arXiv:1602.01631v3 [math.NT] 30 Sep 2016

On points with algebraically conjugate coordinates close
to smooth curves

V. Bernik, F. Gotze, A. Gusakova
October 3, 2016

Abstract

Let y = f(x) be a continuous differentiable function on an interval J C R. In
this paper we show that for any n € N, n > 2, sufficiently large integer ) and a
real 0 < A\ < % there exists a positive value ¢(n, f, J) such that all strips L;(Q,\) =
{(z1,32) €R?: |22 — f(21)| < Q Nz € J} contain at least c(n, f, J)Q" 1~ points
a = (a1,a2) with algebraically conjugate coordinates which minimal polynomial P
satisfies deg P < n, H(P) < Q. The proof is based on a metric theorem on the
measure of the set of vectors (z1, z2) lying in a rectangle I of dimensions =< Q%! x )52
with |P(x1)|, |P(z2)| bounded from above and |P’(x1)|,|P’(z2)| bounded from below,
where P is a polynomial of degree deg P < n and height H(P) < @. This theorem is a
generalization of a result obtained by V. Bernik, F. G6tze and O. Kukso for s1 = s9 = %
and \ = % [10] .
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1 Introduction

Let @ be a sufficiently large number. We denote by P, (Q) the following class of polyno-
mials:

P.(Q)={P € Z[t] : deg P < n, H(P) < Q},

where H(P) = Joax la;| denotes the height of an integer polynomial P(t) = a,t™ + ... +
a1t + agp. o

The point a = (ay, ay) is called an algebraic point if a; and s are roots of the same
polynomial P € Z[t]. The polynomial P of smallest degree such that P(a;) = P(as) =0
and ged (|apl, . .., |ag|) = 1is called the minimal polynomial of the algebraic point a.. Denote
by deg(a) = deg P the degree of the algebraic point «, and by H(a) = H(P) the height
of the algebraic point . Define the following sets: AZ%(Q) is the set of algebraic points
of degree at most n and of height at most Q; A2(Q, D) = A%2(Q) N D is the set of algebraic
points a € A%(Q) lying in a domain D C R?. Denote by #S the cardinality of a finite set S,
by 115 the Lebesgue measure of a measurable set S C R and by oS the Lebesgue measure
of a measurable set S C R% Further, denote by ¢; > 0, j € N, positive values which do
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not depend on H(P) or (). We are also going to use the Vinogradov symbol A < B, which
means that there exists a value ¢ > 0 such that A < c¢- B and ¢ doesn’t depend on B.

An important and interesting topic in the theory of Diophantine approximation is the
distribution of algebraic numbers [I], [7, I8, 12]. In this paper we consider problems related
to the distribution of algebraic points in domains of small measure and the distribution of
algebraic points near smooth curves.

Consider rectangles II = I} x Iy where ]y = ¢;1 - Q7% and il = ¢12 - Q7% under
the conditions 0 < s; + sy < 1, 81,8, < 1, TN {(z1,22) €ER?*: |21 — 15| <&} = 0 and
c11¢12 > ¢o. The condition |z; — z2| > £ means that we exclude from consideration a strip
F of small measure such that the coordinates (x1,z5) € F' are well approximated by points
of form (v, a).

We can prove the following theorem.

Theorem 1. For any rectangle 11 = I x I satisfying the following conditions:
1.l = c1,Q7% where s; <1 and 0 < s1+5,<1,1=1,2;
2. 1IN {(1'1,1'2) ceR?: |[L’1 — ZL’Q| < 8} = @,’
3. c11c12 > co(n,e,d) > 0 for s; 4+ so =1, where d = (dy, dy) is the midpoint of 11;
there exists a constant cy = ca(n,e,d) > 0, such that

#Ai(Qv H) Z C2Qn+1,u2H7

for Q > Qo(n,e,d,s).

For s; + s > 1, we can find a rectangle II such that the statement of Theorem 1 does
not hold. The example of such rectangle is IT = (0,0.5Q1) x (0,0.5). It is easy to prove
[9] that the interval (0,0.5Q~!) doesn’t contain algebraic numbers of any degree and height
< @. Let us introduce some restrictions on the domains to be used in the following proofs.

Consider a square Il = I, x I, of size p1 I, = pu1lo = c3Q~* such that % <s< %. Given
positive uy, us under the condition u; + us = 1 let us say that the square II is (up,uz)-
ordinary square if it doesn’t contain points (2}, r4) € R? such that there exists a polynomial
P € Py(Q) of the form P(t) = bat? 4 byt + by satisfying the system of inequalities

|P(z)| < Q™™, i=1,2,
o1 (1)
{|52| <@

Otherwise, the square II is going to be called (uy,us)- special.
For (uq,ug)-ordinary squares, the following result holds.

Theorem 2. For any (%, %)-ordmary square I1 = I, x I, under the following conditions:

1. prl; = c3Q~%, where % <s < %;

2. TN {(x1,79) ER?: |11 — 12| < €} = 0;

3. c3 > co(n,e,d) > 0, where d = (dy, dy) is the midpoint of I1;
there exists a constant cq4 = c4(n,e,d) > 0, such that

#A2(Q,TI) > c,Q" oIl

for @ > Qo(n,e,d,s).



Another interesting and important topic is the distribution of algebraic points near
smooth curves. The result presented in this paper is a natural generalization of problems
related to distribution of rational points near smooth curves [3| [4] 12] [15] 13, 14]. In 2014 a
lower bound for the number of algebraic points lying at a distance of at most @™, 0 < A < %,
from a smooth curve was obtained by V. Bernik, F. Gotze and O. Kukso [10]. We improve
on this result and obtain an identical estimate for 0 < \ < %.

Theorem 3. Let y = f(x) be a continuous differentiable function on an interval J = |a, b
such that sup |f'(x)| == ¢5 < 00 and #{x € R: f(z) =z} < oco. Denote by L;(Q,\) the
zed

following set:
Li(Q,\) = {(z1,22) € R? : |y — f(x1)] < (3 +0c5) ce3Q7, 1 € J},
for0 < A< %. Then there ezists a positive value cg(J, f,n) > 0 such that
4 {A2(Q)N Ly (@, N)} > Q1
for Q@ > Qo(J, f,n, A).

2 Auxiliary statements

For a polynomial P with roots aq, s, ..., a,, let

S(ai):{zeR |r — a;| = min |:.17—a]|}

1<j<n

From now on, we assume that the roots of the polynomial P are sorted by distance from
Q; = Q-
i — o] <l —ais| <. o0 <o — qinl

Lemma 1. Let x € S(«;). Then

| P()| o1 |P(2)]
o=l < [P ()]’ 7= ol < | P’ (ev)| @
j |P(@)] I/J
|x — ;| < 1I<n]1gn (2 Pla )‘| — ol .. | — . (3)

The first inequality follows from the identity

| P(a)||P (= ZII—%I '

For a proof of the second and the third inequalities see [1], [2].

Lemma 2. Let I be an interval, and let A C R be a measurable set, A C I, 1 A > %le- If
for some v >0 and all x € A the inequality |P(x)| < czQ~Y, where v > 0, holds, then

|P(z)] < 6™(n+1)" e, Q7Y

for all points x € I, where n = deg P.



The proof of this lemma can be found in [6].

Lemma 3. Let §, m, n2 be real positive numbers, and let Py, P, € Z[t] be a co-prime
polynomials of degrees at most n such that

max (H(P,), H(P,)) < K,

where K > Ky(0). Let Jy, Jy C R be intervals of sizes pJ; = K=", uJo = K=" If for some
71,72 > 0 and for all (xq,x9) € J; X Ja, the inequalities

max (| P (z;)], | Pa(z)]) < K7™, i=1,2,
hold, then
T+ 7o+ 24 2max(m +1—1,0) + 2max(m, + 1 —12,0) < 2n 4+ 0. (4)
The proof of this lemma can be found in [17].

Lemma 4. Let P € Z[t] be a reducible polynomial, P = P, - Py, deg P = n > 2. Then there
exist cg, cg > 0 such that

CgH(P) < H(Pl)H(Pg) < CgH(P)

The proof of Lemma [] can be found, for example, in [J.

3 Proof of Theorem 1

Before we start it should be noted that there exists a constant h, = h,(d) > 0 such
that for every point (z1,x2) € Il and every v = (vy,vy) with vy + v5 = n — 1 there exists a
polynomial P € P,(Q) satisfying the inequalities:

|P($Z)| <hn.Q_via Z.:]->2a

for @@ > Q. This simple fact follows from Dirichlet’s principle and estimates #7P,(Q) >
20Q" and |P(x;)| < ((|di| +1)""" = 1) |d;| " - Q, where d = (dy,d>) is the midpoint of II.
To prove Theorem [I, we are going to rely on the following Lemma [Bl

Lemma 5. For all rectangles 11 = I; x I under the conditions:
1. ,ulfl = CLZ'Q_Si where Si < 1 and 0 < S1 + S9 < 1, 1= 1,2,’
2. 1IN {(1’1,1’2) S R2 . |I‘1 — l’2| < 5} = (Z),'
3. c11c12 > co(n,e,d) > 0 for s; 4+ s9 =1, where d = (dy, dy) is the midpoint of 11;
let L = L(Q,d,,v,II) be the set of points (x1,x2) € Il such that there exists a polynomial
P € P,(Q) satisfying the following system of inequalities:
IP([L’Z)| < hn . Q_vi, Vi > 0,
min {|P'(2)]} < 6, - Q. (5)

mtve=n—1 =12
Then for 6, < dp(n,e,d) and Q > Qo(n,e,s,v,d), the estimate
piaL < o1l
holds.



Proof. Denote by L; the set of points (z1,x2) € II such that the system of inequalities
(@) has a solution in irreducible polynomials P € P,(Q) under condition |P'(x1)| < d, - Q,
by Lo the set of points (x1,x2) € II such that the system of inequalities (Bl) has a solution
in irreducible polynomials P € P, (Q) under condition |P’'(z3)| < d, - @ and by Lj the set
of points (z1,22) € II such that the system of inequalities (&) has a solution in reducible
polynomials P € P,(Q). Thus, L = L; U Ly U Ls.

Let us estimate the measure of L;. The main idea is to split the range of the possible
values of |P'(x;)|, |P'(;)|, where z; € S(a;), i = 1,2 into a total of r = r(n) = (n — 1)?
sub-ranges and consider them separately.

Without loss of generality, we will assume that |d;| < |d2|. Let us show that the inequality

[P ()] 2 2610 Q7% (6)
yields the following bounds on P’(«;):
3P ()] < [P'as)| < 2| P ()],

where ¢1p = n(n — 1) - max{hy, 1} - (3max {1, |da|})" " - (1 + |da|™"). Let us write a Taylor
expansion of P'(t):

P'(z;) = P'(oy) + SP" (i) (2 — i) + ... + ﬁP(")(ai)(:ﬂi —ay)" L. (7)

Using Lemma [I] and the estimates (Bl for Q > Qq, we have:

v;+1 _
|z; — ;| < nhncl_ol Q7 <max{l,|ds|} -Q

v;+1
2 .

Then, for s; > 0 and Q > Qo we get |z; — dy| < 1/2 and thus:
|| <[] + 5 < |da| + 1.

From this estimates we obtain the following inequality for every term in ([7):

-1 n(nt+l- noktl - _ (E=1)(1+v;)

P ) (= )| < O MR a1, a1 1 <
-1 n(n- noktl k=1 ~Ll_v
< Oy - G ma {1, g Q3 F,

for k > 2. Thus, the estimate

P () (@i — o) + . g PO ) (s a,.)n—lj <
<nfn — 1) Bmax {1, [dof})" - (14 dal ™) - Q3 < - [P/(a)

holds. By substituting these inequality to (7)) we get
3+ |1 P'(@)| < [P'(as)] < 2| P'(2:)].
This means that |P'(«;)| € T;, where
T, = CIO.Q%_%;Q@L.Q)7 T2:[010'Q%_%2§n'%'69>
bt



if the inequalities (@) hold. Let us divide the intervals T; into sub-intervals T; ; = [d;;,Q%; d;—1,Q% ),
2 < j < n, where

260, k=1,i=1,

1, k=1 p . (d2lxD)"=1 4. 9
Bei =91 _ (k=i dy; = ol o
5_2(n—1)l’ 2<k<n, ’ 1, 2<k<n-1,

€10, k= n,
Now we are going to consider the following cases:
e the case of polynomials of the second degree n = 2 (see Section B.1);

e the case of irreducible polynomials:
|P'(a1)| € Thjy, |P'(2)] € Ty j,, where 1 < j1, jo < n — 1 (see Section [3.2);
|P'(ay)| € Ty, |P(aa)] € Ty, (see Section B.3);
|P'(21)] < 2¢10Q27 2, | P'(2)] < 2¢10Q2~ % (see Section F):;
(

|P'()| € Ty, |P(as)] € Top or |P(on)] € T, |P()| € Toyy, where 1 <
J1,J2 < n—1 (see Section [3.5);

[Pan)| € Thy, [P'(a2)] < 2010Q2™ % or [P(a)] < 2e0Q2 7, [P(as)| € T,
where 1 < j1, jo < n (see Section B.5);

e the case of reducible polynomials (see Section [B.0)).

We are going to use induction on the degree n. Let us prove the following statement,
which will serve as the base of induction.

3.1 The base of induction: polynomials of the second degree.

Statement 1. For all rectangles I1 under the conditions 1— 3 let Los = Loa(Q, 2,74, II)
be the set of points (x1,x2) € 11 such that there exists a polynomial P € Py(Q) satisfying the
system of inequalities

|P(x;)] < hy- Q7721 7 >0,

miin{|P/(a7i)|} < 09 - Q, (8)

’)/271 + ’)/272 = ]_, 1= ]_,2

Then for any r > 0 and for §3 < do(r,e,d) and Q > Qo(n,e,s,v,y,d), the estimate
polao < ﬁ < puoll
holds.

Proof. Let P(t) be a polynomial of the form byt? + b1t + by. Let us estimate the values
|P'(c1)| and |P'(a)|. By the third inequality of Lemmalll for every polynomial P satisfying
the inequalities (8) at a point (x1,xs) € II, we have the following estimates:

2,0
s — | < (|P(a)||ba] )2 < WY2Q 3 < g, (9)
6



for Q > Qo and z; € S(ay), i =1,2.
From (@) and condition 2 we obtain that

|Oé1—Oég| > |£L’1 —l’2| — |£L’1 —Oé1| — |£L’2—Oé2| > %'8
and
|Oé1 —a2| < |1’1| + |1’2| + |£L’1 —Oél| + |1’2 —Oég| < |d1| + |d2| + 1+ i

This leads to the following lower bounds for |P'(«;)|:
(|di] + |da| + 1+ €) - |ba] > |P'(w)] = VD = |bo| - |ar — ca| > 2 - &+ |bs, (10)

where D is the discriminant of the polynomial P. The inequalities (@) also yield upper
bounds for |P’(z;)|:

[P’ ()] < |bal - (lon — @3] 4 | — 3]) < (Jdo| + 14 2) - [ba]- (11)

Now upper bounds for |P'(«;)| can be obtained from the Taylor expansion of the poly-
nomial P’:
|P(ea)| < |P'(a)| + [P ()] - i — | < |P'(3)| + 5 - [bal (12)

Then, the estimates (I0), (I2) mean that

Ibs| < 4271 min {|P' ()|} < 402672Q. (13)

From Lemma [I and the estimates (I0) it follows that the set Lo is contained in a union

U op, where
PeP2(Q)

Op = {(1’1,1'2) ell: |£L’Z — Oéi| < 2h2€_1Q_72’i|b2|_1,2' = 1,2} .

Simple calculations show that the measure of the set op is lower than the measure of the
rectangle II:
paop < 2'h5e2Q 7 bo| T2 < c11¢10Q 7 = poll

for C1,1C1,2 > 24}1%6_2.
Let us estimate the measure of Lo o:

paLoo < o U op < Z poop < 2h3e2Q7! Z |bo| 2.

PeP2(Q) PeP2(Q) b2,b1,b0<Q:
P(t)=b2t2 +b1t+bo,
op#0D

To do this, we need to estimate the number of polynomials P € P,(Q) such that the system
([®) holds for some point (x1,z3) € II, where by is fixed.

Let the inequalities (8) hold for polynomial P and point (x¢1,z2) € II. Let us estimate
the value of the polynomial P at d;. From the Taylor expansion of P, we have

P(dz) = P(QE‘()’Z') + P/(LU07Z')(LU07Z' — dz) + %P”(xO,i)(xO,i — d2)2



It means that |P(d;)| < |P(zo:)| + | P (€0,)|paL; + |bo| (u11;)*. Thus, from () for Q > Qo
we can obtain the estimate

‘P(d2>| < ‘P(QE‘07Z)| +C11 - |bg‘,u1]Z < 2¢q7 - max{l, ‘bg|,U/1[Z}

Without loss of generality, let us assume that p;l; < pqls.
Consider the system of equations

{bgdf tbidy+bo =1,

) (14)
b2d2 + bldg + b(] - lg

in three variables by, by, by € Z, where |l;| < 2¢qy - max{1, |by|p1 [;}, i =1, 2.

Let us estimate the number of possible pairs (by, bg) such that the system (I4]) is satisfied
for a fixed by. To obtain this estimate, we consider the system of linear equations (I4)) for
two different combinations by, by 1, bo,o and b, b; 1, b; o

badi + boady + bop = lo1,

bod} + bjady + b = 11,

bad3 + bo,1da + boo = lo 2,

bods + bj1da + bjo = 1.
Subtracting the second equation from the first and the forth equation from the third leads
to the following system in two variables by — b;1 and by o — b; -

(o, — bja)di + (boo — bjo) = loa — Lja,
(boa — bj1)da + (boo — bjo) = lo2 — lj2-
The determinant of the system (I5]) can be written as

dy 1
dy 1

(15)

Al =

‘:|d1—d2|>€>0.

Since the determinant does not vanish, we can use Cramer’s rule to solve the system (I5]).
Using the inequalities |ly;—1;,;| < 4cqp-max{1, |ba|p11;}, i = 1,2, we estimate the determinant
A as follows:

‘Al‘ S 8011 : max{l, |bg|ﬂ1]2}

Hence by Cramer’s rule we have

|b()71 - bj71| S % S 88_1011 : max{l, |b2|u1[2}
This inequality means that all possible values of the coefficient b; lie in an interval J; of
length pyJ; = 2% eqq - max{1, |ba|p1 o} centered at by ;. Since the values of the coefficient
by are integers, the number of these values does not exceed the measure of the interval J;.
In addition, let us fix the value of the coefficient b;. Choose a value b; € J; and consider
two different combinations (b, b1, boo) and (bs, b1, bj0). In this case, the system (I4]) can be
transformed as follows:

|b070 — bj70| S 4011 . max{l, |b2|u1[1},
|bo70 — bj@‘ S 4011 . max{l, ‘bg‘,ulfg}

8



Similarly, we have by € Jy, where Jy is an interval of length pyJy = 8¢y1 - max{1, |bo|p111}
centered at by, and the number of possible values for by does not exceed the measure of the
interval Jy.
The following estimate
27e 71t - [baPpall, o] > (unlh) ™
#(b1,bo) < iy - pndo = < 277 - |bolpn Loy (pala) ™t < |bo] < (ul) 7Y, (16)
277, [ba| < (mla)7",
holds for a fixed value of the coefficient bs.
Let us use the estimates (I3) and (I8) to consider the following three cases.
Case I (Mlll)_l S ‘b2| S 4(528_169.
In this case, the first estimate of (I6)) holds, and we have

M2L272 S 2115_30%1h§ . Q_l,U2H : 4525_1Q < %M2H>

for 0, < 271 Tr e 2hy 2.
Case 2: (uyly)™" < |bo| < (pady) ™"
Then the second estimate of (I6) holds, and we have

piaLos < Q 1y Z lbo| ' < Q' InQ - pui L.
(u1T2) " <|ba|<(ua 1)~
Consequently, for e, = 1_—231 and ) > )y we obtain
pialos < Q7 I < Q7 poll < <LyuollL
Case 3 1 S |b2| S (,ullg)_l.
In this case, the third estimate of (I6]) holds, leading to
pelog <2MeTPGhhS Q7 Y (bl < el
1<[b2|<(u1 T2) ™"

for ¢ 1010 > 22rm?c 27303, O

3.2 The induction step: reducing the degree of the polynomial.

Let us return to the proof of Lemmal[l For |P'(oy)| € T, and |P'(az)| € T3 j,, we have
the following system of inequalities:

|P(z;)| < hyp - Q7" v; >0,
dj, i QY < |P'(ai)] < dji—1,,QYi, (17)
mtvy=n—1, 1=1,2.

Without loss of generality, assume that j; < jo. Denote by Lj j, the set of points

(1,x2) € II such that the system of inequalities (I7]) has a solution in polynomials P €

P.(Q). By Lemma [ it follows that L;, j, is contained in a union |J op, where
PePnr(Q)
op={(z1,22) €Il : |z; —ay| < 2" h,, - Q7| P ()| 7', i =1,2}. (18)

9




It means that the following estimate for poL;, j, holds:

/~L2Lj17j2 < o U Z /~L20'P

PePr(Q) PePn(Q

Together with the sets op consider the following expanded sets

0p =0py X 0py = {(z1,22) €11 |2y — o] < c12Q 27| P' ()| i = 1,2} (19)

where v;,; = % Simple calculations show that the measure of the set o} is smaller

than the measure of the rectangle II for () > Qy:

Jot1

f120p <Ay - QURQTIIA TR <4ty - QT2 < poll
Using (I8)) and (I9), we find that the measures psop and psop are connected as follows:
paop < 22" 2hiey - QTR g0l (20)

Fix the vector b;, = (an, ..., aj,4+1), where a,, ..., a;,4+1 are the coefficients of the poly-
nomial P € P,(Q). Denote by P,(bj,) C P,(Q) a subclass of polynomials with the same
vector of coefficients b;,. The number of subclasses P, (b;,) is equal to the number of vectors
b,, which can be estimated as follows:

#{b;,} = (2Q + 1)" 2 < 22" Q" 72, (21)

We are going to apply Sprindzuk’s method of essential and non-essential sets [1]. A set
op, P € Pu(bj,) is called essential if for every o}, P» € Py,(bj,), P> # Py, the inequality

b (0, N 0%, < oo (22)

is satisfied. Otherwise, o}, is called non-essential.
The case of essential sets. For essential sets, we have the following estimate:

Z oo < 4pusll. (23)
PePr(bj,)

;. °
o’p—essential

Then from (20), (2I) and ([23) we can write
Z S mop <2V7Re Y o) < gl (24)

bj, PePn(b ) PePn(bj,)
o’ P —essontlal crg3 —essential

for Cl2 = 22n+37’1/2hn.

The case of non-essential sets. 1If a set o is non-essential, then there exists a set
o’p, such that po (0}1 N 0}2) > % p20p, . Consider the polynomial R = P, — Py, deg R < js,
H(R) < 2Q, on the set (o5, N 0},). Let us estimate the values |R(x;)| and |R'(z;)|, i, = 1,2.

Let us write Taylor expansions of the polynomials P, and P in the interval o}, ;N o, ;,
1=1,2:

Pi(x;) = Pjlay) (@i — aga) + .+ & - P (aga) (i — a0)",

n! J
10



where a;; € o ;. From the estimate (I9), we have:
|Pj(ai) (s — )| < crn@27,
%Pj(k)(aj,i)(ﬂfi — aj)F| < ergpQ TR TRz < gy QIR RN TR < gy QT V2,
for k > 2 and @ > Q.

Thus, the estimate |R(z;)| < |Pi(x;)| + |Po(2;)| < c13 - Q2 holds. From Lemma [2 it
follows that for every point (x1,z2) € 0, the inequalities

|R(ZL’Z)| < C14 - Q_’sz'i, 7= 1, 2,

are satisfied.
Now let us write Taylor expansions of the polynomials P/ and P; in the interval o', ;N0 ;,
J1=1,2:
Pi(z;) = Pj(aji) + ...+ ﬁpj(n)(%i)(% — )",
where a;; € o ;. From the estimate (I9), we have:

=1 1) P(k)(az)(xz — o)™ 1‘ < 5 QT D 0-1) < c15 | P (0)]

for @ > Q. Thus, we obtain |R'(z;)| < |P|(z;)| + | Py(x;)| < ¢15/P'(e)]. From Lemma [2 it
follows that for a sufficiently large @) > @)y the following inequalities hold:
201657LQ7 jl = .j2 = 27
1 . .
ClGQQa WAl 7é 2 or J2 7& 27

for every point (z1,22) € 0. Thus, the measure of L;, ;, for non-essential sets does not
exceed the respective measure for the system

|R(x:)] < hjQy ™", i >0,
ITIZIH{‘R/(:Z}Z)H < 5j2Q17 (25>
Yige T V25 =J2— 1, =12,

min {|R'(z)} < cigmin {|P'(a;)]} < {

-1
where ()1 = min {(hjz/cm)l/m”} - @ and 05, = 2¢6 - <min {(hjg/cm)l/m'i}) + O

It should be mentioned that if polynomial R(t) = ait — ao is linear, then by Lemma [I]
we obtain:

<Q "< i=1,2

for Q1 > Q. Hence, we immediately have |27 — 22| < € which contradicts to condition 2 for
polynomial II. Thus, deg R > 2 and we can use induction. Since j, < n, by the induction
hypothesis the measure of solutions of the system (25]) is bounded from above by ﬁ oIl for
5]'2 < 50 and Ql > Qo. ThU_S

Z Z Hoop < Z Z [120p < 5= pioll

bj, PcPu(by,) bj,  PEcPu(bj,)
o P—non essential o P—non essential

and together with the estimate (24)), this implies that

J1J2 = Z Z H20p + Z Z toop < 12T,LL2H

bj, PePn(by,) bj, PEPn(bj,)
O’P —essential O’P non-essential

. _ Q0
Z; @

11



3.3 The case of sub-intervals 7}, and 15,

For |P'(a)| € Th,, and |P'(ag)| € Ty, we have the following system of inequalities:

|P(z;)] < hn - Q7", v; >0,
0@ F < |P(ai)] < Q2 F T, (26)
ntv=n—1, 1=1,2.

By Lemmal], the set L,, ,, of solutions of the system (20]) is contained in aunion |J op,

PePr(Q)
where

op = {(:cl,:@) eIl | — ai < 2" hyelQ™ i = 1,2} . (27)

This leads to the following estimate for poL,,

foLiyn < o U op < 20 p.
PEPA(Q) PePA(Q)

In this case we can not apply induction since the degree of the polynomial can not be
reduced. Let us use a different method to estimate the measure 5L, .
Cover the rectangle II by a system of disjoint rectangles Il = Jy i X Jo i, where pJ; , =

Q- vi2+1+527i, i = 1,2, such that IT C |JII; and T, N II # (. Thus, the number of rectangles

II;, can be estimated as follows:

4Q"5 a2 T, sy < Uit
[ ]_ ) ) (3 bl
2maX{ P ’1} .Qmax{ o ’1} =14Q 12+1_62’1M1[1 51 <t gy > v2hl (28)
) 2 2
H1d1k H1d2k v+l

_e v1+1 vo+1
4Q77 722 ly, 81 > P, sy < B

We are going to say that a polynomial P belongs to I if there is a point (x1, z5) € Il
such that the inequalities (20]) are satisfied.

Now let us prove that there is no rectangle II; containing two or more irreducible poly-
nomials P € P,(Q). Assume the converse: let Pj, P, € I} be irreducible polynomials and
let the inequalities (26) hold for each polynomial P; at a point (x;1,2;2) € I, j = 1,2.
Thus, for @ > @y and for every point (z1,x9) € I, the estimates

Vi

41,
|2 — a | < — @] + |50 — oyl < 2Q7 72 TR (29)

are satisfied, where x;; € S(a;;).
Let us estimate the values |Pj(x;)|, 4,57 = 1,2 where (x1,x3) € II;. Let us write Taylor
expansions of P; in the interval J; ;:

Pi(x;) = Pj(oy) (i — o) + ... 4 = - Pj(n)(aj,i)(l"z' —a;)".

From estimates (26) and (23) we obtain that
‘P]{(O‘j,i>($i - Oéj7i)‘ < Q_vi"‘ﬁ-i'&z,i’
2 PO )i — a0t < Q155 e gttt e
k! j 25 I3 7,0

12



for €24 < m and Q > Q().
Then we can write the following estimate:

Vi

|1P;(z;)| < Q_Ui+2(”*1)+€2’i < Q—vi+2(n“—i1)+€2,i+537 (30)

v;
where €94 < n—1)2"
From Lemma [3 for ; = it

2

— &g and 7; = v; — ﬁ — &9, — €3, 1= 1,2, we have

T1—|—T2+2:(n—l)—%—82,1—82,24—2—263:n+%—8271—82,2—283,

2(Tz+1_771) :2<'Ui_ﬁ_52,i_53+1_vi—;1+52,i) :'Ui‘l'l— nzﬁl —283.
Substitution of this expressions into (@) leads to the inequality

7‘1—|—7'2—|—2+2(7'1+1—771)+2(7‘2—|—1—172):2n—|—%—5271—5272—65322n+é

for ey, = 4(;’%1)2, €3 = %. This contradict to Lemma [3] with § = 5

Hence, every rectangle II; contains at most one polynomial P € P,(Q). In this case, we
have the following estimate for the measure of the set L,, ,:

poLlyn < Zuzap,

I,
and together with the estimates (27) and (28)) this leads to
o Lipm << Q7172 upll < %MH

for @ > Qo and s; < 2 i =1,2. If 5; > 2t then we obtain the estimate

poLy, , < Z poop K Q> uy I Iy < ﬁﬂzﬂ
PePp(Q)

for Q > Q.

3.4 The case of a small derivative

Let us discuss a situation where |P'(z;)] < 2¢10Q2 %, i = 1,2. In this case, we can show
that |P'(a;)] < 2" Le10Q2 %, where z; € S(a;).
Indeed, let |P'(oy)| > 2" 1c10Q2 2. Let us write a Taylor expansions of the polynomial
P’
P'(z;) = P'(oi) + P"(a)(w; — ) + ... + ﬁP(") () (m; — )L
Using our assumption and repeating analogous computations to those from the beginning of
the proof of Lemma [0l (see page 5) we have:

1y
P"(a)(z; — o) + ...+ ﬁP(”)(ai)(zi — ;)" < Q2 2.

This leads to the following upper bound for |P’'(ay)]:
|P'(c)| < 3c10Q27 7,
13



which contradicts our assumption for n > 3.
Now let L,+1,+1 C II be the set of points satisfying the system

|P(l’z)| < th_vi, Vi > O,
|P'()] < 20 lepoQ2 7, (31)

vit+ve=n—1 1=1,2.

The polynomials P € P,(Q) satisfying ([BII) are going to be classified according to the
distribution of their roots and the size of the leading coefficient |a,,|. This classification was
introduced by Sprindzuk [1].

For every polynomial P € P,((Q) of degree 3 < m < n we define numbers p; ; and ps ;,
2 < j <'m, as solutions of equations

11— o =6, 1= gl = Q7.
ary — ;| = Q7" fagy —agy| = Q"

Let us also define the vectors k; = (k12,..., k1) and ko = (Koo, ..., ka,,) with integer
coefficients as solutions of the inequalities

kijes —es < pij < kijea, 1=1,2,7=2m,

where ¢4 > 0 is some small constant.

Denote by P,,(Q, ki, ke, u) C P,(Q) a subclass of polynomials with the same pair of
vectors (ki, ko) and the following bounds on leading coefficients: Q* < |a,,| < Q"“***, where
u € Z-ey. Since 1 < |a,,| < @, the following estimate holds for u: 0 < u < 1—¢g4. The roots of
the polynomial P are bounded, and we can write @ > |aj, —aj,| > H™™ > Q=™ which
leads to the estimates —é <k ;< mg—zl +1. Thus, an integer vector k; = (k; 2, ..., ki) can

m—1
take at most (g + 1) values, the number of subclasses P, (Q, ki, ko, u) can be estimated

as follows:
#{m, ki, ko, 1} < ncigerr, (32)
n . i—1
where C1g = Z (é + 1) , C17 = 521 + 1.
i=2
Let p;j, i = 1,2, j = 1,m be defined as follows:

(33)

pij = (kijp1+ ...+ kim) €, 1<j<m-1,
=0, j5=m.

Pij

For a polynomial P € P, (Q,ky, ko, u), we can write the following estimates for its
derivatives at the root «;:

QP < |P'(w)| = laml|osg — au| .. Jain — aim| < QU ritlmies

: g . (34)
‘P(])(Oél)‘ < ‘amHai,l — Oéi’j+1‘ e ‘Ozi,l — Oéi’m‘ < Qu—pm—l—(m—l—l)m’ ] = 2, m.

Consider polynomials which solve the system (BI]). We can assume that the following
inequalities hold:

Qu—Pl,l < ‘P/(Oél)‘ < Q%—%’

Qu—P2,1 S ‘P/(Oég)‘ < Q%—%’
14



which leads to the inequalities

v — 1 vy — 1
pl,1>u+712 , P21 >u+ 22 . (35)

Now let us obtain an estimate for the measure of the set L1 ,11. From Lemma [I] it

follows that this set is contained in a union | U op, where
m7k17k27u PEP’!?L(kalykau)

. i by Qi 1/j
op = {(xl,atg) ell: |z, — ol < nin <2m / (]LD",&& o — il o — ai,j|) } :

This, together with the previous notation (33) and the estimates (34]), yields the formula

—u—vi+p;
op = {(m,xz) ell: |z;—aq; <3 min ((2mhn)1/j Q%) 1= 172} (36)

for P € P,,(Q, k1, ko, u). If the inequalities

—U=v;+Pi m, —u—v;+p; k

(thn)l/mi . Q m; : < (2mhn)l/k . Q k , 1< k< m,z’ =1, 2’ (37)

are satisfied, then the numbers 7 = m; and j = my provide the best estimates for the roots
a1 and ay respectively, and the inequalities

—U—V+Pim,
op = {(a:l,xg) ell: |z —a < %-(thn)l/mi-Q ™ ,izl,?} (38)

hold.
Let us cover the rectangle II by a system of disjoint rectangles Il,,, 1m, = Jim, X Iy,

UFV;—=Pj m,
where piyJp, = Q™ 7, such that II € JTLn, m, and Iy, m, NI # 0. The number
k
of rectangles II,,,, ., can be estimated as follows:

utvl—Plmg | YHV27P2mg

#Hml,mz S 4 . Q mq mo 285,“21_[- (39)

Now let us show that there is no rectangle II,,, ,,, containing two or more irreducible
polynomials. Let Py, Py € Il,,, m, be irreducible polynomials, and let the inequalities (31))
hold for polynomials P; at points (2,1, 2j2) € Iy, m,, j = 1,2. Thus, estimates

Ui Pi,my
s — ol < fai = wpal + |wg—opal <2-Q7 T (40)

are satisfied for every point (z1,z3) € I, 1, and for Q@ > Qo, where z;,; € S(a;).
Let us estimate |Pj(x;)|, where (x1,22) € I, m,. Let us write Taylor expansions of the
polynomials P; in the interval J,,:

Py(;) = Pl (@i — ajp) + ..+ L PI(a) (25 — g™
By estimates ([B34)), (87) and (40) we have
% . f)]‘(k)(aj,i)(xi _ Oéj,i)k < Q—vi+(m+1)a4+k55.

15



This leads to the following estimates for |Pj(x;)|:

|PJ(SL’Z)| < Q—vi+(m+1)€4+m€5 < Q—v¢+(m+1)(64+€5)' (41)
From Lemma [3 with 7; = W%Zp“"’ —esand 7; = v; — (m+ 1)(e4 + &5), where i = 1,2
and g4 = m, €5 = m, we obtain

n+n+2=n+1-3%-2(m+1)es,

u+v; —Pi,m;

27 +1—m) =20, +2—2- — & — 2mes.

7

Let us estimate the expression 2(7; + 1 — ;) by applying the inequalities (35]):

2pi,mi
m

v +2—u+
vi+1—%—2mz—:5, m; =1,

1
— 6 2m557 m; Z 2a

2(7i+1—ﬁi)2{ > v +1— 1 — 2mes.

Substituting this expressions into (@) yields
T4 +242(n+1—m)+ 2+ 1—1mp) =2n+2 — (6m+2)e; > 2n+ 1,

which contradicts to Lemma [3 with ¢ = %
This means that every rectangle II,,,, ,,, contains at most one polynomial P € P,,,(Q, ky, ko, u).
Thus, the measure of solutions of the system (BII) can be estimated as follows:

po2Llnm 11 < Z Z paop < Z Z H20p.

m,k1,k2,u PEP,, (Q,k1,ka,u) m ki ,ko,u my mgy

Thus, by estimates (32]), (38) and (89), we can obtain the inequality
faLnii i1 < Q75 - oIl < £ pioIl

for Q > Q.

3.5 Mixed cases

The case of sub-intervals T}, T5; (11, T2,), j =2,n—1
Consider the system of inequalities

|P(ZI§'2)| < hn . Q_vi, Vi > O,
v 1 v v
Q3% < [P(on)| < Q2 2T Em,
1 (G—1vg 1_v23(@=2) (42>
Qz 20-1) < |P’(O&2)‘ < Qz 2(n=1) |

v1+ve=n—-1 1=12.

Let L, ; be the set of solutions of the system (42). In this case we need to consider two
different sets. Let Ll . and Lid be the sets of points (z1,73) € II such that there exists a

n?]

polynomial P € P,(Q) satisfying the system (@2) under condition c10Qz" 2 < |P'(ay)| <
Q%_Tl“(n—ll) and Q%_Thrm < |P'(an)] < Q%_%er respectively.

16



As in the case of small derivatives, we classify polynomials P € P, (Q) according to the
distribution of their roots and the size of their leading coefficients. We will consider the
subclasses of polynomials P,,(Q, ks, u) with the same vector ks and the following bounds on
leading coefficient: Q" < |a;,| < Q"% where 0 < u <1 —¢4,0<ey < land u € Z - &4.
Then

#{m, ky, u} < neir - cie. (43)
From Lemma [l the set L7 ;, g = 1,2 is contained in a union [J U op, where
7 m.k2,u PEPy, (Q.k2,u)
— _v1_1_vilg=1
o= oy ct1: o= o] <2 thgmax{d 1} @RS L
|£L’2 — Oé2| < 2m—1th—vg+p2,1—u

Define the value | = vy — pa1 + u — kopey and let us write [ as | = [I] + {l}, where
/] is the integer part of [ and {l} is the fractional part. Now let us cover the rectangle II

vi 1 v1(gfl)_i_EG

by a system of disjoint rectangles Il = Jy 5 X Joy, where puiJyp = Q2 27 40D and
pidoy = QF2224={l} ' guch that IT C (JII and I, NIT # (). The number of rectangles IT;, € II
k

can be estimated as )
v 1, v1i(g—
#{Hk} < 4@714-54-741("71) +k2,2€4—66+{l}lu21—[. (45)

Assume that every rectangle I, contains no more than QmQ[lH%G points (aq, o), where
aq, ay are the roots of polynomial P € P,,(Q, ky, ). Then by inequalities ([@3]), ([@4]) and
(@3 it follows that the measure of the set L, ; can be estimated as:

paLd o < 25" neygeiseny - Qvrrpza ke =TI L TIT < Q7% oIl < sihioll,  (46)

where ) > Q).

Now assume that there exists a rectangle II; containing more than 2’”@”“576 polynomials
P; € P, (Q, ks, u). From the Taylor expansions of polynomials P; in the interval Joy, the
estimates (34]) and condition (o1, a;2) € I it follows that

% . P(k) (aj72)(x2 — aj,2)k < QU—Pz,k+(m+1)€4—k'k2,254—k{l} < Qu—m,l—k2,2€4—{l}+(m+1)54

Vi Y

which allows us to write
|Pj(:E2)| < Qu—p2,1—kz,264—{l}+(m+2)a4‘ (47)

Similarly, repeating the calculations by analogy with Section (see inequality (B0)), we
have "
|P](ZL'1)| < Q_U1+_4(n71)+256 (48)

for € < (nz—ll)2

By Dirichlet’s principle we can find at least [Q%] + 1 polynomials from P,,(Q, ks, u)

contained in II; such that their coefficients a,,, ..., ap41— coincide. Let us call them
Pl""’P[QiZ@]+1' If [I] = 0, then we can simply ignore this step. Let us consider the

differences R, ; = P, — P;, 1 <i<j < [Q%{;] + 1.

17



From the inequalities (47)) and (48], we obtain that at every point of the rectangle IIj
the polynomials R; ; satisfy

(49)

[Rij(21)| < 2Q7" 50020 Ry ()] < 2QUpeakaasi{lHim 2y
deg Ri; <m —[l] =m —vo +pog — u+ kooeq + {l}.

Assume that among polynomials 1?; ; we can find at least two polynomials without com-

mon roots. Then we can apply Lemma 3 with 7 = v — ﬁ —2¢e6, To = —U+Da 1+ koocs+
{3 —(m+2)es, m=%2+1+ 11((5__11)) — €6, N2 = kaoeq + {l}, so that we have

T1+1:U1+1—ﬁ—286, T2+1:1—u+p2,1+k27284+{l}—(m+2)84,

2n+1-—m)=uv+1—-502%5 2, 2(2+1—m)=2-2u+2p, —2(m+2e.

1-{l}
9(m+2)

Substituting these expressions into () for 4 = and g = % yields

T+ T +2+2(n+1—m)+2(n+1—-mn)=2v+5~— f(?i)f)l + 3pa,1 + kopes — ut
—+ {l} — 3(m + 2)54 — 456 2 2n — 2U2 + 2p271 + 2]{,’27254 —2u + (p2,1 - k272<€4)—|—
2(1—-{1 v l
FA—w)+{y+2 -2 o s o, )y - B4 1

This inequality contradict to Lemma [3 for 6 = 1_7{1}

The case when among polynomials R;;, 1 < ¢ < j < [Q%G] + 1 we can not find two

polynomials without common roots is considered in [10].
Hence, we obtain
po Ly, j < ,UzLi,j + M2Li7j < oIl
The case where one derivative is small and the other derivative lies in the
sub-interval T3, j = 2,n (13,)
Given the estimate for |P(ay)| obtained in Section B for | P'(z1)| < 2¢10Q2~ % consider
the system of inequalities

|P(IZ)| <hn,Q—Ui’ Vi >O,
|P'(a)] < 27 eyoQ2 7,
1_(G=Duvo 1_(G—=2vy (50)

Qz 2n-1) < ‘P’(a2)| < Qz 2(n=1) |

vt+uv=n—1, 1=1,2.
Denote by Ly, 11 ; the set of points (1, z2) € II such that there exists a polynomial P € P,(Q)
satisfying the system (B0). Once again let us classify polynomials P € P, (Q) according to
the distribution of their roots and the size of leading coefficients. We will consider the
subclasses of polynomials P,,(Q, ki, ko, u) defined above.

From Lemma [I] by analogy with Section B.4] (see inequality (36])) we conclude that the

set L,41 ; is contained in a union | J U op, where
m,k1,ko,u PEP, (Q,k1,ko,u)

. . 7u7v1+plyj
|ty — aq| < %éI}lSnm (2mh, )i QT ) ,
|I2 _ a2| < 2m—1th—u—v2+P2,1

18
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for P € P, (Q, ky, ko, u).
If the inequalities (37)) hold for ¢ = 1, then the estimate numbered as j = m; is optimal
for the root «y, and we have

—u=v1 1y
op =3 (z1,22) € 1I: w1 — 0| < 5 (27hy) - QT I (51)
’ |:l72 _ a2| < Qm—lth—u—v2+p2,1

Define the value | = vy — pa1 + u — kg 2e4 as in the previous case and let us cover the
utv]—P1m
rectangle II by a system of disjoint rectangles II, = Jy X Jo i, where 1 J1, = Q™ Hter

and pJoy = QF22e4={} guch that I C U and I N 1T # (. The number of rectangles
k
II, € II can be estimated as
u+v] =PI, m

#H{IL} <4Q e (52)

Let every rectangle II;, contain no more than 2"QU+7 polynomials P € P(Q, ki, ko, u).
Then by inequalities (50), ([32]) and (52)) it follows that the measure of the set L, 41 ; can be
estimated as:

,U2Ln+1,j < Q—u—vz+p2,1+kz,2£4—%z+[l]+{l}u21‘[ < Q_%/QH < 1_§,«,U2H>

where ) > Q).

Now assume that there exists a rectangle II; containing more than 2”%2”“577 points
(aq,az), where aq, ay are the roots of polynomial P; € P, (Q, ki, ko, u). Using the calcu-
lations described in the previous case (see estimate (7)) and in Section [B.4] (see estimate
(1)) for every point (z1,x2) € I we have:

|P](IL'1)| < Q—v1+(m+1)(€4+67)’ |p](x2)| < Qu—p2,1—kz,ze4—{l}+(m+2)€4. (53)

By Dirichlet’s principle we can find at least [Q%} +1 from P,,(Q, ky, ko, u) contained in

II; such that their coefficients a,, ..., am41—p) coincide. Let us call them P, ..., P[Q%]H.

Thus, let us consider the differences R; ; = P, — P, where 1 <i < j < [Q%] + 1.

From the inequalities (53]), we obtain that at every point of the rectangle II; the polyno-
mials R; ; satisfy

\Rz,j(%)\ < 2@—1}1+(m+1)(a4+a7)7 |Ri,j(xg)\ < QQu—pz,l—I~c2,za4—{l}+(m+2)547
deg R, j <m —[l] =m — vy +pa1 — u+ kooeq + {l}.

Assume that among polynomials R; ; we can find at least two polynomials without com-
mon roots and apply Lemma [Bl with 7y = v; — (m + 1)(e4 +7), o = —u+ po1 + koo -4 +
{1} — (m+2)ey, m = T2 oy = kooeq + {l}, so that we have

my
n+l=v+1—(m+1)(ea+er), m+1=1—u+pos+kooes+ {l} — (m+2)ey,
and repeating the arguments from the end of Section [3.4] we obtain

2(7’1 +1-— 7]1) Z U1 + 1-— 2(m + 1)84 - 2m87, 2(7’2 +1-— 7]2) =2—-2u+ 2p271 - 2(m+ 2)84.
19



) and e; = == yields

Substituting these expressions into () for e4 = ; ETES))

S S
8(m+2

7'1—|—7'2+2—|—2(7'1+1—771)+2(7'2+1—772)Z21)1+5+3p2,1+k2,2€4—3u+{l}—
[l

1>
4_
> 2n — 203 4 2pa1 + 2kooes —2u+ {I}+ I >2m - [I]) = {} + 1+ 3 >2(m —[I]) + .

This inequality contradicts to Lemma [3] with § = %.
If among polynomials R;;, 1 < i < j < [Q%} + 1 we can not find two polynomials

without common roots then we use the arguments described in [10].
This section concludes the proof of Lemma in case of irreducible polynomials. We have

paLly < Z paLi; < (n—1)%- o poll < 35 - poll.
2<i,j<n+1

Similarly we obtain pslLs < % - ol

3.6 The case of reducible polynomials

Let us estimate the measure of the set L3. Let a polynomial P of degree n be a product
of several (not necessarily different) irreducible polynomials Pj, Py, ..., P;, s > 2, where
deg P, =n; > 2 and n; + ...+ ng, =n. Then by Lemma [ we have:

On the other hand, by the definition of height, we have H(P;) > 1, and thus H(P;) < ¢o@ =
Ql,’i: 1,...,8.

Denote by Ls(k) a set of points (x1,z5) € II such that there exists a polynomial R €
Pr(Q1) satisfying the inequality:
2 —k‘+%
|R(21) R(x2)] < hp@Qy "7 (54)
If a polynomial P € P, (Q) satisfies the inequalities (Bl) at a point (z1,x2) € II, we can write
|P(21) P(25)| = |Pr(21) Pr(22)] - .- [Po(1) Py(2)] < Bp@Q 7"
Since n =n; + ...+ ns and s > 2, it is easy to see that at least one of the inequalities
|PZ($1)PZ($2)| ShiQ_nH_%a izla"'>s>

is satisfied at the point (xq,x3). Hence, (21,22) € L3(n;) and we have

n—2

Ls C U Lg(k’)

k=2

Let us estimate the measure of the set Lz(k), 2 < k < n — 2. Denote by Li(k,t) a
set of points (x1,x2) € II such that there exists a polynomial P € Py(Q;) satisfying the
inequalities:

P(z1)] < hB2Qt, |P(z)] < R2Q7H1,
{| (z1)] < hp@,  |P(x2)| < hp@Qy (55)

min {|P'(c;)[} < 0xQ1, @ € S(ay),i=1,2.
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and by L2(k,t) a set of points (z1,73) € II such that there exists a polynomial P € Py(Q;)
satisfying the inequality:

P(a1)] < h2Q%, [ P(wa)] < h2Qy "3, (56)
|P'(i)| > 0xQ1, w5 € S(ag), i=1,2.

By the definition of the set L3(k) it is easy to see that:

C <Ej Ly(k,1—1i/2) ) <4GIL2 z/4>

The system (B3]) is a system of the form (B). Hence, as the polynomials P € Pr(Q)
are irreducible and k < n, we can apply the induction hypothesis to obtain the following
estimate:

paLs(k,t) < g - poll (57)

for ()1 > @)y and sufficiently small 9.
Now let us estimate the measure of the set L3(k,t). From Lemma[lit follows that L3(k,t)

is contained in a union |J op(t), where
PePr(Q)

\xl—al\SQk_lhz Qt ‘P/( )|—1’ }

op(t) == {(951,152) clIl: |2y — g < 2F1H2 . QFHE L | P! (ag)|

Let us estimate the value of the polynomial P at a central point d of the square II. A Taylor
expansion of the polynomial P can be written as follows:

If polynomial P satisfy (56 at point (xg1,202) € II then:

di — on| < |dy — @ou| + |zoq — an| < pady + 257 R2ST - QY (59)

— 3_ 4
|dy — ao| < |dy — xoa| + |wo2 — o] < puly + 257 HE6T - Q kri-t=1

Without loss of generality, let us assume that ¢t > —Fk + % — t. Then we can rewrite the
estimates (B9) as follows:

cig - ply, t<1—sq,
|di —ay| < 8 ,u1t_11 ! |dy — aa| < pigls.
cig-Qy, 1—-s<t<1,

where c1g = 2871h25.1 + ¢; 1. We mention that 1T = I; X I, il; = ¢;,Q~%, i = 1,2 and

S1 S So.
Using these inequalities and expression (58] allows us to write

clo- Q- ply, t<1-—sy,
P(dy)| < P(dy)| < cy9 - -t 1s. 60
‘ ( 1)| {019'@3, l—s <t<l, | ( 2)\ 19 - Q1 - plo ( )
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Fix a vector Ay = (ag,...,as), where ag,...,ay will denote the coefficients of the poly-
nomial P € Pr(Q;). Consider a subclass Pr(A;) of polynomials P which satisfy (56]) and
have the same vector of coefficients A;. For @)1 > )y, the number of such classes can be
estimated as follows

H#{A} = (2Q, + D) < 2R (61)

Let us estimate the value #Pr(A;). Take a polynomial By € Pir(A;) and consider the
difference between the polynomials P and P; € Pi(A;) at points d;, i = 1,2. By (60), we
have that:

2c19 - Qi 1y, t<1—sy,

Py(dy) — Pi(dy)| = |(ag1 — a;i1)dy + (agg — aio)| <
[Palds) = Py(ds)] = (a0 = aza)ds + (aas ],o>|_{20190§’ L

| Po(d2) — Pi(da)| = [(aoq — aj1)da + (ago — ajo)| < 2¢19 - Q1pu1ls.

This implies that the number of different polynomials P; € Pj(A;) does not exceed the
number of integer solutions of the system

where K2 = 2019 . Qlullg and Kl = 2019 . Ql,ulll ift <1-— S1 and Kl = 2019 . Qi if
1—s5 <t < 1. It is easy to see that K; > 2cyg - Q%_Sl > Q] > 1 for 1 > Qo. Thus, using
the scheme described in Section B.I] to solve the system (G2) we have

328_1'62%'#21_[, t<1-—sq,

Pr(Ap) <
#Pil 1)_{325_1'Qt1+1'#1[2, I—5<t<1

This estimate and the inequality (6I) mean that the number N of polynomials P €
Pr(Q1) satisfying the conditions (Bl can be estimated as follows:

QRS QML LT <1 — sy,
k45 —1 | Ykt (63)
2 g 'Ql -,ullg, ]_—Slétél
On the other hand, the measure of the set op(t) satisfies the inequality
5
2252 QU t<1—s,
poop(t) < ok Ql_k_l_t o (64)
22khi5k_2'Q1 4 ',Uq[l, 1—81 §t§ 1.
Then, by estimates (63]) and (64), for Q; > Qo we can write
po L3 (k,t) < 2355 2pte=1Q) 1 ,u2H < i - poll. (65)

The inequalities (57) and (63]) lead to the following estimate of the measure of the set
Lg(l{?)l

4k+1
pia L (k) < Zule —i/2) + Z poL3 (k1 —i/4) < S5 - oIl < <L - ol
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Therefore

This proves Lemma [Al in the case of reducible polynomials.
Thus, we have
proL < poLy 4 poLy 4 poLs < i1

3.7 The final part of the proof

The proof of Theorem 1 is going to be based on Lemma [}l Consider a set B = 1T\ L.
From Lemma [l it follows that
(2B > 311 (66)

for @ > Q.
It should be recalled that the value h,, is defined in the beginning of the section 3 such
that for every point x € II there exists a polynomial P € P, (Q) satisfying

1P(z:)| < QT , i=1,2.

Then, for every point (x11,212) € B there exists an irreducible polynomial P, € P,(Q)
satisfying the system of inequalities

|Py(21,)] < haQ ™",
‘Pll(xl,l)‘ > 5TLQ7 1= 172

Let o, 1, € S(a;), i = 1,2 be roots of the polynomial P;. By Lemma [l we have

‘xl,i — Oéi| S nhnéng_nTﬂ, 1= 1, 2. (67)
We are going to choose a maximal system of points I' = (74,...,7,) satisfying the
following conditions

L H(v;) < Q,deg(y;) <n;
2. Rectangles

U(7j) = {|1'z - '7j,z'| < nhndng_"T“,z' = 1’2}’ j=1,1,

do not intersect.
Let us introduce an expanded rectangles

o1(v,) = {|:xi — il < 2nh0TIQTE i = 1,2}, j=T1, (68)
and show that .
Bl o). (69)
j=1
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We obtain this by proving that for every point (21,1, 212) € B there exists a point v, € I’
such that (1,1, 712) € 01(7;). Since (711, 212) € B, there is a point a = (ay, ap) such that
the inequalities (67)) are true. Thus, either o € I and (211, 212) € 01(ax), or there exists a
point v; € I' satisfying

n+1

loy — 4] <nh,6,'Q 2, i=1,2.

Hence, (71,1, 712) € a1(7;)-
In this case, by (66]),([68) and (69) we have:

t
STl < paB < Y oo () < t- 202h26,2Q 7",
j=1

which yields the estimate
t Z Can+1M2H.

4 Proof of Theorem 2

The proof of Theorem 2 is based on the following Lemma.

Lemma 6. For all (n”_ll, %)— ordinary rectangles II = I; x I, such that:
1. pu Iy = py Iy = c3Q~*, where % <s < %;
2. TN {(xy,29) ER?: |1y — o] <} =0;
3. c3 > co(n,e,d), where d = (dy, dy) is the midpoint of I1;
let L = L(Q,6,,v,II) be the set of points (x1,15) € II such that there exists a polynomial
P € P,(Q) satisfying the following system of inequalities

|P(z;)| < hp,@Q ", v; >0,
min {[P'(z;)[} < 0@, (70)
v1+v=n—1, 1=1,2.
Then for a sufficiently small constant 6,, < do(n,e,d) and a sufficiently large Q@ > Qo(n,e,v,s,d),
the estimate
pal < iﬂzﬁ
holds.

Proof. Lemma [6] can be proved in the same way as Lemma [ we only need to replace the
base of induction.

Statement 2. For aﬂ (V2.1,Y2.2)- ordinary squares ﬁf Iy x Is under conditions 1 — 3 let
Lyo = Lyo(Q, 62,74, 11) be the set of points (x1,x2) € 11 such that there exists a polynomial
P € Py(Q) satisfying the system of inequalities

|P(x)| < haQ772%, 79, >0,
min {|P'(2;)|} < 0:Q, 1=1,2 (71)
Yoi+ Y =1, |bs| > Q3.
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Then for any r > 0, dy < do(e,7,d) and Q > Qo(n, e, s,7v,,d), the estimate
pals o < ﬁﬂzﬁ
holds.

Proof. Let P be a polynomial of the form P(t) = byt®> + bit + by. Applying the same
argument that we used to prove the Statement [I, we obtain upper and lower bounds for the
absolute value of the derivative P’ at roots ay, ay and at points xq, z2, where z; € S(qy),
1=1,2:

[P'(i)| > 3 e-lbal, [P'(x)] < (|du] + [da + 1+ 5) - [ba]. (72)
These estimates lead to the following inequality:
‘b2| < 4528_1Q.

From Lemma [l and the estimates (1), (72) it follows that the set Lo is contained in a

union |J op, where
PeP2(Q)

Oop = {(1’1,1'2) Gﬁi |l’i—0éi| < 2h2€_1Q_72’i|b2|_1,2.: 1,2} (73)
Since the square II is (72,1, 72.2)- ordinary we have |by| > Qs_% and
,UQO'p S 24h§5_2Q_1|b2|_2 S C%Q_% S M2ﬁ

with ¢z > 4hoe™! and s > 1.
Then we can write the following estimate for the measure of the set L o:

paLoo < o U op < Z poop < 2'h3e2Q! Z |ba] 2.
PeP2(Q) PeP2(Q) b2,b1,b0<Q:
P(t)=bat?+b1t+bo
op#0D
As in the proof of Statement 1 of Lemma [ we estimate the number of polynomials P €
P5(Q) satisfying the system of inequalities (71]) at some point (z1, ) € II for a fixed value
of bg.
Let us estimate the polynomial P at the points dy,ds. From Taylor expansions and
estimates (72)) we have
|P(d)| < [P(@i)| + ca0 - [ba|pa Ly, (74)

for a sufficiently large @) > @)y. Consider a system of equations

{bgd% +bidy+bo =1,

) (75)
b2d2 + bldg + b(] - lg,

in three variables by, by, by € Z, where |l;| < 2o - max{1, |bo|p1[;}, i =1, 2.

Let us estimate the number of possible pairs (by, by) such that the system ([73)) is satisfied
for a fixed by. To obtain this estimate, we consider the system (73] for two different com-
binations by, by.1, b0 and by, b; 1, bj 0. Simple transformations lead to the following system of
linear equations in two variables by — ;1 and by — b 0:

(bo,1 — bj1)dy + (boo — bjo) = loa — 1,
(bo1 — bj,l)d2 + (boo — bj,o) =lp2 — ;2.
25
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Since the determinant of this system does not vanish, we can use Cramer’s rule to solve
it. Using inequalities |ly; — [;;| < 4cgo - max{1, |bo|p11;} we estimate the determinants A,
1 =1, 2 as follows:
|A2‘ S 8020 : max{l, |bQ|M1]Z}
Thus
A

|b07i — bj7z'| S W S 80206_1 . max{l, |bg|,ullz},

and for a fixed by the following estimate holds:

260306_2‘b2|2,u2ﬁ, ‘b2| > Cngs,

1 7
26c2,672, Q%72 < |by| < 31 Q" (77)

#(b1,bo) < {

Depending on the absolute value |bs|, let us consider the following two sets:

1 2
PeP2(Q), PeP2(Q),
o5 'Q < bs| <462c71Q Q° 2 <lbal<c; '@
The set L} ,: In this case for 6y < 27%r ¢y 7hy %e® can be estimated as:

/,L2L2,2 < 210030h§€_4Q_1 : 4528_1Qﬂ2ﬁ < % : ,ugﬁ

The set L3,: Consider the polynomials P under condition Q2 < || < c;'Q°. For
every set op we define the expanded set:

op = {(z1,m9) €1 |a; — ] < Bhoe /- Qi [by| ™Y i = 1,2} (78)

Let us prove that for |bs| < ¢z - Q2, where co; = £ (28hay/7) "' - (|di| + |do| + 2)™" this sets
do not intersect.

Consider polynomials P;, j = 1,2 with roots «;1, ;2 and leading coefficients |b;+| <
Cop - Q%. Without loss of generality we will assume [by o] < |by2|. Let there exists a point
(T0,1,%02) € 0p, N0y, Since Pi and P, have no common roots, the resultant R(Pp, P)
doesn’t vanish, and the following estimate holds:

1 < [R(P1, Py)| = |b1o)?[bogl?|ony — asal|ony — asallans — asal|ans — asal. (79)
By the estimates (78] we have
|l — anil < lani — o] + |aoi — 04| < 28hoe™ /T - Q772 |byo|
On the other hand for Q) > Qg we get

|11 — ago| < anq| + |age| < |di| + |do| + 2,
lato — ag1| < |oqz| + |ags| < |di| + |do| + 2.

By substituting these inequalities to (({9) we obtain
1< |R(P1, Pg)‘ < 212}1,36_27” . (|d1| + |d2‘ + 2)2 . ‘b2,2‘2 . Q_l < i
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This contradiction yields the following estimate

1 1 T

> p20p < 15 > p20p < 157 - piall.
PEPa(Q), PeP(@Q).
st%<\b2|<021Q% Q°"2<[b2|<en Q2

Consider the case |by] > ¢1Q2. Let Po(Q, k) C P2(Q), 1 <k < K = [In, (2
a subclass of polynomials defined as follows:

Pa(Q, k) := {P € Pa(Q) : iy - QM < [by] < - QM ),

=25)] + 1 be

where

)\1 =S, ll Cs 17
6C . TIN b
Ne= Mot — (L—s)- 217k, g = 20y g9 < < K
Ak41 =3, lg1 = car.
This equations give A\, = s — (1 —s) - (1 — ) for 2 < k < K.
Let us consider the following sets L(k) = |J op and estimate the measure of every
PeP(Q,k)
one of them in the following way:
pol(k) = " jop < HH%. Q71 5 by 72 < gl L Q1B
PEPy(Q.k) L 1@+ < b <11, QN "

Then for k = 1 we obtain

2 —
1-2s+1—s+s 1 2s 1 .
p2l(1) < 152 - Q7 < % - c3Q7 o - Hell;

for 1 <k < K —1 we have

c2 —14s5— —s-—%—s —s-—% _9s ==
poL(k) < G - i )<1 o 1> r )<2 2 1>§161K'C§Q ? :16iK',U2H§

andfork:K,s<%andQ>Qoweget

1 3—4s
26h32-1 —24s—(1—s)-(1— 24h3-1 —3+2s+(1-s) 5= 24h3-1 _3 i
M2L(K)_€2—§KQ +s—( )( 9K — 1)§T1KQ +2s+( ) 2_25_ 522KQ 16:4](‘”21—‘[‘
Then, we obtain following estimate for the measure of the set L3,
,Ung,g < Z [0 p + Z poL(k) < 8—1T < ol
PeP2(Q), 1<k<K
Q* 3 <Jbal<cn Q7
and thus
palao < ,LL2L§,2 + ,LLQL;Q < ﬁ - poll.
m
Now Lemma [@] can be proved by repeating the proof of Lemma 0

Theorem 2 is proved by applying the results of Lemma [6] to the proof of Theorem 1.
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5 Proof of Theorem 3

To prove Theorem 3 we are going to use the results of Theorem 1 and Theorem 2. For this
purpose we need to consider the set J\D = {J Ji, where D :={z € J: |f(z)—z| < 3¢}.
k

It is easy to see, that for sufficiently small € the following estimate for the measure of the
set J\D holds:
i (1\D) = 4.
Now for every strip Ly, (Q, ) we have Ly, (Q,\) N{(z1,22) € R?: |z, — 15| < e} = 1.
Let us consider an interval J, = [a, by] and the strip Ly, (Q,A) for a fixed 0 < X < 2.
Divide the strip L, (@, \) into segments

E; = {(%,%2) eER*:2y € T jr |22 — f(21)] < (% +C5) 'C3Q_/\},

where Ji ; = [z, 2j41], ¥; = 71+ 3Q7, 1o = a3 and 1 < j < t;. The number of segments
E; can be estimated as follows:

i Jk _
for QQ > Qo
Let f; =1~ <max f(x) + min f(:z)) Consider the rectangles
(EGJ}CJ (EGJ}CJ

Hj = {(1'1,1’2) € R? : xr1 € JkJ,

xy — f;] < SesesQ7M
By mean value theorem, since f is continuous and differentiable function on every interval

Jy,; and sup |f'(z)| < sup|f'(z)| := c5, we obtain:
xeJ

:BEJ;w‘

< (O] iy < eses- Q7

max flz) - Jnin f(z)
It means that II; C E; for every 1 < j <t.

Case 1: 0<>\§%.

In this case, we apply the result of Theorem [l From Theorem [l it follows that every
rectangle I1;, j = 1,1, contains at least co@Q™'~2* algebraic points of degree at most n and
height at most (). Since we have t, > %cgl,ulij’\ and %,uljk > i J\D > %ulJ, there

must be at least cg@Q" 1~ algebraic points o € L;(Q,\) N A2(Q).
Case 2: %<>\<%.

Theorem [2] will be used in that case. Let us count the number of (%, %)— special squares
IT;. By definition, a (%, %)— special square contains the points (zg1,zo2) such that there
exists a polynomial P € Py(Q) satisfying the system of inequalities

P(x0,)] < hoQ72, i=1,2
Plan )] <m@ =12 50
‘bz‘ <QVa.

Repeating the steps of the proof of Statement [I] from the beginning till inequality (I3]),
we obtain the following estimates:

|[P'(a1)] = [P'(e2)] > - £ [ba.
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Thus, by Lemma [Tl the set of points (1, x) satisfying the system (80) for a fixed polynomial
P is a subset of the following square:

or = {(@1,22) € R - 1 — ] < 2o QR [bol i = 1,2}

Let us estimate the number of squares II;, such that II; Nop # 0. It is easy to see that
the width of the strip L, (), A) is smaller than the heights of the squares op for sufficiently
large c3. Hence, every square op intersects with at most 4hoe™'cg 1Q)‘_%|b2\_1 squares II;.
Therefore, the number m; of (2, 2) special squares II; can be estimated as

my < Z 4hoe™tes'Q |b| L <dhye ey 1Q)‘ Z by |

PeP2(Q) ba2,b1,bo

Now we need to estimate the number of polynomials P € Py(Q) satisfying the system of
inequalities (80) at some point (1, z2) € Ly, (@, A) for a fixed value of by. Since the function

f is continuously differentiable on the interval J, and sup |f'(z)| < ¢5, we get by the mean
z€Jy,

value theorem that

max f(z) —min f(z)| < ¢5 - 1 Jx,

x€Jy z€Jy

which implies that the set L (Q,\) is contained in a rectangle II = I} x Iy, where p1ly =

csprly = espun Jy.
Let us estimate the polynomial P at the midpoint (d;,ds) of the rectangle II. Using the
steps of the proof of Statement [I] we obtain

|P(dy)| < cog - |bo|prdy,  |P(d2)| < caacs - |bo|pia Ji.

and, hence, for a fixed value of by the number of polynomials P € P5(Q) satisfying the
system of inequalities (80) at some point (z1,x2) € II can be estimated as follows:

#(b1, bo) < 20csc5,e 2 |bal? (11 i)’

Using this inequality we have:

my < Tl b 5 | < Theedunhl QRE < Lol e Q) < . (81)

— edc3 edc3
lb2|<Q*" 2

for A < % and @ > Qo. By (&I, it follows that the number of (%, %)—ordmary squares 1I;
doesn’t exceed
me >t — %tk > %tk. (82)

From Theorem 2 and the estimate (82]) it now follows that in the case % <A< %, the
strip L;(Q, \) contains at least cg@Q""1~* algebraic points of degree at most n and height at
most ().
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