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Abstract

The aim of this paper is to develop umbral calculus on the space D’ of distributions on R%,
which leads to a general theory of Sheffer sequences on D’. We define a sequence of monic
polynomials on D', a polynomial sequence of binomial type, and a Sheffer sequence. We
present equivalent conditions for a sequence of monic polynomials on D’ to be of binomial
type or a Sheffer sequence, respectively. Our theory has remarkable similarities to the classical
setting of polynomials on R. For example, the form of the generating function of a Sheffer
sequence on D’ is similar to the generating function of a Sheffer sequence on R, albeit the
constants appearing in the latter function are replaced in the former function by appropriate
linear continuous operators. We construct a lifting of a sequence of monic polynomials on R
of binomial type to a polynomial sequence of binomial type on D', and a lifting of a Sheffer
sequence on R to a Sheffer sequence on D’. Examples of lifted polynomial sequences include
the falling and rising factorials on D’, Abel, Hermite, Charlier, and Laguerre polynomials
on D’. Some of these polynomials have already appeared in different branches of infinite
dimensional analysis and played there a fundamental role.

Keywords: Generating function; polynomial sequence of binomial type; Sheffer
sequence; shift-invariance; umbral calculus.
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1 Introduction

In its modern form, umbral calculus is a study of shift-invariant linear operators acting
on polynomials, their associated polynomial sequences of binomial type, and Sheffer



sequences (including Appell sequences). We refer to the seminal papers [27, 34, 35],
see also the monographs [22,33]. Umbral calculus has applications in combinatorics,
theory of special functions, approximation theory, probability and statistics, topology,
and physics, see e.g. the survey paper [11] for a long list of references.

Many extensions of umbral calculus to the case of polynomials of several, or even
infinitely many variables were discussed e.g. in [5,10,13,26,30-32,37,38], for a longer list
of such papers see the introduction to [12]. Appell and Sheffer sequences of polynomials
of several noncommutative variables arising in the context of free probability, Bollean
probability, and conditionally free probability were discussed in [2-4], see also the
references therein.

The paper [12] was a pioneering (and seemingly unique) work in which elements
of basis-free umbral calculus were developed on an infinite dimensional space, more
precisely, on a real separable Hilbert space H. This paper discussed, in particular, shift-
invariant linear operators acting on the space of polynomials on H, Appell sequences,
and examples of polynomial sequences of binomial type.

In fact, examples of Sheffer sequences, i.e., polynomial sequences with generating
function of a certain exponential type, have appeared in infinite dimensional analysis on
numerous occasions. Some of these polynomial sequences are orthogonal with respect
to a given probability measure on an infinite dimensional space, while others are related
to analytical structures on such spaces. Typically, these polynomials are either defined
on a co-nuclear space @ (i.e, the dual of a nuclear space ®), or on an appropriate
subset of ®'. Furthermore, in majority of examples, the nuclear space ® consists of
(smooth) functions on an underlying space X. For simplicity, we choose to work in
this paper with the Gel’fand triple

d=Dc L*R%dx)CcD =9

Here D is the nuclear space of smooth compactly supported functions on R?, d € N,
and D’ is the dual space of D, where the dual pairing between D’ and D is obtained
by continuously extending the inner product in L?(R?, dx).

Let us mention several known examples of Sheffer sequences on D’ or its subsets:

(i) In infinite dimensional Gaussian analysis, also called white noise analysis, Her-
mite polynomial sequences on D’ (or rather on S” C D', the Schwartz space of
tempered distributions) appear as polynomials orthogonal with respect to Gaus-
sian white noise measure, see e.g. [6,14,15,29].

(ii) Charlier polynomial sequences on the configuration space of counting Radon mea-
sures on R?, I' C D', appear as polynomials orthogonal with respect to Poisson
point process on RY, see [17,20,23].

(iii) Laguerre polynomial sequences on the cone of discrete Radon measures on R,
K C D', appear as polynomials orthogonal with respect to the gamma random
measure, see [19,20].



(iv) Meixner polynomial sequences on D" appear as polynomials orthogonal with re-
spect to the Meixner white noise measure, see [24,25].

(v) Special polynomials on the configuration space I' C D’ are used to construct
the K-transform, see e.g. [7,16,18]. Recall that the K-transform determines the
duality between point processes on R? and their correlation measures. These
polynomials will be identified in this paper as the infinite dimensional analog of
the falling factorials (a special case of the Newton polynomials).

(vi) Polynomial sequences on D’ with generating function of a certain exponential type
are used in biorthogonal analysis related to general measures on D', see [1,21].

Note, however, that even the very notion of a general polynomial sequence on an
infinite dimensional space has never been discussed!

The classical umbral calculus on the real line gives a general theory of Sheffer
sequences. So our aim in this paper is to develop umbral calculus on the space D',
which will eventually lead to a general theory of Sheffer sequences on D’. In fact,
our theory will have remarkable similarities to the classical setting of polynomials on
R. For example, the form of the generating function of a Sheffer sequence on D’ will
be similar to the generating function of a Sheffer sequence on R, albeit the constants
appearing in the latter function will be replaced in the former function by appropriate
linear continuous operators.

There is a principal point in our approach that we would like to stress. The paper
[12] deals with polynomials on a general Hilbert space H, while the monograph [6]
develops Gaussian analysis on a general co-nuclear space @, without the assumption
that @ consists of generalized functions on R? (or on a general underlying space).
In fact, we will discuss in Remark 7.5 below that the case of the infinite dimensional
Hermite polynomials is, in a sense, exceptional and does not require from the co-nuclear
space ®' any special structure. In all other cases, the choice ® = D’ is crucial. Having
said this, let us note that our ansatz can still be applied to a rather general co-nuclear
space of generalized functions over a topological space X, equipped with a reference
measure.

The origins of the classical umbral calculus are in combinatorics. So, by analogy, one
can think of umbral calculus on D’ as a kind of spatial combinatorics. To give the reader
a better feeling of this, let us consider the following example. Let v = > 2, 6,, € I’
be a configuration. Here d,, denotes the Dirac measure with mass at z;. We will
construct (the kernel of) the falling factorial, denoted by (7),, as a function from I" to
D'“". (Here and below ® denotes the symmetric tensor product.) This will allow us
to define ‘y choose n’ by (Z) = %(y)n. And we will get the following explicit formula
which supports this term:

T\ _
(n>_ Y 0, 06,0 O6, (1.1)
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i.e., the sum is obtained by choosing all possible n-point subsets from the (locally finite)
set {z;}ien. The latter set can be obviously identified with the configuration ~.

The paper is organized as follows. In Section 2 we discuss preliminaries. In partic-
ular, we recall the construction of a general Gel’fand triple ® C Hy C &', where & is
a nuclear space and ®’ is the dual of ® (a co-nuclear space) with respect to the center
Hilbert space Ho. We discuss continuous linear operators acting on ® and ®'. We
further define the space P(®’') of polynomials on ®'. We equip P(P’) with a nuclear
space topology and consider the dual space of P(®’), denoted by F(®'). The space
F(®') has a natural (commutative) algebraic structure with respect to the symmetric
tensor product, ®. We also realize F(®’) as a space of formal series in tensor powers
of £ € &. We define differentiation on @ and a family of shift operators, (E(())cca -
The shift operators are related to the differentiation operators by Boole’s formula. We
finally define shift-invariant continuous linear operators on P(®’). We denote the space
of such operators by S(P(P')).

In Section 3, we give the definitions of a polynomial sequence on @', a monic
polynomial sequence on ', and a monic polynomial sequence on @ of binomial type.

Starting from Section 4, we choose the Gel’fand triple as D C L*(R¢, dz) C D’. We
formulate and prove the first main result of the paper, Theorem 4.1. In this theorem, we
present three equivalent conditions for a monic polynomial sequence to be of binomial
type. The first equivalent condition is that the corresponding lowering operators are
shift-invariant. The second condition gives a representation of each lowering operator
through directional derivatives in directions of delta functions, §, (z € R?). The third
condition gives the form of the generating function of a polynomial sequence of binomial
type.

To prove Theorem 4.1, we derive two essential results. The first one is an operator
expansion theorem (Theorem 4.7), which gives a description of any operator T €
S(P(D’)) in terms of the lowering operators in directions d,. The second result is an
isomorphism theorem (Theorem 4.9): we construct a bijection J : S(P(D')) — F(D’)
such that, for any two operators S, T € S(P(D’)), we have J(ST) = J(S)® J(T). This
implies, in particular, that any two operators from S(P(D’)) commute.

Next, we define a family of delta operators on D’ and prove that, for each such
family, there exists a unique monic polynomial sequence of binomial type for which
these delta operators are the lowering operators.

In Section 5, we identify a procedure of the lifting of a polynomial sequence of bino-
mial type on R to a polynomial sequence of binomial type on D’. Using this procedure,
we identify, on D', the falling factorials, the rising factorials, the Abel polynomials, and
the Laguerre polynomials of binomial type. We stress that the polynomial sequences
lifted from R to D’ form a subset of a (much larger) set of all polynomial sequences of
binomial type on D'.

In Section 6, we define a Sheffer sequence on D’ as a monic polynomial sequence
on D’ whose lowering operators are delta operators. Thus, to every Sheffer sequence,



there corresponds a (unique) polynomial sequence of binomial type. In particular, if the
corresponding binomial sequence is just the set of monomials (i.e., their delta operators
are differential operators), we call such a Sheffer sequence an Appell sequence. The
second main result of the paper, Theorem 6.2, gives several equivalent conditions for
a monic polynomial sequence to be a Sheffer sequence. In particular, we find the
generating function of a Sheffer sequence on D'.

In Section 7, we extend the procedure of the lifting described in Section 5 to Sheffer
sequences. Thus, for each Sheffer sequence on R, we define a Sheffer sequence on
D’. Using this procedure, we recover, on D', the Hermite polynomials, the Charlier
polynomials, and the orthogonal Laguerre polynomials.

Finally, in Appendix, we discuss several properties of formal tensor power series.
We also introduce and discuss there the space of ‘@-valued’ formal series in tensor
powers of £ € D.

2 Preliminaries

2.1 Nuclear and co-nuclear spaces

Let us first recall the definition of a nuclear space, for details see e.g. [8, Chapter 14,
Section 2.2]. Consider a family of real separable Hilbert spaces (H,),er, where T is
an arbitrary indexing set. Assume that the set ® := (") ., #H, is dense in each Hilbert
space H, and the family (H,),er is directed by embedding, i.e., for any 7,75 € T
there exists a 73 € T such that ‘H,, C H, and H,, C H,, and both embeddings are
continuous. We introduce in ® the projective limit topology of the H., spaces:

® = projlim H.,.
TeT

By definition, the sets {¢ € ® | || — ¢¥||n, < e} with¢p € &, 7 € T, and € > 0 form a
system of base neighborhoods in this topology. Here || - ||z, denotes the norm in H.,.

Assume that, for each 7 € T, there exists a 7» € T such that H,, C H,,, and the
operator of embedding of H,, into H, is of the Hilbert-Schmidt class. Then the linear
topological space ® is called nuclear.

Next, let us assume that, for some 7y € T', each Hilbert space H, with 7 € T is
continuously embedded into Hy := H,,. We will call H, the center space.

Let @’ denote the dual space of ® with respect to the center space Hy, i.e., the dual
pairing between ®" and ® is obtained by continuously extending the inner product in
Ho, see e.g. [8, Chapter 14, Section 2.3]. The space ¥’ is often called co-nuclear.

By the Schwartz theorem (e.g. [8, Chapter 14, Theorem 2.1]), ®" = |J, . H—-,
where H_, denotes the dual space of H, with respect to the center space Hy. We
endow ®" with the Mackey topology—the strongest topology in @ consistent with the
duality between ® and @’ (i.e., the set of continuous linear functionals on @’ coincides
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with ®). The Mackey topology in & coincides with the topology of the inductive limit
of the H_., spaces, see e.g. [36, Chapter IV, Proposition 4.4] or [6, Chapter 1, Section
1]. Thus, we obtain the Gel’fand triple (also called the standard triple)

® = projlimH, C Ho C indlimH_, = &’. (2.1)
TeT €T

Let X and Y be linear topological spaces that are locally convex and Hausdorff.
(Both @ and @' are such spaces.) We denote by £(X,Y) the space of continuous linear
operators acting from X into Y. We will also denote £(X) := £L(X, X). We denote by
X’ and Y’ the dual space of X and Y, respectively. We endow X’ with the Mackey
topology with respect to the duality between X and X’. We similarly endow Y’ with
the Mackey topology.

Each operator A € L(X,Y) has the adjoint operator A* € L(Y', X') (also called
the transpose of A or the dual of A), see e.g. [28, Theorem 8.11.3].

Remark 2.1. Note that, since we chose the Mackey topology on @', for an operator
A e L(D'), we have A* € L(D).

Proposition 2.2. Consider the Gel’fand triple (2.1). Let A: ® — ® and B : ¢’ — @’
be linear operators.

(i) We have A € L(®) if and only if, for each 71 € T, there exists a 7o € T such
that the operator A can be extended by continuity to an operator A € L(H,, Hr,).

(ii) We have B € L(®') if and only if, for each 7 € T, there exists a 7o € T such
that the operator B := B | H_,, takes on values in H_., and B € L(H_r,, H_,).

Remark 2.3. Proposition 2.2 admits a sraightforward generalization to the case of two
Gel'fand triples, ® C Ho C &' and ¥ C Gy C ¥V, and linear operators A : & — ¥ and
B:9d = V.

Remark 2.4. Part (ii) of Proposition 2.2 is related to the universal property of an
inductive limit, which states that any linear operator from an inductive limit of a
family of locally convex spaces to another locally convex space is continuous if and

only if the restriction of the operator to any member of the family is continuous, see
e.g. [9, I1.29].

Proof of Proposition 2.2. (i) By the definition of the topology in ®, the linear operator
A ® — & is continuous if and only if, for any 74 € T and ; > 0, there exist , € T
and €5 > 0 such that the pre-image of the set

{ee@||ollun, <ei}

contains the set
{p €@ |¢lu, <e}.

But this implies the statement.



(ii) Assume B € L(®’). Then, by Remark 2.1, we have B* € L(®). Hence, for each
71 € T, there exists a 7 € T such that the operator B* can be extended by continuity
to an operator B* € L(H,,,H, ). But the adjoint of the operator B*is B:= B | H_.,.
Hence B € L(H_r, H_+,).

Conversely, assume that, for each 7 € T, there exists a 7 € T such that the
operator B := B | H_,, takes on values in #_,, and B € L(H_,,, H_.,). Therefore,
B* € L(H,,,H,,). Denote A := B* | ®. As easily seen, the definition of the operator
A does not depend on the choice of 7,75 € T. Hence, A : & — ®, and by part (i) we
conclude that A € £(®). But B = A* and hence B € L(9’). O

In what follows, ® will denote the tensor product. In particular, for a real separable
Hilbert space H, H®" denotes the nth tensor power of H. We will denote by Sym,, €
L(H®™) the symmetrization operator, i.e., the orthogonal projection satisfying

Sy, f1 ® fo @+ ® fo = — Z Fo) © fo) @ -+ @ fom) (2:2)

.JEG

for fi, fa, ..., fn € H. Here &(n) denotes the symmetrlc group acting on {1,...,n}.
We will denote the symmetric tensor product by ©. In particular,

1O Ofp=8ym, i@ & - Qfn, fi.fo. ., n €H,

and H®" := Sym,, H®" is the nth symmetric tensor power of H. Note that, for each
f € H, we have fO" = f&n,

Starting with Gel'fand triple (2.1), one constructs its nth symmetric tensor power
as follows:

PO = proj im HE" C He" C ind im HO? =: '™,
TeT TeT

see e.g. [6, Section 2.1] for details. In particular, ®®" is a nuclear space and ®'®" is its
dual with respect to the center space H5". We will also denote ®®° = HF? = 'V .= R.
The dual pairing between F(™ € &©" and g™ € ®°" will be denoted by (F(™ g™},
Remark 2.5. Consider the set {£%" | £ € ®}. By the polarization identity, the linear
span of this set is dense in every space H", 7 € T.

The following lemma will be very important for our considerations.
Lemma 2.6. (i) Let F™ G™ € ®'°" be such that

(FM &y — (G0 ¢57)  for all € € ®,
then FW = G,
ii) Let ® an e nuclear spaces and let A, B € "W). Assume that
Let ® and W b l dlet A,B € L(DP",U). A h

AL = BE®™ for all € € P.

Then A = B.
Proof. Statement (i) follows from Remark 2.5, statement (ii) follows from Proposi-
tion 2.2, (i) and Remarks 2.3 and 2.5. O



2.2 Polynomials on a co-nuclear space

Below we fix the Gel'fand triple (2.1).
Definition 2.7. A function P : &' — R is called a polynomial on &' if

n

Pw) =Y (W ), wed, (2.3)

k=0

where f®) € ®“% k =0,1,...,n, n € Ny := {0,1,2,...}, and w® := 1. If f™ £ 0,
one says that the polynomial P is of degree n. We denote by P(®’) the set of all
polynomials on @’.

Remark 2.8. For each P € P(®’), its representation in form (2.3) is evidently unique.

For any f*) € ®®* and ¢ € ®°", k,n € Ny, we have
<w®k’ f(k)><w®n’g(n)> _ <w®(k+n)’f(k) o g(n)>7 we Nl (24)

Hence P(®’) is an algebra under point-wise multiplication of polynomials on @’

We will now define a topology on P(®’). Let F,(P) denote the topological direct
sum of the nuclear spaces ®°", n € Ny. Hence, Fg,(®) is a nuclear space, see e.g. [6,
Section 5.1]. This space consists of all finite sequences f = (f©, fM ... £ 0,0,...),
where f*) € &% k = 0,1,...,n, n € Ny. The convergence in Fg,(®) means the
uniform finiteness of non-zero elements and the coordinate-wise convergence in each
POk,

Remark 2.9. Below we will often identify f(™ € ®©" with

(0,...,0, f1,0,0,...) € Fan(®).

We define a natural bijective mapping I : F,(P) — P(P’) by

n

(If)(w) =Y (™, f®), (2.5)

k=0

for f = (fO, fO .. f™ 0,0,...) € Fzn(®). We define a nuclear space topology on
P(®’) as the image of the topology on Fg,(P) under the mapping 1.

The space Fg,(P) may be endowed with the structure of an algebra with respect
to the symmetric tensor product

o0

k
fog= (Z jo g““’) : (2.6)
=0

k=0

where f = (f®)2,, g = (9%)°, € Fan(®). The unit element of this (commutative)
algebra is the vacuum vector Q := (1,0,0...).
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By (2.4)—(2.6), the bijective mapping I provides an isomorphism between the alge-
bras Fg,(P) and P(P’), namely, for any f,g € Fgn(P),

(I(fo9)w) =INHw W), we.
Let -
F(@) =[]

denote the topological product of the spaces ®*. The space F(®') consists of all
sequences F' = (F®)> where F(®) € ®®* k € Ny. Note that the convergence in
this space means the coordinate-wise convergence in each space ®'©*.

Each element F' = (F®))%® '€ F(®') determines a continuous linear functional on
Fﬁn(q)) by

(F 1y s= Y (F® 9 = (f)) € Faunl(®) (2.7)
k=0
(note that the sum in (2.7) is, in fact, finite). The dual of Fg,(®P) is equal to F(P’), and
the topology on F(®’) coincides with the Mackey topology on F(®') that is consistent
with the duality between F,(®) and F(P’), see e.g. [6]. In view of the definition of the
topology on P(®’), we may also think of F(®’) as the dual space of P(®’), equipped
with the Mackey topology on F(®’) that is consistent with the duality between P(9’)
and F(P').
Similarly to (2.6), one can introduce the symmetric tensor product on F(®’):

o0

k
FOG= (Z F9 @ G(’f‘i)> , (2.8)
1=0

k=0

where F' = (F®)> G = (GW)%2, € F(®). The unit element of this algebra is again
Q=(1,0,0,...).

We will now discuss another realization of the space F(®'). We denote by S(R, R)
the vector space of formal series R(t) = > 2 r,t" in powers of ¢t € R, where 7, € R for
n € Ng. The S(R,R) is an algebra under the product of formal power series. Similarly
to S(R,R), we give the following

Definition 2.10. Each (F(™)>, € F(®') identifies a ‘real-valued’ formal series

n=0
S (FM £ in tensor powers of & € ®. We denote by S(®,R) the vector space of
such formal series with natural operations. We define a product on S(®,R) by

<i<p(n)’£®n>> <i<G(n)7§®n>> — i < 3 FO o G(”i),§®”> : (2.9)

n=0 n=0 n=0 =

where (F("));OZO, (G(”)),‘f’:o € F(P).



Remark 2.11. Assume that, for some (F(™)% (GM)2 € F(®') and ¢ € ®, both
series Y 00 (F™ ¢9m) and S°°° (G £8m) converge absolutely. Then also the series
on the right hand side of (2.9) converges absolutely and (2.9) holds as an equality of
two real numbers.

Remark 2.12. Let t € R and £ € ®. Then, t£ € ® and for (F™)2, € F(P'),

o0

> (FM, ()= Z t(F) gemy, (2.10)

n=0
the expression on the right hand side of equality (2.10) being the formal power series
in ¢ that has coefficient (F(™ £27) by .
According to the definition of S(®,R), there exists a natural bijective mapping
Z:F(@)— S(®,R) given by

o

(ZF)() =) (FM. &), F=(F")e, e F(@), &ce. (2.11)

n=0

The mapping Z provides an isomorphism between the algebras F(®’) and S(®,R),
namely, for any F,G € F(P'),

(Z(F©G))(E) = (ZFEIEG)(E) (2.12)

see (2.8) and (2.9).
Remark 2.13. In view of the isomorphism Z, we may think of S(®,R) as the dual space
of P(d').

Analogously to Definition 2.10 and Remark 2.12, we can introduce a space of ®-

valued tensor power series.

Definition 2.14. Let (A,)22, be a sequence of operators A, € L(®" ®). Then the
operators (A,)>, identify a ‘®-valued’ formal series Y - | A, %™ in tensor powers of
¢ € . We denote by S(®, @) the vector space of such formal series.

Remark 2.15. Let t € R and £ € ®. Then, t£ € ® and for a sequence (4,)52, as in

Definition 2.14
Z A (t6)® Z A, Em

n=1

is the formal power series in ¢ that has coefficient A,£%™ € ® by ¢". Recall that, by
Lemma 2.6, (ii), the values of the operator A, on the vectors £¥" € ®“" uniquely
identify the operator A,.

In Appendix, we discuss several properties of formal tensor power series.
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2.3 Shift-invariant operators

Definition 2.16. For each ¢ € @', we define the operator D(¢) : P(®') — P(P') of
differentiation in direction ( by

(D(C)P)(w) i= lim L& ti) —PW e p@), wew.

t—0

Definition 2.17. For each ¢ € ', we define the annihilation operator A(¢) € L(Fun(P))
by
A2 =0, AL = n(¢, D for £ €d, neN.

Lemma 2.18. For each ¢ € ', we have D(¢) € L(P(P")).

Proof. Using the bijection [ : Fg,(®) — P(P’) defined by (2.5), we easily obtain
D(¢) =TU() I, (e,

which implies the statement. 0

Definition 2.19. For each ¢ € ¥, we define the operator E(C) : P(®') — P(P') of shift

by ¢ by
(E(Q)P)(w) :=P(w+Y(), PeP(@) wed.

Lemma 2.20. (Boole’s formula) For each ( € @,

EQ) =)

Proof. Note that the infinite sum is, in fact, a finite sum when applied to a polynomial,
and thus it is a well-defined operator on P(®’). For each £ € ® and n € N,

| —

D)

>

(B )@) = (w0 + 0% = 3 () ) 0.0

> LD €M) @) = 3 (DO €) @),

which implies the statement. O

Note that Lemmas 2.18 and 2.20 imply that E(¢) € L(P(®P')) for each ¢ € ¥'.
Definition 2.21. We say that an operator T' € L(P(P')) is shift-invariant if

TE() = E()T forall ( € 9.

We denote the linear space of all shift-invariant operators by S(P(®’)). The space
S(P(®’)) is an algebra under the usual product (composition) of operators.

Obviously, for each ¢ € @', the operators D({) and F(() belong to S(P(P')).
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3 Monic polynomial sequences on a co-nuclear space

For each n € Ny, we denote by P™(®’) the subspace of P(®’) that consists of all
polynomials on ' of degree < n. We will now define a polynomial sequence on ®’ as
a sequence (P™)2 of continuous linear operators P™ : " — P (') satisfying a
certain condition on the ‘leading coefficient.’

Let P™ ¢ E(@Q”,P(”)(@)), n € Ny. Then, by the definition of P™(®'), there
exist operators Vj,,, € L(®®", %K) k =0,1,...,n, such that, for any f™ € ®®" and
we P

(PO M) (w) = Y (™ Vin ™) (3.1)

k=0

3 |l

(Up e w®, f), (3.2)

0

k

where U, ), ==V}’ € L(P'OF &™) With an abuse of notation, we define a mapping
P™ @ — ¢'On by

P (w) = U™, wed. (3.3)
k=0

Then formula (3.2) becomes
(P ) (w) = (P™(w), f). (3.4)

Conversely, every mapping P™ : ® — &©" of the form (3.3) with operators U, €
L(®'®k &™) determines an operator P™ € L(®" P™)(®)) by formula (3.1) with
Vi 1= Upip € L(DO", OOF).

Definition 3.1. A polynomial sequence on ®' is defined as a family of polynomials on
@’ of the form

(<P(n) (w)v f(n)>)f(n)€q>®n,neN0' (35)

Here, for each n € Ny, P™ : & — ®'®" is a mapping of the form (3.3) with U, €
L(P'OF &)k =0,1,...,n,and U,,, € L(P'®") is a homeomorphism. If additionally,
for each n € Ny, U,,, = 1, the identity operator on ®®" then we call (3.5) a monic
polynomial sequence on P’.

Since we have a one-to-one correspondence between the monic polynomial sequences
on @ of the form (3.5) and the sequences (P™), of mappings of the form (3.3) with
Unn = 1, we will also call such a sequence (PM)22 a monic polynomial sequence on
o'

Remark 3.2. Below, to simplify notations, we will only deal with monic polynomial
sequences. The results of this paper can be extended to the case of a general polynomial
sequence on & =D,

12



Remark 3.3. By the definition of a monic polynomial sequence we get

n—1

(PU (), fM) = (@, F) + ) (W, Vi f™), (3.6)

k=0
where Vi, := Uy, € L(DO", DOF).

Lemma 3.4. Let (P™)> be a monic polynomial sequence on ®. The following
statements hold.

(i) There exist operators Ry, € L(®®", d%) k' =0,1,...,n—1, n € N, such that,
for allw € ® and ™ € O,

3
—

(WO, f) = (PP (w), f) + Y (PO(W), R f™). (3.7)
0

B
Il

(ii) We have

P(P) = {Z(P(k), FENV B c % £ =01,...,n, ne No} : (3.8)

k=0

Proof. (i) We prove by induction on n. For n = 1, the statement trivially holds.
Assume that the statement holds for 1,2, ...,n. Then, by using (3.6) and the induction
assumption, we get

n

<w®(n+l)7 f(n+1)> _ <P(n+1)(w>, f(n+1)> . <w®k, Vk,n+1f(n+1)>
k=0
n k—1
= <P(n+1)(w)v f(n+1)> - <<P(k) (W), Vk,n+1f(n+ ) + Z ka n-‘rlf >>
k=0 =0

which implies the statement for n + 1.
(ii) This follows immediately from (i). O

Definition 3.5. Let (P™)>_ be a monic polynomial sequence on ®'. For each ¢ € ',
we define a lowering operator Q(() as the linear operator on P(®’) (cf. (3.8)) satisfying

QO(P™, fmy .= (PC=D () f™), W €@ neN,
QIO(PY, fOy =0, f<0>eR

where the operator 2(¢) is defined by Definition 2.17.

Lemma 3.6. For every ¢ € ', we have Q(¢) € L(P(D')).

13



Proof. We define an operator R € L£(Fga(®)) by setting, for each f ¢ oo,

kaf(n), k<n
(RF) ™ =3 o, k=,
0, k>mn,

where the operators Ry, are as in (3.7). Similarly, using the operators V., from
formula (3.6), we define an operator V' € L(Fg,(P)). As easily seen,

Q(¢) = IVA(QRI,
where [ is the homeomorphism defined by (2.5). This implies the required result. [J

The simplest example of a monic polynomial sequence on @ is P™(w) = w®",
n € Ny. In this case, for f™ € ®©" (PM(w), f(M) = (w®", f™)) is just a monomial on
' of degree n. For each ¢ € ®', we obviously have Q(¢) = D((), i.e., the corresponding
lowering operators are just differentiation operators. Furthermore, we trivially see in
this case that, for any n € N and any w,( € ¢,

n

PO+ =3 ()P © P (39

k=0
Definition 3.7. Let (P™)>, be a monic polynomial sequence on ®. We say that
(P™)2_ is of binomial type if, for any n € N and any w, ¢ € ®’, formula (3.9) holds.

Remark 3.8. A monic polynomial sequence (P™)2 is of binomial type if and only if,
forany n € N, w, € &', and £ € D,

(P+0,6) = 3 () (PO (). €4 P00, €2070).

k=0
The following lemma will be important for our considerations.

Lemma 3.9. Let (P("))Z‘;O be a monic polynomial sequence on ® of binomial type.
Then, for each n € N, PM™(0) = 0.

Proof. We proceed by induction on n. For n = 1, it follows from (3.9) that
PY(w+¢) =PY(w)+PY(C), w(ed.

Setting ¢ = 0, one obtains P (0) = 0. Assume that the statement holds for 1,2,...n.
Then, for all w,( € ',

n

k=1

)P © PR+ P)
Setting ¢ = 0, we conclude P™+1(0) = 0. O

14



4 Equivalent characterizations of a polynomial
sequence of binomial type
Our next aim is to derive equivalent characterizations of a polynomial sequence on ¢’
of binomial type. As mentioned in Introduction, it will be important for our consider-
ations that ® will be chosen as a space of generalized functions.
So we fix d € N and choose ® to be the nuclear space D := C5°(RY) of all real-valued
smooth functions on R? with compact support. More precisely, let 7' denote the set

of all pairs (I,) with I € Ny and ¢ € C®(R?), ¢o(z) > 1 for all z € R?. For each
7= (l,¢) € T, we denote by H, the Sobolev space W"2(R%, () dz). Then

D = projlimH,,
TeT

see [8, Chapter 14, Subsec. 4.3] for details. As the center space Hy = H,, we choose
L*(R4, dz) (i.e., 7o = (0,1)). Thus, we obtain the Gel'fand triple

D C L*(R%,dx) C D'

Note that nuclear space D®" consists of all functions from Cg°((R?)") that are
symmetric in the variables (z1,...,2,) € (RY)™.
For each x € R?, the delta function &, belongs to D', and we will use the notations

D(x) = D(5z)7 E(l‘) = E((sz)a Q(ZL’) = Q(&E)

(the latter operator being defined for a given fixed monic polynomial sequence on D’).
Below, for any F*) € D'®% and f®) € D L € Ny, we denote

<F(k)(‘rla cee 7’1.]6)7 f(k)(l'l, PN 7xk)> = <F(k)’ f(k')>
We are now ready to state the first main result.

Theorem 4.1. Let (P™)> be a monic polynomial sequence on D' such that P™(0) =
0 for all n € N. Let (Q(C))cep be the corresponding lowering operators. Then the
following conditions are equivalent:

(BT1) The sequence (P™), is of binomial type.
(BT2) For each ¢ € D', Q(() is shift-invariant.

(BT3) There exists a sequence (By), with By, € L(D',D'®%), k > 2 and B, = 1, the
identity operator on D', such that for all { € D' and P € P(D’),

Zkl BkC Tiyenn, 95k)a(D($1)"-D(:Bk)P)(w)>, weTD.

(4.1)
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(BT4) The monic polynomial sequence (P™) has the generating function

o0

> (POw), €57 = 3 A
=Y L a@r vl a@)] ve?. (02
Here o
=3 4% € S(D. D), (4.3)

where A, € L(D®*, D), k > 2, and A; = 1, the identity operator on D, while
(4.2) is an equality in S(D,R).

Remark 4.2. Note that >~ (w®” A(&)®™) € S(D,R) in formula (4.2) is the com-
position of exp[{w, §)] := Z;’LO o2 (W™, €M) € S(D,R) and A(£) € S(D, D).

Remark 4.3. Let A(§) € S(D, D) be as in (4.2). Denote

B&) = 1 Bie™ € (D),

k=1

where the operators By, are as in (BT3). It will follow from the proof of Theorem 4.1
that

B(A(E)) =&,
See Definition A.4 for the meaning of the composition B(A(&)) and Proposition A.5
for explicit formulas which connect the operators (Ay)7, and (B)%2,.

Remark 4.4. It will also follow from the proof of Theorem 4.1 that, in (BT3), for each
k > 2, we have By = Rj, the adjoint of the operator Ry, € L(D% D) from formula
(3.7).

Before proving this theorem, let us first note its immediate corollary.

Corollary 4.5. Consider any sequence (Ap)2, with A, € L(D®*, D), k > 2, and
Ay = 1. Then there exists a unique sequence (P(”));ff’:o of monic polynomials on D’ of
binomial type that has the generating function (4.2) with A(§) given by (4.3).

Proof. Define A(¢) € S(D, D) by formula (4.3). For eachw € D', define (£ P™(w))32, €
F(D') by formula (4.2). It easily follows from Definitions 3.1 and A6 that (PM))ee
is a monic polynomial sequence on D’. Furthermore, for n € N, in the representation
(3.3) of P™(w), we obtain U, o = 0 so that P(™(0) = 0. Now the statement follows
from Theorem 4.1. O

16



We will now prove Theorem 4.1.

Proof of (BT1) = (BT2). First, we note that, for any n,{ € D/,

E(QQn1 = Qn)E(()1=0. (4.4)
Next, using the the binomial identity (3.9), we get, for all ¢ € D and n € N,

QU E(Q)(P™, €2m) = ()PW ), €20 Q) (PO, €%)

=, 2 <Z)k(p(n k)(g)7£®(nfk)><P(kfl)’£®(k71)>

3 =

= n<77, €> Z <Z : i) <P(nfk)(<)’ §®(nfk)><P(k—1)7 £®(k71)>

3 =
Il

—_

— nm €> <n ; 1> <p(nfk—1)(o7 §®(n7k71)><p(k), €®k>

k=0
= n(n B (P, €20Y)
E(Q)Qn){P™,€5"). (4.5)
By (4.4), (4.5), and Lemma 3.4, we get E(()Q(n)P = Q(n)E(C)P for all P € P(D').
[l
In order to prove the implication (BT2) = (BT1), we first need the following
Theorem 4.6 (Polynomial expansion theorem). Let (P™)>  be a monic polynomml

sequence on D' such that P™(0) = 0 for alln € N, or, equwalently, for P™ being
of the form (3.3), Uno = 0. Let (Q(C))cep be the corresponding lowering operators.
Then, for each P € P(D'), we have

Zki @1, w), (Qa1) -~ Q) P)(0)), weTD. (4.6)

Here, for k =0, we set Q(xy)--- Q(zx)P := P.
Proof. For z1,...,x;, € RY k€N, £ €D, and n € N, we have
Q1) - Qi) (P™,€5") = (n)i€(w1) - - () (PP, €500, (4.7)

where (n)g :== n(n —1)---(n — k + 1). Note that (n), = 0 for k& > n. Hence, for
k,n € Ny, one finds

(Q(z1) -+ Qi) (P™, £5™)) (0) = 8 un! €57 (21, . .., @),

17



where 9y, denotes the Kronecker symbol. Thus,

— 1
< £®n Zk_ xla"'axk)> (Q(xl)Q(xk)<P(n)a€®n>) (O)>
k=0
Hence, by Lemma 3.4, formula (4.6) holds for a generic P € P(D’). O

Proof of (BT2) = (BT1). Let ( € D', £ € D, and n € N. An application of Theo-
rem 4.6 to the polynomial P = E(¢)(P™, £%7) yields

o0

(PM(w+(),€%") = Z %<P(’“) (@) (1), Q) -+ Qi) E(Q{P™, €9M)(0)),

(4.8)
and by (BT2) and (4.7), we have, for k € N,

(Qz1) -~ Q) E(Q)(P™,£5™) (0) = (E(Q)Q(21) - - - Q) (P™, £2™)) (0)
= (Q(z1) - Qax)(P™,€5™) (¢)
= ()rC(x1) -+ () (PP (), €20,

Hence,

n

P+ =3 ()
k=0

)<P<k><w>,f®k><P<"-k><c>,s®<"—k>>. =

Thus, we have proved the equivalence of (BT1) and (BT2). To continue the proof
of Theorem 4.1, we will need the following result.

Theorem 4.7 (Operator expansion theorem). Let (P™)%, be a monic polynomial
sequence on D' of binomial type, and let (Q(C))cepr be the corresponding lowering
operators. A linear operator T' acting on P(D’) is continuous and shift-invariant if

and only if there is a (G®))22, € F(D') such that, for each P € P(D'),
oo 1 )
=> (G Wy, aw), (Qzy) - - Q) P)(w)), weD. (4.9)
k=0

In the latter case, for each k € Ny and f*) € DOF,
(GW,f®) = (TP, f9)) (0). (4.10)

Remark 4.8. Below we will sometimes write formula (4.9) in the form

Zkl xl,...,xk),Q(=T1>"'Q($/€)>‘
k=0

18



Proof of Theorem 4.7. Let n € N, w,( € D', and £ € D. By (4.8), we have

o0

(BOP,€) () = 32 2 (PO@)(rn ), (@) -+ Q) (P, €)(0)).

= (4.11)

Note that formula (4.11) remains true when n = 0. Hence, by Lemma 3.4, for each
P eP(D),

— 1
(EQP) @) =) (PP @) (@1, 20), Q1) -+ QLan) P)(Q)): (4.12)
k=0
Assume T € L(P(D’)) is shift-invariant. Swapping w and ¢ in (4.12) and applying
T to this equality, we get, for any w,( € D’ and P € P(D’),

= 1
(TEW)P)(¢) = o (T(PP () (s ), (Qan) - Qak) PY())) (€). (4.13)
k=0
By shift-invariance, the left hand side of (4.13) is equal to (T'P)(w + ¢). In particular,
this holds for ( = 0:
(TP)(w) =
k=0
Let G®) € DOk | ¢ No, be defined by (4.10). Then (4.9) follows from (4.14).
Conversely, let (G*®), € F(D') be fixed, and let T' be given by (4.9). As easily
seen, T' € L(P(D')). For each P € P(D’) and ¢ € D', we get from (4.9) and (BT2):

(T(P® (Y (ay, .., 20), (Qar) -+ Q) P)(w))) (0).  (4.14)

| =

(TEQP)w) = 3 4 (G¥ (a1, m0). (BOQU) - Q) P)e)
=3 (G ), (@) Q)P + Q)

L (TP)w+0) = (BOTP)w).

Therefore, the operator T is shift-invariant. Moreover, it easily follows from (4.9) and

(4.7) that (4.10) holds. O
Note that the statement (BT3) = (BT2) follows immediately from Theorem 4.7.

Proof of (BT2) = (BT3). Let ( € D'. We apply Theorem 4.7 to the sequence of
monomials and its family of lowering operators, (D(n)),ep, and the shift-invariant
operator Q(¢). By using also formula (3.7), we obtain

0= 3 UG 20, De) - D), (4.15)
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where

<G(k)(C7 Liye - 7xk)7 f(k)(xlv st 7$k¢)> = (Q(C)<®k7 f(k)>> (O) = <C7 Rl,kf(k)> (416>

for all k € N and f® € D . Here, we set Ry =1, the identity operator on D. For
k € N, we denote By, := R}, € L(D', D'®*). Note that B; = 1, the identity operator
on D'. By (4.16),

G®(¢, ) =B, k>1. (4.17)

Formulas (4.15), (4.17) imply (BT3). O

Thus, we have proved the equivalence of (BT1), (BT2), and (BT3).

According to Theorem 4.7, under the conditions assumed therein, there is a one-to-
one correspondence between shift-invariant operators 7' and sequences (% G(k))zozo €
F(D'). We noted above that the space S(P(D’)) of shift-invariant operators is an
algebra under the product of operators, while F(D’) is a commutative algebra under
the symmetric tensor product.

Theorem 4.9 (The isomorphism theorem). Let (P™) be a sequence of monic poly-
nomials on D' of binomial type, and let (Q(C))cen be the corresponding lowering op-
erators. Then, the correspondence given by Theorem 4.7,

1 o
S(P(D')) 5T+ JT := (E G<k>> e F(D'),
' k=0

1s an algebra isomorphism.

Proof. In view of Theorem 4.7, we only have to prove that, for any 5,7 € S(P(D")),

J(ST) = JS ® JT. (4.18)

JS = (l F<k>)oo . JT = (l GUf))m .
k! - k! o

By Theorem 4.7, for all £ € D and w € D',

(TP €) ()= 3 (1) 0P, 0), (g

k=0

and a similar expression holds for S. Therefore,

(ST(P™, £5m)) (w)

= Z (Z) <G(k)7§®k> (S<p(”—k)7§®(”—k)>) (w)
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n (Z) G(k £®k S ( > (2)’ £®7‘><P(n*]€71) (w>7£®(nfk7i)>

k=0 =0

=

n—

: n! .
_ (k) R(k+1i) (n—k—1) ®(n—k—1i)
= Klil(n—k — )<G OFY.¢ )(P (w), € )
k=0 =0
= ( ) <Z (k:> G® @ FU-k). §®J> (P9 (i), €2=9).
=0 M/ \i=o
From here and (4.19), formula (4.18) follows. O

As an immediate consequence of Theorem 4.9, we conclude
Corollary 4.10. Any two shift-invariant operators commute.

Corollary 4.11. Let the conditions of Theorem 4.9 be satisfied and let the operator
J :S(P(D')) — F(D') be defined as in that theorem. Define J : S(P(D')) — S(D,R)
by J :=1IJ. Here I : F(D') — S(D,R) is defined by (2.11). Then, for each T €
S(P(D')), we have

= 1
(TT)E) =) — (T{P™,6)) (0). (4.20)
n=0
Furthermore, J is an algebra isomorphism, i.e., for any S, T € S(P(D’)), we have
(J(ST)) (&) = (TSHENTT)(E). (4.21)
Proof. Formula (4.20) follows Theorem 4.7 and the definition of J. Formula (4.21) is
a consequence of (2.12) and Theorem 4.9. [

Corollary 4.12. Let T € S(P(D')). The operator T is invertible if and only if T'1 # 0.
Furthermore, if T1 # 0, then T~' € S(P(D’)).

Proof. 1f T1 = 0, then the kernel of T" is not equal to {0}. Hence, T' is not invertible.
Assume T'1 # 0. Let the isomorphism J from Theorem 4.9 be constructed through
the monomials and the corresponding lowering operators D(¢), ¢ € D'. So formula
(4.20) becomes
=1
=> = (T(:*",£5M) (0). (4.22)

TL'
n=0

Since T'1 # 0, formula (4.22), Corollary 4.11, and Proposition A.1 imply the existence
of an operator S € S(P(D’)) such that ST = T'S = 1. Hence, the operator T is
invertible and T-' = S € S(P(D")). O
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Proof of (BT3) = (BT4). Let the isomorphism J from Theorem 4.9 be constructed
through the monomials and the corresponding lowering operators D((), ¢ € D'. By

(4.22),
(TD()(E) = (¢, &)

Thus, by Lemma 2.20 and the isomorphism theorem,

=2 a7 )= 30 () = expl(C, )
n=0 n=0 "

Let G®) € D'k € N. Then formula (4.22) with

yields
(T(GW (w1, wp), D(@r) - - D(ay)))(€) = (GM), £5).
Therefore, condition (BT3) gives, for each ¢ € 7',

1 1
=D {BRGE%) = Y (G Rike™).
k=1 k=1

In the latter equality we used the fact that R}, = By, see the proof of (BT2) =

Choosing in (4.24) ¢ = d,, v € R?, we obtain
1
Z E (R %) (),
k=1
and, more generally, by Theorem 4.9, for any z1,...,z; € R, k € N,

(TQ) - Q)©) =[] (Z% (Runt™) <xi>) .

=1

By (4.22) and (4.25), we get, for each G*) € D'®F | € N,

(TGP (@1, ... an), Qx1) - - Q(ax))) (€)
= <G(k)(x1, o), J(Q(x

—
~—
—~

8

ol
~
N
—~
I
~—

~—

(4.23)

(4.24)

(BT3).

(4.25)

(4.26)



By (4.12) and (4.26),

> < (Z %Rﬁ) > e

n=1

Formulas (4.23) and (4.27) imply

0 00 Rk
Zki < (©), (Z %Rlﬁn’f@") > = exp[(¢, &)]. (4.28)

According to Proposition A.5, (i), we find operators A, € L(D®*, D), k € N, with
Ay = 1, that satisfy

0 ) Qn
> %Rl,n (Z Ak€®k> =¢. (4.29)
n=1 " k=1

For k > 2, these operators are given by the recurrence formula

1
Av==) — B D, 4004, (4.30)
n=2 (ll ..... ln)ENn
Formula (4.2) now follows from Corollary A.10 and formulas (4.28), (4.29). O

Proof of (BT4) = (BT1). By (BT4), we have, for any w,( € 7,

= 1 — 1 = 1
Zﬁ P™(w+¢),6%") = (Z—, §®”>) (Z I (o,§®’“>>
n= =0 k=0
Zni <Z ( )P““ (@) ® P<"’“><<),£®"> ,
which implies (BT1). This concludes the proof of Theorem 4.1. O

Definition 4.13. Let (Q(C)):cp be a family of operators from L(P(D')). We say that
(Q(Q))¢epr 1s a family of delta operators if the following conditions are satisfied:

(i) Each Q(() is shift-invariant;

(ii) For each ¢ € D" and each & € D,

Q(O){+ &) = (¢, &) (4.31)
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(iii) Q(¢) linearly depends on ¢ € D’'. Furthermore, for each & > 2, the mapping
D' > ( — B¢ € D'°F defined by

(B¢, fP) == (Q(O)(-=F, f*1)) (0), ¥ e DOF, (4.32)

belongs to L(D', D'®F).

It is a straightforward consequence of Theorem 4.1 that, for any monic polynomial
sequence (P(™)2  of binomial type, the corresponding family (Q(¢ ))ceps of lowering
operators is a family of delta operators.

Proposition 4.14. Let (Q(C)):cp be a family of delta operators. Then, there exists a
unique monic polynomial sequence (P™)> of binomial type for which (Q(CQ))cep 18
the family of lowering operators.

Proof. Let (,w € D' and £ € D . By shift-invariance of Q(¢) and (4.31), we get

(€,€) = E(w)((,§) = Ew)Q(O){ &) = QIO EW)(, &)
= QO +w, ) = QO &) + (W, QN1 = (¢, §) + {w, HQ(O)T,

which implies that Q(¢)1 = 0. Hence, by Theorem 4.7, (4.31), and (4.32), we have

Zkl ((BkC)(a1, ... ax), D(z1) - - - D(x)),

with B; := 1, the identity operator on D’.

Let A; := 1 be the identity operator on D, and for £k > 2, let the operators
Ay, € L(D®*, D) be defined by the recurrence formula (4.30) with Ry := B;. Thus,
(4.29) holds.

Let (P™)2, be the monic polynomial sequence on D’ of binomial type that has the
generating function (4.2) with A(§) given by (4.3), see Corollary 4.5. By Remark 4.3,
(PM)2 is the unique required polynomial sequence. O

Definition 4.15. Let (Q(C))cep be a family of delta operators. The corresponding
monic polynomial sequence (P™)2, of binomial type given by Proposition 4.14 is
called the basic sequence for (Q(C))sep:-

Proposition 4.16. (Q(C)).cp is a family of delta operators if and only if there exists
a sequence (By,)32,, with By € L(D',D'°%), such that By =1 and (4.1) holds.

Proof. The statement follows immediately from Theorem 4.1 and Proposition 4.14. [J
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5 Lifting of polynomials on R of binomial type

Let (pn)52, be a monic polynomial sequence on R of binomial type, and let @ be its
delta operator, that is, Qp, = np,_; for each n € Ny. According to the one-dimensional
(classical) version of Theorem 4.1 (see e.g. [22]), @ has a formal expansion

=> /?k = q(D), (5.1)
k=1

where (by)ren is a sequence of real numbers such that b; = 1, D is the differentiation
operator and

q(t) == Z ok (5.2)
k=1
is a formal power series in t € R. Furthermore,

n

Z —pa(t) = = exp[ta(u)], (5.3)

n=0

| N

where the formal power series in u € R,

u) = Zakuk (5.4)

is the compositional inverse of ¢. In particular, a; = 1. We will now lift the sequence
of polynomials (p,)>°, to a monic polynomial sequence on D’ of binomial type.
For each k € N, we define an operator D, € £(D®*, D) by

(Dpf*F) (@) == fP(2,... . 2), [P eD zeR? (5.5)
(D; being the identity operator on D). The adjoint operator D} € L(D’, D'“*) satisfies
(D¢, f®) = (C(2), [P (... @), ¢eD, [P eDH

In particular,
(D¢, €%%) = (¢, &), CeD, £eD. (5.6)
We now define an operator By, : D' — D'®* by

B, = bk]D;;, keN, (57)

where the numbers by, are as in (5.1). Let (Q({))cep be the family of delta operators
given by (4.1), see Proposition 4.16. By (5.6) and (5.7), we then have

=Y /?k ¢(D(z)), z€R% (5.8)
k=1
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and moreover,

— <C(:(:), > % Dk(.r)> = {¢(x),q(D(x))). (5.9)
k=1

Let (P™)>  be the basic sequence for (Q(¢))¢cep. Thus, in view of (5.1) and (5.8),
we may think of (P™)>  as the lifting of the monic polynomial sequence (p,)%, of
binomaial type.

As easily seen, the generating function of (P™)% is given by (4.2) with the oper-
ators Ay, € L(D®%, D) given by

Ak = ak]D)k, ke N,
where the numbers a;, are as in (5.4). Therefore, by (4.3),

[e.9]

A©) = Y met = ae) (5.10)

k=1

Hence,

Z %(P(”) (w), &%) = exp [<w(x), Zakfk(x)>] = exp [(w,a(§))]. (5.11)

n=0

Thus, this generating function can be though of as the lifting of the generating func-
tion (5.3).

Recall that a set partition m of a set X # & is an (unordered) collection of disjoint
nonempty subsets of X whose union equals X. We denote by B(n) the collection of
all set partitions of X = {1,2,...,n}. For aset B C {1,...,n}, we denote by |B| the
cardinality of B.

Proposition 5.1. Let (P ")) be the monic polynomial sequence on D' of binomial
type that has the generating functwn (5.11). For k € N, denote oy, := aik!, so that

a(u) = —u”. (5.12)

Then, for anyn € N, w € D', and £ € D,
(P(w), & = > T cymyw, €71, (5.13)
TeR(n) Bem

or equivalently

P (w Z Z A|B1| Y| By| " By

k=1 {B1,Bs,...,Br}€PB(n)
x (D, w?) © (Dig,w® P @ © (D, w®PH). (5.14)
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Proof. 1t follows immediately from the form of the generating function (5.11) that

(P (w), €57) Z S (w, €1 - (w, €

(ll 77777 ir)ENF

i1+ Fip=n
n! :
_ Ji.J2 .. A0
= E — : . 4 — vy vy alr

Ll e e g (1N (2072 ... (nl)in
(J1,J2.,Jn)ENY J1:J2 J ( ) ( ) (TL)

J1+2j2+-+njn=n
X {w, €>j1 (w, 52>j2 o {w, £n>jn
which implies (5.13), hence also (5.14). O

We denote by M(R?) the space of all signed Radon measures on R?, i.e., the set of
all signed measures 1 on (R B(R?)) such that |n|(A) < oo for all A € By(R?). Here
B(R?) denotes the Borel o-algebra on R?, By(R?) denotes the collection of all bounded
sets A € B(R?Y), and || denotes the variation of n € M(R?).

Further, let Bgym((R?)™) denote the sub-o-algebra of B((RY)") that consists of all
symmetric sets A € B((R%)"), i.e., for each permutation o € &(n), A is an invariant
set for the mapping

(Rd>n = (5(71, .. ,[En) — (.rg(l), .. ,:L'U(n)) € (Rd)n
We denote by My, ((R?)™) the space of all signed Radon measures on ((R%)™, Boym ((RY)™)).

Corollary 5.2. Let (P(”));L’OZO be the monic polynomial sequence on D’ of binomial type
that has the generating function (5.11). Then, for each n € M(R?) and n € N, we have
P™(n) € Myym((R™). Furthermore, for each A € By(R%),

(P™ () (A™) = pa(n(A)), n €N, (5.15)

where (pn)22, is the polynomial sequence on R with generating function (5.3).

Proof. Let n € M(R%). For each j € N, D1 € Myym((R?)7), since for each f0) € D

©n. ) = [ 19z i),
Note that the measure D77 is concentrated on the set

{(x1,29,...,2;) € (Rd)j |21 =29 =+ =25}

By formula (5.14), we therefore get P™ (1) € Mg ((RY)™).
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Fix any A € By(R?). Set £ := uya, where u € R and x, denotes the indicator
function of A. It easily follows from (5.11) by an approximation argument that

[e.9]

un n n 1 n n
P = 3 .6
—exp | [ ale(o)) dnte)]
Rd
= exp [n(A)a(u)]. (5.16)
In formula (5.16), (P™(n), %) denotes the integral of the function ¢®™ with respect
to the measure P™(n). Formula (5.15) now follows from (5.3) and (5.16). O

The following proposition shows that the lifted polynomials (P™)> ; have an ad-
ditional property of binomial type.

Proposition 5.3. Let (P™), be the monic polynomial sequence on D' of binomial
type that has the generating function (5.11). Let &, ¢ € D be such that

{r eRY|&(x) 0} N{r e RY | ¢(x) #0} = @. (5.17)
Then, for any w € D' and k,n € N,
(PM (W), €% @ ¢%) = (P (w), £9) (P (w), 6°"). (5.18)

Therefore, for each n € N,
(PO €+ 07 = 3 (PP 0,60, (619

Proof. We have

%<P("’ (W), (E+ o)) =>">" m (P (), £5F & = (—H)
n=0 =0 =0 !
— Z Z ﬁ<P(n+m(w)’ ¢ & €58, (5.20)

> L 1P(w), (6 + 6)°") = exp [{w,ale + )]
= exp [{w ()] exp [(:a(6))]
=Y PP € P 6. (521
Formulas (5.20), (5.21) imply (5.1§;0£erfce also (5.19). O

We will now consider examples of sequences of lifted polynomials of binomial type.
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5.1 Falling factorials on D’

The classical falling factorials is the sequence (p,)%,, of monic polynomials on R of
binomial type that are explicitly given by

Pult) = (D = Ht— 1)t —2) - (t—n + 1),

The corresponding delta operator is Q = e” — 1, so that Q is the difference operator
(@Qp)(t) = p(t+1) —p(t). Here p belongs to P(R), the space of polynomials on R. The
generating function of the falling factorials is

n

3 1) = explios1 + ) = 1+

N

n=0
One also defines an extension of the binomial coefficient,

(t) ::i(t)n: t(t—l)(t—2)---(t—n+1)7 (5.2)

n!

which becomes the classical binomial coefficient for t € N, t > n.

Let us now consider the corresponding lifted sequence of polynomials, (P™)%.
We will call these polynomials the falling factorials on D'. By analogy with the one-
dimensional case, we will write (w), := P™(w) for w € D'.

By (5.8), Q(x) = eP@ — 1. Hence, by Boole’s formula,

(Q(z)P)(w) = P(w+6,) — P(w), z€RY PePD), (5.23)
and by (5.9),

(QOP)(w) = (((z), P(w+d,) — P(w)), ¢€D, PeP(D)

Further, by (5.11), the generating function is given by

[e.9]

Z% )ns €)= exp [(w, log(1 +€))]. (5.24)

Proposition 5.4. The falling factorials on D' have the following explicit form.:

(O})o 1
(W) =w
(W)a (@1, @n) = w(@1)(w(w2) — 05, (22))
X (w(@3) = 0z, (¥3) = 00y (23)) -+ - (W(@n) = 00y (¥n) — -+ = Op_y (w))  (5.25)
form > 2
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Proof. Let ((w),)>, denote the monic polynomial sequence on D’ defined by formula
(5.25). Note that, for n € N, (w), = 0 for w = 0. It can be easily shown by induction
that the polynomials (w),, satisfy the following recurrence relation:

(w)o =1;
(@)1, €507D) = {(@)n © w0, €50 = n((w)n, € © €57Y),
§ €D, neN. (5.26)

Furthermore, this recurrence relation uniquely determines the polynomials ((w),)>,.

It suffices to prove that, for each w € D', n € N, £ € D, and x € RY,

(Q@){()a, €°™)) (w) = n€(@){(W)n-1, "),

or equivalently, by (5.23),

(W + 02)n, €)= {(@)n, €°") + & (2){(w)n-1, €7 7Y). (5.27)
We prove this formula by induction. It trivially holds for n = 1. Assume that (5.27)
holds for 1,2,...,n and let us prove it for n+ 1. Using our assumption, the recurrence

relation (5.26) and the polarization identity, we get

(W 4 G2, €Y = (W + 62)n, €7 N w + 00, §) — n{(w + G, € © £207D)
= ({(@)n, €5) + nE(2)((W)n-1, €5 )) ((w, ) + &(2))
—n({(W)n, & © ) + (@) ((W)n-1,5"Y)
+(n— DE(@)(W)n1,&* © €52
= ({((W)n © w,€20DY — (W), € © €50Y)) + €(2) (W), €°7)
+ n&(z) ({(W)n-1 ©w, &™) — (n — D){(w)n-1, & © £272))
= (@)nt1, E50) + né (z){(w)n, £57). O

Remark 5.5. Note that the recurrence relation (5.26) satisfied by the polynomials on
D' with generating function (5.24) was already discussed in [7].

Since we have interpreted (w),, as a falling factorial on D', we naturally define w
choose n’ by (¥) := & (w),, compare with (5.22).

We denote by I the configuration space over R?, i.e., the space of all Radon measures
v € M(R?) that are of the form v = > °°, d,,, where z; # z; if i # j. (We can
obviously identify the configuration v = >~ d,, with the (locally finite) set {z;}ien.)
The following result is immediate.

Corollary 5.6. For each v =", d,,, formula (1.1) holds.
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Remark 5.7. Polynomials ( ) play a crucial role in the theory of point process (i.e.,
[-valued random variables), see e.g. [16]. More precisely, given a probability space
(2, F,P) and a point process v : = — I, the nth correlation measure of v is defined as
the (unique) measure 0™ on ((R?)", Bym((RY)™)) that satisfies

E< (Py) , f(")> = / f(")(xl, cey Ty da(")(xl, ..,xy,) forall f e DO > Q.
n (R4)n

Here E denotes the expectation with respect to the probability measure P. Under very
mild conditions on the point process v, the correlation measures (™) uniquely

identify the distribution of v on I'. In the case where each measure o™ is absolutely
continuous with respect to the Lebesgue measure, one defines the nth correlation func-

tion of the point process 7, denote by k™ (1,...,2,), as follows:
(n) Lo
do'"™ (zq,...,x,) = —'k (1, ..., @) dxy - - - dp,
n!

or equivalently
B0 /) = [ 1O ek ) day - d,
(RE)™

Corollary 5.8. For each A € By(R?), v € I and n € N, we have,

(=)

Proof. The result is obvious by Corollary 5.6, or alternatively, by Corollary 5.2. [

Remark 5.9. In view of Corollaries 5.6 and 5.8, for the falling factorials on D', the set
I' plays a role similar to that played by the set N for the falling factorials on R.

5.2 Rising factorials on D’

The classical rising factorials is the sequence (p,)32, of monic polynomials on R of
binomial type that are explicitly given by

p(t) =) =ttt +1)(t+2)---(t+n—1).

The corresponding delta operator is Q = 1 — e~ P, so that Q) is the difference operator
(Qp)(t) = p(t) — p(t — 1) for p € P(R). The generating function of the rising factorials
is given by

Z m = exp[—tlog(l —u)] = (1 —u)~".

n=0

I
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One also has the following connection between the rising factorials and the falling
factorials: (¢)" = (—1)"(—t)n.

Let us now consider the corresponding lifted sequence of polynomials, (P™)> . We
will call these polynomials the rising factorials on D', and we will write (w)" := P™(w)
for w e D'.

By (5.8), Q(z) = 1 — e~P® . Hence, by Boole’s formula,

(Q(z)P)(w) = P(w) — P(w—46,), zcRY PeP(D),
and by (5.9),
(QO)P)(w) = (¢(x), P(w) = P(w—10.)), (€D, PeP(D)

By (5.11), the generating function is equal to

[e.9]

> (@), €57 = exp [, ~log(1 — £)]. (5.28)

Proposition 5.10. We have (w)* = (—=1)"(—w), for all n € N, and the following
explicit formulas hold:

(W) =1;
(W) = w;
(W) (21, ... ) = w(zy)(w(z2) + 04y (22))
X (W(3) + 0z, (73) + 0y (73)) - (W(T0) + Oy (¥0) + -+ + 0,y (T0))

forn > 2.

Proof. By (5.24),

1
n!

8
~
NE

> =) (mw)n, €)= ((=w)n, (=€)°") = exp [(w, —log(1 - &))].

n=0 n

Il
o

Hence, by (5.28), (w)" = (=1)"(—w), for all w € D' and n € N. From this and
Proposition 5.4, the statement follows. O

5.3 Abel polynomials on D’

Let us fix a parameter v € R\ {0}. The classical Abel polynomials on R corresponding
to the parameter « is the monic polynomial sequence (p,,)52, of binomial type that has
the delta operator Q = De®P | ie., (Qp)(t) = p'(t + ) for p € P(R). Thus, Q = ¢(D),

where g(u) = ue®". The generating function of the Abel polynomials is given by

[e.e] n

Z :;' pn(t) = exp [ta_IW(au)],

n=0

32



where W is the inverse function of u +— wue" (around 0), the so-called Lambert WW-
function.
Consider the corresponding lifted sequence of polynomials (P™)%

o o, the Abel poly-
nomials on D'. By Lemma 2.20 and (5.8),

Q(z) = D()e™™™ = D(a)B(ad,), = € RY,
and by (5.9),

Q)P = (¢(z),D(x)P(- + ad,)), (€D, PePD).

By (5.11), the generating function is equal to

[e.9]

> (P(w), €)= exp [(w, 0 W (08))]

We have

Hence, by Proposition 5.1,

(Pw),e* = Y [T(=adBNP " w,¢PY).

meP(n) Bem

5.4 Laguerre polynomials on D’ of binomial type

Let us recall that the (monic) Laguerre polynomials on R corresponding to a parameter

k>— (pﬂc ])n o, have the generating function
= u" tu

k() = —— | (1 4 u)~*FD, 5.29

> =ew [ 0w (5.29)

In particular, for the parameter k = —1, the Laguerre polynomial sequence (p,,)2, :=

(p,[1 1])00 has the generating function

3 Z—Tpn(t) — exp qu} (5.30)

n=0

Hence, the polynomial sequence (p,)°, is of binomial type and its delta operator is

Q = q(D) with
S

k=1

q(u) =
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The corresponding lifted sequence (P™)2, will be called the Laguerre polynomial
sequence on D' of binomial type. Thus, for each r € R? the delta operator Q(x) of
(PM)> is given by

1—D(z)
and the corresponding generating function is
3 l(P(”)(u}) £ =exp [{(w & : (5.31)
— nl ’ 14+ €

By Proposition 5.1, the polynomial (P™(w),£%") has representation (5.13) with
ap = (=1 k!, In view of the factor k! in oy, we can also give the following combi-
natorial formula for (P™ (w), 7).

Let 20(n) denote the collection of all sets 8 = {by,bs,...,b;} such that each
bi = (j1,...,5,) is an element of {1,2,... ,n}% with j, # j, if u # v, and each
j € {1,2,...,n} is a coordinate of exactly one b; € §. For § € 2(n) and b; =
(J1, -+, J1;) € B, we denote |b;| := ;.

By (5.13), we now get, for the Laguerre polynomials,

(PM(w), e = > [[(—w. (=o™). (5.32)

BEW(n) beB

6 Sheffer sequences

Definition 6.1. Let (Q(C))ccp be a family of delta operators. We say that a monic

polynomial sequence on D', (S™)> | is a Sheffer sequence for the family of delta

operators (Q(C))CGD, if for each ¢ € D’ and f™ € D", n € N,

Q(O)(S™, fmy = (01 2A(¢) f™), (6.1)

where 2(({) is the annihilation operator, see Definition 2.17.

Of course, any basic sequence for a family of delta operators is a Sheffer sequence
for that family of delta operators. The following theorem is the second main result of
the paper.

Theorem 6.2. Let (Q(C))ccp be a family of delta operators and let (PM)2 . be its

basic sequence, which has the generating function (4.2). Let (S™), be a monic
polynomial sequence on D’. Then the following conditions are equivalent:

(SS1) (S™)2 is a Sheffer sequence for the family Q) cep-
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(SS2) There is a unique operator T € S(P(D')) such that, for each f™ € D", n € Ny,
T(g(n)’ f(n)> — <p(n),f(n)>_ (6.2)

(SS3) The sequence (S™)2, has the generating function

an w), £5) = %’ weD, £€D, (6.3)

where A(§) € S(D, D) is given by (4.3) and 7 € S(D,R) is such that 7(0) = 1.
(SS4) For eachn € N and w,( € T,

SM(w+¢) = Y (Z) S® (W) © PM=R((). (6.4)

(SS5) There is a (p'™)2, € F(D') with p® =1 such that, for each n € N,

n

S™(w) = Z (Z) P o PP R(W), weD.

k=0

Remark 6.3. For the meaning of the right hand side of formula (6.3), see Proposition A.1
and Remark A.2.

Proof of Theorem 6.2. (SS1)=-(SS2). We define a linear operator 7' : P(D') — P(D’)
by formula (6.2). Since (P™)2, and (S)22, are monic polynomial sequences on D,
we have T' € L(P(D’)), see formulas (3.6) and (3.7). Thus, we only have to prove that
T is shift-invariant. For this purpose, fix any G*®) € D'®% ¢ € D, and k € Ny. By
(6.1) and (6.2), we obtain

T(GP (a1, 21), Qa1) -~ Q) (S™, £5™)) = () (GW), €5F)T (S0 &)
= (n)p(GW, £FF) (PR ol
= <G(k)(x17 s 7xk)v Q($1) T Q(Ik)<P(n)7 £®n>>
= {(GW(z1,...,24),Q(x1) - - Q)T (S™, £5™M).

Therefore,

T(GW (@, ... xp), Q1) -~ Q) = (GP (2, .., ), Q(a1) -+ - Qaw )T

Hence, by Theorem 4.7, T' is shift-invariant.

35



(SS2)=-(SS1). By (6.2) with n = 0, we have T'1 = 1. Hence, by Corollary 4.12, the
operator T is invertible and 7! € S(P(D’)). By Corollary 4.10, T~! commutes with
each Q(C), ¢ € D'. Therefore, for each n € N and & € D, we get

Q(C)(S™M, 65m) = QOT~H(P™, €)= T7'Q(O)(P™, 65m)
= T7H (G (PY,€2070)) = ({51, €500),

(SS2)=(SS3). For a fixed ( € D', we apply Theorem 4.7 to the shift-invariant
operator E(¢)T~'. This gives

(E(C) Zki SE) (@1, .. ar), (Qz1) -+ Q(z) P)(w)), P € P(D).

(6.5)
For the family of delta operators (D(())cep and its basic sequence (monomials),
consider the isomorphism J defined in Corollary 4.11. Hence, by (4.26) and (6.5),

Ummﬂm:Z%@WQ@ﬁwmwo>. (6.6)

n=1

Furthermore, by (4.22),

Zkl ®, 65 = 7(¢), (6.7)
k=1
where
<7—(l€)’€®k> — (T<®k’§®k>)(0)’ 5 c D, ke N.

(Note that the first term in (6.7) is indeed equal to 1, because T' maps 1 into 1.) By
(4.23) and the isomorphism theorem,

exp[(¢,§)] = (TE(O)(E) = (T(EQT ) (ETT)E). (6.8)
By Proposition A.1 (see also Remark A.2) and (6.6)—(6.8), we get

g% <5(k)(o7 (Z% (leé-@n)) > _ expT[é;f)], (6.9)

n=1
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compare with (4.28). We define operators A, € £(D®*, D) by formula (4.30) for k > 2
and A; := 1. Formulas (4.29) and (6.9) imply (SS3).

(SS3)=>(SS2). For the family of delta operators (D(())cep and its basic sequence
(monomials), we construct the isomorphism 7. We define an operator T € S(P(D'))
by T := J'r. Since 7(¥) = 1, by Proposition A.1 and Corollary 4.11, there exists an
operator S € S(P(D’)) satisfying ST = T'S = 1. Hence, the operator T is invertible
and 77! = S.

Since T'1 = 1/70) = 1, for each f™ € D" we obtain

(THE F)) (W) = @, F) + ) (W, 9) (6.10)
=0
for some ¢) € D i =0,1,...,n — 1.
Consider the linear operator
DO 5 f sy S () T_1<P("),f(")> e P(D). (6.11)

Since T~ € L(P(D’)) and the linear operator
D" 3 [ (PM, fV) € P(D')

is continuous (see Section 3), we conclude that S e £(D®", P(D")).
Using formula (6.10), just as in Section 3, we conclude the existence of a monic
polynomial sequence (S(™)2 ) that satisfies

(ST f)(w) = (S™(w), f™), (6.12)
cf. (3.4). By (6.11) and (6.12), we obtain
<p(n)7 f(n)> — T<g(n)’f(n)>.

It follows from the proof of the implication (SS2)=-(SS3) that the monic polynomial
sequence (S (M) has the same generating function as (S™)> . so they coincide. But
this implies (6.2).

Thus, we have proved that the conditions (SS1), (SS2), and (SS3) are equivalent.

(SS2)=(SS4). For w,{ € D', £ € D, and n € N we have



I
\E

<Z) (T—1<P(kz)’ §®k>>(w) <P(n—k:) ©), §®(n—k)>

k=0

3

n n— n—
(7)™ e pe e 20,
k
(SS4)=(SS5). In formula (6.4), swap w and ¢, set ¢ = 0, and denote p™ := S (0).
Note that p©® = SO (0) = 1.
(SS5)=(SS1). For each ¢ € D', £ € D, and n € N, we get from (SS5)

I
=)

Q) <S(”)’§®”> = Z (Z) <p(k)7£®k> Q(C)<P(n_k), §®(n_k)>
k=0
= kz:; (Z) <P(k)7 £®k>(n — k‘) <C, §><P(n—k_1)’ €®(Tb—k—1)>

= 'I’L<C7 €> (n ; 1) <p(k), €®k‘><P(n—k—1), £®(n—k—1)>
=0

k=

= n(¢, (ST, g2y, 0

Corollary 6.4. Let the conditions of Theorem 6.2 be satisfied. Then (S™)>, is a
Sheffer sequence for the family (Q<O)<ED’ if and only if the sequence (S™)22 has the
generating function

an w), ") = exp [(w, A(€)) — C(A(®€))], weD', £eD, (6.13)

where A(€) == Y o0 | AkE®F € S(D, D) is as in (4.2) and C(€) := > o (CW) ¢®F) €
S(D,R) is such that C(0) =

Proof. We note that (w, A(§)) € S(D,R) as the composition of (w,&) € S(D,R) and
A(€) € S(D,D). As easily seen, exp[{w, A(§))] € S(D,R) in formula (6.3) can be
understood as the composition of expt = > 7 (& € S(R,R) and (w, A(§)) € S(D,R),
see Definition A.3.

Consider log(1 +¢) = Y07 (=1)""' £ € S(R,R). Define C(&) € S(D,R) as the
composition of log(1+t) € S(R,R) and 7(A(§))—1 € S(D,R) (note that 7(A(0))—1 =
0). Then C'(0) = 0. By Remark A.9, we obtain 7(A(£)) = exp(C(£)), the equality
in §S(D,R). Hence, using again Remark A.9, we conclude that formula (6.3) can be

written as (6.13). O

Remark 6.5. According to Theorem 6.2 and Corollary 6.4, any Sheffer sequence (S™)2
is completely identified by a family of delta operators, (Q(()) cepr» and a formal series
C € §(D,R) with C(0) =
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Corollary 6.6. Under the conditions of Theorem 6.2, assume that (S™)° is a Shef-
fer sequence. Let (5™), € F(D') with 5 =1 satisfy

= 1
T(AE) =) (e, €5, (6.14)
k=0
Then, for each n € N,
P™(w) = (Z) B o8P (W), weD. (6.15)
=0
Proof. By (4.2), (SS3) and (6.14),
- ]' ®n - 1 k) ®k - 1 n
n=0 k=0 =0
which implies (6.15). O

Corollary 6.7. Under the conditions of Theorem 6.2, assume that (S™) is a Shef-
fer sequence. Then, (S™), = (P™), if and only if S™(0) =0 for each n € N.

Proof. By (SS4), for each n € N and w € D’, we have

SM (w) ) + Z ( )S(’“ ® PR ().

From here the statement follows. O

Let C(D’) denote the cylinder o-algebra on D', i.e., the minimal o-algebra on D’
with respect to which each monomial (-, &) (£ € D) is measurable.

Definition 6.8. Let (S™)>° be a Sheffer sequence on D’ and let u be a probability
measure on (D’,C(D’)). The polynomials (S™), are said to be orthogonal with
respect to p if for any m,n € No, m # n, f0 € D and ¢ € D,

5™, NS 0), ) dif) = 0.

Recall the operator T € S(P(D’)) given by (6.2). Then the operator T—! €
S(P(D")) satisfies

T*1<p(n)’f(n)> — (S(”), f(n)>7 ™ e Do p e N.
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Corollary 6.9. Let (S™)> be a Sheffer sequence on D'. Let u be a probability
measure on (D',C(D')) such that the polynomials (S™)2, are orthogonal with respect
to . Then the corresponding operator T—! has the following representation:

(T7'P)(w) = /, P(w+¢)du(¢), PeP(D). (6.16)

Proof. Note that formula (6.16) holds for P = 1. Now, for each n € N and £ € D, we
obtain by (SS4):

/ (S (w+0) 6% dp(Q) = (Z) (PR (w), £200) / {(SM(0),€7%) du(<)

= (P"(w), %) = (T1{S™, ")) (w). a

Remark 6. 10 Note that, in the proof of Corollary 6.9, we only use the fact that
Jo (S MY dp(w) = 0 for all n € N.

Recall that a Sheffer sequence on R whose delta operator is the operator of differ-
entiation is called an Appell sequence on R.

Definition 6.11. Let (S™)>°, be a Sheffer sequence for the family of delta operators
(Q(O))cep = (D(C))¢epr- Then we call (S™), an Appell sequence on D'

By (4.2), A(¢) = £ in the case of an Appell sequence. Hence, an Appell sequence
(S()2 | has the generating function

[e.9]

> L)€ = exp (0.6~ C(©)), we D, €eD.

7 Lifting of Sheffer sequences on R

We can extend the procedure described in Section 5 to a lifting of Sheffer sequences
on R. Let (s,)22, be a Sheffer sequence of monic polynomials on R for the delta
operator @, i.e., Qs, = ns,_1 for each n € Ny. Thus, @) has representation (5.1) and
the polynomial sequence (s,)22, has the generating function

n

S Esalt) = explta(u) — cla(w))],

n=0

| N

where a(u) € S(R,R) is given by (5.3) (being the compositional inverse of the ¢ given
by (5.2)) and

o0

c(u) = Z cpu” € S(R,R).

k=1
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We now consider the family of delta operators, (Q(¢))cep, given by (5.9). Then
A(€) is given by (5.10). Furthermore, for k € N, we define C*) € D'k by

(CB By = e (D fH)), B € DO,

Here, the operator D, is defined by (5.5) and for £ € D, we denote (§) := [, &(x) dx
Thus, for £ € D, we define

€)=Y (CW %) = "o (¢) = (c(€)).

k=1
We now consider the Sheffer sequence (S(™)%, for the family of delta operators
(Q(C))¢ep that has the generating function

[e.9]

> (50(w), €)= exp [{w,a@)) — (e(al(@)], weD, €€D, (1)

n=0

see (5.4) and Corollary 6.4. Thus, we may think of the Sheffer sequence (S™)>, on
D' as the lifting of the Sheffer sequence (s,,)7°, on R.

Proposition 7.1. Let (S™)% be a Sheffer sequence with generating function (7.1).
Then, for each n € N, p™ := SM(0) € D'®" satisfies

(", = > T[Nesi€”), ¢ep, (7.2)
TeP(n) BeET

where A\, € R are defined by

Au) = =Y k—‘“ u” : (7.3)
k=1

Furthermore,

n

(576 =3 (1) 0. EPII @, 0P, weDgeD, (1
k=0

where (P"(w), ") is given by formula (5.13).
Proof. By (7.1) with w = 0 and (7.3), we have

L 7€) =e [Z %m] . (75

Using Faa di Bruno’s formula for the nth derivative of composition of functions, we
deduce (7.2) from (7.5). Formula (7.4) immediately follows from (SS4) with w = 0 (or
(SS5)), (5.11), and Proposition 5.1. O
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We can also write down the result of Proposition 7.1 in the following form. By
a marked partition of the set {1,2,...,n} we will mean a pair (7, m;) in which 7 =
{B1,Bs,...,Br} € B(n) and m, : 7 — {—,+}. (The value m,(B;) € {—,+} may
be interpreted as the mark of the element B; of the partition 7). We will denote by
MP(n) the collection of all marked partitions of {1,2,...,n}.

Corollary 7.2. Let (™), be a Sheffer sequence with generating function (7.1).
Then, for eachn € N, w, ED/ and £ € D,

(SW (W)= Y II s II  Ame™

(mmr)eMP(n) \ Bem: my(B)=+ Bem:mg(B)=—
see formula (5.12) for the definition of ay.
Proof. Immediate from Proposition 7.1. [

Using Proposition 7.1, we can now immediately extend Corollary 5.2 to the case of
a lifted Sheffer sequence.

Corollary 7.3. Let (S™) be a Sheffer sequence with generating function (7.1).
Then, for each n € M(R?) and n € N, we have S™(n) € Mgym((R?)"™). Purthermore,
for each A € By(RY), and n € N, we have

(ST m)(A") = 3a(n(A)), (7.6)
where (5,)0°, is the Sheffer sequence on R with generating function

>~ —5a(t) = exp [ta(u) - vol(A)e(a(w))].

n=0

| IS

where vol(A) == [, dx. In particular, (5,)52 = (sn)o2, if vol(A) = 1.

Proposition 7.4. The statement of Proposition 5.3 remains true for a Sheffer sequence
(S))22 ., with generating function (7.1).

Proof. Analogously to the proof of Proposition 5.3, we note that, for any £, ¢ € D
satisfying (5.17),

exp [(w, a(€ + ¢)) — (c(a(é + ¢)))]
= exp [(w, a(€)) — (c(a(€)))] exp [(w, a(8)) — (c(a(¢)))].

The rest of the proof is similar to that of Proposition 5.3. O

We will now consider examples of lifted Sheffer sequences.
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7.1 Hermite polynomials on D’

The sequence of the Hermite polynomials on R, (s,,)22,, is the Appell sequence on R
with ¢(u) = ”72 The Hermite polynomials are orthogonal with respect to the standard
Gaussian (normal) distribution on R. The lifting of (s,)22, is the sequence of Hermite
polynomials on D', (S™)>° . that has the generating function

(€

— 1 1
> 80,6 = oxp | w.6) — | —oxp [ (0.9 = Jlelgan| - 1
n=0

Remark 7.5. For each § € D with €| ,2ra g0y = 1, we get from (7.7) that

(8™(w), €%") = sul{w, €))- (7.8)

We see that the Hermite polynomials, S, do not actually make use of the spatial
structure of the underlying space, D', but essentially use only the Hilbert space struc-
ture of L?(R¢, dz). Formula (7.8) is an exceptional property of the infinite-dimensional
Hermite polynomials, compare with the general case discussed in Corollary 7.3.

Using either Proposition 7.1 or Corollary 7.2, we easily get an explicit formula

|3

(57 =3 (5, ) e (€D g,

x>

o

where [7] denotes the largest integer < 7. (Note that Ef,];)k' is the number of all partitions

7 € PB(2k) such that each set from the partition 7 has precisely two elements.)
Let p be the probability measure on D’ that has Fourier transform

1
/D/ explifw, )] du(w) = exp [_§”§H%Z(Rd7dr)] » LED.

The measure p is called the Gaussian white noise measure. The Hermite polynomials
(S()2 . are orthogonal with respect to y, and furthermore, for any m,n € N, f(™ ¢
D™ and g™ € DO,

[ 8™ @), S @), ) ) = Bl (F g g (T9)

see e.g. [6,14].

As pointed out in the Introduction, the infinite dimensional Hermite polynomials
are well-known and play a fundamental role in Gaussian white noise analysis, see e.g. [6,
14,15,29] and the references therein. In white noise analysis, one usually writes : w®" :
for S™(w) and call it the nth Wick power of w. In that context, the transformation
T~! given by formula (6.16) is known as the C-transform.
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7.2 Charlier polynomials on D’

The sequence of the Charlier polynomials on R, (s,)>°,, is the Sheffer sequence with
a(u) = log(l + u) and c¢(u) = e* — 1, so that A(u) = —u. The Charlier polynomials
are orthogonal with respect to the Poisson distribution corresponding to the intensity
parameter 1. The lifting of (s,)2, is the sequence of the Charlier polynomials on D',
(S(™)2 . that has the generating function

oo

Z % w), £ = exp [(w,log(1 +&)) — (£)] -

Note that the corresponding binomial sequence is ((w),)52,, the falling factorials on D’.

By Proposition 7.1,

n=0’

n

(576 = 3 (1) -0 (@hon 107). (7.10)

k=0

Furthermore, by Corollary 6.6, we obtain

(@)n €)= (Z) (€S (w), £207H). (7.11)

k=0

Compare formulas (7.10) and (7.11) with Corollaries 2.9 and 2.10 in [18], respectively.
Note that the latter results were obtained only for w from the configuration space I'.
Let p be the probability measure on D’ that has Fourier transform

[ explite. ] duteo) = exp [ [ e - 1>dx] . ceD.

The measure p is concentrated on the configuration space I and is called the Poisson
point process, or the Poisson white noise measure. The Charlier polynomials (S™)%
are orthogonal with respect to the Poisson point process p and formula (7.9) holds true
in this case.
The Charlier polynomials (S™)>  play a fundamental role in Poisson analysis, see
g. [17,20,23]. In this analysis, the transformatmn T~ given by formula (6.16) is also
known as the C-transform.

7.3 Orthogonal Laguerre polynomials on D’

It follows from (5.29) that, for each parameter k > —1, the sequence of the Laguerre

polynomials (p L])n o on R corresponding to the parameter k is a Sheffer sequence,

[

whose corresponding binomial sequence is (p,)22, = (pn })2‘;0, see (5.30). For each
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k > —1, the Laguerre polynomials (p L])n o are orthogonal with respect to the gamma

distribution

! (t)trhe "t dt

Tk + 1) ) '
In particular, for k = 0, the Laguerre polynomials (s,)22, := (p L])n ° , are orthogonal
with respect to the exponential distribution x(o,c)(t)e 1tdt on R. By (5.29), (s,)22,
is the Sheffer sequence with a(u) = . and c(u) = —log(l — u), so that A(u) =
—log(1 + u).

The lifting of (s,)%%, is the sequence (SM™)°, of the Laguerre polynomials on D'

that has the generating function

oo

Z% w) &) = exp K 1 i 5> ~ (log(1 +€)>] - (7.12)

n=

Note that the corresponding polynomial sequence of binomial type is the Laguerre
sequence (P™)>  with generating function (5.31), see Subsection 5.4. Analogously to
formula (5.32), we will now present a combinatorial formula for (S (w), £57).

We can identify each permutation 7 € &(n) with ¢(n) := {v4,..., 4}, the set of
the cycles in 7. For each cycle v; € ¢(), we denote by |v;| the length of the cycle v;.
We define

MS(n) == {(r,m,) | 7 € &(n), my : c(m) = {+,—}},

compare with the definition of 9MYB(n) above.

Note that, for a given subset of N that has m elements, there are (m — 1)! cycles
of length m that contain the points from this set. Hence, by Corollary 7.2 and (7.12),
we get:

(SM(w), &5 = > I w(-wEoM I 9"
(m,mz)EMS(n) \vee(m): my (v)=+ vee(m):my (v)=—
By Corollary 7.3, formula (7.6) holds with (5,)5>, = (p,[f])n o, the Laguerre poly-
nomials on R corresponding to the parameter £ = vol(A) — 1 > —1.
Let i be the probability measure on D’ that has the Laplace transform

/ e 8 dp(w) = exp [—/ log(1 +§(1’))dm] , §€D, &> ~1
, R

The p is called the gamma measure, or the gamma completely random measure. 1t is
concentrated on the set of all (positive) discrete Radon measures n = 3, s;8,, € M(R?)
with s; > 0 for all i. Note that, with u-probability one, the set of atoms of n, {x;}, is
dense in RY.
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As follows from [19,20], the Laguerre polynomials (S(™), are orthogonal with
respect to the gamma measure p, and furthermore, for any &,¢ € D and m,n € N,

[ 5@, €0, 0%) dute) =t 3 T (60

TE€S(n) vee(m)

The Laguerre polynomials (S(™), play a fundamental role in gamma analysis,
see e.g. [19,20,24,25].
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Appendix: Formal tensor power series

We fix a general Gel’fand triple (2.1). The following proposition is a direct consequence
of formula (2.9).

Proposition A.1. Let F(§) =Y 00 (F™ ¢%m) € S(®,R) be such that F(0) = F© £
0. Then there exists a unique Y oo (G™ £%") € S(®,R) such that

Explicitly, GO = 1/F© and for n > 1, G™ is recursively given by

- F(O)ZF(n Yoa?

We will denote

(f}ﬂ"%s%) =Y e

Remark A.2. Tt follows from Proposition A.1 that, for any F(€),G(§) € S(P,R) with
F(0) # 0, we obtain
G(§)

G € S(P,R).
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Definition A.3. Let R(t) = > 07 rot" € S(R,R). For each F(£) =Y 00 (F™ ¢%n)
S(®,R) with F(0) = 0, we define a composition of R and F', denoted by

R(F(£) = (Z(F"“),£®’“>) ,

n=0 k=1

as the formal series G(&) = >°°° (G, £27) € S(®,R) with G := ry and

n=0

G™ .— Z Z rm(F(kl) o F*) o... o F(k’m))’ neN.

Definition A4. Let A(§) => 7 A%, B(§) =7 Bu&®" € S(®, @). We define a
composition of B and A, denoted by

B(A(€)) =) _ B (Z Akf@“) :

as the formal series C'(§) =Y 7, C,,6%" € S(®, @) with

Ci=Y. Y BulA0Aw0--04,), neN.  (A13)
m=1 (ky,....km)EN™
k1t km=n

Here, for (ki,..., k) € N™ with ky + - -+ + k,, = n, we denote
Apy © Ap, © -+ - © Ay, = Sym,, (A, @ Ay, ® -+ ® Ay, ),
where Sym,, € L(®®" ") is the operator of symmetrization, see (2.2).

Proposition A.5. (i) Let B(§) = > 2| B,®" € S(®,®) with By = 1. Then there
exists a unique A(§) = > 07 AE®" € S(®, ®) such that B(A(§)) = £. The operators

(A, are given recursively by Ay = 1 and for n > 2,

A== Y Bu(A, 04,0 0A4,). (A.14)
m=2 (kl,...,km)ENm
ki++km=n

(i) Let A(E) = > .2 Al®" € S(@,®) with Ay = 1. Then there exists a unique
B(&) == >.07  B,£®" € S(®,®) such that B(A(§)) = &. The operators (By,)2>, are
giwen recursively by By = 1 and forn > 2,

n—1
B, =— > Bu(An 04, @0 A,). (A.15)
m=1 (kq,..., km )EN™
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Proof. First, it follows from formula (A.13) that C; = By A;. Hence, for C; = 1, we
must have A; =1if By =1, and B; =1if A; = 1. Now, if A; = B; = 1, the operator
C,, from formula (A.13) has the following form for n > 2:

Hence, in both cases (i) and (ii), we get C,,=0 for n > 2 if and only if formulas (A.14)
and (A.15) respectively hold. ]

Similarly to Defintion A.4, we give the following
Definition A.6. Let F(£) = S°° (F™ ¢#m) € S(P,R) and A(£) = > 00 A% €
S(®,P). We define a composition of F' and A, denoted by

) 0o ®n
F(A®¢) = Z< F <2Ak§®k> >

n=0 k=1

as the formal series Z?:0<G(” €8 € §(@,R) with GO := F(© and

GMi=>" Y (A4, 04,004 )F™, neN

Here A; € L(®', ®'F) is the adjoint of Ay.
Remark A.7. It follows from Definition A.6 that

F(A(€) = F©

+ Z Z Z <F(m)’ (Ak1€®k1) ® (Ak2f®k2) -0 (Akm€®km)>

Proposition A.8. Let F(§) € S(P,R) and let A(E), B(§) € S(®,P). Denote G(&) :=
F(B(§)) € S(®,R) and C(£) := B(A(§)) € S(®,®). Then G(A(E)) = F(C(§)), the
equality in S(P,R).

Proof. The proposition follows from Definitions A.4 and A.6, see also Remark A.7. We
leave the details to the interested reader. O]

Remark A.9. As easily seen, a statement similar to Proposition A.8 also holds for the
composition S(R(F(£))) € S(®,R), where S, R € S(R,R) and F € S(?,R).
Proposition A.8 immediately implies the following result.

Corollary A.10. Let F(¢) € S(®,R) and let A(€),B(§) € S(P,P) be such that
B(A(S)) = & Denote G(§) := F(B(S)) € S(®,R). Then G(A(E)) = F(§).
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