WELL-POSEDNESS AND REGULARITY FOR QUASILINEAR DEGENERATE
PARABOLIC-HYPERBOLIC SPDE

BENJAMIN GESS AND MARTINA HOFMANOVA

ABSTRACT. We study quasilinear degenerate parabolic-hyperbolic stochastic partial differential
equations with general multiplicative noise within the framework of kinetic solutions. Our results
are twofold: First, we establish new regularity results based on averaging techniques. Second, we
prove the existence and uniqueness of solutions in a full L setting requiring no growth assump-
tions on the nonlinearities. In addition, we prove a comparison result and an L!-contraction
property for the solutions.

1. INTRODUCTION

We study the regularity and well-posedness of quasilinear degenerate parabolic-hyperbolic SPDE
of the form

@) du + div(B(u))dt = div(A(u)Vu)dt + &(z,u)dW,  z TV, t € (0,7),
' u(0) = wo,

where W is a cylindrical Wiener process, ug € L'(TV), B € C*(R,RY), A € C*(R,RV*Y) takes
values in the set of symmetric non-negative definite matrices and ®(x,u) are Lipschitz continuous
diffusion coefficients.

Equations of this form arise in a wide range of applications including the convection-diffusion of
an ideal fluid in porous media. The addition of a stochastic noise is often used to account for
numerical, empirical or physical uncertainties. In view these applications, we aim to treat (1.1)
under general assumptions on the coefficient A, B and initial data ug. In particular, the coefficients
are not necessarily linear nor of linear growth and A is not necessarily strictly elliptic. Hence, in
particular, we include stochastic scalar conservation laws

du + div(B(w))dt = &(x,u)dW
and stochastic porous media equations

du + div(B(u))dt = Aul™dt + &(z, u)dW,
with m > 2 and ul™ := sgn(u)u™.
One of the main points of this paper is to provide a full L! approach to (1.1). That is, we prove
regularity estimates and well-posedness for (1.1) assuming no higher moments. More precisely, only
up € L*(TV) and no growth assumptions on the nonlinearities A, B are assumed. In particular,
no Lipschitz continuity (and thus linear growth) assumptions on A, B are supposed. This causes
severe difficulties: Firstly, the weak form of (1.1) is not necessarily well-defined since A(u), B(u)
are not necessarily in L} (TV) for u € L*(TY). Therefore, renormalized solutions have to be
considered (cf. [22, 9, 1]). Secondly, in order to prove the uniqueness of L! entropy solutions an
equi-integrability condition or, equivalently, a decay condition for the entropy defect measure is
required (see a more detailed discussion below). The usual decay condition used in the deterministic

case is not applicable in the stochastic case and a new condition and proof has to be found. Thirdly,
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in the stochastic case, the usual proof of existence of entropy solutions relying on the Crandall-
Liggett theory of m-accretive operators in L!(T?) cannot be applied (cf. [13, 12, 8]). Instead, the
construction of entropy solutions presented in this paper relies on new regularity estimates based on
averaging techniques. The application of averaging techniques and the resulting regularity results
are new for parabolic-hyperbolic SPDE of the type (1.1).

On the other hand, L'(T?) is a natural space to consider the well-posedness for SPDE of the type
(1.1) since the operators div(B(-)), div(A(-)V-) are accretive in L'(T) (cf. the discussion of the
e-property below). In addition, and in contrast to the deterministic case, restricting to bounded
solutions and hence, by localization, to Lipschitz continuous coefficients A, B in (1.1) does not
seem to be sensible in the stochastic case, since in general no uniform L* bound will be satisfied
by solutions to (1.1), due to the unboundedness of the driving noise W.

As a particular example, (1.1) contains stochastic porous media equations
(1.2) du = Aul™dt + &(x, u)dW, with m > 2.

Stochastic porous media equations have attracted a lot of interest in recent years (cf. e.g. [49, 48,
3, 50] and the references therein). All of these results rely on an H ! approach, that is, on treating
A(-)[m] as a monotone operator in H~'. In contrast to the deterministic case, an L' approach to
stochastic porous media equations had not yet been developed, since an analog of the concept of
mild solutions in the Crandall-Liggett theory of m-accretive operators (cf. [55, 8]) could not be
found. However, the L! framework offers several advantages: Firstly, more general classes of SPDE
may be treated, secondly, contractive properties in L' norm are sometimes better than those in
H~' norm. We next address these points in more detail.

Concerning the class of SPDE, informally speaking, the H~! approach relies on applying (—A)~
to (1.2) which then allows to use the monotonicity of ¢(u) := ul™ in order to prove the uniqueness
of solutions. While this works well for the operator A¢(-), the reader may easily check that this
approach fails in the presence of hyperbolic terms div B(u) as in (1.1) and can only be applied to
reaction diffusion equations

(1.3) du = Aul™dt + f(u)dt + &(z,u)dW, with m > 2.
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under unnecessarily strong assumptions on the reaction term f (cf. e.g. [14, 49] where (1.3) with f
satisfying rather restrictive assumptions has been considered). Roughly speaking, the problem is
that the Nemytskii operator u + f(u) is not necessarily monotone in H~! even if f is a monotone
function. This changes drastically in the L' setting, since both u + divB(u) and u + f(u)
are accretive operators on L' under relatively mild assumptions. In this paper, we resolve these
issues by establishing a full L' approach to (1.1) based on entropy/kinetic methods. In particular,
this extends available results on stochastic porous media equations by allowing hyperbolic terms
div B(u) and our framework immediately' extends to reaction terms u + f(u) assuming only that
f is weakly monotone and C2.

We proceed by stating the main well-posedness result obtained in this paper, see Theorem 4.3,
Theorem 4.9 below. The precise framework will be given in Section 2 below and for specific
examples see Section 2.4.

Theorem 1.1. Let ug € L*(TV) and assume that Az is ~v-Holder continuous for some vy > %
Then, kinetic solutions to (1.1) are unique. Moreover, if uy, us are kinetic solutions to (1.1) with
initial data w19 and us g, respectively, then

eSS[()Sl;I])EH(Ul(t) — () F [l preny < Ml(ur,0 = u2,0) Tl Licon)-
telo,

Assume in addition that A, B satisfy a non-degeneracy assumption (cf. (2.3) below). Then there
exists a unique kinetic solution u to (1.1) satisfying u € C([0,T]; L*(TV)), P-a.s., and for all

We choose not to include the details on the treatment of reaction terms f(u) in this paper, since their treatment
is similar to the noise terms ®(u)dW.
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D,q € [1,00) there exists a constant C > 0 such that

Eesssup [[u(t)75 < C(1+ [JuollZs)-
t€[0,T]

The second direction of advantages of the L' approach lies in dynamical properties. A natural
question for stochastic porous media equations is their long-time behavior, that is, the existence
and uniqueness of invariant measures, mixing properties etc. If u, v are two solutions to (1.2) with
initial conditions ug, vy respectively, then

(1.4) E||w(t) — v(t)||g-1 < e“ug — vo|g-1 ¥t >0,

for some constant C' > 0. The constant C' corresponds to the Lipschitz norm of v — ®(u) as a
map from H~! to Ly(U; H~1). In particular, the dynamics induced by (1.2), in general, will not
be non-expanding in H~!. In contrast, we show that

Efu(t) — v(®)llz1 < lluo — vollz ¥t >0,

that is, in the L! setting we can choose the constant C' in (1.4) to be zero. In particular, this
implies the e-property (cf. [40]) for the associated Markovian semigroup P:f(z) := Ef(X}) on
LY(TYN). The e-property has proven vital in the proof of existence and uniqueness of invariant
measures for SPDE with degenerate noise (cf. [31, 30, 24, 40]).

For z € L' (TY) let
P, := (u"),P,

that is, P, is the law of u® on C([0, 00); L*(T¥)), where u® denotes the kinetic solution to (1.1) with
initial condition z. We equip C([0,00); L'(T¥)) with the canonical filtration G, and evaluation
maps 7 (w) := w(t) for w € C([0,00); LY(TY)), t > 0. As in [15], using Theorem 1.1, we obtain

Corollary 1.2. The family { Py },cp1 s a time-homogeneous Markov process on C([0, 00); L*(TV))
with respect to Gy, i.e.

E.(F(mt45)|Gs) = Er (F (7)) Py-a.s.
In addition, {P;}yep1(rvy is Feller and satisfies the e-property (cf. [40]).

As mentioned above, we prove new regularity estimates for kinetic solutions to (1.1) of the type
u(t) € W (TV) for a.e. (w,t),

for some a > 0, based on stochastic velocity averaging lemmas. Even in the case of pure stochastic
porous medium equations (1.2) this extends previously available regularity results. For related
deterministic results, see [7, 23, 38, 52], for stochastic hyperbolic conservation laws see [17]. Our
approach is mainly based on [52], but substantial difficulties due to the stochastic integral have to be
overcome. Indeed, in most of the deterministic results (with the notable exception of [7]), the time
variable does not play a special role and is regarded as another space variable and, in particular,
space-time Fourier transforms are employed in the proofs. This changes in the stochastic case
due to the irregularity of the noise in time. Therefore, it was argued in [17] that these methods
are not suitable for the stochastic case and instead the approach of [7] which does not rely on
Fourier transforms in time was employed. In the present paper, we rely on different arguments:
We put forward averaging lemmas that rely on space-time Fourier transforms, Littlewood-Paley
decomposition and a careful analysis of each of the appearing terms. As a consequence, we are
able to estimate the stochastic integral as well as the kinetic measure term directly by averaging
techniques, without any additional damping (as compared to [7, 17]). Moreover, our averaging
lemmas apply to the case of nonhomogeneous equations, that is, PDEs with zero, first and second
order terms and multiplicative noise.

More precisely, as a corollary of our main regularity result for (1.1), see Theorem 3.1 and Corollary
3.3 below, we obtain
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Theorem 1.3. Assume that A, B satisfy a non-degeneracy condition (cf. (2.3) below) and are of
polynomial growth of order p. Let u be a kinetic solution to (1.1). Then

2p+3
Ellullx qo,rywecrvy) S lluoll ot + 1,

for some s > 0.

We now proceed with the announced more detailed discussion of the comparison to the proof of
well-posedness of entropy solutions for deterministic parabolic-hyperbolic PDE (cf. [11])

(1.5) du + div(B(u))dt = div(A(u)Vu)dt.

The inclusion of stochastic perturbation causes several additional difficulties. First, the proof of
existence of solutions in [11] relies on the (simple) proof of BV regularity of solutions to (1.5). Such
a BV estimate is not known in the stochastic case and does not seem to be easy to obtain (for a
discussion of the necessity of such estimates in the construction of a solution see Section 1.5 below).
Therefore, we instead rely on regularity obtained based on averaging techniques. Second, the equi-
integrability estimates encoded in the decay properties of the kinetic measure in the deterministic
situation, that is, in the assumption (cf. [11, Definition 2.2 (iv)])

lim [ m(t,z,&)dtde =0
|€]—00
do not seem to be suitable in the stochastic case, since the multiplicative noise term ®(x, u) is less
well behaved in terms of these estimates. Indeed, the corresponding proof of a-priori estimates
proceeds along different lines than in the deterministic case (cf. Proposition 4.7 below). Therefore,
we replace these decay estimates by the weaker decay condition

1

and prove the uniqueness of kinetic solutions under this weaker assumption.

The kinetic approach to (deterministic) scalar conservation laws was introduced by Lions, Perthame,
Tadmor in [45] and extended to parabolic-hyperbolic PDE in [11], including PDE of porous media
type. In the stochastic case, the well-posedness of such PDE had not previously been shown. Under
more restrictive assumptions, namely high moment bounds ug € (1,5, LP(€%; L? (T%)), bounded-
ness of the diffusion matrix A and polynomial growth of B”, the well-posedness was shown in [16].
In particular, neither porous media equations nor general L! initial data could be handled. In
contrast, besides providing a full L' well-posedness theory, we only assume A to be locally Holder
continuous (cf. (2.2) below) and completely remove the growth assumptions on A, B.

Special cases of SPDE of the type (1.1) have attracted a lot of interest in recent years. For de-
terministic hyperbolic conservation laws, see [6, 37, 41, 44, 45, 46, 47]. Stochastic degenerate
parabolic equations were studied in [4, 16, 34] and stochastic conservation laws in [5, 10, 17, 18,
19, 25, 33, 36, 39, 51, 54]. Recently, also scalar conservation laws driven by rough paths have been
considered in [26, 35, 20]. Other types of stochastic scalar conservation laws, for which randomness
enters in form of a random flux have been considered in [42, 43, 29, 27]. Stochastic quasilinear
parabolic-hyperbolic SPDE with random flux have been considered in [28].

The paper is organized as follows. In Section 2, we introduce the precise framework and the concept
of kinetic solutions. Our main regularity result will be proven in Section 3. This is then used in
Section 4 to prove the well-posedness for kinetic solutions.

2. PRELIMINARIES

2.1. Notation. In this paper, we use the brackets (-, -) to denote the duality between the space of
distributions over TV x R and C2°(TY x R) and the duality between LP(TY x R) and L4(TV x R).
If there is no danger of confusion, the same brackets will also denote the duality between LP(T%)
and LY(TV). By M([0,T] x TN x R) we denote the set of Radon measures on [0,7] x TV x R
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and M*([0,T] x TV x R) then contains nonnegative Radon measures and M, ([0,T] x TV x R)
contains finite measures. We also use the notation

n(¢) = / o(t, 2, &) dn(t,z,8), neM([0,T] x TV xR), ¢ € Co([0,T] x TV x R).
[0,T]xTN xR

In order to signify that n € M([0,T] x T x R) is only considered on [0,7] x TV x D for some
compact set D C R we write nlp. In particular,

WADHMWM::/‘ dnl(t,z,€).
[0,T]XTN x D

The differential operators of gradient V, divergence div and Laplacian A are always understood
with respect to the space variable x. For two matrices A, B of the same size we set

A:B:= Zaijbij.
tj

Throughout the paper, we use the term representative for an element of a class of equivalence.

Finally, we use the letter C' to denote a generic constant that might change from one line to another.
We also employ the notation x < y if there exists a constant C' independent of the variables under
consideration such that x < Cy and we write z ~ y if z Sy and y < .

2.2. Setting. We now give the precise assumptions on each of the terms appearing in the above
equation (1.1). We work on a finite-time interval [0,7], T > 0, and consider periodic boundary
conditions: z € TV where TV = RV |(27Z") is the N-dimensional torus. For the flux B we assume
(2.1) B = (By,...,By) € C*(R,R")

and we set b = VB. The diffusion matrix A = (A;)Y,—; € C'(R;RV*N) is assumed to be

symmetric, positive semidefinite and its square root o := A2 is assumed to be locally ~-Holder
continuous for some v > 1/2, that is, for all R > 0 there is a constant C' = C'(R) such that

(22) lo(§) —a(Q) < C(R)IE (" VECER, €[] < R.
We will further require a non-degeneracy condition for the symbol £ associated to the kinetic form
of (1.1)

L(iu,in, &) :=i(u~+ b(§) - n) + n*A(&)n.

For J,0 > 0 and n € Cy°(R) nonnegative let

wi(J;0):==  sup |QF(u,n;0)], O} (u,n;0) :={& € suppn; |L(iu,in,§)| < 0}
uE]R,nEZN
|n|~J
and L := J¢L. We suppose that there exist a € (0,1), § > 0 and a measurable map ¢ €
L$P (R;[1,00)) such that

loc

6 (0%
159 %0 (75)

2.3 Colin. i
(23) sup sup Mgnﬁ, Vo >0,J 2 1.
u€R,nezN {Esuppn (5)
In|~J

The requirement of a suitable non-degeneracy condition is classical in the theory of averaging
lemmas and therefore it will be essential for Theorem 3.1. The localization 1 and the weight
give two possibilities to control the growth of L¢ in £. In the proof of existence in Subsection
4.2.3, we employ (2.3) with ¥ = 1 and 1 compactly supported which allows to obtain regularity
of the localized average [, xu(§)n(£)d¢ without any further integrability assumptions on u. On
the contrary, with a suitable choice of ¥, we may consider n = 1 to obtain regularity of u itself
provided it possesses certain additional integrability. We refer the reader to Subsection 2.4 for
further discussion of (2.3) as well as for application to particular examples.



6 BENJAMIN GESS AND MARTINA HOFMANOVA

Regarding the stochastic term, let (2, %, (%)i>0,P) be a stochastic basis with a complete, right-
continuous filtration. Let P denote the predictable o-algebra on 2 x [0,T] associated to (Z)i>o0-
The initial datum wug is Fp-measurable and the process W is a cylindrical Wiener process, that
is, W(t) = > ;> Br(t)er with (Bk)r>1 being mutually independent real-valued standard Wiener
processes relative to (ZFi)i>0 and (ex)r>1 a complete orthonormal system in a separable Hilbert
space . In this setting we can assume without loss of generality that the o-algebra .% is countably
generated and (.%;);>¢ is the filtration generated by the Wiener process and the initial condition.
For each z € L%(T") we consider a mapping &(z) : 4 — L*(TV) defined by ®(2)ex = gi(, 2(+))-
We suppose that g, € C(T xR) and there exists a sequence (ay)g>1 of positive numbers satisfying
D :=3",.,ai < oo such that

(2.4) |9k (2, 0)] + [Vagn(2,6)| + [Oegn (2, 6)| < ar,  VzeTV, R

Note that it follows from (2.4) that

(2.5) gk (2, ) < ar(1+[¢]), VzeTV ¢eR

and

(2.6) Dolgr@,&) =gy, OF < Clz =yl + 1€ = (), Va,ye TV, &CeR.
k>1

Consequently, denoting G?(z,£) = doks1 lgk(x, €)|? it holds
G*(z,€) <2D(1+¢*)  VreTV ¢eR.
The conditions imposed on @, particularly assumption (2.4), imply that
@ : L*(TVN) — Ly (4; L*(TY)),

where Lo (44; L?(T)) denotes the collection of Hilbert-Schmidt operators from 4 to L2(T"). Thus,
given a predictable process u € L2(Q; L2(0,T; L%(TY))), the stochastic integral ¢ — fot D(u)dW is
a well defined process taking values in L?(T?) (see [15] for a detailed construction).

Finally, we define the auxiliary space g D 4 via
ap
Uy = {v = Zakek; Zﬁ < oo}7
E>1 E>1
endowed with the norm
2
2 QX
015, :Zﬁ’ U:Zakek-
k>1 k>1

Note that the embedding i < Ly is Hilbert-Schmidt. Moreover, trajectories of W are P-a.s. in
C([0,T); o) (see [15]).

2.3. Kinetic solutions. Let us introduce the definition of kinetic solution as well as the related
definitions used throughout this paper. It is a generalization of the concept of kinetic solution
studied in [16], which is suited for establishing well-posedness in the L!-framework, that is, for
initial conditions in L!(Q; L*(TY)). In that case, the corresponding kinetic measure is not finite
and one can only prove suitable decay at infinity.

Definition 2.1 (Kinetic measure). A mapping m from Q to M*([0,7] x TV x R), the set of
nonnegative Radon measures over [0, 7] X TV x R, is said to be a kinetic measure provided

(i) For all ¢ € C.([0,T) x TV x R), the process

/ (s, 2,€) dm(s, 2, )
[0,t] XTN xR

is predictable.
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(ii) Decay of m for large &: it holds true that

. 1
[E)I& ?E m(A2Z) = O,

where
Ape = [0,T) x TV x {£ e R; 2° < [¢| < 21},

Definition 2.2 (Kinetic solution). A map u € L*(Q x [0, T], P, dP®d¢t; L*(TV)) is called a kinetic
solution to (1.1) with initial datum wug if the following conditions are satisfied

(i) For all ¢ € C=°(R), ¢ > 0,
div /Ou #(Q)a(¢)d¢ € LA(Q x [0,T] x TN).
(ii) For all 1,2 € C2(R), ¢1,ds > 0, the following chain rule formula holds true
en  div [( 606000 d = ady [ 6o L@ x0.1]xTY)

(iii) Let ny : @ — M*([0,T] x TV x R) be defined as follows: for all ¢ € C°([0,T] x TV x R),
¢ 20,

(2. mir= [ [ |av ["Vetngeoac

There exists a kinetic measure m > n;, P-a.s., such that the pair (f = 1,5¢, m) satisfies,
for all o € C°([0,T) x TV x R), P-a.s.,

/ (F), o (1))t + (for 0(0)) + / (F(0).b- Vio(t))dt + / (F(t), A= D2p(t))dt
0 0 0

T
29 =-% / / el ult, ) (0w, ) d A5 1)

k>1

T
_ % /0 /JTN G* (@, u(t, ))Ogp(t v, u(t, x))dz dt + m(Jep).

2
dx dt.

The definition of a kinetic solution given in Definition 2.2 generalizes the definition of kinetic
solutions given in [16, Definition 2.2] which applies to the case of high integrability, that is, for
u € LP(Q; LP([0,T] x TV)) for all p > 1.

Remark 2.3. Let u € LP(Q2; LP([0,T] x TN)) for all p > 1. Then, u is a kinetic solution to (1.1) in
the sense of [16, Definition 2.2] if and only if  is a kinetic solution in the sense of Definition 2.2.

Remark 2.4. We emphasize that a kinetic solution is, in fact, a class of equivalence in L!'(Q x
[0,T); L*(T?)) so not necessarily a stochastic process in the usual sense. The term representative
is then used to denote an element of this class of equivalence.

Let us conclude this section with two related definitions.

Definition 2.5 (Young measure). Let (X, \) be a finite measure space. A mapping v from X to
the set of probability measures on R is said to be a Young measure if, for all ¢ € C,(R), the map
z +— 1,(¢) from X into R is measurable. We say that a Young measure v vanishes at infinity if,

for all p > 1,
/ /‘f|pd7/z(§)d)\(z) < 00.
X JR

Definition 2.6 (Kinetic function). Let (X, \) be a finite measure space. A measurable function
f: X xR —[0,1] is said to be a kinetic function if there exists a Young measure v on X vanishing
at infinity such that, for M-a.e. z € X, for all £ € R,

f(2,8) = v=(€, 00).
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Remark 2.7. Note, that if f is a kinetic function then 0 f = —v for M-a.e. z € X. Similarly, let u
be a kinetic solution of (1.1) and consider f = 1,5¢. We have O¢f = —0u=¢, where v = §,—¢ is a
Young measure on Q x [0,7] x TV. Throughout the paper, we will often write v ,(£) instead of

5u(t,x):§-

2.4. Applications. In this section we consider the model example of a convection-diffusion SPDE
with polynomial nonlinearities, that is, let N = 1 and consider

uk

du+ 0y (k) dt = 9, (|u|™ " 9pu)dt + &(x, u)dW,

ie. (1.1) with b(¢) = B'(&) = ¢F—1, A(€) = |¢|™ 1, for k > 2, m > 2. Hence,

L(iu,in,€) = i(u+ " 'n) + ¢ n?,
and
(2.10) [Le(iu,in, O] S [¢*2In + [¢[™*n*.
For n € Cp°(R) and uw € R, n € Z, |n| ~ J we consider

OF (u,n38) = {€ € supp; [i(u+ &5 n) + ¢ 'n?| < 6}
and observe
O} (u,n;0) C Qg Ny,

where

Q= {€ € suppy; [¢[" 7 n|* < 6},

= {€ € supp; [i(u + €5 n)| < 6}

Note that the set €4 is localized around 0 in the sense that

5\ 7T
QA:{fesuppn; |£|<<J2) }

whereas the set 2, is moving according to the value of u:

_§\ FT =
sz{ﬁesuppn;(ujé) Sfé(uja) }

In view of the second part of the condition (2.3) we choose 8 = 2 whenever a second order operator
is present. Therefore we set f =2 and o = ﬁ, which yields the first part of (2.3) independently
of

72
Regarding the second condition, it is necessary to control the £-growth in (2.10). Our formulation of
the nondegeneracy condition (2.3) offers two ways of doing so: either using a (compactly supported)
localization n or a weight 9. Using the first approach, Theorem 3.1 yields regularity of the localized
average 7(u) = [g Xu(t,z)(§)n(§)dE without any further integrability assumptions on the solution
u. On the other hand, the second approach allows to obtain regularity of the solution u itself, i.e.

setting n = 1, but requires higher integrability of u. To be more precise, in the case of (2.10) we
set 9(€) = 1+ [£]*V™~2 and assume that u € LP(2 x [0,T] x TN) for p = 2(k vV m — 2) + 3.

(2.11) wﬂﬁas(é)JV

In the case of a purely hyperbolic equation with a polynomial nonlinearity b(¢) = ¢¥~1, k > 2, we

obtain
- 1
O (u,n;8) = {5 € suppn; > < €1 < H}
J J
which implies the first condition in (2.3) independently of n with o = ﬁ, B = 1. For the second

condition we proceed the same way as above.
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3. REGULARITY

In this section we establish a regularity result for solutions to (1.1), based on averaging techniques.
Throughout this section we use the following notation: for a kinetic solution u, let x = x, =
1,>¢ — 1o>¢. Then we have, in the sense of distributions,

oo

(3.1) Dex +b(€) - VX = A(&) : D*x = ea — Y _(0ex)grBr + ) _ Sogi B

k=1 k=1
where ¢ = m — $G?0,—¢. For n € C5°(R) let j € C* be such that 77’ = n and 7(0) = 0. We then

have

() = / Nty (E)0(6) dE.

Theorem 3.1. Assume (2.1), (2.4). Let n € C;°(R;Ry) and assume that there are a € (0,1),
B > 0 and a measurable map ¥ € LS (R;[1,00)) such that (2.3) is satisfied. Let ©, : R — Ry

such that ©) = (|¢]* 4+ 1)9%(£)(n(€) —i—lo|j7'|(§)) If u is a kinetic solution to (1.1) then
2
1) = [ N ©0(O)dE € QX DIEW AV, s <

. 1 1—6 0 .«
w@th;>T+1,9—74+a and

_ _ 1/2 1/2 _
)|z @ o mpw=r vy SallauoDI® + 1€, (uDls  + sup [la(ul)llzy,,
(3.2) o Wt Q<T '

where the constant in the inequality depends on b and A via the constants appearing in (2.3) only
and on 1 only via its C* norm.

Remark 3.2. If n is compactly supported, then we may always take ¥ = 1 in (2.3). Furthermore,
in this case the right hand side in (3.2) is always finite.

In order to deduce regularity for u itself we choose 7 = 1. If ¥ is a polynomial of order p, then O,
1 2p+3
is a polynomial of order 2p + 3 and by Lemma 4.6 below we have [©,([ul)l|7: < [luoll 5 +1
w,t,x w,t,x
and [[md|Lyam, ., o S ||u0||1;f32 + 1. In conclusion, we obtain

Corollary 3.3. Suppose (2.3) is satisfied for n =1 and 9 being a polynomial of order p. Let u be
the kinetic solution® to (1.1). Then

2p+3
[ullz-@xo.rrwer vy S lluoll s + 1.

Proof of Theorem 3.1. The proof proceeds in several steps. In the first step, the solution x = x, =
f — 1o>¢ is decomposed into Littlewood-Paley blocks x; and subsequently each Littlewood-Paley
block is decomposed according to the degeneracy of the symbol L(iu,in,§). This decomposition
of f serves as the basis of the following averaging techniques. In the second step, each part of the
decomposition is estimated separately, relying on the non-degeneracy condition (2.3). In the last
step, these estimates are combined and interpolated in order to deduce the regularity of f.

The principle idea of the above decomposition of f follows [52]. However, the stochastic integral in
(1.1) leads to additional difficulties and requires a different treatment of the time-variable. This is
resolved here by passing to the mild form (cf. (3.4) below) and then estimating all occurring terms
separately, interpolating the estimates in the end.

2Well-posedness of kinetic solutions to (1.1) is proved in Section 4 below.
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Decomposition of y. We introduce a cut-off in time, that is, let ¢ = ¢* € C([0,00)) such that
0<¢<1,¢=10n[0,T—A],¢p=0on [T,00) and |9;¢| < § for some A € (0,1) to be eventually
sent to 0. For notational simplicity, we omit the superscript A in the following computations and
let it only reappear at the end of the proof, where the passage to the limit in A is discussed.

Then, y¢ solves, in the sense of distributions,

(3:3) 9u(x9) +b(&) - V(x@) — A(€) : D*(x0) = De(¢q) — Zag (x®) gk B + Zsocbgkﬂk + x0i9.

k=1 k=1

Next, we decompose y into Littlewood-Paley blocks x s, such that the Fourier transform in space
XJ is supported by frequencies |n| ~ J for J dyadic. This is achieved by taking a smooth partition
of unity 1 = ¢g(2) + Y ;5, ¢(J1z) such that ¢g is a bump function supported inside the ball
|z| <2 and ¢ is a bump function supported in the annulus % < |z| €2, and setting

Xo(t,z,€) = Fy oo (n) X(t,m, €)] (),
wite =7l (5) oo, szt

This leads to the decomposition

X = Xot Z XJ-
Jz1

The regularity of xo being trivial, we only focus on the estimate of x; for J 2 1. Localizing (3.3)
in Littlewood-Paley blocks yields

0i(x0) +b(€) - V(xs0) — A(€) : D*(xs0) =0¢(bas) — > 0e(xbgk) 1Bk + Y (XDegi) 15x
k=1

k=1

o0
+ > S0b(gx). Bk + X101
k=1
After a preliminary step of regularization, we may test by S*(T' — t)¢ for ¢ € C(TV) in (3.1),
where S(t) denotes the solution semigroup to the linear operator

X b(E) - Yy — A(€) : D?
This leads to the mild form

(o)0) = SOX0) + [ St =906 ds =3 [ St - 9eloxa)s dails)
0 =70
(3.4) + 30 [ 8- 9(@ex0)s 50l + 3 [ (= 5)oadgn.s dsics)
k=170 k=170

t
+ [ st - ovods,
0
where we have used

o

= | / (1= )0 (x6) 14619 0

‘3 oS

SIS s

)/ e~ QAT AOME=9) . F (gexd) (s,m, €) dBk(s)

) [ et O (500 c0) 5, €) a6

)
-+
y

= [ e EOnI A=) T (grxe) (5,1, €) dBr(s)

BN

0
—/ o WO A=) F, ((Degr)xd) s (s,1,€) dBr(s)
0
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and

o (%) F {/ S(t = )01 dBi(s) | (n)

(%)/ e—(ib(ﬁ)'n+n*A(f)n)(t—8)50¢g7€(n’g) 4B (s)
0

t

o (MO mtn MO 506G (n, €) B (s).
0

|
AS)

For J 2 1 fixed, we next decompose the action in &-variable according to the degeneracy of the
operator L(iu,in, ). Namely, for K dyadic, let 1 = ¢g(2)+>_ jo>; ¥1(K ~2) be a smooth partition
of unity such that g is a bump function supported inside the ball |z| <2 and v is a bump function
supported in the annulus % < |z| €2, and write

toce(uso)(t..6) = Ft oo (F5) 7 (o000 0, 6).2)

+ 2; Fia' [1/}1 (ﬁ(u;;(ng)) Fiz[Lo<t(xs9)] (%n,f)} (t,x)

K
7X‘(]O)tx§+g x( )tazf
K21

Hence, we consider the decomposition

Lo<ix¢ = 10§t(X0 +> XJ) = Lo<ixod + ) | x Pt ,6) + Z Xt 2,€)

J>1 J>1 K21

Since 1 is supported at the degeneracy, we will apply a trivial estimate. However, 1 is sup-
ported away from the degeneracy and therefore we may use the equation and the non-degeneracy
assumption (2.3). From (3.4) we obtain

. . t
Xt 2, 6) = Fitun (W) Fia [10<t5(t)Xo,J + 10§t/ S(t — s)0(¢gq.s) ds
0
[e%e} t S t
—lo<t Y / S(t — 5)9e (grx®) s dBr(s) + Lot / S(t = 5)((Degr)x).s dBr(s)
k=170 k=170

[e%e] t t
+Lo<t Z/ S(t — $)09gr,s dBr(s) + 10§t/ S(t— S)XJatfde] (t,z).
k=1"0 0
Multiplying the above by n € Cp°(R) and integrating over £ € R, we set

[ mieae = 1+ = Lo+ L 1+ 1y
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and we estimate the right hand side term by term below. Note that since
t
Fia [109/ S(t — )0 (grx®).s dBr(s)
0

= Fi [1ogt o~ WOt AON =), (g1 4) (5, €, ) dﬁk(s):|

)
1 —zu
= @ | [ Lmssoen MOTITAONE el 1, O (grxd) 5 (5. €. m) dBi(s)

= /11‘20 e~ (D) nAn” AE)n)r o —iru g, 7(2701/2 /0 65(gkx¢).1(s,§7n)e‘i8“ dpi(s)

J
1 —itu
~ (2m)i2 //10<s<te (&) mAn AE)n) (t- S)ag(gkxqﬁ) dBk(s) e~ ""dt

1 1 o/ ;
~ TR T AT G, OOl )

we have

b= e L | (S )Z | e 0 @) (s, m) Ao e,

where

1/;(2) =11(2)/z.

We argue similarly for the remaining terms I;, e.g. for I, we note that

1
i(u+b(&) -n)+n*Al&)n

Fiz |:10<t/0 S(t — S)a§(¢QJ)dS] = Fiz[lo<tO:(0q7)]

Estimating I,, i =1,...,6.

Estimate of 1. Using Plancherel and Holder’s inequality we observe

2
L {( zumf))A 0.n, } d
I 1||Lt,w 5K e 7(0,m,8) [n(€)dg .
2
_ (“‘M’(W)mo,mn(@dg du

iy

~ 2
X/R1{|u+b(£)~n|2+\n*A(5)n\2<(26K)2}}XJ(Ovna§)| n?(€)dédu.

Then using (2.3) and

(3:5) /1{|u+b(£>~n|2+\n*A<s>n\2<<2af<>2}du < / Ljuz<2sr)2pdu S 0K

we obtain

1 [(6K\“
(3.6) I, < 5 (55) IOl
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Estimate of I5. First, we integrate by parts to obtain

~(Liu.1
Il = s | [ 7 7 (250 ) R tociotean | ferae

1[5 L(iu,in, &)\ Le(iu,in,§)
w2 [ () g

Fat [0 (BB Foaceons)o, ) €00
R

1y €4
LW, =%

fm<1ogt¢ﬂq»<u,g,n>}n(f)dg

LIW €,de
1

BNETSE

1 —€,de
Liw, <

We apply Corollary A.4 to estimate the second term on the right hand side. For the first one, we
first note that (2.3) implies that (for simplicity restricting to the case § = 2 while 8 = 1 can be
handled analogously)

9(E) "~ 9 "

Since Le¢(iu,in,§) is a polynomial in n, we may apply [2, Lemma 2.2] to deduce that

m(n, €) = Le(iu,in, &) b’ (§) -n+n*A'(E)n
(S J(€)

localized to |n| ~ J, ¢ € suppn, is an L!-Fourier multiplier with norm bounded by J#. Revis-
iting the proofs of Lemma A.3 and Corollary A.4 with the multiplier (%) replaced by

1, i,je{l,...,N}

P (%) m(n, ) then allows to estimate the first term on the right hand side to obtain

where

—<e<l<q<
€

N —e¢
and e is chosen sufficiently small. Consequently,

1
(0K)?

(3.7) allry, S TP 9as(n+ 0Dl .-

Estimate of Is. Using Plancherel and It6’s formula, we note that

Bl = o7 H / fm[ (W)Z [ o), o) o) e 2

.
i ), 2 F [ (F ) e antand), s, i) asu) au

= W / 2E /0 ( i) )e““ﬁs(@h(s@,n)n(@dg dsdu
oo |, 2E / | ( e in. ) ) 5(1;‘(5)” ) (Gux9), s, €, (€| s

2
dsdu

/ < = £)>(m)1(s,£,n)n’(£)dg

*(6K>4/U§E/O
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Hence, by (2.3) it follows that

ElL13;

(e e

5 5K 4 suppndg

/1{\u+b(§)n\2+|n*A(§)n\2< 26K)2}Z| gkXT9¢) (5,&,n ’ n?(§)déduds
k=1

(=259

/1{\u+b(§) |24 |n* A(§)1L\2<(26K)2}Z| gkxﬁfi)) 5,6,mn | I’ (€)|*d¢duds
k=1
< 1 5£ J2B
~(SK)*\ JB
o0 o0
- = 2
E/O /Z/R1{\u+b<s>-n|2+|n*A<f>n|2<(25K>2}ZI(gkxﬁqﬁ)J(&f,n){ n?(€)déduds
U n k=1
L1 (K
GE)L \ 77

o0 0 — 2
E/O /Z/R1{\u+b<£>~n|2+|n*A<f:>n|2<<26K>2}Z\(gkxﬁqﬁ)J(s,é,n)! I’ (&)[?d¢duds
Uon k=1

(SK ]'SUPP ndf

and due to (3.5) we obtain

Bl < g () 772 S S 1009, E 7 + ) s

T2 N E | (gkx9e) s (n + i) IZ: -
k=1 ’

(3.8)

Estimate of I,. By Plancherel and It6’s formula we have

]E||14H%2

= 2 RF H |7 {( - mf)Z | e R0, s, s >]n(5>dg

2

Ltz,,:c
2

= 5[( /Z]E <£ i, in, 5)) e*isufm((aggk)xqﬁ)J(s’E,n)n(f)dfdﬂk(s) du
= gy |, X° ooo () e (0000, o € min(€)e] s
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Thus, it follows from (2.3), (3.5) and (2.4) that

(3.9)
EHI4||2L2
tu,in, §)
< i | X 55 ot
XE/ /1{|u+b )n|2+|n* A(€)n|2< (26 K)? }Z|f (Oegr)x ) ;( | n?(€)dé dsdu
1 6K o o0 )
<5 (%) > i@k,

Estimate of Is. We have

]E||I5H2L2
i, in, £) 2
- st Lo (Fe )Z [ o€ 6o e
L.

:WIKPE / z/:( tw, in, ) )Z | e i dsi(omie)a
(3.10) i, in, O)) isu 2

— E 18U 7O d d

6K /Z ; ( e " ¢gr,.s(n,0) dBr(s)| du
* = u, in, 0) 2

= 1&( ! )cég/k?](n,O) dsdu

Sn 5KZH9’” 0172,
where we also used (3.5).
Estimate of Is. It holds

TAPE H/EI{(Zum®>Eﬁ%MﬁM%@%
(3.11) L,
S 5K ”at(bXInHLt ot
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Estimating XF]K). Using the above estimates (3.6), (3.7), (3.8), (3.9), (3.10), (3.11) we deduce

- E</ (K)nd£,>
Lo pelly,

llelloe 1

w,t,x

0K
B+e
() CI) sl + g W00 1 Dl

1 o o 1/2
+<(M1()3> (ff;) J? (le(gkxﬂé)J(nJrIn’l)lig,tyzé)

) de

ol \/\ES

k=1
1 3 SK\? [ o 2 v
+(52) (55 ;H(( cgi)xnd) iz
L 1/2
1 1
K Z llgr,s( ||L2 + 57(Hat¢XJ77”Li,t,z,s'
k=1
Hence,
3 / Xmag| S oFeT TRy (0nllpe Y KT
k1R Los Kz
+ 6727 g (n+ ' Do, D K2
K>1
1/2
. 33—«
L E s 5(2 I(grx98).0(n+ ' DIIZ: E) Y KT
k=1 K21

1/2
4§ 50-a) =5 (Z |((Oegr)xné) , ||L2 ,,s> ZK%(a—l)

K>1
0o 1
_1 _1 —
e (z ||gk,J<-,o>uzi) S K ool 3K
k=1 K21 K1

Recall that the parameter K was chosen dyadic. Therefore, since all the powers of K appearing
on the right hand side are negative, we deduce

3 /R X nde

K21

L(a—1) ;- B2 - e
<O E | (Ollz 52T @0as(n+ Do s, o

Lw,t,:z

o0 v
R B A <Z [ (grx99)s(n+ 77/|)||2Li,t,w,s>

k=1

oo 1/2
Ba
57 —= 2
+ : (; (Oegr)xn®) IILgm’&)

1/2
+072 (Z gr,.7 (5 ||L2> +07 1Hat¢XJ77”Li”$g

Estimating x ;. We let
o= [ xonds
R



WELL-POSEDNESS AND REGULARITY FOR QUASILINEAR SPDE 17

and write

K(r,X,07) == T (0 PR 1 TP )

2 w,t,
FYelL F} §

w,t,z? w,t,x

XJPn= FJ+FJ

where x 61 = FY + F} with

Fy 1=/Rxf]0)nd€7

By Lemma A.3 and (2.3) we have

191, =] [ 7 oo (EU) Fismo )| cerae|

L2
)
() bl

= / () ) de.

K>1

ta

Hence, we obtain

K(r,xs0m) S 6577 F |x né| 2

w,t,x,§
o0
Ba

1/2
o2 Ol + (Z <<3fgk>X”¢)J”2Lim>

k=1

+ 1620l ¢0qr (n+ |0 Dll o a e

N 1/2
3—a _2-a
+ro 2 J 2 B <Z(9kXT9¢)J(77+77/|)||2Li,t,z,s>

k=1

w,t,x,§

1/2
+roE (Z lgr.s (- ||L2> + 6|0yl 1

and we intend to choose r to equilibrate these bounds. To do so, let 7,5 > 0 to be chosen later
and set

o=r"J"
which yields,

rTTEK (r,xs01m) S ||XJ77</>HL2

w,t,x,&

oo
—k(l—a)—Ba

1/2
I 3 ||XJ(0)77||L3@75 + < I((afgk)anb)JHzLi*““‘ﬁ)

k=1

_ (4t _
+ TSN T2 80 5 (0 + [0 )| Ly,

- 1/2
3y g_3za, 4 2-a
TRy <Z(gkX19¢)J(77+77/|)||2Lg,t,w)5>

k=1

S Oedxmllzy

R

1/2
1+a
e (St )+
k=1

Optimizing in 7, x yields
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which obviously can be satisfied. Hence, with 6 := 2,

M -
T K(r,x 0m) < IIXJWS“Li,t,z,s

~ 1/2
3ta __ 1
+riea J750 | x (0 Jillez |+ (ZH((afgk)XW)Jii’m&>
k=1
_2-ag.,
+ 775 PN eqs(n+ 10 Dl e

. 1/2
14a
+ e <Z 1(grx D). (n + n’I)IIQLgM£>

k=1

T,,E.

1/2
2 __4d4-a
e 65<Zugw nw) Hras ol

k=1

Finally, since for r large we have the elementary estimate

K(r,xs0m) < |lxsénllp2

wt.n

we apply the K-method of real interpolation to deduce

B Ixsénllr2

w,t,x) wtr)eoo
< JTHT%K(TvXJWI)HL:zO
aB — aB —
<J% |rK(r,xs0m)Lr<rllre +J ¢ |r K (r,xs61)1>r L

1/2
34a 1
Slhxsenlee, +RE=2T755 | s Omllz |+ (ZII (Degi)xned) |72 £>

1/2
T 90+ I Dl s, + RS (le (xd8)s (o -+ ' Dilzz, )
k=1

z,§

1/2
2 44—«
+ R ‘”(zngw nm) + RISl

+JE R Ixsonllz, .-
Let us take R = J7 for some 7 > 0 to be chosen below. Then

T sl 22

w,t, wt‘L)GOC

o 1/2
e
Slxsonlee,  + )T 757 HixaOnll gz + (Z((Gggk)xnab)Jlligwtql‘g)
k=1

o 1/2
_2-ag,. Lo
(312) 4 77 ooy (0 + 10l pyag, e + (T7) TS (ZH(gkwmm|n’|>||ig‘t,z,§>
k=1

w,t,x, &

1/2
()T ‘”ﬁ(Zugw |L2> + ()T T 9] o

+ I (IO sl 2

w,t, z
Now we aim to choose 7 in order to minimize the maximum of the exponents of J occurring on
the right hand side in the previous inequality. Optimizing for 7 the terms
3 1 3 2 — 4-
—i-047_é7 +a . aﬁ’ aﬁ’_ ! T+%.
14+« 3" 44+a 4+« 4 + a 6

b

4+« 6
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yields the choice
_ Pa(d+a)
C6(142a)

With this choice, all the exponents in the right hand side of (3.12) are of order less than %ﬂ.

Multiplication with J =6 §% thus leads to negative powers of J on the right hand side, the worst (i.e.
the maximal) one being

o’p
T 6(1 4 2a)

Therefore, since € was chosen small, we obtain that

__o?
Ixsonllz2, DL e S O [||XJ<Z577||L§M%g + IxsO)nllrz

e’} v
I (Z ||((a§gk)x77¢)J|ig,t,w,5>

oo 1/2 1/2
+ (Z (arx06).5(n + |n'|>%gm> (Z g ||Lz)

k=1
o0t + W Dliss o+ W00l + 1Bz,

Note that although all the above norms are global in time, i.e. ¢t € (—00,00), the integrands are
localized on [0, 7] due to the cut-off ¢ = ¢*.

Conclusion. The real interpolation of two Lebesgue spaces is given by a Lorentz space (see [53,
Subsection 1.18.6, Theorem 1], namely,
. 1 1-6 6
(Li,t,m7L3u,t,a:)9700 = L:j;?a:’ ; = T + I
In the case of a bounded domain, L:, Gz is embedded in the Lebesgue space L[, ; , whenever 7 > r,
see [32, Exercise 1.1.11]

1 1-6 0
(Litvai;tz)Goo‘%Lwtm, ;>T+I'
Thus letting
a?p
< —
T 61+ 20)
we deduce
Slhxenllzz , .+ IxOnlz  + (Z |((@ege)xne)ll32 | )
(3.13) ) L
/ 2 2
+ <; llgex9b(n + |n |)|Liﬁtm§> + (Z ||gk(.,0)||Li>
+l¢da(n + 11 Dl e + 108X L2+ IXPTllL2 -

Since the constant in inequality (3.13) is independent of A, we may send A\ — 0. First, we observe
that

w,t,x, & w,a:,£'

hmsupHc?taS x|l S sup |Ixnllp
0<t<T
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Using the dominated convergence theorem for the remaining terms, we obtain the following estimate
for u” = x7

w,t,x,§

oo 1/2
[ L @xjo, Wy S Xl 2 +Ix(0)mllzz ,  + (Z ||(3§9k)X77||2Lg‘t,1,5>
k=1

o 1/2 oo 1/2
- (Z lgwxdn + |n'|>|ig,t,z,§> - (Z e o>||%;)
k=1

k=1
+ g0+ Dy, + sup lIxnllcy , + X7l
0<t<T =t

w,t,x

It remains to estimate the right hand side in terms of the available bounds for the kinetic solution u
and the corresponding kinetic measure m. Note that this estimate will depend on the localization
1. First, due to the definition of the equilibrium function Y, it follows immediately that

1/2 1/2
enllze, . So a2 IxOmllez S gl
— 7 7] <l |12/2
OE?ETHXUHLLI’S O;lnglu ey, Xz, Sollw?ll, -

Second, similarly and due to (2.4) we have with ©,, such that ©; = (|&[* + 1)9%(£)(n(£) + 7| (£)),

o 1/2 oo 1/2 oo 1/2
<Z”(a§gk)x77%i’t,z£> +<legk><19(n+ln'l)igwt,z,ﬁ) +<Z|gk(~,0)lig>

k=1 k=1 k=1

Sul@n@)ll? +1.

Finally, since ¢ = m — £G?§,—¢, we deduce

At this point it is worth noticing that all estimates were uniform in 7 up to constants depending
on [|n||¢r and (2.3). Since O, (u) > u" we conclude

_ _ 1/2 1/2 _
170 r o mwer vy Sall (oDl +1On(eDlZy, + s el ,

+lmI(n + 7' Dllam, , o + 1.
with
1 1-60 0 o?p

S5 1790
7 T2 T M S G oa)

which completes the proof. (|

4. WELL-POSEDNESS

In this section we present the proof of the main well-posedness result Theorem 1.1. The uniqueness
part of Theorem 1.1 will be proved in Theorem 4.3 below, the existence in Theorem 4.9 below.

4.1. Uniqueness. In this section we prove a comparison results and thus uniqueness for kinetic
solutions to (1.1). We emphasize that we do not assume any higher L? estimates for the kinetic
solutions, thus providing a proof of uniqueness in the general L! setting. In addition, we only
assume that o is locally Holder continuous and b’ is locally bounded. In particular, no polynomial
growth condition for b’ is required. This generalizes previous related uniqueness results given in
[16, Section 3]. The additional difficulties are resolved here by introducing an additional cutoff
argument.

Analogously to [16, Proposition 3.1], [34, Proposition 3.1] and [19, Proposition 10] one may prove
the existence of left and right continuous representatives for kinetic solutions.
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Proposition 4.1. Let u be a kinetic solution to (1.1). Then, f = l,>¢ admits representatives
f~ and fT which are almost surely left- and right-continuous, respectively, at all points t* € [0,T)
in the sense of distributions over TN x R. More precisely, for all t* € [0,T) there exist kinetic
functions f** on Q x TV x R such that setting f*(t*) = f** yields f* = f almost everywhere
and

(FE(t" £e),0) = (f£(t),v) €10, V¢ € C2(TY x R), P-a.s.,
where the zero set does not depend on v nor t*. Moreover, there is a countable set Q C [0,T] such
that P-a.s. for all t* € [0,T]\ Q we have f+(t*) = f~(t*).

Regarding the doubling of the variables [16, Proposition 3.2] we make use of the following version,
Proposition 4.2 below, which is more suitable for the L'-setting.

Let (o.), (1) be standard Dirac sequences on TV and R, respectively. That is, let ¢» € C>°(R) be
symmetric nonnegative function such that f]R ¥ =1,suppt C [—1,1] and set

vs(©) = zu(3).

To define (p.), consider a nonnegative symmetric function § € C°(RY) satisfying f]RN 0 =1,
supp 0 C B(0,7) and let ¢ denote its 27Z" -periodic modification. Then let

0-(7) = ELNQ@)-

3

Let us now define a sequence of smooth cut-off functions (Kp) as follows: Let K € C*°(R) be such
that 0 < K(&) <1, K=1if |§| <1, K=0if |¢{] > 2, and |K'(§)| < 1. Define

§
K(§) ::K(?), CEN.
Then, clearly,
1
|K2(§)| S ?12é§|5|§2£+1.

Proposition 4.2 (Doubling of variables). Let ui,us be kinetic solutions to (1.1). Denote f; =
L1y, >¢, fo = Luyse with the corresponding Young measures vl = 6,1, V2 = 8,2, respectively. Then
for all t € [0,T] we have

B [ L e et — st — O (. OFF 014, A6 dC drdyd

<E / / 0 (@ — y)Ke(n)bs(n — E00s( — O) fro(, ) Fao(y, €) dé dC de dy dn
FI4+J K+ LS, 0),

where

t
I=E / / F1F2(b(E) = B(O))- Ve (& — y)Ke (m)hs (n — €)bs (n — €) d€ dC dx dy dypds,
0o J(rN)y2 Jr3
t
J=E / / FiF(AE) + A(Q))  D2oc( — y) Ko (s — E)bs(n — €) dé dC dar dy dny ds
0 J(TN)2 JRrs
B[ e s st Q) avd () drdnaa(v,. )
B[ e s st v} dydnsa . O dn

t
K= gB [ [ e Kstr €m0 Y Jow(r, ©-au(y: O a7, (ke dyana,

k>1
lim lim L(4,¢) = 0.

£—00 §—0
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Proof. A similar approach as in [34, Proposition 3.2] and [18, Proposition 9] yields for

a(r, &y, (,n) = 0:(x — y)Ke(n)s(n — §)vs(n — ()
that

+ + B
]E/(TW . O fF adéd¢dzdydy _E/(

/ Frofeoadéd¢ de dy dy
TN)2 JRS

t
+E / / £1 72 (b(€) = B(Q))- Vaerdé dC dz dy iy ds
0 J(TN)2 JR3
t
+E/ / fif2 A(Q) : D2avd¢ d¢ dz dy dnds
0 J(TN)2 JR3
t
JFE/ / fifa A(€) : D2ad¢ d¢ da dy dnds
0 J(TN)2 JR3
t
+ 1]E/ / f20:aG3 dv! ((€) d¢ dyda dnds
2 0 J(TN)3 JR2 ’
1 t
- 5E / / f10ca G35 vy, (¢) dE dy da dnds
2 0 J(TN)3 JR2 ’
t
—E / / Gioadyy (€)dv] ((¢) dzdydnds
0 J(TN)2 JR3 ©
t
—E/ / f{@gadml(x,s,f)dgdndy
0 J(TN)2 JR3

t
+E/ / firocadms(y,s,¢)dédadny =: I + - + Io.
0 J(TV)2 JR3
We need to treat the last five terms I5, ..., Ig. Using the fact that

/}R s (0 — €)2ctbs(n — C)Ke(n) dn

- / a0 — €)0cbs(n — O dn + / o0 — Eybs(n — OK4(n) dy
R R

it follows

t
Iy = —E/O /(TN)Q /R3adui,’s(§) dz dng 1 (y, s,¢) dn
t
—E dut dz d d
/O[TN)Q /Rsa Vw7s(£) X 71272(y757<) n
t
+E / / F 0@ — ys( — €0 — O)K4(n) dma(y, s,¢) dé dar dy
0 J(TN)2 JRrs
t
s B[ [ ] et @drn s O

1 t
+ ?E/ / /122—5§|g|§24+1+5 dma(y, s, (),
0 TN JR

where, according to Proposition 4.7, the second term on the right hand side vanishes if we let
0 — 0 and then n — co. By symmetry

t
L<-E / / / ad? ,(¢)dydny (. 5,6) dn

1 t
+ ?E/ / / 12275§|§|§22+1+5dml(.’IJ,S,f).
0 JTN JR



WELL-POSEDNESS AND REGULARITY FOR QUASILINEAR SPDE 23
Next, we have
Is+1s+1; =K

t
8 [ e - gstn = €0stn - ORHnGE v, (€) dedC dy dnds
0 ('JI‘N)2 R3

1 t
£ f1 00 — y)s(n — E0bs(n — QKHn)GEdv2 (C) dé dy do dn ds
0 (']I‘N)2 R3
=K+ Is1 + Is1

and due to (2.4)
D_ [t 1

Isi < E 0c(x — y)s(n — E)Ys(n — O)Lae_s<|e|<oet1 4o dvg . (§) dr d( dy dnds
2 0 (TN)2 Ri}

D t
E / / / 02 (& — )b (n — E)bs(n — O Lot _sieaee ssl€l? vl (€) da dC dy dy ds
(TN)2 JRS3

<5 // /12/»’ s<ie|<arrips dvd L (€) dzds
’H‘N
]E// /12£_5§‘§‘§2H1+5|§|2dl/;x(ﬁ)d:z:ds.
0 ™™ JR

We further note that

.D t
7E/ / /12@-55\5\§2£+1+6\€|2stl,z(f)dde
25 Jo Jrv Jr

2L 5 7 .
DTE/ /TN/R12575g\§\§22+1+5|§|st,w('f)dde
0

2 5 !
S DT]E/ / 12€—6§\u1(s,x)\ |u1(s, $)| dx ds.
0 JTN

Hence,
limsup I5; < —t—i—DIE/ / Loec i (s, [u' (s, )| da ds.
6—0

By dominated convergence this implies that

lim lim I51 =0
£—00 6—0

and Ig; may be treated analogously, which completes the proof. O

Finally, we have all in hand to prove the comparison principle leading to the proof of uniqueness
as well as continuous dependence on the initial condition.

Theorem 4.3 (Comparison principle). Let u be a kinetic solution to (1.1). Then there exist u™
and u~, representatives of u, such that, for allt € [0,T], f*(t,z,&) = Ly (,2)>¢ for a.e. (w,,8),

where f* are as in Proposition 4.1.

Moreover, if uy,us are kinetic solutions to (1.1) with initial data uy o, uz,0, respectively, then,

(4.1) S[%PT] Ell(uif (t) — uz (1)) "1 vy < El(u1,0 — uz,0) T 1 oov).
telo,
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Proof. Using Proposition 4.2 we have
B[ [ Feofiengd
™ JR

=B [ e KOs — st~ O O (4.0 dE A dwdy e, 0

SE/ / 0c(x = y)Ke(m)os(n — vs(n — ) fr.0(x, &) f2,0(y, ¢) d§ d¢ dz dy dn
()2 Jrs
+I+J+K+L(5,€)+nt(5’6’€)’

V\/lth I, (], K as 1n Pr()p()Sltl()Il 42 and
h]ll ll“l ”t 57(571? - ()
{— 00 6,6—?0 ( )

We aim to find suitable bounds for the terms I, J, K.

Since b’ is locally bounded, setting ||b'[|oc 5,6 := [|b[| oo (—2¢+1_5,2¢+145), We have

t
0¥ esc® [ [ I Clistn = Ot — K)o ) ey s

t
<200l [ [ [ st Csln — 9 Kin) dedC Vet — )]s dydns

< 82 TN P00 [|oo, st

In order to estimate the term J, we observe that

t
3= [ [ [ 5 (0© - o(0)* s Dol ~ n)Kalmitn - sl — ¢ dg dd dady dds
0 (TN)2 R3
t
w2 [ ] RBe©0(0)  Dlete —y)Kelnstn ~ sty Q) dedCdedyends
t
B[ e K st ) dvl (€ dednas (o,

t
- E/O /(W /R 0:(x — y) Ke(m)os(n — E)vbs(n — ¢) dv () dy dna 1 (w, 5,£) dny
=Ji1+Ja+J3+J4

Since o is locally v-Holder continuous due to (2.2), it holds
[J1] < Ct8*7e™2 0| o ((—t+1 5,241 14])-
Next, we will show that

(4.2) Jo+J3+Js<0
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From the definition of the parabolic dissipation measure in Definition 2.2, we have

Jo+Js——E /0 /(W /R 0 (& — ) Ke(n)bs(n — u)| divy, /0 SR =0o(0)d¢
S [ el | v [ eac

s [ [ e ) s e )
x div, /O a0 — 6o (€) de - div, /0 el — Oo(¢) dedz dy dy s

- _2E/Ot /(TN)Q/RQE(x—y)Kz(ﬂ)

xdiv, [ us(n - €o(€)dg-divy [ sln = Qo(0)dcdadydy s,
0 0
where we used the chain rule formula (2.7), i.e.
Vo0 — &) div, /0 Vsl — §o(€) dg = div, /0 Cs(n— €)o(€) de.
Furthermore, it holds
t u2 w1
=2k [ f [ etk i [t = 0dcdiv. [ o@ustn € dgdrdydnds
<—=J3—J4

o (4.2) follows.
The last term is, due to (2.6), bounded as follows

t
K<om [ [ o ulle ol [ vsln— st~ ) v} (€) a7} (€) ey

2
drdydnds

2
dxdydnds

t
_ _ _ _ 12 1 2
OB [ [ o) [ vatn = Qusta — el — (vl 4 (O dwydn s

< Cté~te? + Ctd.

As a consequence, we deduce, for all ¢ € [0,T],
B[ [ fetofeng i
™ JR

< [ L e =R = 9050 O ol ) ol ) de dC aray
T™V)2 JR
+ 0671526”61”0015115 + Ct52vsi2||O'||C~,([_2£+1_5,22+1+5]) + Cto1e?
+ Ctd + L(6,0) + n:(e,6,¢)
Taking § = ¢® with 3 € (1/7,2) and letting ¢ — 0 yields
B[ [ fetof@eodd<e [ [ Koo dedy
TN JR (TN)2 JR3
+ lim L(£?, ¢) + lim n, (e, €°, ).
6—0 e—0
Taking ¢ — oo we conclude

E/TN/RffE(JC,tf)fQi(x,t,f) dé dx S]E/(TN)2 . fl,o(x,n)fg,o(x,n) dzx dn.

Let us now consider fi = fo = f. Since fy = 1,,>¢ we have the identity fo fo = 0 and therefore
fE(1— f*) =0 ae. (w,x,€) and for all t. The fact that f* is a kinetic function and Fubini’s
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theorem then imply that, for any ¢ € [0, T, there exists a set ¥; C Qx T of full measure such that,
for (w,z) € %4, fH(w,z,t,€) € {0,1} for a.e. £ € R. Therefore, there exist u* : Qx TV x[0,T] — R
such that f* = 1,+5¢ for ae (w,z,€) and all ¢. In particular, ut = f]R(fi — 1ps¢) d§ for ace.
(w,z) and all ¢. It follows now from Proposition 4.1 and the identity

|a—ﬁ|=/|1a>g—1ﬁ>g|de, o, BER,
R

that ut =u~ = u for a.e. t € [0,T]. Since

T + +
/R]'uli>f]‘u2i>§ d§ = (ul — U3 )+

we obtain the comparison principle (4.1). O

4.2. Existence. In this section we prove the existence of kinetic solutions. The proof of exis-
tence is based on a three level approximation procedure. One of which is a vanishing viscosity
approximation. One difficulty in the construction of a kinetic solution to (1.1) is the verification
of the chain-rule in Definition 2.2, (ii). In contrast to the other conditions, the chain-rule is not
necessarily preserved under taking weak limits, so that strong convergence of the approximating
solutions is needed. This strong convergence is particularly hard to obtain in the vanishing viscos-
ity approximation. We resolve this obstacle by employing the regularity estimates established in
Section 3.

As mentioned above, the proof of existence proceeds in three steps, corresponding to three layers
of approximation. In the first step, we replace the initial condition ug by a smooth, bounded
approximation uf € L>(Q x TV) such that uf € C°(TV) P-a.s. and

ugy — ug in LY(; LY(TN)).
We also replace the diffusion matrix A by a symmetric, positive definite matrix A* given by
AR(E) = nId+ A(€),  €ER.

In the second step, we replace A* by a bounded, symmetric and positive definite matrix A*" given
by its square root

K Ui'(g)v if ‘£| < la
.7 = s + J T
Oij (5) \/E ij {Uij(sgz(ﬁ))’ if ‘£| > %’
and we further approximate the flux B by B”, defined by setting

N b (€), if || <
(b )(f) = {b/gs«)‘m(f))7 if :§:>

Since o and b’ are locally bounded, o*™ and (b7)" are bounded for each k,7 > 0 fixed and BT is
of sub-quadratic growth. Moreover,

N =

ART(E) = sTd+ A), Vel <

- 1
BT(€) =B, VIél< .
and thus A"™"™ — A locally uniformly. Hence, we consider
(4.3) du™" 4 div(B" (u7))dt = div(A®7T (u®T)VuT)dt + S(uT)dW, x €TV, t € (0,T),
' u™"(0) = ug.

In the case of (4.3), the results from [16, Section 4] are applicable, which yields the existence and
uniqueness of a weak solution to (4.3) and appropriate bounds. We will then pass to the limit, first
employing the compactness method from [34, Subsection 4.3] for the limit 7 — 0, then proving the
strong convergence in L' as k — 0 directly using the regularity properties established in Section 3.



WELL-POSEDNESS AND REGULARITY FOR QUASILINEAR SPDE 27

In the following subsection we establish uniform L” bounds on the approximating solutions. Next,
in Subsection 4.2.2 we prove uniform bounds on the corresponding kinetic dissipation measures
and we conclude the proof of existence in Subsection 4.2.3.

4.2.1. LP-estimates. Let us start with an a-priori LP-estimate for solutions to (1.1).

Proposition 4.4. Let u be a kinetic solution to (1.1). Then for all p,q € [1,00)

(4.4) 1Eeos<sts<up [u®I7S < Crp,a(1+Efuoll73),

for some constant Crp 4 > 0.

Proof. The proof relies on the It6 formula applied to (1.1) and the function

b b 2
wr [ (e Ede = |1+ o)
™~ 2

In order to make the following calculations rigorous, one works on the level of the approximations
u"™7 introduced above. This leads a uniform estimate which implies (4.4) for the (unique) limiting
kinetic solution u by lower-semicontinuity of the norm. Since this limiting procedure is standard
we restrict to presenting the main, informal arguments here.

1t0’s formula yields

1+ ey

= |+ o

—p/t/ (1+ [uf?)% ~Lu div(B(u))deds
+p/ /TN 1+ [u*) 2 tudiv(A(u) Vu)deds
+pZ/ / (1 + [u*) 2 tu g (z, u)dzd By

k>1
//[[‘N + [ul?)E2 (L + (p — D) G (2, u)dads.

Due to the periodic boundary conditions, the second term on the right hand side vanishes after
an integration by parts. The third term can be rewritten using integration by parts and positive
semidefinitness of A as

/.ANl**m “Ludiv(A(w)Vu)deds

= —p/ /1rN (1+ [u®)272(1+ (p— 1)yl ) (Vu)* A(u)(Vu)dzds < 0.

The fourth my be estimated, using (2.5), by

t
gc// (1 + |u?)% dzds
0 JTN
t
:C/HG+M@2
0

‘g /Ot L0 5205 (= D) 62wy
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Finally, for the stochastic integral, taking the supremum, the ¢! power and the expectation, we
have by Burkholder-Davis-Gundy’s inequality, (2.5) and Young’s inequality

q

E sup |p / L Py o wdaas,
0<e<T| 153

<CE</O

q

(/ (1+ |u|2)glugk(x,u)dx)2dt) ’

p__1 2 %
ZH L) o a)

2 [T up |2 3
1 1 1 dit
[ o)

2q T oup |24
vk [+ )
L2 0 L2

k>1

1 P
<> sup H(1+|u|2)z dt.

0<t<T

In conclusion, we obtain

p||20 p||20 4 » ||20
E sup ||+ )| <E[|(1+ uo®)* L2+CT,qE/ |+ | ar.
0

0<t<T

Thus, Gronwall’s lemma yields

» ||24 g2 ||%4
< Crg |+ o]

Since

Cp,q(l + [|ul i%)v

this concludes the proof. O

4.2.2. Decay of the kinetic measure. To appreciate the difficulty and methods introduced in the
following we recall that in the deterministic case

O f(t) + (&) - V() + A(€) : D*f(t) = dem.

bounds on the kinetic measure m are easily derived (informally) by testing with 1 )(£) and
integrating in ¢, x, &, which corresponds to computing the derivative 9;(u — k)4 via the chain-rule.
In the stochastic case, this has to be replaced by the It6 formula informally leading to terms of the
form f g,% (z,u)dy=dEédxdt which are not easy to control. Therefore, new techniques are needed in
the stochastic case and a less restrictive decay assumption on the kinetic measure is used (cf. the
discussion before (1.6)).

Lemma 4.5. Let ug € L"(Q; LY(TV)) for some r € [1,00) and let u be a kinetic solution to (1.1).
Then, for all k € N,

Elm([0,T] x T x [k, k])|” < C(r, k, T, E|ug||51),

for some C > 0 depending on D only.

Proof. Step 1: For k > 0, set

Qk(u) = 1[—k,k] (u), @k(u) = /1; /Tk Gk(s) dsdr.
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Let v € C1([0,T)) be nonnegative such that v(0) = 1, 4/ < 0. Then after a preliminary step of
regularization we may take ¢(t,z,&) = ()0} (§) in (2. 9) to get

‘/ TN@’“ u(t, )]y (1)) da dt

T

+E‘/ t)dm(t,z,§)

<E () G?(z, u(t, )0k (u(t, x))dmdt

Z/ /TN gj(z, u(t, z))0) (u(t, z))y(t)dz dBk(t)

where A =[0,T] x TV x [—k,k]. Since 0 < O (u) < 2k(k + |u|) and, due to (2.5),

T

+E

T

O (up(z)) dx
']I‘N

1 1
5(;2(:0, u) 0 (u) < 5D(1 + ul)? g g (w) < D(1+ K?).

Since 0 < O} (u) < 2k1_j<, we may estimate the stochastic integral using the Burkholder-Davis-
Gundy inequality, the Minkowski integral inequality, (2.5) and the Young inequality as follows

5| [ [ o utt 06t nmias

7>1

<IE(/ Z(/ gi(x,u)0}(u )dgc)th>g

7>1

T

<2kTIE(/O (/TN <;|gj(m,u)|2>édx)2dt)g
§2DkT]E</OT (/TN (1+u|)dm>2dt)g

T
§2DkT]E< sup ||1+u||L1/ |1+u|L1dt>
0<t<T 0

T T
< DK"E sup |1+ ulf. +DkT]E</ ||1+u||L1dt)
0

0<t<T
<DE"Q1+T")+Dk"(1+T")E sup |ull%:
0<t<T

< C(D’ kjrv Tr, EHUJO”?}J )7
where we also used Proposition 4.4 with p = 1, g = r for the last step. The claim follows. O

Lemma 4.6. Let ug € L' (; L (TY)), u be a kinetic solution to (1.1) and © € C*(R) be nonneg-
ative, convex such that ©"(&)(1 + [£]?) < Co(1 + O(E)) for some constant Cg > 0. Then,

T
sup E/ O(u(t,z))dz + E/ /@"(E) dm(t,z,&) < C <]E/ O(up(z))dz + 1)
t€[0,T] ™ 0 ™
for some C > 0 depending on D,Cg only.

Proof. Let © be as in the statement and v € C}([0,T)) be nonnegative such that v(0) =
After a preliminary step of regularization we may take ¢(t,z,£) = v(t)©'(£) in (2.9) to g

/ Ou(t, 2))+/ (1) dz dt + E/@” () dm(t, 7, €)

’YSO-

(4.5) ™
<]E/ /TN (&, ult x))@"(u(t,x))d:cdtJrE/ O (uo(x)) da

TN
By assumption

%G%x,u)@”(u) < D+ [u]?)0”" (u) < C(1 + O(u)).
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Letting now v — 1j04 an application of Gronwall’s Lemma finishes the proof. |

We proceed with an estimate which is a modification of [17, Proposition 16] and applies to the
case multiplicative noise.

Proposition 4.7. Let ug € L' (; L*(TY)) and let u be an kinetic solution to (1.1). Then

1
esssup E[|(u(t) — 2") | 1 + esssup E[|(u(t) +2") " [|1 + ~Em(Agn)
0<t<T 0<t<T 2

< C(T,Ellugl|L1)d(n), Vn €N,
where
Agn = [0,T) x TV x {€ € R; 2" < [¢] < 21}
and 0(n) depends only on D and on the functions
R El(uwo—R) s, R Ell(uo+R)re,
and satisfies lim,,_, o d(n) = 0.

Furthermore,

E ((esssup | (u(t) - 2') 1) + B(esssup (u(t) +2") 7 12
(4.6) 0<t<T 0<t<T

< O(T, D, Elluol|y) [5(n) + 62 ()],
where §(n) is as above, in addition possibly depending on the function

R E[(1 + [uDlr<ullz ,-
Proof. Step 1: For k > 0, set

1 u T
Ok (u) = %]—k§u§2k7 Ok (u) =/ / 01.(s) dsdr.
o Jo
Let n = (21D) V 1, v € C([0,1T)) be nonnegative such that v(0) = 1, v/ < 0. Then, after a
preliminary step of regularization, we may take ¢(t,z,§) = v(nt)©7,(§) in (2.9) to get
T
1
v [ [ eutulta)y o)l dodt+ 1B [ yne) dmt, .
0 N k AT
(4.7) . k
1
= IE/ / Y(nt) G2 (x, u(t, 2))0k (u(t, z)) dz dt + E O (up(z)) da
2 0 TN TN
where A} = [0,T] x TV x {¢ € R; k < £ < 2k}. Note that

(u - 3k>+ < Op(u) < (u—k)*,

and, using (2.5),

1 1+ |uf? 1+4k% (u—1)*
4.8 —G? Or(u) < D 1 <D —
(4.8) 2 (w, )0 (u) < nk E<u<2k S ke -
forall k > 1> 0, u € R. We choose | = %k and observe, by choice of n and for k > 1,
1+ 4k2 1+ 4k2
4.9 =D—— =4D——— < 1.
(4.9) T k(=) k2

Consequently, we deduce from (4.7) that

T
E (u(t,z) = 20) |y (nt)| da dt
(4.10) /0 /TN

T
< aIE/O /]I‘N (u(t,z) — 1) Ty(nt) de dt + IE/TN (ug(z) — 1)+ da.
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We can now iterate the above procedure by replacing k by 2k. To do so, we need to check that
applying (4.7) to k = 2k, the chosen constant « appearing in (4.10) is the same as before. The
condition (4.9) now reads

1+ 4(2k)?
4nk?
which holds true due to (4.9). We deduce that

T
B[] () =) o) et
(0% u xX) — + X Ul ) — + Z.
<ab [ [ o) -2t dedt+E [ i) -2t

4D <1,

Since the same argument can be applied to k =27k, [ = 2" for any n € N, we set

P (t) = E/TN (u(t,z) — 2°0)* da

and after letting v approximate 1y ,;) we finally obtain

Unia®) < o [ (6)ds 4 6,00)

Now we proceed similarly as in [17, Proposition 16]. Since (u —1)* < (u — 21)* + 1 we have

Po(t) = IE/TN(u(t,:E) —Dtdr < E/E (u(t,z) —20)Tda + 1 =1 (t) + 1

N

SO
/% )ds + o0 /wl )ds + alt + o 0)
and Gronwall’s lemma implies

Yo(t) < M := C(T, [uollr)-

Thus we deduce

2
G1(0) < atM +o(0), a(t) < aPM + atn(0) + 1 (0),

and generally

Tk n+1
Yasa(t) <@t +Za )

Let

n—1

S(n) =a™+ > a* i, _1x(0),

k=0
which satisfies 6(n) — 0 as n — oo due to the assumption on ug. Therefore, it follows that

Y1 (t) < (M +1)e"d(n+ 1)

and consequently

esssupE/ (u(t,z) — 2" )T de < C(T,Eluo|[z1)d(n + 1).
o<i<T JTN '

Thus, as a consequence of (4.7), (4.8) and the fact that k£ > [ we get

ess supIE/ (u(t,z) — 2"k)* dz +
o<t<T JN

E/A+ dm(t,z,§) < C(T,Ellug||£1)d(n).

2"k

2nkn

Choosing k =1 finishes the proof.
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Step 2: To prove (4.6) we start similarly as in Step 1 but take the supremum in time before taking
the expectation. The iterative inequality then reads

Eess sup/ (u(t,z) — 2" )T de dt
0<t<T JTN

T
SaE/O /TN (u(t,z) — 2"t dz dt + E/TN (up(z) — 2" " da

+E sup
0<t<T

S [ [ osteute. 0@ ctute. ) arasy )

Jjz1

2

T
<c(taBlule)on + CB( [ [ e utt.a)i@pute )P arat)
o JIv
Using (2.5) we estimate

E sup
0<t<T

Z:/Ot /TN gj(x,u(t,x))@énk(u(t,x))dxdﬁj(t)’

E( /O_T Z (/JI‘N 95 () Oy, (u) dx) th> :
IE(_/OT (/TN(l + |u|)12nk<udx)2dt>;

T
gﬂz( sup ||1+|u|||L;/ / (1+|u|)12nk§udxdt>
0<t<T o Jr~

1 T 1
< (& sup ||1+|u|||L;>2<E/ / (1+|u|)12nk<udxdt) .
0<t<T 0 TN

The right hand side converges to 0 as n — oo due to the dominated convergence theorem. Hence
the estimate (4.6) follows using Proposition 4.4. O

A

N

Nl

Based on the equiintegrability estimate (4.6) we can deduce that kinetic solutions have continuous
paths in L' (TV) a.s.

Corollary 4.8 (Continuity in time). Let ug € L'(Q; L*(TN)) and let u be a kinetic solution to
(1.1). Then there exists a representative of u with almost surely continuous trajectories in L*(TN).

Proof. Based on Proposition 4.1, Theorem 4.3 and (4.6) we are in a position to apply [17, Lemma
17] which implies the continuity in L'. Indeed, let us first show that u™ constructed in Theorem
4.3 is P-a.s. right-continuous in L'(T?). Due to Proposition 4.1, we have that f*(t4¢) —* f*(¢)
in L>(TN x R) P-a.s. as ¢ — 0. Due to Theorem 4.3, for all ¢ € [0,7) the kinetic function f¥(¢)
is at equilibrium, that is, f*(t,2,£) = 1+ (2)>¢ for a.e. (w,z,£). Finally, (4.6) implies

lim E sup [|(u®(t) —2")%||L =0.
n—00 te[0,7] T

Hence, there exists a subsequence (not relabeled) which converges P-a.s., that is, P-a.s.

lim sup |[(ut(t) —2")F | = 0.
n—oo tE[O,T] a:

Consequently, [17, Lemma 17] applies and yields the convergence
ut(t+e) = ut(t) in LY(TN) as e —0.

The same arguments show that u~ constructed in Theorem 4.3 is P-a.s. left-continuous in L!(TV).
Finally, the fact that u™(t) = u™(t) for all ¢ € [0, 7] can be proved as in [18, Corollary 12]. O
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4.2.3. The proof of existence.
Theorem 4.9. Let ug € L"(; LY(TY)) for some r > 1 and assume (2.5). Then there exists a

kinetic solution u to (1.1) satisfying u € C([0,T]; L*(TY)), P-a.s. and for all p,q € [1,00) there
exists a constant C > 0 such that
Eesssup [lu(t)[[75 < C(1+Efuoll7s)-
te[0,T]

Proof. Step 1: According to [16, Section 4], there exists a unique kinetic solution u™7 to (4.3).
Let us denote the corresponding kinetic measure by m™” and observe that it consists of only the
parabolic dissipation measure, that is,

m"7(dt, dz, d€) = [0 (E)VuT|? ddyr.r (1,0 (€) dz dt.
By [16, Theorem 5.2] that for all p € [2, c0), uniformly in &, T,

T
E sup ™" (8)|7, + p(p — 1)E / / T P2 ()T 2 dE
0<t<T * 0o JTN

< C(1 +Elu|L,).
and consequently
]E}m"”v’T([07T] x TV x IR)| <C(1 JrEHUSH%)

with a constant C' independent of x, 7. Moreover, since /7 > \/kId the following space regularity
holds true uniformly in 7

T
(4.11) IE/ / |Vu™7|2dz dt < 9(1 + El|ui||22).
0o J1N K “

Now, we have all in hand to apply the compactness method developed in [34, Subection 4.3]. To
be more precise, we replace the result of [34, Theorem 4.4] with the estimate (4.11), then all of the
bounds from [34, Corollary 4.5, Lemma 4.6, Corollary 4.7, Corollary 4.8] hold true uniformly in 7
and therefore we obtain the~res~ul‘Es of [34, Theorem 4.9, Proposition 4.10] as We1~l. Namely, theire
exists a probability space (2,.%,P) with a sequence of random variables (a7, W7) and (a"*, W)
such that

(i) the laws of (@7, W7) and (u®7, W) coincide,

(ii) @™ — @” in L2(0,T; L>(TN))n C([0, T); H~Y(TY)) as.,

(iif) @™7(0) — @"(0) in L2(TN) ass.,

(iv) W™ — W in C([0, T]; ko) a.s.
Finally, we obtain the result [34, Lemma 4.12] (with the corresponding expression of the parabolic
dissipative measure, cf. [16, Theorem 6.4]). To be more precise, denoting

A (2, €) = |0 (@) VT dbger 10 (€) dt do,

it holds true that

(i) there exists a set of full Lebesgue measure D C [0, 7] which contains ¢ = 0 such that

lgnrse =" 1gse in L¥(Qx TN xR) Vte€[0,7T],
(ii) there exists a kinetic measure m” such that®
meT —=* it in L2 (Q; My ([0, T] x TV x R)).

Moreover, m" can be written as nf + n5, where
2
B3 (1,00 (€) dlt dr,

~ K

dnf(t,z, &) = ‘div/o o™ (¢)d¢

3The space L2,(Q; My ([0, T] x TV X R)) contains all weak-star-measurable mappings n : @ — M, ([0, T] x T xR)
such that E||n||3\/1b < oo.



34 BENJAMIN GESS AND MARTINA HOFMANOVA

and 715 is a.s. a nonnegative measure on [0,7] x TV x R.

As a consequence, we deduce that (@*,7m", W) is a martingale kinetic solution to
(4.12) du” + div(B(u"))dt = div(A®(u®)Vu")dt + &(u™)dW, reTV, te(0,7T),
' u”(0) = ug.

Therefore, in view of pathwise uniqueness, the same Yamada-Watanabe type argument as in [34,
Subsection 4.5] applies and yields the existence of a unique (pathwise) kinetic solution u” to
(4.12) in the sense of [16, Definition 2.2]. This solution is defined on the original stochastic basis
(Q,%,(%,),P) and satisfies the equation with the original Wiener process W'.

Step 2: First, we observe that the assumptions of Theorem 3.1, namely, (2.3) is satisfied uniformly
in k. Indeed, let

L5 (iu,in, &) = i(u+ b(§) - n) + n*A%()n.
Then

L5 (i, in, &) = L(iu,in, &) + k|n|*

hence, for some constant C' > 0,
{€ € Ry |L"(iu,in, €)] < 8} = {€ € R; [L(iu,in, §)| < C(8 — kln|*)} C {€ € R; |L(iu, in, )| < C6}
which implies for all ¢ € C°(R)

Whe(J;0) < wh(J;C8) Sy (;) V6 >0, VJ > 1.

Moreover,
L (iu,in, §) = L (iu,in, §)
and thus

sup  sup |[LE(iu,in, &) < sup  sup  |Le(iu,in, €)] Sy J7.
u€R,nezN £Esuppn u€eR,nezN £Esuppn
In|~J [n|~J

Consequently, Theorem 3.1 applies and we obtain the estimate for (u*)? = fR Xur ¢ dE

(& [ 1@l a) v

1/2 1/2
So luglly? + s+ sup Ju @y, + I Loupp oll 2,0 e + 1
w,x w,t,x OStST ’

for some r > 1 and s > 0. In view of Proposition 4.4 and Lemma 4.5 the right hand side can be
further estimated uniformly in x as follows
1/r

T
(4.13) (E / ||(U”)¢(t)|’§V;,Tdt> < ol +1.
0 |

As the next step, we prove that (u”) is Cauchy in L'(Q2 x [0,T],P,dP ® dt; L*(TY)). This is
based on computations similar to section 4.1. Accordingly, let us again fix the two standard Dirac
sequences (g:) and (¢5). Let us also define a cut-off function (K;) as follows: Let K € C*(R) be
such that 0 < K(§) <1, K=1if [¢| <1, K=0if |¢] > 2, and |K'(£)] < 1, and define

§
Ky(€) = K(?) LEN.
For any two approximate solutions u™!, u"? we have

]E/TN (™ (t) — w2 () " de = ]E/TN /Rf’“(x,t,g)f’” (,t,€) dE dz
@14 _g /(W |7 st O ot ORelm)oe(z — y)ioln = Qis(n — €) A€ dC i da dy

+ nt(’%la K2, €&, 6a E)a
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where €, 0 and £ are chosen arbitrarily and their value will be fixed later. The idea now is to show
that the mollification error 7;(k1, k2,€,0,¢) can be made arbitrarily small uniformly in k1, ko,
which will rely on the equi-integrability estimate, Proposition 4.7, as well as (4.13) based on the
averaging lemma, Theorem 3.1, the a priori LP-estimates, Proposition 4.4, and the bound for the
kinetic measure from Lemma 4.5. Indeed, we write

mlerraned ) =B [ ] et dds
— ]E/ / fre (1'7ta§)f_“2 (y,t, Q) Ke(n)oe(z — y)s(n — Obs(n — €) dé d¢ dndx dy
(TN)2 JR3
= IE/TN Afnl(x,t,n)fn2(x,t,n)(1 — Ky(n)) dndz
+ (E/TN/Rf’il(xatyn)f_f‘iz(x,t,n)Kg(n)dndx
_ E/ / oz, t,m) 7 (y, t,n) Ke(n)o:(z — y) dndx dy)
(TN)2 JR
* (E /('H‘N)z /anl (:C’t7n)f_%2 (y7t’77)K1’(77)Qs($ - y) dn dx dy
_ E/ Fo (@, t,n) 72 (y, £, Q) Ke(n) e (z — y)bs(n — ¢) dn d¢ da dy)
(TN)2 JR?
+ (E /(TN)2 /]1%2 fm(x,tyn)fﬁz (y,t, O)Ke(n)oe(x — y)ihs(n — ¢)dnd{ dx dy

B[O e )ty - sl - O dgdc dnardy )
— H, + H, + Hs + Hy

and estimate each of the error terms on the right hand side separately using the above mentioned
results. First,

u”t (t,x)
|H1| < E/ Loym (t,I)>uN2(t,m)/ 1|77|22£ dn dz
N w2 (t,z)

<E [ (@) -2) dot B [ (-2 ()" do
N e

Now we observe that the result of Proposition 4.7 holds true for the approximate solutions u1, 2
uniformly in k1, ko. Consequently,

[Ha| <6(6),

where 6(¢) was defined in Proposition 4.7, and

lim sup |[Hi|=0 uniformly in &1,k2,¢,0d.
Z—)ooOStST

Second, in order to estimate

)

‘H2| = ’E/ QE(*T - y) / Kf(’r])lu“/l (t,x)>n []-u""'2 (t,x)<np — ]-u""2 (t,y)gn:| dn dz dy
(TN)? R
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we write

/]R{Kl(n)lu"l(zbn {1u~2 (w)<n — lu"Z(y)Sn] dn'
= ‘/RKZ(TI)lum(t,x)m |:1'r7€[u"2(x),u"2 (1) — Lnefurz (y),urz (x))] dn‘
= /R Ke(n)Luss (t.2)>n {%e[mz(m),w )t 177€[M2(y)ﬂﬁ2(1?))} dn
< Lyro (2)<um2 (y) /R Ko(n) [1u~‘2(ﬂc)§n - luW(y)Sn} dn
F lura ) <urz (a) /]R Ke(n) [1u~z<y>3n - luﬁz(w)ﬁn} dn
= Lyna (z)<un2(y) /R Ko(n) {sz (2) (1) = Xur (y)(n):|d77

+ Luna (y)<ur (o) /RKZ(U) {Xu"’2(y)(77) - Xu"'2(a:)(77):|d77'
Thus using (4.13)

| Ho| gE/(N) 0= (z — y)|(u™) K (t,2) — (u™)*(t,y)| dx dy,
T 2

< Cye’.

Thus, for all £ € N,

T

lim |[Ho|dt =0 uniformly in Ky, ke, 0.
e—0 0

Third,

ol =[5 [ 0w =) [ Kol laestiaron [ 0500~ O [Luostncn Lo ey dctndady
(TN)2 R R
n
SE/ / QE(I - y) ]-u”l (t,x)>n / /(/)5(77 - C) 1C<u”1 (t,y)<n dC d77 dz dy
(T™)2 JR n—>5

n+6
+E / / 0e@ = 9) Lums o | 50— €) Lycums (1)< AC dy da dy
(TN)2 JR n

1 min{u"1 (¢,z),u" 1 (t,y)+6}
SEE/ Qs(x_y)/ dndzdy
('H*N)Z Uu

"1 (t,y)
1 min{u"! (¢t,z),u"1 (t,y)}
+7E/ Qe(aj—y)/ dndz dy
2 Javy urt (ty)—
<Cé

hence

lim sup |H3| =0 wuniformly in k1, ke,é, £
6‘>00§th
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And finally
|Hy| = ' / (x—y / wra (ty) < Ke(m)s(n — ¢)d¢
11‘N)2 R2
/R |:1u"1 (t,x)>n — 1,m (t7w)>§] 1/)5 (77 - 5) dg d77 dx dy‘
n+s
<E [’JI‘ ) «Qs(m - y) /]R 1o (t,y)ggwé(ﬁ - C) / 1n<u*‘1(t,x)§§ 1/}6(77 - 5) df dC d77 dx dy
N2 2 n

n
+E/(TN)2 O¢ (x—y)/ 1 ur2 (t,y) <C7/}5(77 C) /75 1£<u"1(t7w)§n 1/)5(77—5) d¢d¢ dndxdy

w1 (t,x)
<E[ oty / / (1 — ¢) dC dy dz dy
(TN)2 ®2(t,y) Jur1(t,z)— 5

u"1(t, ac)+6
—l—E/ / / s(m—¢)d¢dndady <6
('JTN)2 u”2(t,y) Jur1(t,x)

and therefore

lim sup |Hy|=0 wuniformly in &1, k2,¢,£.
6—=00<¢<T

Heading back to (4.14) and using the same calculations as in Proposition 4.2, we deduce that
E/ (u’“(t) - u“"‘(t))+ dz < (K1, ke, €,0,0) + no(k1, Ko, €,6,0) + 14+ T+ J# + K 4 L(5,4),
N
where, with §(¢) as in Proposition 4.7,

lim sup L(4,¢) = hrn 0(l) = uniformly in = k1, Ko, €, 6.
£=000<t<T

The terms I, J, K are defined and can be dealt with exactly as in Proposition 4.2 and Theorem
4.3. The term J# is defined as

#=(r+o)E [ /) [0 P e = ) Kt s(n — €vs(n - O dg A dry
_E/ /qrzv)z/RaQEx_ VEo(n)s(n — &)t (n — ) dv* (€) ddny ™ (y, 5, ¢)

- E/O /(TN)Z /R 0=(z — y) Ke(n)hs(n — €)bs(n — ¢) A2 (¢) dy dny ™ (z, 5, £),

where we used the notation ;L (§) = dyri(s,2)(§) and similarly for 12 (¢). Thus,
t
I =+ m)E [ [ [ o= ) Kelmsln — ™) usln — u") Vo -V dndadyds
o Javyz Jr
t
B [ ot Ko - u oy - 0|V Pdadyds
o Javz Jr
t
B [ [ e = g Kalmusn = u sl - |V, Pdndadyds
o Javz Jr
t
—— B [ [ [ ote ) Reiatn = u s — |V ot = g Ve Pdndadyds
o Jayy2 Jr

t
T (VAT - /A2 )E / /( N /R 0- (% — Y) Ko (s (n — W™ )5 (1 — ) Vou - Vw2 dydadyds
0 N)2

=J7 + 7.
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The first term on the right hand side is nonpositive, for the second one we have

t

ot v [ e Kt = st - v ()| andacrayas
0 TN)Y2 JR3

and proceeding similarly as for I we get

| < C(Vrm1 — iz ) 222",

Consequently, we see that

r K1 _umg + T
E/O /TN (u (t) ()" dzdt Sr (L)

+Cpe® +6+ 5_1522||b/||Loo(,gg,5’24+5)t + (SQ’YE_Q||O'||Cw([,g,57@+§]) +o0 1?44

+ (k1 + ko) e 722"
Therefore, given ¢ > 0 one can fix ¢ sufficiently large so that the first term on the right hand side
is estimated by ¥/3, then fix ¢ and ¢ small enough so that the second line also estimated by ¥/3
and then find ¢ > 0 such that the third line is estimated by ¢/3 for any k1, ko < ¢. Thus, we have

shown that the set of approximate solutions (u”) is Cauchy in L'(Q2 x [0, T], P,dP @ dt; L*(TV)),
as k — 0. Hence there exists u € L'(Q x [0, T], P,dP ® dt; L*(T")) such that

(4.15) ut —u in  LYQx[0,T],P,dP® dt; L' (TV)).

Since ug € L"(Q; LY(TY)) for some r > 1, we can choose (uf) uniformly bounded in L"(; L*(TV)).
By Lemma 4.5, we obtain that for each k > 0

(4.16) sup E[m”(By)[" < Cy,

where By, := [0,T] x TV x [k, k]. Consequently, the sequence (m*) is bounded in L"(£2; M(By,)).
Following the same arguments as [17, proof of Theorem 20], we extract a subsequence (not re-
labeled) and a random Borel measure m on [0,7] x TV x R such that m® —* m weakly* in
L™ (Q; M(By)) for every k € N.

Since the estimates derived in Proposition 4.7 are uniform with respect to x, the limit m satisfies
Definition 2.1, (ii). We further note that m satisfies Definition 2.1, (i), (iii) since both properties
are stable with respect to weak limits. Hence, m is a kinetic measure.

We next check that (u, m) is a kinetic solution to (1.1) in the sense of Definition 2.2. Let ¢ € C°(R)
be nonnegative and denote by ® a function satisfying ®”’ = ¢ and ® > 0. Then, similarly to (4.5),
we obtain

IE/ d(&) dm”(t, x, )
[0,T]xTN xR

1

< iE/O o G?(w,u”(t,2))p(u"(t, ) do dt + ]E/TN O (ug(z)) de.

Hence, due to (2.5) and since

2 #0008 [ [

we obtain that

(4.17) //TN

dx dt,

dw/ Vo(Q) [VeId+a(Q)]

dﬂ? dt < C(T. ||| e, supp ¢, Eljuol|z1 ).

dw/ Vo) [VrId+a(Q)]
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From the strong convergence (4.15) and the fact that /¢ o € C.(R), we conclude using integration
by parts, for all n € L2(0,T; CY(TV)), v € L=(Q),

Ev /OT/TN <div /Ou Vo) [VrId+a ()] dC>n(t,x) dz dt
— ]Ezp/OT/TN <div/0u ma(odé>n(t,x) dz dt,

and therefore, using (4.17),

(4.18) div/ou Vo(Q) [VEId+ o(¢)] d¢ Adiv/ou Vo) a(€)d¢ in  L2(Q x [0,7] x TV).

Hence, Definition 2.2, (i) is satisfied.

Concerning the chain rule formula (2.7), we observe that the corresponding version holds true for
all ", since u” is a kinetic solution, i.e. for any ¢, ¢2 € C.(R), @1, pa > 0,

(419)  div /O Q0O [VRIA + (O] dC = bu (u®) div /O " ba(Q)[VRId + 0(0)] d¢

holds true as an equality in L%(2 x [0,7] x TY). Due to (4.18) we can pass to the limit on the left
hand side and, making use of the strong-weak convergence, also on the right hand side of (4.19).
In conclusion, Definition 2.2, (ii) holds.

Let now ny be defined as in Definition 2.2, (iii). Since u” is a kinetic solution, (u",m") satisfy
(2.9) with the corresponding diffusion matrix A®. Passing to the limit k — 0 yields (2.9) for
(u, m) with the original diffusion matrix A. It remains to prove m > n; P-a.s. Since each m®
can be decomposed into the sum of the parabolic dissipation measure nf and the corresponding
(nonnegative) entropy dissipation measure n¥, that is m* = n¥ + nf, from (4.16) it follows that

sup E[nf (Bg)|" < Ck.
K
By the same argument as above, we extract a subsequence (not relabeled) and a random measure
o1 such that nf —* oy weakly* in L"(Q; M(By)) for all & € N. Since m” > nf P-a.s. we have

m > o1, P-a.s. Moreover, since any norm is weakly sequentially lower semicontinuous, it follows
for all ¢ € L>([0,T] x TN), ¥ € L>=(Q), P-a.s.,

Eym; (¢p?) Ez/J/ /TN le/ \ o d(
< hmmf]l‘w/ / le/ Vo f]d +o( ] dC 2(t, ) daz dt = Etpor(dpp?).
TN

and, thus, ny given by (2.8) satisfies nq < 01, P-a.s. which completes the proof. (]

2(t, ) dz dt

APPENDIX A. MULTIPLIER LEMMAS

In this section we establish various auxiliary results concerning Fourier multipliers used in Section
3.

We employ the following definition of the Fourier and inverse Fourier transform on TV = [0, 27|V

1 .
Frv(n) = 2n 2 / v(x)e™"™ " du, neZN, wveLY(TV),
1
F lw(x) = L Z n)e’™ reTV, weLY(zZV).

(2m
nezZN

and correspondingly on the whole space RY or with respect to time.

We start with a result that will be useful in the sequel.
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Lemma A.1 (Truncation property). Let m(n,&) = ib(§) - n + n*A({)n. Then m satisfies the
truncation property in L' uniformly in &€ € R, i.e. for every bump function v and § > 0 it holds

true
|70 (52 o

where the constant C is independent of 6 and &.

L

Proof. Step 1: First, we observe that it is enough to prove the claim for each of the (real) multipliers
mi(n,&) = b(§) - n and ma(n,§) = n*A({)n separately. Indeed, using Fourier series we can write

¢( m(n, 5)) FIUF ¢< > Z D 2mj’“1(5"’5> o2k 2l
7,kEZL

Let vfz be a bump function that equals to 1 in a ball containing the one-dimensional projections of
the support of z/J. Then

y zzsu,wj(m“;’“)@zk(m“;’@),

3,kE€Z

where v (z) := ™% (x). Since ¥(j, k) decays rapidly in j and k and the C'-norm of P, grows
at most polynomially in j, the conclusion follows from the fact that a product of L'-multipliers is
an L'-multiplier with the norm given by the product of the corresponding norms.

Step 2: Let us consider my and assume in addition that A(€) positive definite, that is o(&) is
invertible. It is well-known that the set of L'-Fourier multipliers coincides with the set of Fourier
transforms of finite Borel measures and the norm is given by the total variation of the corresponding
measure, see [32, Theorem 2.5.8]. Therefore we need to estimate

(=)

by a constant independent of § and £. To this end, we study the continuous version of the above
norm first and then make use of the Poisson summation formula. We have

(5, - L Lo (555 oo

Lt

- 6N/2 2 IRVAT -1
= iy Voo (&) Zds| d
(A1) (2m)N/2 | det o (&)| Jrv /RN QZJ(M )e z| dy
. 5N/2

= Tdet ()] RN‘]: { (I- |)}(\[0 ’dy

= [ 17 ety ) v

Since (| - |?) is a bump function, it is a Fourier transform of some function, say ¢, from the

Schwartz space hence
_1, (FAG)=
(55

In other words, uniformly in ¢ and &,

Ly

. <z*A6(g)z)
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is a Fourier transform of a finite Borel measure ¢ hence it is an L'-multiplier on the continuous
space RY. Let us now define

PP (z) = Z olx +1).

lezN
Then
P L1 omvy < [l
and
Frn P (n) = QW;N/Q /TN Z oz +1)e ””de— N/2 /]TN Z (x4 De @Dy
lezN lezZN
1

= 22 /RN o(x)e”™%dx = Fanvp(n) =1 (H*Aé(f))

so we deduce that, uniformly in § and &,

is an L'-multiplier on TV.

Step 3: Let us now assume that A(&) is degenerate. If A(£) = 0 then clearly
ma(n
(D) jo | = vl

Let A(§) be a matrix with rank K. It was seen in (A.1) that the desired multiplier norm is invariant
under invertible linear transformations and therefore we may assume without loss of generality
that A(€) is diagonal with all the eigenvalues equal to 1. Then we denote by 25 = (21,...,25),

L

2N=K = (2 41,...,2n) and proceed as above to obtain
K2
)L
1 . N-K _N—K |ZK|2 . K K K N—K
iy z CRNER | d d
= @7 Jou | Lo /Rﬁ/’< A
1 K/2 iy K N-K o N-K -1 12 K
= @i’ /RN /RN?KG dzNE [d)(l | )}(‘/Sy )| dy
_ sK/2 -1 2 K K
5 / 7 [0 P)] (Vo) |
= [ Fa 02 )] av<.
Smce (] - |?) is a bump function on R¥ there exists ¢ from the Schwartz space S(R¥) such that
16(- ) = p(). Hence
‘Z 2 _ 1
Fly = 1720 Plle, = leller,

so, uniformly in 9,

w('”?)

is an L'-multiplier on the continuous space RY. The proof for the discreet multiplier

o(45)

follows the reasoning of Step 2 by including only minor modifications.

Step 4: The same calculations lead to the desired estimate for the case of m;. O
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Corollary A.2. Let m(u,n, &) = i(u+b(§)-n)+n*A()n. Then m satisfies the truncation property
n le uniformly in € € R, i.e. for every bump function b and 6 > 0 it holds true

|7t (M) 7 )

<Clfllzs,
Liw '

where the constant C is independent of 6 and €.

Proof. Let 1]) be a bump function that equals to 1 in a ball containing the one-dimensional projec-
tions of the support of ©). We proceed similarly as in Lemma A.1 and write

(M) = S G (5 ) (M o (),

J,kEL

where t;(z) := €2™%3)(z). Due to Lemma A.1

H]:t:clij (W)ftxf(uv n)

1%<(£»Ff@m

where the dependence on j is at most polynomial. Similar estimate holds true for the multiplier
1

(249
W R

~ u .
= r <)ewt du
o ( R C\0

— =17 - —1..
_6/R}]:t 1/13(515)!0“ /R’]:t w;(t)\dt

CO)Ifl .

1 ‘ 1
Li o Li

and for the remaining one we have

o)

so we deduce that

1)
=G

/@-(u)ei‘sut du| dt
r|JR

is an L'-multiplier on R. Therefore

which completes the proof. |

ﬁﬁ%()ﬁﬁ@n)
Ll

i (2) 5510

< CO)IflL

1
Li

Lemma A.3 (Multiplier Lemma). Let ¢ be a bump function and let m(u,n,§) satisfy the trun-
cation property in Ltlyx uniformly in & € R. For each € € R and 6 > 0 let Q(u,n;d) C R be the
velocity set

Qu,n;0) = {§ eR; M € suppw}.

Consider the velocity-averaged multiplier operator

1w<M(U,n7£)

MyFta) = [ Myfttaae = [ Foto( ™

>Ftrf(uv n, g) df,
then for every p € [1,2] we have the estimate

1My fliry, < CSUPIQ(U n: ) fll s

tw,&
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Proof. Let p = 2. Then due to Plancherel’s theorem, Holder’s inequality and the fact that ) is
compactly supported, we obtain

|wwm@—H/ (1””)ﬂﬁw%o@
' L3 .

( m(u, n,¢) >‘ d§/|}'mfun§)|2d§du
nezZN

< C'sup [Q(u, 1 9)[|| £1|72

tag

2

IN

Let p = 1. Then we observe that due to the truncation property

507y, < [ |7 (M) mpuno)| ae< o [ 1@, a=clriy,

t.ng

L
Let p € (1,2). Then by Riesz-Thorin interpolation result we get for § = 2”1);1 that
IMylley, ey, < Myl _>L1 IMlZs pa . < CSUPIQ(U n;6)|”/? = C'sup [Q(u, n; 5)| "/

and the proof is complete. O

Corollary A.4. Let m(u,n,&) =i(u+b(§) -n) + n*A(&)n. Then for every bump function ¢ and
every pair (€,qc) satisfying

N
—<e<1l<q<

N —¢’
€
where q. is the conjugate exponent to q., it holds true that

HMiwaL%W{f,Qe < O”f”Mt‘Lf

Proof. Let (o-) be an approximation to the identity on Ry x T2 x Re. If f € M(R x TV x R) then
& = f * o satisfies
[PV

t,z,€

< ||f||Mt,x,§’

hence Lemma A.3 yields
(A.3) 1My fellLy, < CIF L

tae — WM,

where the constant C' is independent of §, £ and . Besides, due to the Banach-Alaoglu theorem,
the sequence (f¢) converges weak* in M(R x TY x R) and the limit is necessarily f. Consequently,
we may apply lower semicontinuity to the left hand side (A.3) to deduce

My flim,, <CNfllm, ..

As the next step, we will prove that the measure My, f is absolutely continuous with respect to the
Lebesgue measure in time. Indeed, using the decomposition (A.2), it was shown in Corollary A.2
that the multiplier operator

—_— m u’ n7 é‘
[ ]:t,zlw ((5)> Fiof(u,n)

rewrites as a (weighted) sum of multiplier operators of the form

£ 70 (5) 0 () () 7

= [t (5)] « |7t (™52 e (P25 ) At

Now, it is enough to observe (cf. Lemma A.1) that the measure

7 (5)




44 BENJAMIN GESS AND MARTINA HOFMANOVA

is absolutely continuous with respect to the Lebesgue measure in time, i.e. in time is is an L'
function. Due to possible degeneracies in the remaining multipliers given by we cannot argue
similarly in the space variable. Indeed, the diffusion matrix A can only have partial rank and
still satisfy the nondegeneracy assumption (2.3), cf. [52, Corollary 4.2]. To be more precise, with
respect to the space variable, the corresponding multiplier operators are given as convolutions
with finite Borel measures and not L!-functions. The claim now follows since for two measures
p,v € M(R xTN), where 1 is absolutely continuous with respect to the Lebesgue measure in time,
the convolution u * v is also absolutely continuous with respect to the Lebesgue measure in time.
Indeed, we obtain that

thxlw <m(uzsn,§)> Faf(u,n)

and hence My, f is absolutely continuous with respect to the Lebesgue measure in time.

Finally, due to the Sobolev embedding the space of finite Borel measures on TV is embedded into
W4 (TN) for all (e, g.) satisfying

N
—<e<l<q<

A N—¢
where ¢/ is the conjugate exponent to g.. The proof is complete. O
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