := ¢ < 00, #{x € Jo:p(x) =2} :=c7 < 0. (1.1)

x€Jy

Define the following set:

MZ(Q,~, J) = {aeA2(Q) o € J,|p(ar) —as] < c1Q 7},



where ¢; = (% + 06) -cg and J C Jy. This set contains algebraic points with a bounded
degree and height lying within some neighborhood of the curve parametrized by ¢. Our
goal is to estimate the value #MQ(Q, 7, J). The first advancement in solving this problem
for 0 < v < 3 has been made in 2014 in the paper [6]. We are going to state it in the
following form: for any @ > Qo(n,J, ) there exists a positive value ¢g > 0 such that
H#MZ(Q, v, J) > co- QU7 for 0 <y < 3.

However, it should be noted that this result is not best possible since for the quantity
#MQ(Q, 7, J) an upper bound of order Q"7 can be proved for v < 1. In this paper we
are going to fill this gap in the result of [6] by obtaining lower and upper bounds of the
same order for 0 < v < 1. Our main result is as follows:

Theorem 1. For any smooth function ¢ with conditions (I1) there exist the positive values
Co,c3 > 0 such that

Co - QT < HMQ, 7, J) <z QU
for Q@ > Qo(n, J, v,7), sufficiently large ¢c; and 0 < vy < 1.

The proof of Theorem[lis based on the following idea. We consider the strip LZ(Q, v, J) =
{x €eR?*:xy € J,|p(x1) — 23| < c;Q77} and fill it using squares IT = I; x I, with sides of
length pIh = pyls = cg@ 7. In order to prove Theorem [I] we need to estimate the number
of algebraic points lying in such a square II. It should be mentioned that these estimates are
highly relevant to several other problems in metric theory of Diophantine approximation
7, 16].

Let us consider a more general case, namely, the case of a rectangle II = I; X I,
where pul; = cg@Q7. We are now going to give an overview of results related to the
distribution of algebraic points in rectangles II. First of all, let us find the value of the
parameter 7y, + ¥, such that a rectangles IT does not contain algebraic points av € A%(Q).
The following Theorem [2] answers this question. The one-dimensional case of this problem
was considered in [5].

Theorem 2. For any fized p,q € N, p < 2q there exist rectangles Iy of size pslly =
cio(ps 4,n)-Q ", where cio(p, g, n) = (2p(24 + 2p)"(n + 1)) -+, such that #A2(Q, o) =

0.

Proof. Consider the rectangle I1y with sides given by Iy = (0; g) and [y = (g; g + ci0 - Q‘1>.

To prove Theorem [2 assume that there exists an algebraic point a € A?(Q,Tl;) with the
respective minimal polynomial P;. Consider the resultant R(P;, P») of the polynomials P;
and P,(t) = gt — p. Since a; # £ and az # £, we have |R(P;, )| > 1. On the other hand,

from Feldman’s Lemma (Lemmal[H) and the assumption o € Il we obtain |R(Py, P,)| < 1.
This contradiction completes the proof. O

This simple result implies that if the size of the rectangle II is sufficiently large, that
is, oIl > Q7' then we have #A2(Q,1I) # 0, and we can consider lower bounds for this
quantity. A bound of this type was obtained in [6]; it has the form

#AL(Q,TT) > c1y - Q" oI (1.2)
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In this paper we obtain an upper bound for #A2(Q,II). It is of the same order as the
estimate (L2), which demonstrates that the estimate ([L2) is asymptotically best possible.

Theorem 3. Let Il = I} x I be a rectangle with a midpoint d and sides pI; = cg@Q ™,
i=1,2. Then for 0 < 1,7 <1 and Q > Qo(n,~,d) the estimate

#A2(Q.11) < c12- Q" oIl
holds, where
c1a = 27" 0% p, (di) pa(da)|di — do| ! and — py(x) = ((Ja] + )" = 1) - [2 .

It follows from Theorem [2 that for 1 < v; + 75 < 2 we cannot obtain the estimate
(L2) for all rectangles II. In particular, it is easy to show that certain neighborhoods of
algebraic points of small height and small degree do not contain any other algebraic points
a € A%(Q). This leads us to the definition of a set of small rectangles that are not affected
by these “anomalous” points. Now let us introduce the concept of a (v, v9)-special square.

Definition 1. Let II = I} x I, be a square with midpoint d, di # ds and sides u I, =
puils = cg@Q™7 such that % < v < 1. We shall say that the square 11 satisfies the (I, vy, vs)-
condition if v; + vy = 1 and there exists not more than 6 - 2°73Q 2D 1,11, polynomials
P € Py(Q) of the form P(t) = ast® + ayt + ag satisfying the inequalities

‘P<x0,l)‘ <h,Q_Ui’ i:1727
5Q)\L+1 < |a2| < 5@&

for some point xq € II, where § = 27L7Yh=2. (d, — dy)?, L = [%] and

1 < <L,
N=y—1i I=L+2, (1.3)

0, [>L+3.

Definition 2. The square I1 = I} x Iy with sides py Iy = p1ly = cs@Q™7 such that % <v<l1
is called (v, vq)-special square if it satisfies the (1, vy, ve)-condition for all 1 <1 < L + 2.

The following theorem can be proved for (v, vs)-special squares.

Theorem 4. For all (%, %)-special squares 11 = I} x Iy with midpoints d, di # ds and
sides pily = ply = cs@Q™7, where Loy <1 and cs > co(n,d), there exists a value

2
c13 = c13(n,d,y) > 0 such that
#A2(Q, 1) > c13 - Q" oIl

for Q@ > Qo(n,d, ).



2 Auxiliary statements

For a polynomial P with roots ay, ..., a, let S(o;) ;=< z € R : |z — 4| = 1r<11j£1 |z — oy
<j<n

Furthermore, from now on, we assume that the roots of the polynomial P are sorted by
distance from a; = o 1:
i — i <l —ais| <. o<1 — gl
Lemma 1. Let z € S(«;). Then
|z — ai| < n|P(2)] - [P'(2)| 7, Jo— o] <277 P(2)] - [P (aa)|
2 — os] < min (277 P(2)] - |P(c)| ™ - i — aial - Jeig — i)

1<j<n

The first inequality follows from the identity |P'(z)| - |P(z)|™!' = > |z — a; ]! <
j=1
nlx — a;1|7'. For a proof of the second and the third inequalities see [9], [3].

Lemma 2 (see [2]). Let I C R be an interval and let A C I be a measurable set, pnA >
sl If for all x € A the inequality |P(x)| < c1a - Q™" holds for some w > 0, then

|P(z)] < 6"(n+1)"" ey - Q™
for all points x € I, where n = deg P.

Lemma 3 (see [4]). Let 6, Ko, m1, m2 be real positive numbers, and let Py, Py € Z[t]
be irreducible polynomials of degrees at most n such that max (H(Py), H(P,)) < K. Let
Ji C R, 1 = 1,2 be intervals of sizes puyJ; = K=". If for some 11,75 > 0 and for all
x € J; X Jy the inequalities max (| Py (x;)|, | Pe(z;)|) < K=" hold, then

7+ 72+ 24 2max(r +1—m,0) + 2max(m + 1 —19,0) < 2n + 0 (2.1)
for K > Ky(0).

Lemma 4 (see [9]). Let P € Z[t] be a reducible polynomial, P = Py - Py, deg P = n > 2.
Then
H(P)H(P,) < H(P).

Lemma 5 (see [II]). For any subset of roots a;,,...,c;,, 1 < s < n, of the polynomial

P(t) = apt™ + ...+ art + ag we have [] |og,| < (n+1)2" - H(P) - |a,|™".
j=1

Lemma 6. Let G = G(d, K), where |dy —dy| > &1 > 0, be a set of points b = (by, by) € Z*
such that
|bid; + bo| < K;, 1=1,2. (2.2)
Then
#G < 4 -max {25{1K1, %} - max {2K2, %} .



Proof. Without loss of generality we assume K; > K,. Consider the system of equations

in two variables. It is clear that for |/;| < K; any solution of the system (2.3]) satisfies (2.2]).
Thus, our problem is reduced to estimating the number of integer solutions of the system
(23) with different values |l;| < K;, i =1, 2.
Let us consider the difference of equations ([23)): b1(d; —dz) = I3 —ls. Then for |[;| < K;
we obtain:
o] < (1] + [la]) - [y — da| ™! < 267K

This inequality implies that all possible values of b, lie in an interval J; = ( —2e7 Ky, 2¢7 'K 1).
Let us fix the value of b; € J; and consider the system (2.3)) for two different combina-
tions (b1, bo0) and (by,bo ;). In this case, the system 23] can be transformed as follows:

1boo — boj| = |lho—l;| <2K;, i=1,2.

These inequalities imply that for a fixed by, all possible values of by lie in an interval
J()(bl) = (bo,o — 2K2, b070 + 2K2) Remembering that bl, b(] € Z, we have

#G < 4~max{% ~/,L1J1,%} ~max{% ~/,L1J0,%} = 4~max{251_1K1,%} -maX{QKQ,%}.

3 Proof of Theorem

Assume that #A%(Q,I1) > cjp - Q" poll. Taking an algebraic point a € A2(Q, 1)
with a minimal polynomial P, let us construct an estimate for the polynomial P at points
dy,dsy. Since «; € I;, we have:

il
k) ()] < Z (]J agl - eu7F < (n k) pa(ds) - @,

forall 1 <k <nand Q > Qy. From these estimates and a Taylor expansion of P in the
intervals I;, i« = 1,2 we obtain the following inequality:

d;)] < Z‘k' o) (di — )| < ZQ ) Quil; <2%py(di) - Qual;. (3.1)

Let us fix the vector A; = (an,...,a2), where a,,...,as are the coefficients of the
polynomial P € P,(Q). Denote by P,(A;) C P,(Q) the subclass of polynomials P with
the same vector of coefficients A; such that P satisfies (8.I]). The number of subclasses
P.(A1) is equal to the number of vectors A, which can be estimated as follows for @ > Qy:

HAYT=02Q+ 1) < 2m. QML (3.2)
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It should also be noted that every point of the set A%(Q,II) corresponds to a polynomial
P € P,(Q) that satisfies (8]). On the other hand, every polynomial P € P, (Q) satisfying
(1) corresponds to no more than n? points of the set A2(Q,II). This allows us to write

e - QT T < #A2(Q,TT) < n” Y #P, (Ay).
A,

Thus, by the estimate (8:3)) and Dirichlet’s principle applied to vectors A; and polynomials
P satistying ([B.1)), there exists a vector A such that

#?n(ALO) Z C12 27"n72Q2/,L2H. (33)

Let us find an upper bound for the value #P,,(A1). To do this, we fix some polynomial
Py € P,(A4) and consider the difference between the polynomials Py and P; € P,,(Aq))
at points d;, i = 1,2. From the estimate (3.1 it follows that

|Po(d;) — Pj(di)| = |(aoy — aj1)d; + (a0 — ajo)| < 2" p,(d;) - Quals.

Thus the number of different polynomials P; € P,(A;) does not exceed the number of
integer solutions of the following system:

|b1dz + b0| S 2n+1pn(dz) . Q/Ll]ia 1= 1, 2.

Now let us use Lemma [B] for K; = 2" p,,(d;) - QuiI;. Since pyI; = cs@Q ™ and v; < 1, we
have K; > 2" p, (d;)es - Q177 > max{ey, 1} for Q > Q. This implies that

G <2200 dy — dy| T pn(dy) pa(dy) - Q2 ol

It follows, therefore, that #P, (A1) < 22"%5|dy — da| ' p,(d1)pn(da) - Q?uol, which con-
tradicts inequality ([B3)) for c1o = 23" n?p, (d1)pn(d2)|dy — da|~'. This leads to

#Ai(Qa I) < c1p- Q" oIl

4 Proof of Theorem 4

4.1 The main Lemma

Lemma 7. Let Il = I} x Iy be a square with midpoint d, di # dy and sides ul, =
pils = cg@Q™7, where % <y <1 and cg > co(n,d). Given positive values vy, vy such that
vi+vy=n—1, let L =1L,(Q,0,,v,II) be the set of points x € 11 such that there ezists a
polynomial P € P,(Q) satisfying the following system of inequalities:
|P(xi)| < hy - Q7Y i1
min{|P'(z)[} < 00+ @, i=1,2, (1)



where h, = \/%(\dl\ + |dy)) - max (1, 3|dy|, 3|da))™ . IfT is a (-4, -2-) -special square, then

pal < i - poll
for 6, < do(n,d) and Q > Qo(n,v,d,).
Proof. Since dy # dy we can assume that for ) > @)y the following inequality
‘1’1 — .TQ‘ >e1 = @ (42)

is satisfied for every point x € II.

Let us introduce some additional notation. For a polynomial P, let A(P) denote the
set of roots of P. Denote by L; and Ls the sets of points x € II such that there exists
an irreducible polynomial P € P,(Q) satisfying (LI)) with a condition |P'(x;)| < §,Q or
|P'(z5)] < 6,Q respectively, and let L3 denote the set of points x € II such that (4T is
satisfied for some reducible polynomial P € P,(Q). Clearly, we have L = L U Ly U Ls.

The case of irreducible polynomials will be the most difficult one and requires the
largest part of the proof. Let us start by considering this case, deriving estimates for the
measures 3Ly and pgLy. Without loss of generality, let us assume that |P'(z1)] < 9,Q,
i.e., consider the set L.

In this case the main idea is to split an interval T}, which contains all possible values of
P’ at points x € II, into sub-intervals T; 1, T; 5, T} 3 and to estimate the measure of the set
of solutions of the system (41 for |P'(z;)| € Tix, k = 1,2,3. This splitting is performed
as follows:

v; L (n=2)v; g

Ti1 = (0; 2¢15 - Q%7%> , Ty = (2015 : Qéf? Q2 2D (n)> , 1 =1,2

1 (n=2vy g0, 1 (n=2vg g,
T173 = (Qz a1 0 ); Oy Q) , T273 = (Qz a1 0 ); pn+1(d2) . Q) ,
where f(n) =0if n <3 and f(n) =1if n > 3.
Without loss of generality, let us assume that |d;| < |ds|. We would like to verify that
if a polynomial P € P, (Q) satisfies the condition

|P'(x;)] > 2¢15- Q3 2, (4.3)
then the values | P'(«y;)| can be estimated as follows:
LP/(e)] < [Pa)] < 2P/, i=1,2, (1.4

where x; € S(a;) and ¢15 = 2" 'n(n — 1) - max{hy, 1} - max{1, p,_1(ds)}. Let us write a
Taylor expansion of P’

P'(z;) = P'(oi) + P"(e) (s — ) + ... + ﬁ - P () (z; — ai)" L (4.5)



Using Lemma [l and estimates (£1]), (£.3), we obtain

v;+
|z — ay thncf;- 2 || < |xl|+% < |do| +1

for Q) > Qp. Let us estimate every term in (£3]) in the following way:

)(# - P®) () (2 — o)1

= < (*7) n(n = Dpui(de) - Q27

for Q) > Qg and 2 < k < n. Thus, we can write

D) (s — )| < 27 n(n = Dpaa(ds) - Q77 < 3P/ (wi)].

Substituting this inequality into (A.3]) yields (£.4)). B
This means that for |P'(z;)| € Ti3 and |P'(x;)| € Tip we have |[P'(a;)| € T3 and
|P'(av;)| € T; 9 respectively, where

1 (" 2)vg .0

T3= (%Q% 1) 901)7 20, - Q)7 Ty = ( Q2 -1 r ); 20n+1(d2)'Q> )

— 1_v 1 (n=2)v; .
TZ',2 e <C15 . Q§77; 2 . Q2 2(n—1) 9(”)) ) 7 = 1’2

Let us consider the case |P'(a;)| € T;3, i = 1,2. We are going to use induction on the
degree of polynomials P.

The base of induction: polynomials of second degree.

Let us consider the system (1)) for n = 2. For a given us;,us2 > 0 under condition
Ugy + Uso = 1 let L' = Ly(Q, 02, uy, IT) be the set of points x € II such that there exists a
polynomial P € P,(Q) satisfying the system of inequalities

{IP(%)I < hy - Q7

min{| P} < 65-Q, i=1,2. (4.6)

Let us prove that for all (ug1,us2)-special squares II satisfying the conditions of Lemma
[7, the estimate
,lLQL/ < i . ,lLQH

holds for 65 < dp(d,y) and @ > Qo(uz,y,d).
Let P(t) = ast? + a1t + ap. First, note that the definition of a (ug,1, ug2)-special square
implies that for Q) > )y there exists not more than

S23EQNH < 5232 < 1

polynomials P € P,(Q) satisfying |as| < 6Q7 2 and [@6). Therefore, from now on we are
going to assume that |as| > 5QV_%



By the third inequality of Lemmalll for every polynomial P satisfying the system (Z.0)
at a point x € II we have the following estimates:

2v+2uo i 1

22— ol < (|P(a)llag] ) ? < 6my% Q7T < 2, (47)

where @@ > @y and x; € S(«;), @ = 1,2. Thus, from ([@7) and ([@2]) we obtain that the
distance between the roots a; and «s of the polynomial P satisfies

loy — ag| > |z — 2o] — |21 — ay| — |22 — | > % - €1,
This leads to the following lower bound for |P’(c;)|:
|P'(0q)| = las| - |on — aa| > 2 &1 - |ayl. (4.8)
An upper bound for |P’(a;)| can be obtained from the Taylor expansion of polynomial P’:
|P(ci)| < [P'(i)] + | P"(x)] - |2i — 0| < |[P'(@i)| + 5 - |a].
Hence, by (L8)) and (4L.06) we have
lag| < 4e7t - mzm{|P’(:cl)\} <46t Q. (4.9)

Now let us turn to the estimation of psL’. From Lemma [I and the estimates (L8] it

follows that L' ¢ |J op, where
PeP2(Q)

op=1{x€Tll: |z;— ;| <8hye]'Q “|ay| ™', i =1,2}. (4.10)

Simple calculations show that for cs > 26hse7'67 and |as| > 6Q7"2 we have:

8 2
poop < 28h3e12Q a7 < 2 CQT < 1 oIl

Let Po(Q,1) C P2(Q) be a subclass of polynomlals defined as follows:
Po(Q,1) = {P € Po(Q) : 5QM* < |as| < 6Q™},
where )\ is defined by ([3) and 6 = 2*L*17h;2 (dy — dy)?, L = [M} Thus, by @) it

follows, that for |as| > 6Q7"2 and &, = 2 we have:
L+1
poLl’ < o U UP<Z Z 20 p.
PeP2(Q =1 PeP2(Q,0)

From the definition of a (us 1, u2,2)—special square it follows, that the number of polynomials
P € P5(Q,1) satisfying (4.6) does not exceed

53 . 21+3Q1+2)\(l+1)ﬂ2n- (411)
Hence, by estimates (L.I0) and (LIT]) we have:

L+1
oLy < 28 72h26Q ™ oIl - Z2l+3Q1+2)\(l+1)—2>\(l+1) < Lol
=1
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The induction step: reduction of the degree of the polynomial.

Let us return to the proof of Lemma [l For |P'(a;)| € T;3, i = 1,2 we consider the
following system of inequalities:

P@)| < Q™ i=1.2

n—

%Q%— St 0 |P'(ay)] <26, - Q, (4.12)
1_(n—2)v n
1Q2 - o) [P'(a2)| < 2pp41(da) - Q.

Denote by L33 a set of points x € II such that there exists a polynomial P € P,(Q)

satisfying the system (£I2). By Lemma [ it follows that L33 C | U oprla),
PePn(Q) acA?(P)
where

opla):={xell: |z —a<2""h,Q "|P'(a;)|",i=1,2}. (4.13)
It means that the following estimate for p9L3 3 holds:
palzz < po U U op(a Z Z 2o p (o

PePn(Q) acA2(P) Pean(Q) acA2(P)

Together with the sets op(a) consider the following expanded sets

/

op(0) = opy(a1) X opylag) = {x eIl |z;— ] < QP (ag)| T, (4.14)

(n 2)1}z

where w; ,—1 = , 1 =1,2. It is easy to see that the measure of an expanded set o/ (cx)
is smaller than the measure of the square II for ) > Q.
Using (AI3) and (4I4), we find that the measures of the sets op(a) and o () are

connected as follows:
poop(a) <227 2h2e 2 - Q7 o (a). (4.15)

For a fixed a, let P,(Q,a) C P,(Q) denote a subclass of polynomials with the leading
coefficient a:

Pr(Q,a) ={P P, (Q): P(t)=at"+ ...+ ao}.
Since —Q) < a < @, the number of subclasses P,(Q, a) is equal to

#{a} =20 + 1. (4.16)

We are going to use Sprindzuk’s method of essential and non-essential domains [9].
Consider a family of sets o (), P € P, (Q,a). A set o (au1) is called essential if for every
set 0p, (0z), Py # Py, the inequality

p2 (0, (@) N0, (@) < 5 - pa0p, (1),

is satisfied. Otherwise, the set o (ov;) is called non-essential.
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The case of essential sets. From the definition of essential sets, we immediately have

that
> > aop(a) < 2pIL (4.17)
PeP,(Q,a) acA?(P):
o'p (o) —essential

Then inequalities (ETH), (ImD and ([EIT) for ¢ = 2""°h,, allow us to write

Z Z Z paop(er) <2710 Z Z f20p(0) < g5 - poll. (4.18)

a PePn(Q.a) acA?(P): PePn(Q,a) acA?(P):
ol (). ol (00)—ess.

The case of non-essential sets. If a set o’p (1) is non-essential, then the family contains
another set o, (o) such that ps (0, (1) N o, (az)) > Sp20p, (ar). Consider the differ-
ence R = P, — P;, which is a polynomial of degree deg R < n — 1 and height H(R) < 2Q.
Let us estimate the polynomials R and R’ at points x € (o, (a1) N 0}32 (a2)).

From the Taylor expansions of the polynomials P;, in the intervals o, ;(ay;)Nop, ;(@a:),
i,j = 1,2, the estimates ([LI2)), (£I14) and the equality u;,,—1 = (=2v o have:

n—1

O‘J@ Li O‘J)i)k‘ < Z (Z) i - Q7 < py(do)(14ci6)™-QHom
k=1

ZQ

for Q) > QO. Now we can write:
| B(zi)| < [Pr(wi)| + | Pa(z:)] < 2pn(d2)(1 4 c16)" - Q71 (4.19)

Similarly, Taylor expansions of the polynomials P, j = 1,2 in the intervals o’ ;(c,:) N
0p,i(2,), the estimates (L12), (EI4) and the equahty Uip—1 = w allow us to write

|Pj(ai)] < n”pu(d2)(1+ c16)" " - [Pjleja)-
From these estimates and the inequalities ({.I12) it easily follows that
min {|R'(z;)[} < 4n*pn(da)(1 + c16)" 00 - Q- (4.20)

The inequalities (LI9) and ([420) are satisfied for every point x € o}, (c1) N o'p, (ax2).
Since 1 (0, ; (1) N0, (@2;)) > 3p10%, (on;) for i = 1,2, from Lemmait follows that
for every point x € o, (cr1) the inequalities

[R(z:)] < ez - @7, min{|R (z)]} < cisbn - @, (4.21)

hold, where ¢;7 = 6™ (n+1)""1-2p,,(ds)(1+c16)™ and c15 = 6™ (n+1)""-2n%p, (dy) (1+c16)" L.
Denote by L’ a set of points x € II such that there exists a polynomial R € P,,_1(Q1)
satisfying the following system of inequalities:

|R(z;)| < ci9hn—1-Q7 """, Ujip_1 >0,
min{ | R/ (z;)|} < dn1 - Qu,

Ul n—1 -+ U2 p—1 =N — 2, 1= 1, 2,
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where Q1 = 2Q), c19 = max {2un=1 cizh ) and 6,1 = 2¢15 - 6,
The estimates (Z.21]) 1mply that the inclusion

U U obl@cr

PePn(Q,a) acA?(P):
o'p(a)—non-ess.

is satisfied for all a. Thus, by the induction assumption, we obtain that

Z Z Z p2op(er) < pol’ < 55 - poll, (4.22)

a PePn(Q,a) acA?(P
op(a )—non ess.

for a sufficiently small constant 6,, and ) > Qo. Then the estimates (LI8)) and ([4.22) allow

us to write

polz 3 < Z Z Z poop(or) + Z Z Z poop(a) < ﬁ « ol

a PePn(Q.a) acA?(P): a PePn(Q,a) «acA2(P):
o'p(a)—ess. o'p(@)—non-ess.

The case of sub-intervals T}, and T3,

For |P'(oy)| € Ty, i = 1,2, we have the following system of inequalities:
P(z;)| < h, - Q7"
‘ ( )‘ (n=2)v; 0(n) (423)
C15 - Qz T < |P' ()| < 2Q2 Sttt . i=1,2.

Denote by Lyo a set of points x € II such that there exists a polynomial P € P,(Q)

satisfying (4.23)). By Lemma [I] the set Lo is contained in a union | U orla),
Pe?P,(Q) acA2(P)
where

op(a) = {x ET1: |z — cu| < 2 UhnelQ~5, Q= 1,2}. (4.24)

In this case we cannot use induction since the degree of the polynomial cannot be
reduced. Let us estimate the measure of the set L, o by a different method. Without loss
of generality, we can assume that v; < vs.

Let us cover the square I by a system of disjoint rectangles Il = Ji1 X Jj 2, where

ik = Q_WTH“%, 1 = 1,2. The number of rectangles II, can be estimated as follows:

I I AQ™ 7~z Il y < Bt
k:§4max{ i ,1} -max{ fi2 ,1} Q' ; = v . (4.25)
H1JE,1 p1 k2 4Q7 7 =22l > %

We are going to say that a polynomial P belongs to Il if there is a point x € I such
that the inequalities (A23]) are satisfied. Let us prove that a rectangle I cannot contain
two irreducible polynomials P € P,,(Q). Assume the converse: the system of inequalities

13



(@.23)) holds for some irreducible polynomials P; at some point x; € II;, j = 1,2. It means
that for () > @)y and all points x € II; the estimates

Vi

+1 ) .
2 = agal < i —@jal + |25 — 0 <2-Q7 72 T < Q

Vi

2t (4.26)

are satisfied, where z;; € S(a;;).
Let us estimate the absolute values |P;(x;)|, i, j = 1,2, where x € II;. From the Taylor
expansions of P; in the interval Ji; and estimates (£.23), ([£.26]), we obtain that:

‘P](sz)‘ < pn<d2)3n . vaiJrﬁJr("*l)@,i < Q*Ui+2(:7i1)+n€2,i’

for Q) > @y and €94 < ﬁ

Applying Lemma [ for n; = 2t —2694, Ty = Vj— 5w —N-€9,,1 = 1,2and g9, = ¢

2 2(n—1) 8(n—1)
leads to the inequality

7'1+7'2+2(7'1+1—7]1)+2(7'2+1—7)2)>2n+i.

This contradiction shows that there is at most one irreducible polynomial P € P,(Q) that
belongs to a rectangle IIx. Hence, by the inequalities (£.26) and (£23]) for @ > Qy we can
estimate the measure of the set Ly as follows:

palos < Zuzap(a) L Q22 psll < ﬁ - oIl

11,

The case of a small derivative

Let us discuss a situation where |P'(z;)| € T;1, ¢ = 1,2. In this case we can show
that if for some polynomial P and a point x € II the inequalities (A]) are satisfied for
|P'(z;)| € T;1, then by Lemma [I] we have:

P (00) (s — o) -+ by - P (o) (0 — )| < @27
Using the Taylor expansion of the polynomial P’ and this estimate we obtain:
P/(as)] < 3ess - Q%

which contradicts our assumption.
Denote by L;; a set of points x € II such that there exists a polynomial P € P,(Q)
satisfying
P(x;)| < h, - v,
{| () Q. 42

|P'(a;)] < deys- Q22 i=1,2.

The polynomials P € P,(Q) are going to be classified according to the distribution of
their roots and the size of the leading coefficient. This classification was introduced by
Sprinzuk in [9)].
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Let €3 > 0 be a sufficiently small constant. For every polynomial P € P,(Q) of degree
3 < m < n we define numbers p;; and py;, 2 < j < m, as solutions of the following
equations
‘041,1 - 0417j| =Q ", |042,1 - 042,j| =Q 7.

Let us also define vectors k; = (kio, ..., kim) € Z™ ! as solutions of the inequalities

(kij—1)-e3<pi;<kij-es, i=12 j=2m.

Clearly, we have m(m — 1) pairs of vectors ki, ks that correspond to a polynomial
P e P,(Q) of degree 2 < m < n depending on the choice of roots a;; and ;5. Let us
define subclasses of polynomials P,,(Q, ki, ks, 1) C P,(Q) as follows. A polynomial P of
degree 2 < m < n belongs to a subclass P,,(Q, ky, ks, ), if: 1. the pair of vectors (ki, ky)
correspond to the polynomial P for some pair of roots aq, a; 2. the leading coefficient of
P is bounded as follows: 2! < |a,,| < 2!*1.

Let us estimate the number of different subclasses P,,,(Q, k1, ks, (). Since 1 < |a,,| < Q,
the following estimate holds for I: 0 <[ < In@. On the other hand, we can write Q) >
oy, — aj,| > H(P)™™ > Q™% where a;,, aj, are the roots of a polynomial P, which
leads to the estimate —é +1 <k, < m8_;1 Thus, an integer vector k; = (k;o,..., kin)

can assume at most (meg - l)m_1 values. Now the number of subclasses P,,,(Q, ki, ko, [)
can be estimated as follows:

#(kh ko, l) < C%O ‘In@, (428>

where o9 = Y (ie5 ' — 1)i_1.
i=2
Define the values p; ;, ¢ = 1,2 as follows:

{pm _ (()/gl-J+1 oA ki) e, 1<j<m—1, (4.29)

Dij J=m.

Let us consider polynomials P belonging to the same subclass P,,(Q, ky, ko, ). For
these polynomials we can write the following estimates for their derivatives at a root «;:

2h. Q7P < |P' ()| = |am| - |in — qia| .- |aig — aim| < oitl. @ pirtim=lles 4.30
@) (. m! _ 9l+1l | )—pij+(m—1)es ( ' )
[P ()| < m—j)! 2 Q .

Since we are concerned only with polynomials satisfying the system (L21), we can
assume that the following inequalities hold for at least one value of I:

2Q P < |P'(o)] < 4ersQ2 %, i=1,2.
This condition implies that

P11 > %, P21 > U22_1. (431)
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Now let us estimate the measure of the set Ly ;. From Lemma [l it follows that L;; C

U U op(a), where

m,kl,kz,l Pe?m(Q,kl,kg,l) aEA2(P)

. . T h Qi /i
op(la) = =3xell:|z; — o] < 221}1<nm <|P’(T |1 — ol .. aig — ozi,j|> i=1,2¢.
This, together with earlier notation (£29) and the estimates ([L30), yields

m—j— —VitPi,j
crp(a)::{XEH:| — ;| < min (2 J']lhn-Q J’pj>,i:1,2}.

2<j<m

for P c ?m(Q, k17 kg, l)
The numbers 7 = my and j = my in the formula above provide the best estimates for
the roots o and as respectively if the following inequalities are satisfied:

Pimk — P < (v + 1)(B—my), 1<k<m;—1,

4.32
Dim.k — pigmi < vi(k —m;), m;+1<k<m. ( )

Then

m—m;—l 7v+pzmz
ap(a)::{xeﬂ:| —q| <2 M h,-Q ™ i:1,2}. (4.33)

Let us cover the square 1I by a system of disjoint rectangles Il,,, ;,, = Jim, X Jp,, Where

MlJmi - Q_

Vi —Pi,m;
Mg
T +eu

. The number of rectangles II,,, ,,, can be estimated as follows:

V1=Pl,my | Y27P2,mg
+

#Hml,mQ S 4@ my Mo —2e4 . M2H- (4_34)

Let us show that a rectangle I1,,, ,,,, cannot contain two irreducible polynomials belong-
ing to the same subclass P,,(Q, ki, ks, [). Assume the converse: let the inequalities (£.27])
hold for some irreducible polynomial P; € P,,(Q, ki, ks, ) and some point x; € IL,,, n,,
Jj = 1,2. Then for all points x € II,,, ,,,, we obtain:

Vi Vi~ Pi,my

=1 _ zm,L
| — gyl < i — gl + [0 — el <2-2m0-Q e T T (4.35)

where z;, € S(a;,;) and Q > Q.

Let us estimate |P;(z;)|, 4,7 = 1,2, where x € Il,,, ,,,. From the Taylor expansions
of the polynomials P; in the intervals .J,,, and the inequalities (£30), (£35]), (£32) for
Q > Qp we obtain that:

Py(5)] < pun(dy) - 37 - Qor+merHm=bzn o grumertmen

Uy 7pi,mi

Let us apply Lemma [3] for n; =
we have:

—2¢4 and 7, = v; — mey — mes, i = 1,2. Then

T+7m+2=(Mm—1)+2—2me3 —2mey =n+ 1 — 2mez — 2mey,
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2(i+1—m) :2vi+2—2m83—2(vi7m71?"”)—2(m—2)~54.
Let us estimate the expression 2(7; + 1 — ;) by using the inequalities (L.31)):
Vi + 2+ Dim; — 2mes —2(m —2)eq, my; > 2,

> v;+1—2me3—2(m—2)-e4.
v; +1—2meg —2(m —2)ey, m; =1, B o e

2(ri+1-m;) > {

Substituting these expressions into (21]) for e5 = ﬁ and g4 = ﬁ yields

7‘1+7'2+2(7‘1+1—7}1)+2(7‘2+1—772)>2m+%,

which is a contradiction.

This means that there is at most one irreducible polynomial P € P,,(Q, ki, ks, ) be-
longing to the rectangle II,,, ,,,. Now, by inequalities (£.28) and (£33) for ) > @, the
measure of the set L, ; can be estimated as follows:

1
palin <D D peop < Q- Q7 - ol < - gl

m7k17k27l Hm1 ,mo

Mixed cases

All mixed cases have the same structure and can be proved using Lemma [3] and the
ideas described above.

Thus, we have Ly C |J L;;, which leads to the following estimate:
1<ij<3

paly < Z poLi; <9+ o - poll = & - oIl

1<i,j<3
Similarly, poLs < 1—16 - poIl. These estimates conclude the proof of Lemma [7lin the case of
irreducible polynomials.

The case of reducible polynomials

In this section we are going to estimate the measure of the set Lz. Clearly, the results of
Lemma [3] do not apply directly to this case. Let a polynomial P of degree n be a product
of several (not necessarily different) irreducible polynomials Py, Ps, ..., Ps, s > 2, where
deg P, =n; > 2 and ny + ...+ ny, =n. Then by Lemma (] we have:

H(Pl)H(PQ)H(PS)§021H(P)§019Q

On the other hand, by the definition of height, we have H(P;) > 1, and thus H(FP;) < ¢1Q,
1=1,...,s.
If a polynomial P satisfies the inequalities (A1) at a point x € II, we can write

|P(21)P(x2)] = |Pi(z1)Pi(22)] - ... | Po(a1) Po(a2)] < hp@Q ™"
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Since n =n; + ...+ ng and s > 2, it is easy to see that at least one of the inequalities
|Py(21) P(2)| < R2Q7™3, i=1,...,5, (4.36)

is satisfied at the point x.
Denote by Ls a set of points x € II such that there exists a polynomial P € Px(Q1)
satisfying the inequality:
ka1
|P(21)P(x2)] < hpQy (4.37)
Since one of the inequalities (£36) holds for each point x € L3, we have

n—2

Ls C U L37k.
k=2

Let us estimate the measure of the set L3y, 2 < k < n — 2. From Lemma [ it follows

that Ls is contained in a union U op(a), where
PePr(Q) acA2(P)

op(a) == U {x eIl |z — oy <280, Q7" | P ()|} (4.38)
w1+w2=k*%7

wi,w2>—1

The set op(a) is formed by two symmetric hyperbolas centered at a.. Let us consider the
following set:

opi(a,t) = {X eIl lz1 — o] < 2kh, - Q- |P' ()], }

|l‘2 — 042| S 2khn . Q_k+1_t . |P'(0z2)|_1.

By the definition of the set op(a) it is easy to see that:

op(a) C Uam (a,1—1/2).

On the other hand, we can observe that for v; = —t, v, = k — 1 + ¢ and under the
condition min {|P'(o;)|} < 6,Q1, the set op;(a,t) corresponds to a system of the form

(@1). Furthermore, as the polynomials P € Pp(Q;) are irreducible, we can apply the
above arguments for a sufficiently small constant J, and @)1 > @)y to obtain the following
estimate:
paoi(kt) = pa | U opi(et) < 55 - poll. (4.39)
PEPL(Q1)  aEcA?(P):
min{| P’ (a;)[} <8k Q1
Now we are left with the case where |P'(c;)| > 0,Q1, ¢ = 1,2. Once again, let us cover
the set op(a) by sets of the form

- < 2kp, - Q- |P -1
opa(a,t) == {XGH: 21 —au| < Q" - [P'(an)| 7, }

|22 — @o| < 25hy, - QTFHIT | P(a) 7
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4k+1
Clearly, op(a) C | op2(a, 1 —i/4).
i=0
Let us estimate the measure of the set

o(k,t) = | U oralat).
PePr(Q1) acA?(P):
[P (0ui)[>0: Q1

Consider a polynomial P € Py (Q;) satisfying the following conditions:
dxq € (ap,z(a,t) N H), |P'(0zl)| > 519@17 1=1,2. (440)

Let us estimate the value of the polynomial P at a central point d of the square II. A
Taylor expansion of the polynomial P can be written as follows:

k!

From the conditions ([@40) it follows that:

|dy — aq| < |dy — zoa| + |zo1 —oa| < puly + 2khn<5k_1 QY
(4.42)

- —k+3—t—1
|dy — o] < |dy — zo2| + |T02 — o] < pils + 2khn5k Lo EE

Without loss of generality, let us assume that ¢ > —k + % —t. Then we can rewrite the
estimates (£42) as follows:

Cor1 - ly, t<1—r,
|di — on] < 2! Mt_ll |dy — | < i ls.
- Qy 7, 1—y<t<1,

where ¢y; = max {Qkhnék_l, Cg}.
Using these inequalities and expression (L41]) allows us to write

Co - Q- pnly, t<1—7,
P(dy)| < P(ds)| < c9 - -y 1s. 4.43
| ( 1)| {CQQ'Qﬁ, l—~y<t<l, | ( 2)| 92 - Q1 - 1o ( )

Fix a vector Ay = (ay,...,as), where ay,...,ay will denote the coefficients of the
polynomial P € P (Q). Consider a subclass Pr(A;) of polynomials P which satisfy (£.40)
and have the same vector of coefficients A;. For ()1 > (g, the number of such classes can
be estimated as follows

#{A} = (2Q, + 1) < 2FQF (4.44)
Let us estimate the value #P;(A;). Take a polynomial Py € Pr(A;) and consider the
difference between the polynomials I and P; € Py(A,) at points d;, i = 1,2. By (£43),
we have that:

200 - Qi ly, t<1—7,

Py(dy) — P;(dy)]| = —a;)d; + — a2l <
[Po(dr) = Py(di)] = [(aos — aj1)di + (aoo — a;0)] < {2022_@7 l—y<t<l,
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[Po(dz) — Pj(da)| = |(aox — aja)dz + (aoo — ajo)| < 22 - Qupnla.
This implies that the number of different polynomials P; € Py(A;) does not exceed the
number of integer solutions to the system

|bid; +bo|] < Ky, i=1,2,
where Ky = 2¢q9 - Qlﬂl[Q and K{ = 2c¢g9 - Ql,ulll ift < 1-— Y and K| = 2c¢g9 - Qtl if
1—-~v<t <1
It is easy to see that K; > 2c¢ys - Qi_v > @] for Q1 > Qo. Thus, by Lemma [0 we have

3261_1 ' Q% ’ ,lLQH, t<1l-— s

Pr(Ay) <
o 1)_{32551~Q§“-u112, l-y<st<l

This estimate and the inequality (£44]) mean that the number m of polynomials P €
Pr(Q1) satisfying the conditions (£40) can be estimated as follows:

m < {2k+5€1_1 ' Qlf+1 ' :uZHa t<1l-— s

4.45
QAL ML, 1—y <t <. (4.45)

On the other hand, the measure of the set ops(ax, ) satisfies the inequality

_ —k-32
2252 .Q Y, t<1l—7, (4.46)
1 .
2242p252. QM T 1y <t <1

Then, by estimates ([4E) and [@46), for all £ + £ <t <1 and @ > Qy we can write

poopa(a,t) < {

IUQO'Q(]{Z,t) S 23k+75k_2hi€;1Q;ZM2H < TS IMQH (447)

2Tn2
The inequalities (439) and (A47T) lead to the following estimate for the measure of the
set Lgj:

2k) k41
palsp < ZM201 (k,1—1i/2) + Z p20s (k, 1 —i/4) < 336k 1T < - poll.
i=0 i=0

Therefore )

pals < po U Lap < 22 oIl < ¢ - pioIlL
k=2
This proves Lemma [7 in the case of reducible polynomials.
Combining the obtained estimates for the different cases yields the final estimate

pol < poly + palo + pals < i - proll.
O

Remark. Note, that in case of reducible polynomials we do not use the inequality min {| P’ (x;)|} <

0,Q. It means, that the set L3 is the set of points x € Il such that there exists a reducible
polynomial P € P, (Q) satisfying the inequalities

|P(x;)| < h,Q7%, i=1,2.
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4.2 The final part of the proof

Let us use Lemma [7 to conclude the proof. Consider a set By = II\ L,(Q, 6y, v, II)
forn > 2, v =wvy = "T’l, Q > Qo and a sufficiently small constant ¢,,. From Lemma [7 it
follows that

poBy > % - oIl (4.48)

Now we prove that for every point x € II there exists a polynomial P € P, (Q) such that
|P(z)] <h, - Q7T , i=1,2.

By Minkowski’s linear forms theorem [10] for every point x € II there exists a non-zero
polynomial P(t) = a,t™ + ...+ ait + ag € Z]t] satisfying

P@)] < hy-Q "%, o] < max(L3di]3ld) " Q (=12, 2<j<n).

One can easily verify that |a;| < @ and |ap| < @, hence P € P,(Q).
Then, by the remark of Lemma [7] we can say that for every point x; € By there exists
an irreducible polynomial P; € P, (Q) such that

1Py (213)] < hn - Q75T
|P{(z13)] > 6, -Q, 1=1,2.

Let us consider the roots ay, o of the polynomial P, such that z;,; € S(;). By Lemmall
we have B
|15 — ;] <nh,5,'Q 2, i=1,2. (4.49)

Let us prove that aq, as € R. Assume the converse: let a; € C, then the conjugate complex
number @; to «; is also the root of the polynomial P;, and x;; € S(a;). Hence, from the
estimates (£49) and Lemma [} we have

n—1
|[P(0i)| < lanl[@d — il < cos- Q77

On the other hand, a Taylor expansion of the polynomial P; in the interval S(«;) implies
that
[P (ai)] = 500 - Q-
These two inequalities contradict each other.
Let us choose a maximal system of algebraic points I' = {~,,...,7,} C A?(Q) satisfying
the condition that rectangles o(7v,) = {|z; — Y| < n5;1Q*nTH,z' =1,2},1 <k <tdonot
intersect. Furthermore, let us introduce expanded rectangles

o' () = {m e < 20h 6T QT i = 1, 2} k=11, (4.50)
and show that .
By C | o' (vy): (4.51)
k=1
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To prove this fact, we are going to show that for any point x; € B; there exists a point
v, € I' such that x; € o'(,). Since x; € By, there is a point « satisfying the inequalities
(@49). Thus, either v € T and x; € 0'(x), or there exists a point «, € I' satisfying

n+1

|ai - 7k,l| S nhnéngiTa 1= ]-7 27
which implies that x; € 0'(;). Hence, from (£48),[d50) and ([A51) we have:

t
2o pall < paBy < 37 g0 () < t-2°02R20,°Q 7,
=1

which yields the estimate
#Ai(Qv II) >t >c3- Qn+1,lL2H.

5 Proof of Theorem [

Now we can prove Theorem [ which is the main result of the paper. Consider
a set Ly,(Q,7,J) = {xeR*:xy € J|p(x1) — 22| <c1Q77}. Clearly, M(Q,v,J) =
L,(Q,7,J) N A2(Q), and our problem is reduced to estimating the number of algebraic
points in the set A%(Q) lying within the strip L, (Q,~, J).

5.1 The lower bound

The lower bound for 0 < v < % was obtained in the paper [6], which allows us to
consider the case where % < v < 1 only.

Note that the distance between algebraically conjugate numbers is bounded from be-
low, meaning that a certain neighborhood of the line ¢;(z) = = must be excluded from
consideration. Let us consider the set Dy := {z € J : [p(z) — 2| < &}, where &1 > 0 is a
small positive constant. Since the number of points = € J such that ¢(z) = x is finite, for
a sufficiently small constant e; we have that pu; Dy < i w1J. Instead of the interval J, let

us consider the set J\ Dy = |J Ji, k < ¢5+ 1. The measure of this set is larger than %MJ-
k

For every interval Jj, = [by1, by 2], let us consider a strip L,(Q,~, Ji) and estimate the
cardinality of the set L,(Q,~, Jr) NAZ(Q). Let us divide the strip L,(Q,~, Ji) into subsets
E; as follows:

Ej:={xeR’: a1 € Jy,|o(x1) — 22| <a1Q 7},

where Ji, ; = [y;-1, Y], Yo = br1 and yj41 = y; + cs@7. The number t; of subsets E; can
be estimated by the following way:

tk Z Mle . (,ult]]ﬁj)il —1 Z % . Cngvule. (51)

For ¢, = 3 (max o(z) + min cp(x)) consider the squares defined as

:L'GJ]C’J' !L’GJ}CJ

Il = {X eER?:z; € Tk js

@j — l‘g’ < %Cg@iﬂ{} .
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Since the function ¢ is continuously differentiable on the interval J, and max | (x)] < cq,
S

we get by the mean value theorem that

max p(z) — min ()| <5 Q7
which implies that the square II; is contained in a subset E;. Thus, every set E; defines
the respective square II; = I;1 X I;5 of size puoll; = 2Q~.

Let us estimate the number of (%, %) -special squares I1;. To obtain this estimate, let us
derive an upper bound on the number of squares II; satisfying the (l, %, %)—condz’tz’on for
every 1 <[ < L+ 2.

For polynomials P € Py(Q) of form P(t) = ast* + a1t + ay, satisfying the conditions

BQN < lag] <8QN, |P(a)] <h-QF, i=12, (5:2)

denote by P5(Q, [, D) a subclass of polynomials P € P,(Q) satisfying the inequalities (B.2])
at some point x € D C R?. By the definition, if a square II; satisfies the (l, %, %) -condition,
then the following inequality holds:

#?Q(Qa la Hj) S 53 . 2l+3Q1+2>\l+1M2H]’.

Js+T(1)
Consider the expanded sets Es = |J E; composed of T'(l) subsets E;, where
1=Js
T(l) = c4Q"M, cou =267 g (|di| + |do] + 1) - min {eg, 57}, (5.3)

and j; = 1, jsu1 = js + T(1) + 1. By the inequality (B.1]), the number of expanded sets can
be estimated as follows:

s<t-T() ™ <esT)'Q iy Ji.

Now let us show that at least (1 —27'7%) . T'(I) squares II; C E; satisfy the (I, 3,3)-
condition. By definition of the set E, for every point x € E, we obtain:

X € ]1, ,u1[1 = Cg CQ4Q_>\l. (54)

On the other hand, since ¢ is continuously differentiable on the interval J and max | (x)] <
re

¢ then Es C I1, where IT = I} x Iy and py Iy = cguqly. Thus #Po(Q, 1, Es) < #Po(Q, 1, 11),
and we only need to estimate the quantity #P-(Q, [, IT).

By the third inequality of Lemma [I], for every polynomial P € P5(Q,[,II) satisfying
the system (0.2) at a point x¢ € II, the inequalities

IS

L 1 _
w0 — i < (|P(wo)| - |aa) ™) > < h2-Q71 <

oo|®

, (5.5)
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are satisfied for ) > @y and zo; € S(o;). From (5.0) and the condition |z — x5| > €1, we
obtain the following lower bound for |P’(«;)|:

|P'(ci)| = las| - [ar — ao > § - &1+ [as]. (5.6)
Moreover, from the inequalities (5.5]) we have
|P'(204)] < laz| - (Joa — x| + a2 — xo4]) < (|d1| + |dy| + %51) - |as], (5.7)

where d is a midpoint of the rectangle II. Let us estimate the polynomials P € Po(Q, [, 1)
at a point d € II. From a Taylor expansion of the polynomial P in the interval /; and

inequalities (£.2), (5.8) we have:
[P(di)] < (ldv| + |da] + 1) - |ag| - L. (5.8)

Fix a number a and consider a subclass of polynomials P with the same leading coef-
ficient:

Po(Q, L1 a) :={P € Po(Q,1,1I) : ay = a}.

It is clear that the inequality #P5(Q,[,1I,a) > 0 holds only if the conditions (B.2]) are
satisfied. Hence, the number of classes under consideration can be estimated as follows:

H{a) < 5QM. (5.9)

Now let us estimate the number of polynomials in a subclass Po(Q, [, 11, a). Choose a
polynomial Py € Po(Q,[,11,a) and consider the differences between polynomials Py and
P; € P5(Q, 1,11, a) at a point d. From the estimates (5.8) it follows that

| Po(d;) — Pj(xo,)| = [(ao1 — aj1)di + (aoo — ajo)| < 2¢95 - |a| - pad;,

where ¢o5 = |di| + |da| + ;. Thus, the number of different polynomials P; € P5(Q, 1,11, a)
does not exceed the number of integer solutions of the following system:

|b1dz + b0| S 2025 . |a| . Mljia 1= 1, 2.

Let us apply Lemma [0 with K; = 2¢95 - |a| - p1I;. From the estimates (5.2)) and (5.4]), we
can easily verify that 4e; 'K, < 1 and 4K, < 1, which leads to the inequality

#P,(Q,1,1,a) < 1. (5.10)

Hence, from the inequality (5.9]) we obtain the estimate
#Po(Q1LTT) = > #Py(Q.1,11,a) < Q™. (5.11)
Let us consider the case where 1 <[ < L + 1. Assume that the inequality
#Po(Q,1,T1;) > §3 - 23QI A1 o T (5.12)

24



holds for 2773 - T'(I) squares II;. By Lemma [ for a polynomial P € P5(Q) the set of
points x satisfying (5.2)) is contained in the following set:

op = {|xz — o] hQTE - |P'(0)| 7 i € S(ew),i = 1,2}-

From the inequalities (5.2) and (5.6) it is easy to see that the measure of the set op is at
most a half of the size of II; for 1 <! < L +1 and cg > hé_lgfl. Therefore no polynomial
P € P5(Q) satisfies the inequalities (0.2) at three points that lie inside three different
squares 1I;.
Since II; C E; C E C II we have | JII; C II. Then by our assumption and the inequality
j

#P(Q, [, 11;) > 0 we get:

JSJFT(I)

#Po(Q LT > Y #Po(Q,11L) > o - T(1) - #P2(Q, 1, 11y).

Z]S

From the inequalities (5.3]) and (B.12) for 1 <1 < L, we obtain:
#?Q(Qa l7 H) > C2453 ' C% ' Q177+2>\l+17>\l > 5Q>\l7

for cg > 8¢5 - (min {c, z—:fl})_l. This inequality contradicts the estimate (5.1T]).
For [ = L + 1 we can use the inequalities (0.3]) and (5.12]) to obtain:

HPy(Q,1TT) > 0900° - 2 - Qe > QT > 5T S 503,

for cg > 85 g5 - (min {cg, efl})_l. On the other hand, the estimates (511 imply that:

#P2(Q.1.11) < 6@ = Q7 ] <5 =573 < 6QE
for v < 1, which contradicts the previous inequality.

This argument proves that the number of squares II; C FE;, satisfying the (l, %, %)—
condition for 1 <1 < L + 1 is larger than (1 —27'7) - T(1).

The case where | = L + 2 needs to be treated differently. From Lemma [ and the
inequalities (B.0), it follows that the set of points x satisfying the inequalities (5.2]) for
some polynomial P is contained in the following set:

op = {|$z — o < her' Q7 - Jay| i = 1,2}-

and the measure of the set op is larger than the size of the square II;. It means that a single
polynomial can belong to a large number of different sets P2(Q,,I1,). Let us estimate this
number for a fixed polynomial P € P5(Q, [, II). Since the side of the square op is larger
than the width of the strip L,(Q, ", Ji), we have:

H{IL; - P € Po(Q,1, 1))} < 2her’cgt - Q7%+ Jan| ™
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Now from inequalities (5.I1]) and the estimates (B.10), we can obtain that

# | I PePy(Q LI} <2kl Q72 Y aof ' <

Pe2(QL) 1<]as|<6Q" " 2

< 2% hegt (v - 3) Q" :InQ < 55 - (1),

for v <1 and Q > Q.

This implies that the inequality #P2(Q,[,1I) > 0 can only be satisfied for 27172 . T(I)
squares II; C E, and, therefore the number of squares II; C Ej, satisfying the (l, %, %)-
condition for | = L + 2 is larger than (1 —27'7%) - T(1).

Now inequality (5] yields that the number of squares II; € L,(Q, v, J) satisfying the

(l, %, %)—condition for 1 <1 < L+ 2 is bigger than (1 — ﬁ) - t. Thus, we have:

L+2

> 12 (-ghs) b= (L+2= it ghs) > (L) e
P; l:P; satisfy =1

(1,1/2,1/2)-condition

Assume that the number of squares II; C L,(Q,, Ji) which satisfy the (l, %, %) -condition
for all 1 <[ < L + 2 is smaller than % - tr. Then we have

>, 1< ti (L+2)+ 5t (L+1)=(L+7])
P; l:P; satisfy
(1,1/2,1/2)-condition

11

which contradicts the previous estimate. Thus, there exist at least % g (5, 5)-special

squares II; C L,(Q, 7, Ji). These squares satisfy the conditions of Theorem H] allowing us
to write the following estimate:

#A2(Q,11;) > c13Q" oIl = cy3cg - Q"2

The inequality (51 and the upper bound on the number of (%, %)—specz'al squares imply
that

# (Ly(Q,7, Ju) NAZ(Q)) = 2cr363 -t - QT2 > Seyzes - Qg
These inequalities, in turn, lead us to the following lower bound on #M,(Q, J,7):

H#M(Q, J,7y) > Lezes - QUMY Jp > sheases - pad - QU = ¢ - QT
k

5.2 Upper bound

As in the previous section, let us divide the set L,(Q, v, J), J = [b1, b2] into subsets £},
1<j<t
B ={xeR:a € J|po(x1) — 22| < (3 +0¢) - Q7Y
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where J; = [y;-1,y;], Yo = b1 m yj41 = y; + (% + %(26) - cg@)™7 and the number of subsets
E; satisfies the inequality

t<nJ-(umJ;) "< (3+ 306)_1 ey QT J. (5.13)

Once again for p; = % (mz?lx o(x) + miJn gp(x)) let us consider the squares
zeJ; zeJ;

Il := {X eER?:z; € Jj, }ﬁj — xg} < (% + %CG) -08Q_7}.

Since the function ¢ is continuously differentiable on the interval J, and max | (x)] < cq,
S

it is easy to see that each subset E; is contained in the respective square II;: E; C II;,
1<j<t
Note that the squares II; satisfy the conditions of Theorem Bl Therefore, we have

n 2 ]
#A2(Q,11;) < c19Q" oIl = c1ac3 (% + %CG) QU

These inequalities, together with the estimate (5.13)), lead to the following upper bound
fOI' #M<P<Q7 [7 fy)

t
#M, (@, J,7) < Z #A2(Q,T1;) < cracs (% + 303) QMY = - QM.
=1
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