REGULARIZATION BY NOISE FOR STOCHASTIC
HAMILTON-JACOBI EQUATIONS

PAUL GASSIAT AND BENJAMIN GESS

ABSTRACT. We study regularizing effects of nonlinear stochastic perturbations
for fully nonlinear PDE. More precisely, path-by-path L* bounds for the second
derivative of solutions to such PDE are shown. These bounds are expressed as
solutions to reflected SDE and are shown to be optimal.

1. INTRODUCTION

The questions of regularizing effects and well-posedness by noise for (stochastic)
partial differential equations have attracted much interest in recent years. The
principle idea is that the inclusion of stochastic perturbations may lead to more
regular solutions and in some cases even to uniqueness of solutions. Historically,
possible regularizing effects of additive noise have been investigated, e.g. for (sto-
chastic) reaction diffusion equations

dv =Avdt+ f(v)dt + dW,

in [20] and for Navier-Stokes equations in [13,14]. In [3,10,11], well-posedness and
regularization by linear multiplicative noise for transport equations, that is for

dv =b(x)Vvdt + Vv odb,

have been obtained. We refer to [12] for more details on the literature. Only very
recently, regularizing effects of non-linear stochastic perturbations in the setting
of (stochastic) scalar conservation laws have been discovered in [17]. In particular,
in [17] it has been shown that quasi-solutions to

1
dv + 5&,31)2 odf;=0 onT (1.1)

where T is the one-dimensional torus, enjoy fractional Sobolev regularity of the
order

4
v(t) e WOY(T) for all a< = t>0, P-as.. (1.2)
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This is in contrast to the deterministic case, in which examples of quasi-solutions
to

1
Ov + 58,0112 =0 onT
have been given in [8] such that, for all a> 3,
v(t) ¢ WH(T) for all ¢ > 0.

In this sense, the stochastic perturbation introduced in (1.1) has a regularizing
effect. In [17], the question of optimality of the estimate (1.2) remained open.

Subsequently, the results and techniques developed in [17] have been (partially)
extended in [18] to a class of parabolic-hyperbolic SPDE, as a particular example
including the SPDE

1 1
dv + 581112 odf; = Eﬁmv?’ dt onT. (1.3)

In [18], the regularity of solutions to (1.3) was analyzed. More precisely, it was
shown that

2
v(t) e W*HT) for all < 3 P-a.s.. (1.4)

However, neither optimality of these results nor regularization by noise could be
observed in this case. That is, the regularity estimates for solutions to (1.3) proven
in [18] did not exceed the known regularity for the solutions to the non-perturbed
cases

8U+18v2—i3 v® or 0 —ia Son T (1.5)

t 2 T _12 TT tv_12 22U OIl 1. .

In [17, 18] the estimation of the regularity of solutions to (1.1), (1.3) relied on
properties of the law of Brownian motion. The question of the pathwise properties
of 5 leading to regularization by noise could thus not be answered (cf. [6] for related
questions in the case of linear transport equations).

The purpose of this paper is to provide sharp, pathwise regularity estimates to a
class of SPDE, in particular including (1.1), (1.3) and to prove regularization by
noise in this case. More precisely, sharp estimates are obtained for the L* norm
of the second derivative of solutions to SPDE of the type

1
du+ 3|Duf* 0 dé, = F(x,u, Du, D*u)dt  on RY, (1.6)

for F' satisfying appropriate assumptions detailed below and & being a continuous
function.

Our proof is based on the regularizing effects of the semi-groups Sy and S_pg
associated to the Hamiltonians H := p — %pQ and —H. It is well-known that Sy
and S_p allow to obtain one-sided bounds (of the opposite sign) on the second
derivative (cf e.g. [27]), and the fact that one can combine these two bounds to
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obtain C'*! bounds goes back to Lasry and Lions [25]. Our main theorem is in a
sense a generalization of their result.

Let us emphasize that while one-sided (i.e. semiconcavity or semiconvexity) bounds
are typical for solutions of deterministic Hamilton-Jacobi-Bellman equations (cf.
[5,15]), two-sided (i.e. C'*!) bounds in general do not hold for degenerate parabolic
equations!. The fact that we are able to obtain such two-sided bounds in our case
depends crucially on the ”stochastic” (or "rough”) nature of the signal £ in (1.6).

Before stating our theorem in detail let us first consider some concrete examples
(cf. Section 3.2 below for details).

As a first example, as mentioned above, the results answer the question of optimal
regularity and (pathwise) regularization by noise for (1.3). Indeed, let u be the
unique viscosity solution to the SPDE

du + %(@Cu)Q odf; = %&U(@Uu)?’dt, on R.

Then, informally, v = J,u is a solution to (1.3). Our results (cf. Corollary 5.2
below) yield that if § = 0B where B is a standard Brownian motion, then

oc>1=v(t)e W™ Pas,
whereas (at least for some choice of initial conditions)
o<1l=Pas. 3IT>0,Vt>T v(t) ¢ Wh>.

More precisely, we obtain the sharp bound
1

|1020(t) [ L= < m,

where L*, L~ are the solutions to the reflected (at 0*) SDE with dynamics on
(0,00) given by

(1.7)

1 1
dL* = ————=dt +df;,, L*(0) = —————
2 A L) = e T

1 1
AL~ = - dt-dB, L (0)= —o
ot e L) = T

This demonstrates that, when the noise coefficient is large enough, the stochastic
perturbation in (1.3) has a regularizing effect as compared to the non-perturbed
situation )
Oyw = E&mw?’, on R

for which solutions are known to develop singularities in terms of a blow-up of
|0zw]| L. This dependence of a regularizing effect of noise on the strength of the
noise o seems to be observed here for the first time. Concerning the optimality
of (1.7) and thus of the main result, we prove that for a certain class of initial

1See however the one-dimensional example in [22].
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conditions (cf. Section 5 below) equality in (1.7) holds. The proof of optimality
relies on a careful choice of approximations and on a monotonicity property with
respect to the driving path 8, which follows from results in [16].

As a second example, consider hyperbolic SPDE of the form
du+ %|Du|2 o dBH = F(Du)df, onRY, (1.8)

where ¥ is a fractional Brownian motion with Hurst parameter H € (0,1). Typ-
ically, the solutions to the deterministic counterpart

1
Jyw + §|Dw|2 = F(Dw) or Ow=F(Dw) onRY

develop singularities in terms of shocks of the derivative, that is, Dw will become
discontinuous for large times, even if wq is smooth. In contrast, our results yield
that (cf. Example 3.5 below)

P(|D?u(t, )|z~ <o00) =1 Vt>0,
for u being a solution to (1.8).

Our results may also be applied to some cases where, unlike in the previous exam-
ples, the deterministic part of the equation has a regularizing effect. For example,
consider the equation

atw - %(]— - (axw)2)a:m:w; on R, U)(O, ) = w’

with initial condition w® such that |0,w°|;. < 1. Since this is preserved by the
equation, that is |0,w(t,-)| - < 1 for all ¢ > 0, the deterministic part is uniformly
elliptic. In particular, the solutions are smooth at positive times. Our result yields
that this is still true for the solution u to

b KO 1 020 0 R, 209

if the intensity is the noise is small enough. More precisely, if £ € C% a > % or
¢ = 0B with B a Brownian motion and o < 1, then (almost surely in the latter
case)

Vi >0, ||8xzu(ta ) HL°° < 0o.
Again this follows from properties of SDE, namely that the solutions to
1
dL* = Edt +df(t)
do not hit 0 at positive times.

Finally, let us mention that our regularity results imply some estimates for large
time behavior. For instance, if u is a solution to the stochastic Hamilton-Jacobi
equation

1
du + 5(8xu)2 odB; =0, u(0,-)=u’,
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then for all ¢t > 0, (cf. Proposition 3.8 below)

' 210,
IDu(t, )] < \, I+%],

maxgcs<t B(8) — infoeses B(s)

Note that when /3 is a Brownian motion, we get a rate of decay in ¢~1/4 which is
the same rate as obtained in [17].

1.1. Organization of the paper. In Section 2 we give the precise statement
of the assumptions and the main theorem. Subsequently, we provide sufficient
conditions for these assumptions as well as a series of applications of the main
result to specific SPDE in Section 3. The proof of the main result is given in
Section 4 while the proof of optimality is given in Section 5. In the Appendix A
we recall the employed well-posedness and stability results for stochastic viscosity
solutions.

1.2. Notation. We let R, := [0,00) and SV be the set of all symmetric N x
N matrices. We further define CF([0,T];R) := { € C*([0,T];R) : £(0) = 0},
Lip,,.(RY) to be the space of all locally Lipschitz continuous functions on RV and
Lip,(R;) to be the space of all bounded Lipschitz continuous functions on R,. For
a cadlag path & we set &, =& — ;-

Given continuous functions F, H we let Sp(t), Sy (t) be the semigroups, in the
sense of viscosity solutions and in case they exist, for the PDE

O = F(t,x,u, Du, D*u)

and
Oyu+ H(Du) =0,

respectively. For a locally Lipschitz continuous function V : (0,00) - R we define
¢V (t) : R, - R, as the solution flow to the ODE /(t) = V(¢) (stopped when
reaching the boundaries 0 or +o0). For notational convenience, we set H(p) := 3|p[?
and Sy (=0) = S_g(J) for 6 > 0.

A modulus of continuity is a nondecreasing, subadditive function w : [0,00) —
[0, 00) such that lim, qw(r) =w(0) = 0. We define UC(RY) to be the space of all
uniformly continuous functions, that is, u € UC(RN) if |u(z) —u(y)| < w(|z —y|) for
some modulus of continuity w. If, in addition, u is bounded, we say u € BUC(RY).
Furthermore, USC(RY) (resp. LSC(RY)) denotes the set of all upper- (resp.
lower) semicontinuous functions in RY, and BUSC(RY) (resp. BLSC(RY)) is
the set of all bounded functions in USC(RY) (resp. LSC(RY)).

We say that a function u: RV — R is semiconvex (resp. semiconcave) of order C'
if 2 > u(z) + 3C|zf is convex (resp. =~ u(x) - 3C|z|? is concave).



6 P. GASSIAT AND B. GESS

For a,b € R we set a Ab := min(a,b), avb := max(a,b), a+ = max(a,0) and
a— = max(-a,0). We let K, K be generic constants that may change value from
line to line.

2. MAIN RESULT

We consider rough PDE of the form
1
du + §|Du|2 od&(t) = F(t,x,u, Du, D*u)dt
u(0) = o,

where ug € BUC(RY), £ is a continuous path and F satisfies the typical assump-
tions from the theory of viscosity solutions, that is,

Assumption 2.1. (1) Degenerate ellipticity: For all X,Y € SN, X <Y and
all (t,z,r,p) € [0, T] x RN x R xRV,

F(t,z,r,p,X) < F(t,z,r,p,Y).
(2) Lipschitz continuity in r: There exists an L >0 such that
|F(t,x,r,p, X)-F(t,z,5,p,X)| < Lir-s| Y(t,x,s,7,p,X) € [0, T]xRYxRxRxRY xSV,
(3) Boundedness in (t,z):

sup |F(+,-,0,0,0)| < oo.
[0,T]xRN

(2.1)

(4) Uniform continuity in (t,x): For any R >0,

F is uniformly continuous on [0,T] x RN x [-R, R] x Bg x Bp.

(5) Joint continuity in (X,p,z): For each R > 0 there exists a modulus of
continuity wrr such that, for all a,e > 0 and uniformly in t € [0,T], r €
[_R> R]

F(t,z,r,ap, X) - F(t,z,r,ap,Y) <wpr(alp]* +|p| + ™),
for allp e RN and X,Y € SN such that

a1 O\ (X0 N a I -I
= o 7 )3\o vy ) 11 )

We refer to the Appendix A for an according well-posedness result for (2.1). We
will make the following assumption on F' :

Assumption 2.2. There exists Vi : (0,00) - R, locally Lipschitz and bounded
from above on [1,00) such that for all g€ BUC(R"™), t >0, one has

Id
@V (t)(0)

the inequalities being understood in distribution sense.

D%*g<('Id = D?*(Sp(t,g)) <
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The above assumption yields a control on the rate of loss of semiconcavity for Sg.
Note that "7 may take the value 0 and thus no preservation of semiconcavity is
assumed.

Theorem 2.3. Let ug e BUC(RYN), £ e C(R,), suppose that Assumptions 2.1, 2.2
are satisfied and let u be the solution to

{ du + $|Dul? o d&(t) = F(t, ,u, Du, D*u)dt,

u(0,-) = ug. (2.2)

Suppose that D?uyg < % for some ly € [0,00), in the sense of distributions. Then,
for each t >0,
1d
D*u(t,”) < —, 2.3
(t)% 703 (23)
in the sense of distributions, where L is the mazimal continuous solution on [0, co)
to

dL(t) = Vi (L(t))dt + dE(t) on {t>0: L(t) >0}, L>0,

L(0) = 4. (2.4)

The proof of Theorem 2.3 is given in Section 4 below.

3. EXAMPLES

In this section we present applications of our main Theorem 2.3 to certain classes
of PDE. To do so, in particular, Assumption 2.2 has to be verified. We first provide
a general result on the preservation of semiconvexity for fully nonlinear PDE in
Section 3.1, which is then applied to several PDE in Section 3.2.

3.1. Semiconvexity preservation. In this section we provide sufficient condi-
tions on [’ to satisfy Assumption 2.2. From [28] we recall

Proposition 3.1. Let F = F(t,z,p, A) € C([0,T] x RYN x RN x SN be degenerate
elliptic and such that, for all t >0, z,pe RN, £ # 0 e RNV,

(y,A) » F(t,x+y,p, B) is convex on (R{)* x X, (3.1)
where Xe={Ae SN, A6 =0,A>0 on (RE)*}, BE=0, B=A"1 on (RE)*.

Let u be coercive in x i.e.

lim inf u(t,:c)=+oo
|x|—>o00 te[0,T] |I|

and a classical supersolution on [0,T] xRN to

owu = F(t,z, Du, D*u), (3.2)
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and let
Usn (L, ) = inf{z Aiu(t,x;), 0< A\ <1, Z)‘i =1, Z)\ixi = w}
i=1 i=1 i=1
be the partial convex envelope of u. Then u.. is a viscosity supersolution to (3.2).

Proof. For the reader’s convenience we provide a proof. First note that by conti-
nuity of F', it is straightforward to see that the assumption (3.1) is equivalent to
the fact that for any subspace V' ¢ R® which is not reduced to {0}, the map

(y,A) » F(t,x +y,p, B) is convex on V* x Xy, (3.3)

where Xy = {A e SN, Ay =0,A>0o0n VL}, By =0, B=A"1on V'

Now consider (t,z) € (0,7] x R*, and let (¢q,p, A) be in the parabolic subjet of
Uss at (t,z) (we refer e.g. to [7] for definitions). Assume that w..(t,x) < u(t,z)
(otherwise there is nothing to prove), let \;, z;, i = 1,...,m be such that u,.(¢,x) =
Mu(t,zy) + ...+ Apu(t, z,,), and let V' be the span of (z; —x,...,x, — ). Then
by similar computations as in [1, pp.272-273], letting A; = D?u(t, z;), it holds that

420, A<(SnA) T (3.4)
q =Y Nowu(t,x;), (3.5)

=1
p=Du(t,z;), i=1,....,m. (3.6)

Note that since u..(t,-) is affine in the directions spanned by V' in a neighborhood
of x, one has A <0 on V, so that by ellipticity

q_F(t’xava) 2q_F(taxap7B)7

where B = (X MA7) " on Vi B=0on V, and by (3.3), we obtain

q- F(t7$7p7A) 2 Z)\Z(atu(twrl) - F(t,{L’“DU(t,.fz),AZ))

i=1

where A; = A; on V*, A; =0 on V, so that A4; < A;, and by ellipticity of ' and the
fact that u is a supersolution to the equation we finally obtain

q_F(tv'Iapr) > 0.

We deduce the following
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Theorem 3.2. Let F' = F(t,z,p,A) € C([0,T] x RN x RN x SN) be degenerate
elliptic such that there exists a ® € Lip,,.(R,;R) with ®(0+) > 0 such that for all
ANeR,, te[0,T],z,pe RN £+0eRYN,

(3.7)

1
(. 4) > Ptz +y.p= Mz +y), B =)+ (V) |z +yf
is conver on (RE) x X,

where Xe = {Ae SN, AE=0,A>0 on (RE)*}, BE =0, B = AL on (RE)*. Let
up € C2(RN) satisfy D*ug > =Xl for some A\g > 0 and assume that u satisfies for
some K >0,

lu(t,z)| < K(1+|z|]) VzeRYN, te[0,T] (3.8)

and 1s a classical solution to

Owu = F(t,z, Du, D?u),
{ u(0,-) = up, (3:9)
then if X(t) is the solution to
A(t) = D(A(1)),
{ O = Ao (3.10)

one has D*u(t,-) > -\(t)I for allt>0.

Proof. Let ¢ > 0 arbitrary, fix and let A* be the solution to (3.10) with initial
condition A*(0) = Xg +£. We set v(¢,z) := u(t,x) + 3A°(¢)[z[2. Since () > 0, v(t)

v(t,z)

o — oo for |z| - co. Moreover, v is a

is coercive, in the sense that infcor
classical solution to

O = F(t,2, D, DPu) + Z(N(1) o
= F(t, 2, Dv - N (#)z, D~ Xo(t)Id) + %@(/\E(t))m? (3.11)
= ['(t,x, Dv, D*v).
By (3.7), F satisfies (3.1). Hence, by Proposition 3.1, the convex envelope v,, 0f

v is a supersolution to (3.11). Equivalently, 4 := v,. — 3A°(¢)|z|? is a supersolution
to (3.9). By (3.8) we have that

1
v(t,z) > 5)\5(15)|x|2 - K - Klx|
for all z € R? which implies that

1 .
Ven(t, ) > 5)\5(15)|:1:|2 - K - K|z,
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for some K > 0 and all # € R%. Hence, @& > —K (1 + |z|) and we may apply the
comparison result [19, Theorem 4.2] to obtain

u < U.

On the other hand, since v,, <v we have that
i<o- %Aa(t)w .
Hence, © = v and, since v,, is convex, we conclude
D?*u = D*i = D*v,, — X(t)Id > -X°(t)Id.
Since this is true for all € > 0 the proof is finished. O

We next provide a series of abstract PDE for which condition (3.7) is satisfied.
Example 3.3. (1) First-order PDE: Let
F=F(t,z,p) e C([0,T]; CZ(RY x RY)).
Then (3.7) is satisfied with
O(N) = | Faallo + 2N | Foplloq + A [ Fp o -

More generally, let F'= F(t,z,p) € C([0,T] x RN x RN) such that (z,p) —
F(t,z,p) is semiconvex of order Cr. Then, (3.7) is satisfied with

(I)()\) = Cp(l + )\2)

[

(2) Quasilinear PDE: Let
F(x,p,A) =Tr(a(x,p)A) e C(RY x RN x SN,
where a(x,p) € C?(RN xRN) is nonnegative, has bounded second derivative
and (y,p) = \/a(y,p) is convex. Then (3.7) is satisfied with
(A) = NA oo + 2NN gy oo + NN gy, -
(3) Monotone, convex, fully nonlinear PDE: Let
F=F(t,A)eC([0,T] x )

be convex and non-decreasing in A € SNV. Then (3.7) is satisfied with ® = 0.

(4) One-dimensional, fully nonlinear PDE: Let F = F(t,x,p,A) € C([0,T] x
R xR xR) such that (z,p) — F(t,x,p, A) is semiconvezx of order Cp(A).
Then, (3.7) is satisfied with

B(N) = Cp(\)(1+12).
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Proof. (1): Immediate.
(2): For AeR,, z,pe RN, £+ 0e RN we aim to prove convexity of

(5. 4) > F(a +5,p- M +9), B- A1)+ S0z + o
=a(r+y,p- Mz +y))Tr(B)
—a(zx+y,p-Mx+y))AN + %CI)()\)|x +y[?

=: Fi(z+y,p,B) + Fs(x +y,p).

For the first part, F}, we note that, by [28, Theorem 3.1, Remark (ii)], convexity
of (y,A) » Fi(z +y,p, B) follows from convexity of \/a. For the second part Fy
we note that

Dy Fy = -AND,,a(z+y,p—- XNz +y)) + N\?Da(z +y,p - Mz +y))
+ NX*Dpya(z +y,p - Mz +y)) + ®(N)
> =AN|Dyyal e = NA?| Dypalleo = NA* | Dppaf oo + P(N)
> 0.
(3): Let £ # 0 e RN, By [1, Appendix] the map A » A1 is convex on X¢, which
implies (3.7) with ® = 0.

(4): Note that we have X¢ = {0} in (3.7) and thus only convexity in y has to be
checked, which easily follows from semiconvexity of F'. O

3.2. Examples. In this section we provide a series of PDE for which regularization
by noise can be observed based on our main result.

Example 3.4. We consider the quasilinear PDFE
du + %|Du|2 0 dE(t) = a(Du)Audt on [0,T] x RY,
u(0) = uy,
where ug € (BUC n W) (RN), a e C2(RN) is nonnegative such that p = \/a(p)

18 convex. Then,

(3.12)

1
D2u(t,)|oo < ——————
D%t < ey
where L* are the mazimal solutions on R, to
Nl agp |l = (Br(0)) 1
dL*(t) = - B2 v de(t), LY(0) = —o,
R R TN
Nllapp L= (Br(0)) 1
AL~ (t) = ———= == —dg(t), L(0)= ,
L~(1) 1(D?u0)-

with R := ||ug|wi.e.
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In particular this includes the p-Laplace equation in one space dimension
du + %|8xu|2 0 dE(t) = D, (D)™

with a(p) = m|p|™! and m > 3.

Proof. We aim to apply Theorem 2.3. Hence, we have to verify Assumption 2.2.

For ¢ > 0 we consider
Ot = (a®(Du®) + ) Au?,

u*(0) = ug,
where u§ € CZ(RN) converges to ug uniformly with [[u§|y1.e@yy < [uo|wre @y,
a® € C3(RY), af = a on Bg(0) and

(3.13)

lapplloo < lappll L= (8. (0))-
By [24] there is a unique classical solution u¢ to (3.13).
The partial derivatives ug then satisfy
Oy, = (a°(Duf) + e)Aug,, + (Da(Duf), Dug, ) Auc.
By the maximum principle we conclude that |[Dus(t,-)|e < [[Dugle and thus

sup [u®(t) [wre < Jugwe.
te[0,T]

By Example 3.3, (2) we have that (3.7) is satisfied for (3.13) with
O(N) = NX* [a, |, < NA?

ppHLoo ”app”L"“(Bme(O)) )

Hence, by Theorem 3.2 applied to —u®, we have D?uf(t,-) < \(t)Id for all ¢t > 0,
where )\ is the (local) solution to (3.10). Setting I(¢) := 55, with the convention
é =0, we have
N(E) __e(M®) N
l/ t = — = — = — oo
( ) /\2(t) )\Q(t) l(t) HCLPPHL (BRr+e)

and .

D*uf(t,-) < —1d.
By [2,9] we have u® - u locally uniformly and thus

1
D*u(t,") < —1d
RRTOR

in the sense of distributions. In conclusion, since € > 0 was arbitrary, Assumption
2.1 is satisfied with
Nla, ||L°°(BR)

Vi(l) = - ;i
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With [ := [ (D?ug)+ | Theorem 2.3 implies

1
D?u(t,-) <

50 (3.14)

Since @ := —u solves (3.12) with £ replaced by ¢ :=-¢, and a by a:= a(—), we also
have

D?u(t,-) = —D%u(t,-) > -

L=(t)
In conclusion,
1
D2*u(t, )] oo € ————.
O
Example 3.5. We consider the quasilinear PDE
1
du + §|Du|2 o d{(t) = F(Du)dt.
where ug € (BUC N WHL=)(RN) and F € C2(RN). Then,
1
D?u(t, )| e € ————— 3.15
ID*u(t. )i~ < ey r (3.15)
where L* are the mazximal continuous solutions on R, to
1
dL*(t) = =||Fpp| dt + d&(t L*(0)= ———
()= =N Fopllimzniondt + (1), L (0) = s
1
dL™(t) = =||F,,| 1~ dt — d&(t L7 (0)= ————
( ) “ PPHL (Br(0)) 5( )’ ( ) H(D2u0)—Hoo7
where R = |ug|pie.
Proof. In order to verify Assumption 2.2 we first consider
du® = F*(Du®)dt + eAusdt (3.16)

UE(O) = u(a)’

with u§ € CZ(RY), u§ - uo uniformly with [u§|y1.e®yy < [uo|wrewny, F€ € CF,
Fe = F on Bg, |F5le < [FpplreBr..0))- By [24] there is a unique, classi-
cal solution u® to (3.16). As in Example 3.4, we have the uniform estimate
|[uf (t) [wreomavy < [uo|wreemyy. By Example 3.3, (1) and arguing as in Exam-
ple 3.4 we obtain that (3.7) is satisfied with ®(\) = =A% Fp,|Le(Bgr0)). Thus,
for

') =-1F

PP ||L°°(BR)
we have

1
D?u(t,") < —1Id
u( ) - l(t) )
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i.e. Assumption 2.2 is satisfied with Ve(l) = —|F,p| re(Bx(0)), Which implies the
claim as in Example 3.4. U

Example 3.6. We consider the quasilinear, one-dimensional PDE

D + %lﬁqu o dE(t) = F(Dypu)dt,

(3.17)
u(0) = ug € BUC(R),
where F' e CO(R) is non-decreasing. Then,
1
Dppti(t, ) oo € —— 3.18
ustt i < T (318)

where

L*(t) = &(t) - Sg[lg{tl]é(SL L7(t) = max §(s) —&(t).

Proof. We consider a smooth approximation F¢ of I’ such that F¢ — F locally
uniformly. Let u§ € C°°(R) such that uj — ug locally uniformly. By [26, Theorem
14.24] there is a (unique) classical solution uf to

Oyu® = F*(0peu®) + £0,2u°.
The second derivative v := 0, u¢ satisfies
Opv° = O F2(V°) + £0,,0°.
By the maximum principle we obtain that
Ozt (1) < sup Oy ug.

Since u® — u locally uniformly, we conclude that Assumption 2.1 is satisfied with
Vr = 0. O

Remark 3.7. We emphasize that the estimate (3.18) is uniform in F' and ug. For
example, consider F(r) = rlml = |r|m=1r — sgn(r) for all r € R for m — 0 and let
uft € (BUC n WL (R) with uft — ug in WHLL(R). Then, at least formally, (3.18)
continues to hold for the limit

1
du + §|&cu|2 o d&(t) = sgn(Dppu)dt
implying Lipschitz bounds for the stochastic total variation flow
1
dv + 56’90@2 o d{(t) = Opsgn(0,v)dt.

These bounds improve the deterministic case. Indeed, in [4, Section 2.5] it has been
shown that the solution v(t,-) to the total variation flow in one spatial dimension

Oyv = 0,5gn(0,v) (3.19)

is a step-function if vy is. In particular, for vg € BV (R) one only has v(t) € BV (R)
mn general.



REGULARIZATION BY NOISE FOR STOCHASTIC HAMILTON-JACOBI EQUATIONS 15
Proposition 3.8. Let u be the solution to
1
du + §|Du|2 o dé(t) = F(Du, D*u)dt,
u(0) = up € BUC(R™),

(3.20)

where F' satisfies the assumptions of Theorem 2.3. Then for all t >0

| Du(t, )] - < jin

- [ 2l
os<t \| L*(s) v L(s)

where L* are the bounds on D*u from Theorem 2.3.

Proof. This is an immediate consequence of Theorem 2.3, noting that if u is semi-
concave (or semiconvex) of order C' then || Du|e < /2C|u| (e.g. [27, p.240]), and
the fact that since the coefficients in (3.20) only depend on Du and D?u, |u(t,-)|
and |Du(t, )| are nonincreasing in t. O

4. PROOF OF THEOREM 2.3

The proof of Theorem 2.3 is based on a Trotter-Kato splitting scheme for (2.1).
The estimate (2.3) is then proven for the corresponding approximating solutions
u™ with respect to a discretization L™ of L, based on semiconvexity estimates
for Sy, with H(p) = |p|*>. The corresponding estimates are derived in Section
4.1 below. The rest of the proof then consists in proving the convergence of the
approximations L™ (cf. Section 4.2 below) and u™ (cf. Section 4.3 below). Finally,
the proof of Theorem 2.3 is given in Section 4.

4.1. Inf- and sup-convolution estimates. In this section we provide Lipschitz
and semiconvexity estimates for Sy with H(p) = 3[p]>. We refer to [25,27] for
related arguments.

Recall that Sy (d) can be written as

z—yl? .
sup,eax (6(y) - 540), if 520
. r— 2 .
inf, g (cb(y) + | 25’“ ) , ifd<0.

Lemma 4.1. If p ¢ BUC(RY) is convez (resp. concave), then so is Sy (6, ¢), for
all § e R.

Su(0,¢)(x) = {

Proof. We will prove the claim only for § > 0, the case § < 0 then follows noting
that SH(57 _¢) = _SH(_(Sa (b)
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We begin by the case when ¢ is concave. Then for any x1, 25 € RY and A € [0, 1],
SH((S, qb)()\xl + (1 - /\)1’2)
1
= sup {6(y) = 55 Iy = O + (1= V) )

yeRN
1
= sup {00+ (1= Nm) = 35 M=) + (1= ) (v = 22)P )
y1,y2eRY
1 1
>\ sup {0n) = 55l -} + (1=3) sup {60 - o o - ol
y1eRN y2eRN

= ASu(0,0)(x1) + (1= A)Su (0, ¢)(x2),
where in the third inequality we have used the concavity of ¢ and of —1/(20)] - |?.

We now assume that ¢ is convex. Then for x1, 25 € RN and X € [0, 1],
Su(0,0)(Axy+ (1= N)z2)
1
= sup {qb A1+ (1=N)ay—2) - % |z|2}

zeRN

< sup {A(@(a1 = 2) = 5l2F) + (1= )02 =) = 5512}

zeRN

<sup {01 =2) = golaFf + (1= ) sup {62 =) - 55loP

zeRN zeRN

= ASp(6,0)(x1) + (1= A)Su (4, 9)(2).

O

Proposition 4.2. Let ¢ € BUC(RN), 1 = Sy(6,9) for some § € R and X € [0, 00).
Then

D?¢ < \'d = D*p<(\N-0);'1d, (4.1)

D?*¢p>-\"1Id = D*p>—-(\+0); 1d. (4.2)

Proof. To prove (4.1), (4.2), we again may assume without loss of generality that
d > 0. We focus on (4.2) namely we prove that if ¢ = Sy (9, ¢),

o+ ﬁ| -] convex = 1)+ 2()\1+ 5)|~|2 convex.
Indeed,
B() + P = sup {6() ~ sl yP + [P
TN ) ) R T L A TO W)

i 2_i 2_i 2 1 2
sup {60 + ol = 350 sl -l .
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By a direct computation, 55|y[? + 55|z —y[? - me can be written as a|x — Sy/?
for some a, 8 > 0, so that (after an affine change of coordinates) one can apply
Lemma 4.1 to obtain convexity of ¢ + 2(A—1+5)| -2

The proof of (4.1) is similar (using the preservation of concavity from Lemma
41). 0

4.2. Reflected SDE. In this section we first study stability properties of solutions
to reflected SDE and then their boundary behavior.

Let V' be locally Lipschitz on (0, +00), bounded from above on [1,00), and £ be a
continuous path. In this section we study the maximal solution on [0,7] to

dX(t) =V(X(t))dt+d&(t) on {X >0}, X >0, X continuous

X(0)=zeR,. (4:3)

More precisely, a function X € C'([0,T];R,) is said to be a solution to (4.3) if, for
all s<te[0,T],

X>0on [s,t] = X(t)=X(s) +[:V(X(u))du+§57t.

Let S(V,&,z) be the set of solutions. Note that by the assumptions on V' there
exists a unique solution X to (4.3) until 7 = inf{t > 0 : lims; X (s) = 0}, and a
particular element of S(V, &, x) is given by letting X (¢) =0 for ¢t > 7.

Proposition 4.3. Let V' be locally Lipschitz on (0,+00), bounded from above on
[1,00), and & be a continuous path. Let

X(t) =sup{Y(t):Y e S(V,€, )}
Then, X eS(V, ¢, x).
Proof. We first show that elements of S(V,¢,x) are equibounded and equicontin-
uous. Indeed, it is easy to see that
M:=x+1+T ||V+HL°°([17+<><>)) +2 &, ||Lm([07T])
is an upper bound for X. Then letting for € > 0

we(r) =71 [V oo (g0 +w(r)

where w¢ is a modulus of continuity for £ on [0,7'], one sees that each element
X of S(V,¢,x) admits w. as a modulus of continuity on (connected subsets of)
{X >¢}. This implies that

w(r):= 1Er>1§ (22 + 2w, (1))
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is a modulus of continuity for X. Indeed, given s < t in [0,T], either X > ¢ on
[s,t], or there exist s; <ty € [s,t] with X (s1), X (¢1) <&, with X >¢ on (s,s1) and
(t1,t) (these intervals might be empty if X <e in ¢t or s). Then one has

[ X (1) = X (s) < [X(2) = X (t0)] + | X ()] + [ X (s0)] + | X (5) - X (s1)|
<2 +w(t1 —t) +we(s—81).
It follows that X is non-negative, finite and continuous on [0,7]. Note that since
S(V, &, x) is stable under the maximum operation, one can find an increasing se-

quence X" in S(V, &, x) converging to X uniformly. One then simply passes to the
limit to check that

X>0o0n[s,t] = X(t) :X(S)+/;tV(X(u))du+§5,t.
U

Proposition 4.4. Let V' admit a Lipschitz continuous extension to [0,00), then
X as defined in Proposition 4.3 is the (unique continuous) solution to

dX(t) =V (X(t))dt +dé(t) +dK(t), X >0, dK >0, dK(t)l{X(t)>0} =0,

X(0) - (4.4)

In particular, & — X is continuous in supremum norm.

Proof. Let X solve (4.4). Since X € S(V,&,z), clearly X < X. Then if X > X on
[s,t], clearly X >0 on this interval, so that

(1) - X(1) = (X() - X))+ [ (V) - V(X @)~ [ dKu
< (X(s) - X(5)) + fstov X (u) - X ()| du,
so that by Gronwall’s lemma
X(6) = X (1) < (X () = X(s))eCv .

Letting s | inf{r € [0,¢] : X > X on [r,t]} we obtain that X (t) - X(¢) <0, a
contradiction. dJ

Proposition 4.5. Let £ € C([0,T]), V € Lip(R,) with associated flow ©V. Let

{tI}ns0 be a sequence of partitions of [0,T] with step size ™ := sup, [t%, -t - 0

asn — oo. Forn >0, define L™ by
L) = ("t =0, L) + €, ).

4.5
Lg = EO- ( )
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Then, L™ converges uniformly to L on [0,T], where L is the (unique continuous)
solution to the reflected SDE
dL(t) = V(L(t))dt + d&(t) + dK(t), L(t) >0, dK(t) >0, 1irws0dK(t) =0
L(O) = go.

Proof. We first note that the L™ have a common modulus of continuity, uniformly
in n > 0. Indeed, taking ¢} <7, we distinguish two cases :

(1) If Ln(}) > 0, for each i < k < j, we then have
L7 () = L D] < [V oo (t] ~8) +w(t] ~ 1),
where w is the modulus of continuity of &.

(2) Otherwise considering the first last times where L™ = 0 between ¢} and ¢ and
applying the above bound, we obtain

|Ln(t7) = L ()] < 2(IV o (8 = 17) + w(t7 = 17)).

This implies that, passing to a subsequence if necessary, L" — L (locally uniformly),
and it is enough to show that L = L.

We can define L"(s) for all s >0 by

() = L) + [V @), <5<ty D) = (1) + o),

177+

Letting
K"(s)= 3, (L*(tha=) +&rap,)

n
1158

one has i
() = [V (E)ds + o+ K,
0 1

and it follows that K™ converges to some K, which is continuous and nondecreasing,
and such that

() = fo V(L (s))ds + o + K (1),

Therefore, it only remains to prove that L(t)dK (t) = 0. Assume that L(s) > ¢ > 0.
Then for n large enough, one has L"(s) > /2, and then taking h such that for
instance ||V |.h + w(h) < €/4, one has L™ > 0 on [s — h,s + h]. In particular,
dK"([s—h,s+h]) =0, and passing to the limit, dK ([s—h,s+h]) = 0, and we have
proven that 1{ﬁ(t)2€}df((t) =0, for all £ > 0. O

Proposition 4.6. Let V1, V2 be locally Lipschitz on (0,+00), bounded from above

on [1,00), & be a continuous path, x € R,, and let X1, X2 be the associated mazimal
solutions. Then A X
VI>V2on (0,+0) = X'>X? on R,.
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Proof. Fix x > & > 0, let V1 = V1 + ¢ and X'¢ be the corresponding solution
reflected at e (i.e. X1 = X(z—e,VIe(-+¢),£) +¢). We first prove that X1 > X2,
We proceed by contradiction, and let ¢ = inf{s > 0, X1(s) < X2(s)}. By continuity
of X1, X2 it holds that for some & > 0, V1(X1e(s)) > V2(X2(s)) for s € [t,t+0).
Then using Proposition 4.4 we obtain for s € [¢,t + )

K1) = X2(s) = [ (VR ) - VAR @)dur [ ) >0

which is a contradiction.

By the same argument, we see that X1e decreases as € | 0, and as in the proof
of Proposition 4.3 we can show that the limit X! is in S(V,z;¢). This yields
X2 < X' < X! which finishes the proof. O

We next analyze the boundary behavior of the solutions to (4.3). The first result,
Proposition 4.7 below, shows that if the signal ¢ is too regular compared to the
singularity of V' at zero, then zero is absorbing or repelling depending on the sign
of V. In contrast, in the case that ¢ is given by Brownian motion, Proposition 4.8
below shows that zero may be either absorbing, reflecting or repelling, depending
on the singularity of V' at zero.

Proposition 4.7. Assume that £ € C*, o€ (0,1]. Then :
(1) If V is nonincreasing and satisfies imsupg_ o T~ fOT V(s¥)ds = +o0, then
Vi >0,X(t)>0.
(2) If V is nondecreasing and satisfies limsupp_, 7~ [OT V(s*)ds = —oco, then
X(t)=0=Vs>t,X(s)=0.

Proof. (1) The case where X (0) >0 is treated in [29, Prop. 2.2], and we only need
to prove the case where X (0) = 0.

We fix § > 0, and take V?® <V with V% bounded and Lipschitz on R,, and such

that ¢
SN+ st
v (0 ) > 6>1tI>15f>0 (t - s)

Let X9 := X (V9 £, x).Then by Proposition 4.6 one has X > X?, and by Proposition
4.4, for all s <t,

(4.6)

XO(t) > X0(s) + ft V(X0 (s))ds + €y

By (4.6), X? is not identically 0 on [0,0], and neither is X. Hence there is a

sequence ts — 0 with Xt5 > 0, and by the case XO > 0 we conclude that X > 0 on
(0, 00).
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(2) is a consequence of (1) by time-reversal: If for some s < ¢, one has X (s) = 0 and
X >0 on (s,t), then letting Y (u) = X (¢t - u), Y satisfies the assumptions of (1)
(with V replaced by =V, £ by &_.), and Y (¢ — s) = 0 which is a contradiction. [

When ¢ is a standard Brownian motion, one has a complete classification of the
boundary behavior at 0.

Proposition 4.8. Let V' be locally Lipschitz on (0, +oo) bounded from above on
[1,00), z €R,, B be a linear Brownian motion, and let X = X(V,z, B). Define

:/ f 2 ) V(Wdugy g [—:f / e 2 [ V(e gy o
0 T 0 T

Then one has the following four possible cases :
(1) (Regular boundary) If I* < oo, I~ < oo, then :
Vi >0,P(X(t)=0)=0, P(Is<t,X(s)=0)>0.
(2) (Exit boundary) If I- = oo, [* < o0 :
P(3s<t,X(s)=0)>0, P(3s<t,X(s)=0,X(t)>0)=0
(3) (Entrance boundary) If I* = 00,1~ < 0o :
P(Vt>0,X(t)>0)=1,
(4) (Natural boundary) If It =1~ =00 :
If >0, then P(Vt>0,X(t)>0) =1, if 2 =0 then P(Vt,X(t)=0)=1.

Proof. This is mostly standard (cf. e.g. [21,23,31]), noting that I+ = [, dm(z) [ ds(y),
I- = ]01 ds(z) fxl dm(y) where s is the scale function and m is the speed measure
associated to (4.3).

In case (1) the diffusion admits several possible boundary behaviors (so that
S(V,&,x) is in general infinite), but it is known that there exists a process X €
S(V,&,x) which is instantaneously reflected i.e. such that P(X(¢) =0) =0 for all
t>0. Since X > X this implies that P(X(t) = 0) = 0. O

4.3. A Trotter-Kato formula. In this section we establish a Trotter-Kato for-
mula for viscosity solutions to (2.1).

From Theorem A.1 recall that for ug e BUC(RY), £,¢ € C([0,T];R) we have
|54 (uo) = 5 (uo) |, <@ ([0 = Co.l) » (4.7)
for some function ® as in Theorem A.1.

We now show that, as a consequence of this estimate, it is possible to define S¢(ug)
for paths £ admitting jumps, in such a way that the estimate (4.7) remains true.
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To this end, let £ be a piecewise continuous path on [0,7T] with jumps A&(¢;) :=
E(ti+) —&(ti—) for i = 1,...,m -1 along a partition (¢;)o<i<m of [0,7]. We then
define u = S¢(ug) as the solution to
u(0,) = ug,
u(t) = (Sgl[ti’tm]u(ti)) (t) on [t;,ti41), VO <i<m,
U(ti_,_l) = SH(Af(tHl))(U(tHl_)), 0<i<m-1.

We then have :

Proposition 4.9. Let ug € BUC(RY) and &, ( be piecewise-continuous paths.
Then, (4.7) holds.

Proof. The idea is to change the parametrization of £, ( in order to replace the
piecewise-continuous paths by continuous paths.

We replace [0,7] by [0,7], obtained from [0,7] by adding an interval for each
jump of £ and (. For instance, say that £ and ¢ have jumps at the points (¢;);=o
We then take T'=T +m, and let

..... m-

T=un[ti+it;+i+1), J=[0,T]~1.

Then sgt) i=t—iforte [ti+i+ 1t +}) defines a bijection from J to [0,7]. We
define § such that § = {os on J and ¢ is affine linear on each interval of I and
analogously for for (. Then,

|0, = Co. |l =10, = Go. ]l -
We further define
F(t,-) = 0, tel,
F(S(t)7')7 tEJ,

Let 46 be the solution to
dyu = F(t,z,u, Du, D*u) - H(Du)g
u(0) = o,

and ¢ analogously. Then S¢(ug)(t,-) = a€(s71(t),-), S(uo)(t,-) = a¢(s71(t),-), so
that

”Sg(uo) - S<(u0)Hoo < Hﬂé— ﬂEHw < o (Hgo - 50,-”00) =P (||§0,. - Co,~||oo),

where ® is given by Theorem A.1 applied to F,T. Now since F satisfies Assumption
2.1 with the same quantities as F', and T" may be taken as close to T" as one wishes,
it follows that the estimate above also holds with ® replaced by ®. U



REGULARIZATION BY NOISE FOR STOCHASTIC HAMILTON-JACOBI EQUATIONS 23

Corollary 4.10 (Trotter-Kato formula). Let £ € C([0,T]), up € BUC(RY) and
let u be the corresponding viscosity solution to (2.1). Further let (t') be a sequence
of partitions of [0,T] with step-size going to 0. Define u™ by

u'(t,-) = Sp(t=17) o Su(&n an) 0 Sp(t] =17 y) 0+ 0 Sy (Soep) © Sp(ty, o),

forte[t},t1,). Then

|u" = uleoryryy > 0 for n— oo.

Proof. We have u™ = 5" (ug), where £ is the piecewise constant path equal to &
on [t7,t ). The claim now follows from Proposition 4.9. U

4.4. Proof of Theorem 2.3. Let t = % and

(1) = Sy ) 0 Se(5) o0 Su(Egap) 0 Se ()l

By Corollary 4.10, one has
u(t,-) = im u™(¢,-).

Proposition 4.2 combined with Assumption 2.2 implies

Id
D2 nt <
U (’)—Ln(t)’

where L™ is defined by the induction
t
LM(0) = o, 2(8) = (£ (L") ~ o)
+

Now If Vi admits a Lipschitz extension to [0, c0), then as n — oo L™ converges to
L by Proposition 4.5 and we are done.

Let now V' be only locally Lipschitz continuous. First assume that L > ¢ > 0
on [0,¢] for some £ > 0. Let V be Lipschitz continuous on [0,00) with V = V/
on (g,+00) and let L, L™ be the solutions to (2.4), (4.5) with V replaced by V
respectively. Then L = L and L = lim, L" by Proposition 4.5. Thus, Ln > ¢ for n
large enough, which implies L" = L» and lim,, L™ = L.

Now assume that L(s) = 0 for some s € [0,¢] and L(t) > 0 (otherwise there is
nothing to prove). Hence, for all € > 0 (small enough), there exists an s. € (0,t)
with Lg. =€, and L > € on [s.,t]. Let now u¢ be the solution to (2.2) on (s.,t] xR"
with u(se,+) = Sp(—¢)u(se,-). By Proposition 4.2, D?u¢(s.,-) < eld, and since
L >0 on [s.,t), we may apply the Trotter-Kato formula as in the previous case
to conclude that D?us(¢,-) < %. Finally, note that u®(t) is the solution to (2.2)
driven by &% = § + €l[, 4. Since {¢ — § uniformly as € — 0, we conclude the proof
by Proposition 4.9.
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5. OPTIMALITY

In this section we prove the optimality of the estimates given in Example 3.4 and
thereby also the ones given in Theorem 2.3 by providing an example of an SPDE
and suitable initial conditions for which these estimates are shown to be sharp.

We consider the class of functions
U :{u € BUC(R) is 2-periodic with u(z) = u(-z),u(l+z) =u(l-z), VreR

and s.t. 0 <uy, <1, Uz, <0 in the sense of distributions on (0, 1)}

Note that if uw € U, then

u(6) —u(0
[(120)- L = 12 (0) = sup U0
0¢(0,1) (5 1)
w(l) —u(l-0 '
J(120) -l = (1) =~ sup D =LZ0),
6¢(0,1)
where both of them may take the value +oo.
Theorem 5.1. Let u® e U, £ € Co([0,T]) and let u be the solution to
1 1
du + —]uI\Q od{(t) = Z|ux|2um dt, u(0,-) =u. (5.2)
Then, u(t,-) eU for allt >0, and
1 1
2x(1,0) = ——, ex(l 1) = ———=,
RO 20
where L*, L™ are the maximal continuous solutions to
dL*(t) = dt +de(t) on {L* >0}, L*(t) >0, L*(0)= (5.3)
2L+(t) [(u)+ ] m) oo
AL (t) = —— gt — de(t) on {L~ >0}, L~(t) 20, L(0)= (5.4)

2L7(1) ()l m) leo

An application of Proposition 4.8 yields
Corollary 5.2. In Theorem 5.1 let £ = 0B where B is a Brownian motion. Then

(1) If 0 < 1: a.s. there exists a T* such that | D?u(t,-)|e = +oo for all t > T~.
(2) If o> 1: for each t >0, a.s. |D*u(t,")]e < +00.

We next proceed to the proof of Theorem 5.1. We shall concentrate on proving
Uz (£,0) = Lf(t) the other equality can be obtained analogously. By Example
3.4 we already know that L*(t) < - (tO)

o (5.3), it only remains to prove that t m e S(V, m,f), which is a
consequence of Proposition 5.5 and Proposition 5.7 below.

Since also L* is the maximal solution
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Lemma 5.3. Let u® € Cf nU and £ e WHL([0,T]) nC*(0,T). Let L*,L~ be the
mazimal solutions to (5.3), (5.4), let 7¢ = inf{t > 0,L*(t) = 0} and 7 = 7 AT".
Then u € CH4((0,7) x R) with u(t,-) €U for all t € [0, 7).

Proof. Without loss of generality, we assume that u is smooth and obtain L
estimates from the PDE applied to the derivatives of u. This can be easily justified
by considering solutions u¢ to the equations with an additional viscosity u,, in the
right-hand side, and noting that the bounds obtained from the arguments below
are uniform in €.

Now we first note that the fact that 0 <wu, <1, u,, >0 is clear by (5.7), (5.8) and
the maximum principle, and so is the fact that w(¢,-), u(t,1+-) are even for all
t > 0. In addition, we already know from Example 3.4 that u,,(t,-) is bounded for
te[0,7). We set u; := (0,)u and observe that

{ Oruz = Suduy + 3ugud + 2ugusus + Jusu? — (1) (Bugug + uruy)

uz(0,2) = (u®)3(x), us(t,0) =0, uz bounded. (5.5)

One first checks that sup, u3(0,2) <0 implies sup, g u3(t, ) < 0, by a maximum
principle argument. Since the only nonlinear term in the right hand side of (5.5)
is 3uzuy > 0, the maximum principle implies that on [0,7) x Ry,

02u32—|uouexp(6uu2|zof+|u2uw JA |s'<s>|ds).

Then one writes in a similar way the equation for u4 (and then us, ug), noting that
this time they are linear with coefficients depending on wq,us, us, (resp. u; to ug,
and u; to us) so that uy, us and ug also stay bounded for ¢ < 7.

Finally, from (5.2), (5.7), (5.8), (5.5) one gets that boundedness of u1, . .., ug implies
continuity of dyu, ..., 0y, i.e. ue CH4([0,7) x R). O

Lemma 5.4. Let ug € U, £ € C([0,00]) and u be the solution to (5.2). Then,
u(t,-) el for allt>0.

Proof. Let u%¢ € Y be smooth approximations of u?, £& be smooth approximations
of £ and u® be the unique smooth solution (cf. [24]) to

o = (=4 HEP )t = GREPECD. u(0.) = u0°(). (5.6

Since uf is smooth, as in the proof of the previous lemma we may differentiate
(5.6) and use the maximum principle to obtain that for each € > 0, u is 2-periodic,
symmetric in z around 0 and 1, and 0 < g < 1,us,, <0 on [0,+00) x (0,1). Since

u® - u uniformly and U is stable under uniform convergence, we can conclude. [

Proposition 5.5. Assume that u2,(0) < oo, then u,,(t,0) = L%(t) fort <7 =
inf {s>0,L*(s) =0}.
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Proof. In the case of £ € C! and u € C'* with u(t,-) e U for all ¢ > 0, the result
follows from differentiating (5.2) twice

1 1 :

Oty = 4umxu + 2umux () ugptiy, (5.7)
1 3 1

Ot = JUagually + Slhsaglastly + U5, — () (U2, + Upapi ) (5.8)

and noting that u,(¢,0) = uy.(t,0) = 0 for all ¢ > 0.

Let &7 e WLL([0,T]) nC*(0,T) with &7 1 &, £€7(0) = £(0). Further let u®7 e C Al
with u%7 — 0 uniformly u®(0) = u°(0), u®? < u® and such that uyy(0) 1 u2,(0).
Also assume that um /(1) is chosen small enough that if L1, L= are the solution
to (2.4) driven by £7 and starting from u%m"(o)’ - M"(o)’ the hlttmg times of 0 satisfy
71 > 7+m). Let u" be the solution to (5.2) driven by &7 and starting from u%7.
By Lemma 5.3, for t € [0,T],
1
ul (t,0) = IO}
We note that L*7(t) 1,0 L*(t) uniformly in [0, 7] and, by Lemma 5.4, uz,(¢,0) =
SUDge(0,1) w. Finally, from (A.4) it follows that u” 1 u with w7(t,0) =
u(t,0)(=u%(0)), and we get

u(t,0) —un(t,0)
Uy (,0) = sup su =supu..(t,0) =
(t:0) (o) 10 o2 0 (t:0) L*(t)

U
Lemma 5.6. Let £ € C([0,T]), ug € (BUC nWH1)([0,2]) periodic and u be the

corresponding viscosity solution to (5.2). Then v = Oyu is the pathwise entropy
solution® to

dv + (9 v Odf(lf)—i DpevlBlat

v(0) = 6’xu0.

Let u},ud € (BUC n WH)([0,2]) nU and u',u® be the corresponding viscosity
solutions to (5.2) such that Oyul > Oyui a.e. on (0,1). Then for all t >0,

Opul(t,-) 2 0,u(t,-) a.e. on (0,1).

(5.9)

Proof. We consider uf smooth, periodic such that uj — wuo uniformly and in
WLL([0,2]). Further let £” smooth with £* — ¢ uniformly. For ¢ > 0 let usn
be the unique classical solution to

dusm = (gui ’usn QUE n) (us n)2€n(t)
u®"™(0) = ug.

(5.10)

2For a theory of pathwise entropy solutions to (5.9) we refer to [18].
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Then v&" := 9, u" is the unique solution to
en en 1 e,m\3 1 g,n\2¢n
dv®" = [evsl + — 0, (v5")° | dt — =0, (v=")2E"(t)
12 2
v="™(0) = dpug-

By stability of viscosity solutions we have u®™ — u" uniformly and v&" — v
in C([0;T]; L') by [30], where u™ is the viscosity solution to (5.10) and v™ is
the kinetic solution to (5.11) with € = 0 respectively. By Theorem A.1 we have
u™ - u uniformly and by [18, Theorem 2.3, Proposition 2.5] we have v® - v in
C([0,T]; L'), where u is the viscosity solution to (5.2) and v is the kinetic solution
to (5.9).

Let now u},ud € (BUCAWLL)([0,2])nU with O,u} > d,u? a.e. on (0,1). As above,
consider the respective approximations u¢", u?", with u(l]’", ug’" smooth elements
of U with d,uy™ > uo™ in [0,1]. Then, as in Lemma 5.4, ulsn(t,-), u2=n(t,-) € U
for all ¢ > 0. Note that for u e C'ni, 0,u(0) = d,u(1) = 0. Hence, d,ut="(t,-) >
Oy u?*n"(t,-) on [0, 1] by the comparison principle for (5.11) with Dirichlet boundary
conditions on (0,1). Taking limits implies the claim. O

(5.11)

Proposition 5.7. The map t — u,,(t,0) € (0,00] is continuous.

Proof. First note that t — u,.(¢,0) is lower semicontinuous as supremum of con-
tinuous functions by (5.1), and taking also into account Proposition 5.5, we only
need to prove that

ty 7ty Upy(tn,0) > 400 = wuy,(t,0) = +oo. (5.12)

We fix M >0 and let u™ be solutions to (5.2) but starting from data u®»" at time
t,, where ut»m € Y is such that uly"(0) = M and u" < u,(t,,-) (this is possible at
least for n large enough). By Proposition 5.5, u?,(s,0) = L++(S) for s € [t,, 7",
where

dL*"(s) = ds +dE(s), L*"(t,) =M

1
C2L0(s)
and 7" = inf {s > {¢,, L*"(s) =0}. By Lemma 5.3 one has 7+ > ¢ for n large
enough, and, clearly, lim,,_o, L*"(t) = M~1. Since u,(¢,0) > u?,.(¢,0) by Lemma
5.6, it follows that u,.(t,0) > M. Since M was arbitrary, this proves (5.12). O

APPENDIX A. STOCHASTIC VISCOSITY SOLUTIONS

In this section we briefly recall the definition and main properties of stochastic
viscosity solutions to fully nonlinear SPDE of the type

1
du + §|Du|2 odé(t) = F(t,x,u, Du, D*>u)dt in RY x (0,T]
u(0,-) =up on RY x {0},

(A.1)
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where ug € BUC(RYN), F € C([0,T] x RN x R x RN x S¥) and ¢ is a continuous
path.

We recall from [16, Theorem 1.2, Theorem 1.3]

Theorem A.l. Let ug,vo € BUC(RN), T >0, £,¢ € C3([0,T];R) and assume
that Assumption 2.1 holds. If ue BUSC([0,T] xRN), ve BLSC([0,T] xR¥) are

viscosity sub- and super-solutions to (A.1) driven by &, ( respectively, then,

sup (u—v) <sup(uo = o)+ + 2([[€ = (loor), (A.2)

[0,T]xRN RN

where ® depends only on T, the sup-norms and moduli of continuity of ug, v
and the quantities appearing in Assumption 2.1, is non-decreasing and such that
®(07) =0. In particular, the solution operator

S: BUCRN) x C3([0,T];RY) - BUC([0,T] x R™)
admits a unique continuous extension to
S: BUCRN) x C([0,T];RY) - BUC([0,T] x RY).
We then call u = S(ug,&) the unique viscosity solution to (A.1). One then has
155 (u0) = S (v0) [ ego.rpeny < o = vollc@yy + @ (1€ = Cleqorn) (A.3)

In the case where F = F(p, X) only depends on its last two arguments, the estimate
simplifies to

jz - yl? )
sup (u—-v)< sup |uo(x)—vo(y) - A4
o0 s () - T ) )
(with convention 0/0 =0, 1/0 = +oc0).
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