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Abstract

In 1970 A. Baker and W. Schmidt introduced the concept of a
regular system of numbers and vectors. They proved that the set of
real algebraic numbers forms a regular system on any fixed interval.
This fact has allowed to prove some important results in the metric
theory of transcendental numbers. In this paper their approach is
applied to the set of algebraic integers « in short intervals of length
depending on the height of a.

1 Introduction

The solution of many problems in Diophantine approximation theory
is connected with the question of the distribution of algebraic numbers
and algebraic integers [15, 24]. In this paper we study the distribution of
algebraic integers on the line and the distribution of the points with integer
conjugate algebraic coordinates in the plane.
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Let P(z) = apa™ + ap_12" ' + ... 4+ a1z + ag, a; € Z be a polynomial
with integer coefficients of the degree deg P = n. Given a polynomial P(x),
let H(P) = fax la;| denotes the height of P(z).

Consider an irreducible polynomial P(z) such that

ged(lag], ..., lag|) = 1.

The roots of this polynomial are the algebraic numbers o of the degree
n and of height H(«) = H(P). When a,, = 1, the roots of an irreducible
polynomial P(x) = 2" +a,_12" ' +...+a1x+ag are called algebraic integers
a of the degree n and of height H(a) = H(P). Denote by #5S the cardinality
of a finite set S and by pD the Lebesgue measure of a measurable set D.
We define the following class of polynomials

Pn(Q) = {P(x) € Zlz],deg P < n, H(P) < @},

where @) > Qp(n) is an integer. In the following denote by ¢; = ¢1(n), co =
ca(n) ..., positive values which depend on n but don’t depend on H (P) and
Q.

During the last 20 years new insights about the distribution of algebraic
numbers were obtained. Lower and upper estimates for a distance between
conjugate algebraic numbers and for a distance between the roots of different
integer polynomials were found in the papers [4, [14] 20} [11].

Consider an interval I C [—%; %] of length, say |I| = ¢;Q~'. It would be
interesting to know, whether an interval I of this length already contains
algebraic numbers « of the degree dega < n and of height H(«) < Q. In
the case n = 3 an answer was given in the paper of V. Bernik, N.Budarina
and X. O’Donnell [I0] in 2012 which has been extended for arbitrary n in
the paper of V.Bernik and F.Gotze [7]. Another result in [7] shows, that
for any integer () > 1 there exists an interval I of length |I| = %Q‘l,
which doesn’t even contain algebraic numbers « of any degree and height
H(a) < @. On the other hand, for Q) > Qy(n) and for the sufficiently large
value ¢; any interval I of length |I| > ¢;Q™! contains at least coQ" 1],
¢ > 0 real algebraic numbers a of the degree dega < n and of the height
H(a) < Q. Furthermore, one can construct a regular system from this
algebraic numbers [13].

In this paper we study the analogous question for the case of algebraic
integers.

Theorem 1. For any integer () > 1 there exists an interval I of length
[I| = 3Q 7, which doesn’t contain algebraic integers o of height H(a) < Q
and arbitrary degree n > 2.
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It is easy to see, that Theorem 1 follows from the results [7], since alge-
braic integers are of course algebraic numbers.

Theorem 2. For a sufficiently large value c3 > 0 and Q > Qy(n) there
exists a value cy > 0 such that any interval I of length |I| > c3 Q™1 contains

at least ¢y Q™|1| real algebraic integers o of degree dega = n, n > 2 and of
height H(a) < Q.

Furthermore, we shall prove, that real algebraic integers of degree n form
a regular system in a short intervals.

Definition 1. Let I' be a countable set of real numbers and N : ' — R
be a positive function. The pair (I', N) is called a regular system if there
exists a value ¢5 = ¢5(I', N) > 0, such that for any interval I C R there
exists a sufficiently large number Ty = To(I', N, I) > 0 such that for any
integer T" > T} there are v1,72,...,7% € ' I such that

1) N <T, 1<i<t,
2) |-yl >T7Y, 1<i<j<t,
3)  t>cs|IIT.

Obviously the set of rational numbers p/q together with function N(p/q) :=
¢? is a regular system. Similarly, real algebraic numbers « of degree n form
a regular system with respect to N(a) = H(a)"™!, see e.g. [2, ].

Regular systems of algebraic numbers are used for obtaining lower bounds
for Hausdorff dimension of the set of real algebraic numbers with a given
measure of transcendence [I] and of the set of real numbers approximat-
ing by zeros of integer combinations of non-degenerate functions with given
order [I8], as well as for studying of Khinchin-type theorems in case of
divergence [2] 6, [].

Analogous questions of the distribution of points with algebraic conju-
gate coordinates in the plane were considered by V.Bernik, F.Gotze and
O.Kukso in the paper [§]. Consider the rectangle E = I} x Iy C [—%; %}2,
where I, I are the intervals of length |I;| = Q7", |I5] = Q"2 such that
0 < K1, kg < 3. Furthermore, also demand that EN{|z —y| < e} = 0, where
e > 0 is sufficiently small. This specific choice of a rectangle will simplify
our calculations. The point («, ) is called an algebraic point if o and (3 are
algebraic conjugate numbers and an algebraic integer point if o and [ are
algebraic conjugate integers. In the paper [§] it is shown, that for @ > Qy(n)
any rectangle E of size pE = |I1|-|Lo] = Q7"17"2,0 < k1, k2 < 3 contains at
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least cg Q" E, ¢g > 0 algebraic points («, 3) of degree deg v = deg 8 < n,
n > 2 and of height H(a) = H(B) < Q.
We will prove that the same estimate holds for algebraic integer points.

Theorem 3. For sufficiently large QQ > Qo(n) there exists a value c; > 0
such that any rectangle E = I} x Iy of size pE = |I1| - |I] = Q™72
0 < Ky, ko < % contains at least c; Q"uE algebraic integer points («, B) of
degree deg v = deg 5 =n, n > 4 and of height H(a) = H(S) < Q.

Interesting questions arise in the study of the distribution of algebraic
points near smooth curves [22]. Recently new results in estimating of the
quantity of rational points near smooth curves were obtained. V. Beres-
nevich, D. Dickinson and S. Velani [3] and R. Vaughan, S. Velani [25]
obtained lower and upper estimates of the same order were. Recently, V.
Bernik, F. Gotze and O. Kukso [8] proved lower estimates for the quantity
of algebraic points of arbitrary degree near smooth curves.

In this paper we shall derive lower estimates for the number of algebraic
integer points of arbitrary degree near smooth curves.

Theorem 4. Let f(z) be a continuous function on the interval J = [a,b]
and let

L@ N = {(ry):r e Ty~ f@l <@, 0< A< L

Then for Q > Qo(n, J, f) there are at least cs(n, J, f)Q" ™, cs(n, J, f) > 0
algebraic integer points («, 3) of degree degaw = deg B = n, n > 4 and of
height H(a) = H(B) < Q such that (o, B) € L(Q, \).

Proof. Consider the graph of the function f(z) and the strip L(Q, ) for

fixed 0 < A < % Divide the argument interval J into sub-intervals J; =
[2;_1, ;] of length |J;] = Qi = 1, where t > (a — b)Q* — 1 > co(J)Q*
for @ > Qo(n, J, f). Let z; = “=1*** denote their midpoints. Consider the

rectangles

By ={(z,y) : |o — @i < cwoln, Q™ |y — f (2)] < enln, Q)

where cio(n, f) and ci1(n, f) are chosen such that rectangles E; lie com-
pletely inside the domains T; = {(z,y) : |z — Z;| < 1Q7; |y — f(z)| < Q*},
i=1,t.

It follows from Theorem 3 that every rectangle E;, i = 1,t contains at
least c1a(n, f)Q"?* algebraic integer points of degree n and height at most
Q. Hence, as t > co(J)Q* than there are at least cs(n,J, f)Q" > algebraic
integer points («, 5) € L(Q, \). O
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2 Auxiliary statements

This section contains several lemmas which will be used in the proof of
Theorems 2—-3. Among other results we shall use some facts of the geometry
of numbers, see [16]. The first work on approximation by algebraic integers
is due to Davenport and Schmidt [I7]. Recently their approach has been
reworked by Y. Bugeaud [12] and we shell use ideas of this paper.

Lemma 1 (Minkowski 2nd theorem on successive minima). Let K be a

bounded central symmetric convex body in R™ with successive minima 1y, . . ., Tp.

Then o
— <mm...T,V(K) < 2"
n!

For a proof, see [16], pp. 203], 21} pp. 59].

Lemma 2 (Bertrand postulate). For any integer n > 2 there exists a prime
p such that n < p < 2n.

Proved by P. Chebyshev in 1850, a proof can be found, for example, in
[23, Theorem 2.4].

Lemma 3 (Eisenstein criterion). Let P(x) denote a polynomial with integer
coefficients,
P(z) = apz" + ap12" '+ ..+ a1z + ao.

If there exists a prime number p such that:

a, Z0 mod p,
(1) a; =0 modp, 1=0,....,n—1
ap#Z0 mod p?,

then P(z) is irreducible over the rational numbers.
For a proof see [19].

Lemma 4. Consider a point xr1 € R and polynomial P(x) with zeros

aq,Qa, ..., a, where |x; — ai| = min |z — oy|. Then
1

| P ()]
[P (21)|

|lv1 —aq| < n

Proof. Consider the polynomial P(z) and its derivative P'(x) at point z;.

Z -
|LU1 —Oél ‘Z(Zl —Oél‘

Since
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then
|P(z1)]

[P’ (a1) |

1 — gl <n
]

Lemma 5 (see [7]). Let L,, = L,(Q, do, I) be the set of v € I, such that the

system

[P(x)] < Q7™
|P'(x)] < 6@,

has a solution in polynomials P(x) € P,(Q). For any sufficiently small
value 6y = do(n) and sufficiently large value c¢13 we have

1
L, <-|I
Iz i
for all intervals I such that
|[‘ > Cng_l.
In [7] it is shown that it suffices to take dg(n) = 27" 8n=2.

Lemma 6 (see [§]). Let M,, = M, (Q, b, E) be the set of points (z,y) € E,
such that the system

P@)]<Q™, [P)| <@
min {| ()], |P'()]} < 2

U1+’02:n—1,

has a solution in polynomials P(x) € P,(Q). Than for 6y = dy(n) <

2740 =% we have

1

for all rectangles E such that

1
k= Q"“_’”,O < R1,Re < 5

3 Proof of Theorem 2

From lemma 5 it follows that the measure of the set of x € I such that
the system

(2)

|P(z)] < Q"
| P'(2)] < 60,
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has a solution in polynomials P € P,_1(Q) can be estimated as
1
MLn—l S Z |I|a

where [I| > ¢13Q 7! for Q > Qp(n) and 6y =27"""(n — 1)72.

Consider the set By = I\L,_1. Since the first inequality of the system
(@) is solvable in polynomials P € P, 1(Q) for any x € I, then for any
o € By the system of inequalities

|P(x0)] < Q7"
| P'(20)| = 0@,

holds for any poynomial P € P,_(Q) and puB; > 2|I].

Consider an arbitrary point zq € By for @ > Qy(n) and examine the
successive minima 7, ..., 7, of the compact convex defined by the inequal-
ities

|12t 4 a4 ag| < QT
(3) ((n— Da, 12072+ ...+ 2a970 + a1] < Q,
lan—1], .. |az| < Q.

Let 71 < dp. Then there exists a polynomial Py € P,_1(Q) such that the
inequalities

| Po()| < 60Q " < Q7"

| Po(zo)| < 600,

H(Ry) < 6@ <@,
hold. This leads to a contradiction, since x¢ &€ L,_1. Then 7 > §y. Since the
volume of the compact convex set defined by the inequalities (3]) is not less
than 2", it follows from Lemma 1 that 77 ...7, <1 and 7,1 < 50_"+1. Thus
we can choose n linearly independent polynomials P;(z) € P,_1(Q), i = 1,n
such that the system

| Pi(wo)| < 6" Q7H,
(4) |Pl(x0)] < 65"'Q,
holds. Using well-known estimates from the geometry of numbers, see [16],
pp. 219], we obtain for the polynomials P;(x),

A = det \(am_l)zj:ﬂ S n!,

where Py(x) = a;,, 12" ' +.. .+ a; 12+ a0, i = 1,n. It follows from Lemma

2 that there exists a prime p not dividing A with

(5) n! <p<2nl
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Consider the following system of linear equations in n variables 6., ..., 0,
( n
i=1

(6) dnag ™ +p- Y0Pl (xo) =pQ +p- Zl | P/ (o)l

1=1

Zeiam:O, j:2,...,n—1.
\i=1

Since the polynomials P;(z),i = 1,n are linearly independent and the de-
terminant of the system is equal to A, the system (@) has a unique solution
(01,...,6,). We choose n integers ty,...,t, such that

Consider the following polynomial of degree n with integer coefficients

Plx)=2"+p- ZtiPi(a:) =2"+p-(ap_12" '+ ..+ a1z + ap),
i=1

where a; = Y t;a,5, j =0,...,n—1. In order to show that the polynomial
i=1

P(z) is irreducible we check the conditions of Lemma 3. Obviously the
first and the second condition of () hold. It remains to show that aq =
tia10 + ... + thanp is not divisible by p. Since p doesn’t divide A, there
exists number 1 < ¢ < n such that a; is not divisible by p. Consider two
possible choices for t;, which we denote by ¢}, t? = t! + 1. In this case either
ap =tiaro+...+aoti +.. .+ anoty or af =tiaro+...+aoti +...+anoty
is not divisible by p. Hence lemma P(x) is irreducible.

In the following we shall estimate |P(xg)|, |P'(x)| and H(P).

From the first equation of the system () and inequalities (@) and () it

follows that
(8) p50_n+1Q_n+l S |P(.7}0)‘ S p(2n 4 1>50—n+1Q—n+1_

Similarly by the second equation of the system (@) and inequalities () and
(7)) we see that

(9) pQ < |P'(z0)| < (p+ 2pndy " H)Q.

In view of the other equations of the system ([6]) and inequalities (@) and ()
we have

(10) la;| < néy"Q, j=2,n— 1
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Finally we need to estimate |ag| and |a;|. Here we use the estimates (&])-(10)
and inequality |zo| < 1. The result is

(1) Ja] < [P(zo)l + Y lagl < (p+2pndg ™ + 026, )@,

Jj=2

(12) |a0| < ‘P(l’o)| + |a1| + Z |aj| < (p_|_p(4n_|_ 1)50—n+1 +n250_”+1)Q,
j=2

From the estimates (I0)-(I2]) and inequality (5l we conclude, that
(13) H(P) <20(n+ 1)!5,"Q.

Consider the roots aq, . .., o, of the polynomial P(x), where |xqg—ay| =
min |zg — «;|. In view of Lemma 4 the following estimate holds

|20 — | < n|P(x0) || P (o).
By inequalities (8) and (@) we have
(14) |£L’() - Oé1| < n(2n + 1)50—n+1Q—n = 014Q_n,

where ¢4 = n(2n + 1)5; .
If oy is a complex root, then its conjugate is a root of P(z). Hence, by
(@3), [I4) and estimates |a;| < H(P)+ 1, i = 3,n we conclude that

[P(eo) = [ [ |0 — ul < Q7" - (2 +20(n + 1)1, Q)"2,
i=1
This inequality contradict (8) for @ > Qo(n). Thus, «; is real.

Finally we shall construct a regular system of real algebraic integers. We
choose a maximal system of real algebraic integers [I' = 3y, ..., §; such that
|8 — B;| > c14Q™", 4,5 = 1,1, i # j. There is a real algebraic integer a; € I
for any point xy € Bj such that |z — aq] < ¢;4Q ™. If ag € T, then there
exists §; € I' such that

log — Bi| < @™
and
|0 — Bi] < 2¢14Q7".

Hence

t
B, C U{xo € By |zo — B < 2c14Q7"}

=1
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and 3
4014Q_n -t > Z|I|

Thus, we have
3 - n n
t> ECM}Q || = csQ"[1]
and Theorem 2 is proved.

It follows from the proof of Theorem 2, that the set of algebraic integers
of degree less or equal n forms a regular system with respect to the function

N(Oé) = H(Oé)n and TO = 015‘I|_n.

4 Proof of Theorem 3

The proof of Theorem 3 is based on the same method as the proof of
Theorem 2 but it contains some non-trivial moments that require attention.
In order to prove the Theorem 3 we use Lemma 6. Consider the system

|P(z)] < Q™™ [P(y)| < Q"
(15) min {|P'(z)|, |P'(y)[} < 0@,
U1+ vy =n—2.

Lemma 6 implies, that the measure of the set of points (z,y) € E such
that the system (I5) has a solution in polynomials P € P,_;(Q) can be
estimated as ]

puM, 1 < Z,UE

for @ > Qo(n) and 6 =273 (n — 1)~
Thus for any point (z,y) € Ky = E\M,,_; the system

|P(z)] < Q™ |P(y)] < @7,
|P'(z)] = 0@, [P'(y)] = 600,
V1 +V2=n — 2.

holds for any polynomial P € P,_1(Q) and pK; > 3uE.
Consider an arbitrary point (zo,yo) € K7 and examine the successive
minima 71, ..., 7, of the compact convex set defined by

(an_128 ™ + ...+ aymo + ao| < Q™
an—1yg ™"+ .+ aryo + agl < Q72
|(n — Da,_120 2+ ...+ 2a0m0 + a1] < Q,
|(n — Dan_1yy 2+ ... 4 2a9y0 + a1] < Q,
an-1l,- - Jas] < Q.
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Assume 71 < &p. Then there exists a polynomial Py € P, _1(Q) such that
the inequalities

|Po(z0)| < 60Q™" < Q7" |[Fo(yo)| < 6@ < Q™
| Po(o)| < 0@, |Fo(yo)| < 0@,

H(Py) <60Q <@,

V] + v =n—2.

hold, contradicting to (zg,yo) € Ki. Thus 7y > dgand by 71 ... 7, < 1 and by

n+1

Lemma 1 we have 7,_1 < ,""". Hence, there exist n linearly independent

polynomials P;(x) € P,_1(Q), i = 1,n with integer coefficients, satisfying

|P;(20)| < 65" Q7, |Pilyo)| < 65" Q,
(16) | P/ (o) < 65"7Q, | Pl (yo)| < 65" Q,
H(P) < 6,"'Q.

Well-known bounds from the geometry of numbers, see [16, pp. 219], yield
the following bound for the polynomials P;(x)

A =det [(a;;-1)] =] < nl,

where Pj(z) = a; 12" ' + ...+ a;12 + a;0, @ = 1,n. For a prime p not
dividing A, Lemma 2 yields

(17) p < 2nl.

Consider the system of linear equations for the n variables 6y, ...,6,

(

=1
Yo +p- ; 0:Pi(yo) =p(n+1)- 65" Q7",
(18) ”953_1+P'219ip-'(930)=p62 +p-Z|P.’(x0)|,

nyg ' +p- ZeP(yo) pQ+p- Z\P(yo)\

=1

Z@;CL,’JZO, ]:4,,n—1

\ =1

In order to determine the determinant of this system, we transform it as
follows. We multiply the equation with number £k = 5,6,...,n by p- :ck !
(' resp. by p-y¥™!) and subtract it from the first ( respectlvely the second)
equation of the system (I8)). Similarly we multiply the equation with number

k = 56,...,n by p-(k— 1)zf? (respectively by p - (k — 1)ys~?) and
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subtract it from the third (the respectively the fourth) equation. After these
transformations the determinant of system (I8]) is given by

3 3
) 7
DaLiTy Y Gy
i=0 =0
3 , 3 .
T A
Z a1,iYo ce Z an,iYo
=0 i=0
3 - 3 -
. i . i—
A L | iagag o D angag
(1'07 yO) =p - i§1 2§1
. i—1 . i—1
Z 2. 0a1,3Y ce Z 1 AniYo
i=1 i=1
a174 e an74
al,n—l C a'n,n—l

By simple transformations of the first four rows of the matrix we have

1.0 c. Qn0
(19) A(x(b Yo) =9 (vo—mo)* | ¢ : = 9p*(yo —20)*A > 0,

ai1p—-1 --- QApn-1

since the polynomials P;(z),i = 1, n are linearly independent and |yo—xo| >
e > 0. By (I9) the system (I8) has a unique solution (6, ...,6,). We take
n integers ty,...,t, such that

and construct the following polynomial with integer coefficients

Plx)=2"+p- ZtiPi(a:) =2"+p-(ap_12" '+ ..+ a1+ ap),
i=1

where a; = ) t;a;;, 7 =0,...,n— 1. By Lemma 3 the polynomial P(z) is
i=1
irreducible.
We finally derive bounds for |P(zo)|, |P(vo)|, |P'(z0)| and |P'(yo)]-
We use the inequalities (I6]), (I8) and the inequality (20) and obtain the
following estimates:

(21) pog"TQT < [P(wo)| < p(2n+1)5" QT
(22) POy "R < |P(yo)| < p(2n+ 1)5 QT

(23) pQ < |P'(z0)| < (p+ 2pndy™™)Q.
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(24) pQ < |P'(yo)| < (p+ 2pndy " ™H)Q.

We now estimate the height H(P). By equation 4 to n of the system
(I8) and inequalities (16) and (20) we have

(25) laj| < ndy"T'Q, j=4n—1.

It remains to estimate [ao|, a1, [a| and |az|. By (21)) - (25) and inequalities
o] < 3, o] < 3, we have

( n
|a3:c3 + a2$(2) + ayzo + agl < |P(zo)| + Y |ay| < 2pn5()_n+1Q,
j=4
lasyd + azyd + aryo + aol < |P(yo)l + 3 laj| < 2pndy"1Q,
(26) < n =4
13azzd + 2as20 + a1 < |P'(z0)] + Zj ay| < 2pn35;"Q,

j=4

[3asys + 2a2y0 + ar| < |P'(yo)| + Zﬂ ag] < 2pn®ey Q.

\ J=

Consider the system of linear equations for ag, ai, as and as

agl'g + agl’% + a129 + ag = ll,
3 2 _
azyy + a2y + aryo + ag = la,

(27) o, "
a3 + 2@21’0 +a; = lg,

3asyg + 2asyo + ar = ly.

Since the determinant of the system (27) does not vanish, there exists a
unique solution. We solve the system (21) subject to the estimates (26]) and
inequalities |zo| < 1, |yo| < 1. Thus, we have

la;| < 10*pn?*6;"Q, i =0,1,2,3.
Hence, by (I7) and (25)), we obtain
H(P) < 2-10"n+ 4)!6;" Q.

Consider the roots oy, . .., a, of the polynomial P(z), where |zg — ;| =
min |29 — ;| and consider a permutation fy, ..., (3, of these roots such that

lyo — F1] = min |yo — B;|. By Lemma 4 the following estimates hold

9o = Bl < n|P(yo) [P (o) |~
By 1) — 4)) we have

2o — au| < n(2n + 1)0; QM < QT
lyo — P1] < n(2n + 1)50—”+1Q—v2—1 < ClaQ_”_l,

{m — ay| < n|P(xo)||P'(z0)| 7Y,
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where ci6 = n(2n 4+ 1)6; ™. For Q > Qo(n) the roots a; and 3 are real.
We choose a maximal set of real algebraic integer points I' = (a1, 81), . . ., (ay, Bt)
such that
i — ] > e16Q 7,

or

|Bi — Bj| > Q27
i, =1,t, i #j.

For any point (x¢,yo) € K there exists (o, 5;) € I' such that

|0 — ;| < 2¢16Q7 7,
lyo — Bi] < 2¢16Q 7271

Hence

t
Ky € J{(z0,90) € Ky : |z — | < 2016Q7" " g — ] < 2016Q 7" '}
=1
and

3 — n n

and hence Theorem 3 is proved.
Acknowledgements. The authors wish to express their thanks to Prof. V.
Bernik for suggesting the problem and for many stimulating conversations.
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