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Abstract

We prove the hair-trigger effect for a class of nonlocal nonlinear evolu-
tion equations on R? which have only two constant stationary solutions, 0
and 6 > 0. The effect consists in that the solution with an initial condition
non identical to zero converges (when time goes to oo) to 6 locally uni-
formly in R?. We find also sufficient conditions for existence, uniqueness
and comparison principle in the considered equations.
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1 Introduction

The aim of the paper is to find sufficient conditions for the so-called ‘hair-trigger’
effect [2] in the following nonlinear nonlocal evolution equation on the Euclidean
space R%, d > 1:

Ou

E(a@ t) = x(axu)(x,t) — mu(z,t) — u(z, t)(Gu)(x,t) (1.1)
for t > 0, z € R? with an initial condition u(x,0) = ug(z), * € R Here
m, » > 0, G is a mapping on a space of bounded on R¢ functions, and (a*u)(x,t)
means the convolution (in x) between u and a nonnegative integrable probability
kernel a = a(x) > 0 on R%; namely,

(a*u)(m):/

g a(z — y)u(y, t)dy, /Rd a(z)dx = 1. (1.2)

We restrict ourselves to a monostable-type case, when (1.1) has two constant
solutions v = 0 and w = 0 > 0 only. The hair-trigger effect means that, unless
ug = 0, the corresponding solution to (1.1) achieves an arbitrary chosen level
between 0 and 6 uniformly on an arbitrary chosen domain of R? after a finite
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time. In other words, u(z,t) converges, as t — 0o, locally uniformly in 2 € R to
the positive stationary solution v = 6. The latter solution, therefore, is globally
asymptotically stable in the sense of topology of local uniform convergence.

We interpret u(z,t) as a density of a population at the point x € RY at
the moment of time ¢ > 0. The probability density a(x) describes distribution
of the birth of new individuals with constant intensity s > 0. Individuals in
the population may also die either with the constant mortality rate m > 0 or
because of the competition, described by the density dependent rate Gu, where
G is an (in general, also nonlinear) operator on a space of bounded functions.
The equation (1.1) can be also rewritten in a reaction-diffusion form, whose
solution has another interpretation, see the discussion around (2.4) below.

The hair-trigger effect is an important tool in the study of the long-time
behaviour of evolution equations. In particular, it allows to study the front
propagation of the solutions to the equations [14,16]. We prove the hair-trigger
effect (Theorems 2.3-2.5), applying Weinberger’s results for discrete dynamical
systems [22]. We also prove the existence/uniqueness (Theorem 3.3) and the
comparison principle (Theorem 4.1) for some generalizations of (1.1).

2 Assumptions and main results

We treat u = u(x,t) as the local density of a system at the point 2 € R? and
at the moment of time ¢ € I, where I is either a finite interval [0, 7], for some
T > 0, or the whole R := [0, 00).

We assume that ug is a bounded function on R?. We will consider the follow-
ing Banach spaces of real-valued functions on R%: the space Cj(R?) of bounded
continuous functions on R¢ with sup-norm, the space C\;(R?) of bounded uni-
formly continuous functions on R? with sup-norm, and the space L>(R?) of
essentially bounded (with respect to the Lebesgue measure) functions on R?
with esssup-norm.

Let E be Cyup(R?), Cyp(RY) or L>®(R?). We consider the space Cy(I — E) of
continuous bounded functions on I (recall that I includes 0) with values in F
equipped with the norm

lulle, 1By = sup u(-, t)] &
tel

For 0 < Ty <Tj, we set
XT17T2 = Cb([Tl,TQ} — E),

and let || - ||y, 7, denote the corresponding norm. We set also Xr := X r,
|-l := 1+ llo,z, and
Xy = Cy(Ry — E)

with the corresponding norm ||-||oo. We will also omit the sub-index for the
norm | - ||g in E, if it is clear whether we are working with sup- or esssup-norm.

We define also the set X} of functions from Xz, which are continuously
differentiable on (0, 7] in the sense of the norm in E. A function v € X} which
satisfies (1.1) is said to be a classical solution to (1.1); in particular, u will
continuously (in the sense of the norm in F) depend on the initial condition uy.



We will write v < w, for v,w € E, if v(z) < w(x), for all x € RY (a.e.
r € R, in the case E = L>®(R%)). The upper index ‘+’ will denote the cone of
nonnegative functions in the corresponding spaces, namely,

ET :={ve FE|v>0} XﬁJr::{uGXHuzO},
where f is one of the sub-indexes above. Denote also, for an r > 0,
Ef ={veE:0<v<r}h
We denote by Ty : E — E, y € R?, a translation operator, given by
(Tyv)(z) =v(z —y), z€R™L (2.1)
We consider also the topology generated by the following semi-norms

[lv||a := sup |v(x)], A € R? is a compact. (2.2)
zEA

In particular, v, € E converges to v € E in the topology if and only if v,
converges to v locally uniformly, which we denote

loc

Uy, = U, N — 00.

The latter convergence means that llpv, — Iavin E, where 1l 5 is the indicator-
function of the compact set A C R.

In Section 3, we prove an existence and uniqueness result for a more general
equation than (1.1); which can be read in the case of (1.1) as follows

Theorem 2.1. Let G : E — E be such that Gv > 0, v € ET, and for some
Kk >0,
|Gv — Gu|g < e |lv—w||g, v,we€E" r>0.

Then, for any T > 0 and uy € E™, there exists a unique nonnegative solution
u € Xr to (1.1).

To exclude the trivial case when ||u(-,t)||g converges to 0 uniformly in time,
we assume that

Bi=x—m>0. (A1)

We suppose that there exist two constant solutions u = 0 and u = 60 > 0 to
(1.1), more precisely,
there exists 0 > 0 such that

(A2)
0=G0O<Gv<Gh=p, veE.

We will also assume that G is (locally) Lipschitz continuous in Ej , namely,

there exists lg > 0, such that

A3
|Gv — Gwl|| < lpllv —w|, v,we E]. (43)



We restrict ourselves to the case when the comparison principle for (1.1)
holds. Namely, we assume that the right hand side (r.h.s. in the sequel) of (1.1)
is a (quasi-)monotone operator:

for some p > 0 and for any v,w € E; with v < w, (A4)
xa*xv—vGu+pv < xa*xw — wGw + pw.

In Section 4, we also prove that the comparison principle holds for a more
general equation than (1.1); which can be read in the case of (1.1) as follows

Theorem 2.2. Let (Al)—(A4) hold. Let T > 0 be fized. Suppose that ui,us €
X} are such that, for all (z,t) € R x (0,T],
0 0
% — xa*xup + mu; +u1Guy < % — xa x Us + mug + usGuo,
u(z,t) >0, up(z,t) <90,

0 <wuyi(zx,0) <ug(z,0) <6.
Then uy(z,t) < ug(w,t) for all (z,t) € RY x [0, T].

Moreover, Proposition 4.2 states that if 0 < ug < 6, then under (A1l)—(A4)
the corresponding solution to (1.1) satisfies 0 < u < 6. As a result, one gets the
comparison between any two solutions to (1.1) for all ¢ > 0 having it for ¢t = 0.

We assume that the kernel a is not degenerate at the origin, namely,

there exists p,d > 0 such that a(x) > p for a.a. x € Bs(0). (A5)

Here and below B, (z¢) denotes the ball with the radius » > 0 centred at the
zo € RY. In the case g = 0 € R%, we will just write B, := B,(0).

Stability of the solution to (1.1) with respect to the initial condition in
the topology of the locally uniform convergence requires continuity of G in the
topology.

1
for any v,,v € E;', such that v, == v, n — 00, one has

loc (AG)
Gv, — Gv, n — oo.
We will consider the translation invariant case only:
letT,, ye R, be a translation operator, given by (2.1), then (A7)

(T,Gv)(z) = (GT,w)(z), veES, zeR.

Under (A7), for any r = const € (0,0), Gr = const. In this case, we assume
also that

Gr < 8, r € (0,0). (A8)

In Section 5, we prove the ‘hair-trigger’ effect for the solutions to (1.1). For
technical reasons, it will be done separately for kernels with and without the
first moment. Namely, for the kernels which satisfy the condition

/ yla(y)dy < oo, (A9)
Rd



we set

m:= / za(x)dz € RY, (2.3)
Rd
and assume, additionally to (A4), that

there exist p >0, b € C®(RY) N L>®(RY), § > 0, such that
a(x) — b(x) > 0l g,y (z), x€RY, (A10)
w Gw < b *x w + pw, wEE;'.

Then we can prove the following

Theorem 2.3. Let the conditions (A1)~(A10) hold. Let ug € E;, ug # 0, and
let u € X be the corresponding solution to (1.1). Then, for m defined by (2.3)
and any compact set K C R?,

lim essinf u(z + tm,t) = 6.
t—oo zeK

Remark 2.4. For a brevity of notations, in the case F = L>(R%), we will treat
up # 0 as follows: there exist 6,p > 0 and xy € R?, such that ug(x) > § for
a.a. ¢ € By(zo).

For the kernels which do not satisfy (A9), we will need an approximation of
the solution from below. For this reason, we consider the following assumption

let, for each n € N, there exist
0<an€L'RY), ,>0, G,:E—E, 6,¢c(0,0
which satisfy (A1)—(A10) instead of a, », G, 0, correspondingly,
such that, for some f € RY, (A11)

/ zap(z)de=m, n €N, 60, =0, n— oo,
Rd
Mpay ¥ w — wGw < xax w — wGw, wGE;;.

Then the following counterpart of Theorem 2.3 holds.

Theorem 2.5. Let the condition (A11) hold. Let ug € E;, ug # 0, and let
u € Xoo be the corresponding solution to (1.1). Then, for any compact set
K c R4,

lim essinf u(z + tm,t) = 6.

t—oo zeK

In particular, if (A1)-(A10) hold and m = 0 € R? or if (A11) holds and

m = 0 € R?%, then one gets the desired ‘hair-trigger’ effect. Note that, indeed,
for a properly ‘slanted’ anisotropic kernel a with m # 0 € R, the solution to
(1.1) may converge to 0 uniformly on any ball centred at the origin, whereas it
will converge to 6 on the ‘time-moving’ ball according to Theorems 2.3 or 2.5;
see [13] for the corresponding result in the case of the Example 2 described
below.



Examples

Note that the equation (1.1) may be rewritten in the reaction—diffusion form,

%:%(a*u—u)—&—Fu, (2.4)

where Fu := u(8 — Gu), u € E;, provided that the operator

F(u
Ef Suw Fl) €EFE
u
is well defined. The solution u to the equation (2.4) may be interpreted as a
density of a species which invades according to a nonlocal diffusion within the
space R? meeting a reaction F, see e.g. [11,19,20].

1. Reaction—diffusion equation with a local reaction

A particular example of (2.4), with F(u) = f(u) for a function f : R — R,
was considered e.g. in [1,3,5-9,16,21,23]. We assume (Al) and (A5) as before,
whereas the assumptions (A2)—(A4), (A6)—(A8), (A10) are fulfilled if only

f is Lipschitz continuous on [0, 6];

lim @:ﬁ;

r—=0+ 7

fO)=f(@)=0; 0< f(r)<pr, re(0,0).

If (A9) does not hold, then, to fulfil (All), it is enough to take s, = s,
an(r) := 1, (z)a(z), provided that A, C R? are such that A, 1 R? and
fAn ra(z)dr = m. In particular, if a(—z) = a(z), z € R?, one can take A, :=
B, (0).

2. Spatial logistic equation: Gu =»"a~ xu

Let >~ > 0 and a™ (z) be a probability kernel. We consider Gu = »~a™ * u,
i.e. (1.1) has the form

%; =x(a*xu) —» ula” *u) —mu.
This equation first appeared, for the case »a = %~ a~, m = 0, in [17,18]; for the
case »a = » a~, m > 0 in [10], and for the different kernels in [4], where the
so-called Bolker—Pacala model of spatial ecology was considered. The equation
was rigorously derived from the Bolker—Pacala model in [15] for integrable v and
in [12] for bounded w. The long-time behaviour of this equation was studied
in [13,14].

We assume (Al) and (A5) as before. Under (Al), we have in this case
0= %—_m > 0. Then the conditions (A2)—(A3), (A6)—(A8) are satisfied. The

%4
condition (A4) holds if and only if

wa(x) > (3 —m)a (z), r € R (2.5)



Condition (A10) holds if we additionally assume that there exists § > 0, such
that
xa(x) — (s —m)a” (z) > Sl gy (), r € R
In this case we can put, in (A10), b(x) = (> —m)a™ (z), p = 0.
If (A9) does not hold, then, to fulfil (A11), one can proceed as in the previous

example. Namely, we define a,, as before, and we set G,,u = »~a,, * u, where
a; (z) =1y, (v)a" (), x € R4

3. The case Gu=»x"a" *u—g1(a” *u)
Let g(s) = »~s — ¢g1(s), where = > 0, g1 : [0,0] — Ry is increasing and
Lipschitz continuous, such that ¢g1(s) = o(s), as s — 0 and »~s > g¢1(s), for

s € (0,0). We define Gv = g(a™ *v), where a™ is a probability density. Namely,
we consider the following equation,

0

8—1; =sx(a*xu) —» ula” *u) +ugi(a” *u) — mu.

As in the previous example, (A4) holds if and only if (2.5) holds. The rest
of the assumptions can be characterized straightforward. Typical example is
g(s) = B(1 — (1 — s)™), with # = 1. In this case the corresponding reaction is
F(u) = pu(l —a™ xu)™.

3 Existence and uniqueness

We start with the following simple lemma

Lemma 3.1. Let a € L'(RY), f € E. Then ax f € Cu(R?). Moreover, if
veECYI — E), I CRy, then axv € Cy(I — Cyup(R?)).

Proof. The convolution is a bounded function, as
[@x @) <Iflellall@y, — a€L'R?),feE. (3.1)

Next, let a,, € Co(R?), n € N, be such that ||a — an||z1ge) = 0, n — oo. For
any n > 1, the proof of that a, * f € Cyu(R?) is straightforward. Next, by
(3.1), [la* f —an * f|| = 0, n — co. Hence a * v is a uniform limit of uniformly
continuous functions that fulfils the proof of the first statement. The second
statement is followed from the first one and the inequality (3.1). O

Lemma 3.2. Let {r,}nen be a sequence of numbers, such that vy > 0 and the
following recurrence relation holds

Tn4+1 = Tn _|_pe—q7”n’ n e Na (32)

where p,q > 0. Then the series
neN I'n

18 divergent.
ed’n

Proof. By (3.2), r,, n € N is a positive increasing sequence. Passing to the limit
in (3.2) when n — oo, one gets that r,, — 00, as n — oo. Hence, without loss



1

of generality, one can assume that b, := e~ 9 < (pq)~"', n € N. One can easily

rewrite then (3.2) as follows:
bpy1 = bpe PI0n,

It is straightforward to check that

1
<ye P O<zr<y< —,

1+ pgz(e —1) pq
Therefore, if we set ¢; := by and cpq1 = Hpq(cﬁ, n € N, we get ¢, <
bn, n € N. On the other hand, - 1+1 = % + pg(e — 1), that leads to
1 1
=—+n(e—1)pg, neN. (3.3)
Cn+41 &1
Therefore,

1 bn, Cn
= > =
Z rneqrn - —q ln bn - Z —q ln Cn 00,

neN eN neN
since, by (3.3),
Cn 1
“Ine, pg(e — L)nlnn’ noree
The statement is proved. O

Theorem 3.3. Let A,G : E — E be such that Gv > 0, v € E™, and, for some
K, >0,

|Av — Aw|| g < x||v — w]|E, v,w € BT,

|IGv — Gw|lg < " ||v — w| g, v,we Ef r>0.

Then, for any T > 0 and ug € E™, there exists a unique nonnegative solution
u € X7 to the equation

%(x,t} = (Au)(z,t) — mu(x,t) — u(z, t)(Gu)(zx, t), (3.6)
u(z,0) = uo(x),
where t € (0,T), z € R4,
Proof. First, we note that, by (3.4),
[Av]|p < [|A0|g + >[v]z, 0<wvekF. (3.7)

We set
fo = [|A0] £
Let T > 0 be arbitrary. Take any 0 < v € Xp. For any 7 € [0,T), consider
the following linear equation in the space E on the interval [, T':

du
ot

u(z, 7) = u, (),

(x,t) = (Av)(z, t) — mu(z, t) — u(z, t)(Gv)(x,t), te (1,T] (3.8)



where 0 < u, € FE, 7 > 0, and ug is the same as in (3.6). By assumptions on A
and G, we have that Av, Gv € Xp for all v € X7. In the r.hus. of (3.8), there is
a time-dependent linear bounded operator (acting in w) in the space E whose
coefficients are continuous on [7,T]. Therefore, there exists a unique solution to
(3.8) in E on [r,T], given by v = ®,v with

(P v)(x,t) := (Bv)(z, 7, t)u s (x) +/ (Bv)(z, s,t)(Av)(x, s) ds, (3.9)

T

for z € RY, t € [1,T], where we set

(Bv)(z,5,1) == exp (— / " (m + (Go)(e, p))dp) , (3.10)

for z € RY, t,s € [1,T]. Note that, in particular, (®,v)(-,t), (Bv)(-,s,t) € E.
Clearly, (®,v)(z,t) > 0 and, for any T € (1,7,

@700 DI < llurll + (fo + 2loll-0)(T=7),  te[r,T] (3.11)

where we used (3.7). Therefore, &, maps Xf’T into itself, T € (7, T].
For any To > T7 > 0, we define

X;I,Tz(r) = {v € X£7T2 ‘ lollry,z < 7"}, r > 0. (3.12)

Let now 0 < 7 < Y < T, and take any v, w € X (). By (3.9), one has, for
any x € R4, t € [, Y],

[(@rv)(z,t) — (Brw)(z,t)| < Jy + Jo, (3.13)
where
Ji = |(Bv)(z,7,t) — (Bw)(z, 7, t)|u- (2),
Jo = / ‘(Bv)(x, s, t)(Av)(z, s) — (Bw)(z, s,t)(Aw)(z, s)’ ds.

Since |e™® — 7| < |a — b|, for any constants a,b > 0, one has, by (3.10), (3.1),

Ji <Ur)(T = 7)|ur [0 — wllrx (3.14)

Next, for any constants a,b,p,q > 0,

[pe™® —qe”’| < e %p — gl + gmax{e™*, e }a — ],

therefore, by (3.10), (3.1),

Jy < %/ (Bv)(z, s,t) ds||v — wl -y
+ / max{(Bv)(z, s,t), (Bw)(z, s, t) }|(Aw)(z, s)|(t — $)I(r)||v — w]|r ds

t
< #(T = 7)llv = wllzx +1(r)(fo + lwllx)[[v = wlrx / e M(t — 5) ds

< (et (o + ol ) X2) (0 = )0~ wl v, (315)



asre " < 6*1, r>0.
Take any p > |lur|. By (3.11)—(3.15), one has,

(@), 1) — (@), )] < () 4 (o +50) 2) (0 =)o ],
[(@rv)(,t)| < p+ (fo+ ser)(T 7).

Therefore, @, will be a contraction mapping on the set Xj’ v (r) if only

l(re)>(T—T) <1 and p+(fo+xr)(T—7) <

(ulr) + 22+ (fo + 5e7)

If % < r, it is sufficient to show

(ul(r) + o+ 2%1"%) (T—7)<1 and p+2ser(Y —7)<r. (3.16)

Take for a € (0,1),

4 ome - 4 _ome
= — =T+ —.
s I(w)’ 25erl(r)
Then, the second inequality in (3.16) holds, since [ is monotonically increasing,
namely,

(3.17)

ame ame

pt+2r(Y—71)=p+— < pu+-—-=r
[(r) L)
Next
25erl(r) amep  ame ame  ame
(M (r) + s+ me )( ™) 21 2rl(r) tas 25 + 2rl(p) ta

In order to satisfy the second inequality in (3.16) it is sufficient to check,

ame _ame
2 2rl(p)

<1l-—aq,

but
ri(p) = pl(p) + ame,
i.e. we need
ame am

(&
1—a. 1
2(ul(p) + ame) * 2 © @ (3.18)

Since ¢ is increasing one can always choose o € (0,1) and p > 0 that satisfy
(3.18).

As a result, one gets that ®, will be a contraction on the set X;fr (r) with
T and r given by (3.17); the latter set naturally forms a complete metric space.
Therefore, there exists a unique u € X7y (r) such that ®,u = u. This u will be
a solution to (3.6) on [r, Y. 7

To fulfill the proof of the statement, one can do the following. Set 7 := 0,
choose ¢ > max{||uo]l, f—}?} and « € (0,1) that satisfy (3.18) with u = rg. One

gets a solution u to (3.6) on [0, T1] with |Ju|ly, < ro+ ftrey =11 Y1 = 5505

10



Iterating this scheme, take sequentially, for each n € N, 7:=1,,, ur, (x) :=
u(z, T,), v € RY,

ame
Z(Tn, 1)

Since r,, > r,—1 and I(r) is increasing, the same « as before will satisfy (3.18)
with p = r, as well. Then, one gets a solution u to (3.6) on [Y,,, Tp4+1] with

Ty 1= Tp_1+ > |luy, |I-

initial condition uy, , where
ame
T =Ty + —— 3.19
e nt 25erpl(ry)’ (3.19)
and
ame
[l

Y, Yhnt1 <r,+ m = Tn+1-
n

As a result, we will have a solution u to (3.6) on intervals [0, T;], [Y1, T2,
ooy [Yn, Thia], n € N. By Lemma 3.1, the r.h.s. of (3.6), will be continuous
on each of constructed time-intervals, therefore, one has that « is continuously
differentiable on (0, Y,1] and solves (1.1) there. By (3.19) and Lemma 3.2,

n
ame 1
Yo = g 1) — 00, N — 00,

therefore, one has a solution to (3.6) on any [0,7], T > 0.

To prove uniqueness, suppose that v € X is a solution to (3.6) on [0,7],
with v(x,0) = ug(z), * € R%. Choose rg > |[v||7 > |luo||. Since {r,}n>0 above
is an increasing sequence, v will belong to each of sets X;{“)Tnﬂ (rnt1), n >0,
Ty := 0, considered above. Then, being solution to (3.6) on each [YT,, Tpi1],
v will be a fixed point for ®v, . By the uniqueness of such a point, v coincides
with w on each [Y,,, Tp,4+1] and, thus, on the whole [0, T7. O

Remark 3.4. Since Av := »a x v, v € E, evidently satisfies (3.4), one gets
Theorem 2.1.

4 Comparison principle
Let H: E — E. Forany v € E, r € R, we set
(v Ar)(x) :=min{v(z),r}, (vVr)(x):=max{v(z),r}.

For any u € X}, r > 0, we define

(Fou) (1) = %(m) CHOV uA ) (@, b), (4.1)

for all t € (0,7] and all € R%. Here and below we consider the left derivative
at t =T only.

Theorem 4.1. Letr > 0 and H : E — FE be such that, for some p > 0, the
operator H + pll is monotone and Lipschitz continuous on EF; namely,

|Hw — Hollp < h(r)Jw— |5, w,v € Y, (42)
Hv + pv < Hw + pw, v<w, w,v€ET. (4.3)

11



Let T > 0 be fized. Suppose that ui,us € X} are such that

0 <wuyi(x,t), wus(z,t)<r, (z,t) € RY x (0,7, (4.4)
(Frun)(z,t) < (Fruz)(z,t), (z,1) € R % (0,77,
ul(x70) <u ( ) x e R,

Then uy(x,t) < ug(w,t) for all (x,t) € R x [0,T].
Proof. Define, cf. (4.5), the following function

or(z,t) == (Frug)(z,t) — (Frua)(z,t) >0, (4.7
for (z,t) € R? x [0,T]. For w € Xr, consider the mapping

O(t,w) : = Kw+ e (H(0V (e X w+u) Ar) — H(us AT))
+ 5o, (x,1). (4.8)

We have, for w > 0,
0<u Ar< (e*Kthrul)/\r <r.
Since, for any z,y,z > 0, z > vy,
0<zAz—yAz<z-—y,
one has, by (4.3), (4.7), that 0 < w € X yields
O(t,w) > (K — p)w + X, (x,t) >0, (4.9)

if only K > p that we will assume in the following. Next, by (4.2), w € Xp
implies, for all ¢ € [0, 7],

et w)llr < (K + h(r))|[wlr + e[l ¢ |17 (4.10)

Therefore, since u1,us € X} implies, by (4.1), (4.7), that ¢, € Xr, one gets
that O(t, w) € Xy.
Define also the function

v(x,t) = X (ug(x,t) —uy(,t)), xR tel0,T]. (4.11)

Clearly, v € X}, and it is straightforward to check that

O(t,v(s,t)) = —wv(x,t), (4.12)

9
ot
for all z € R?, t € (0,T]. Therefore, v solves the following integral equation in
E:

v(z,t) = v(x,0) —l—/o O(s,v(z, s))ds, (z,t) € R¥x(0,T], (4.13)
’U({E,O) ZUQ(.’E,O)—’LH(IL',O), .’tERd,

where v(x,0) > 0 by (4.6).
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Consider also another integral equation in E:

iz, t) = (U5)(z, t) (4.14)

where

(Yw)(z,t) := v(x,0) + /Ot max{O(s,w(z,s)),0} ds, w € Xr. (4.15)

If we take T < T such that the following inequality holds

T

a1 = 2r(K +h(r) + Mo llr < =,

then, w € X;(Qr) yields Yw € X;(Qr), where, cf. (3.12), X, ( = XJT(QT).

Let wi,ws € X7(2r); by (4.2), (4.8), we have, for all (t,z) € [O ]
1©(t,w1) — Ot wo)| <(K + h(r))|lwr — wall =: gallwr —wallz.  (4.16)

Therefore, using the elementary inequality |max{a,0} — max{b,0}| < |a — b|,
a,b € R, we obtain from (4.15), that

[Twy — Twsl|p < @27 ||ws — wi |7

Therefore, for T < max{ 5, q%}, V¥ is a contraction on X;‘(Qr). Thus, there
exists a unique solution @ to (4.14) on [0,7]. By (4.14), (4.15),

o(z,t) > v(x,0) >0, xeRY tel0,T] (4.17)

By the considerations above, w € X yields O(s,w(z,s)) € X;. Hence 7 is a
solution to (4.13) on [0, 7] as well. Namely,

¢
(x,t) = v(x,0) +/ O(s,9(z,s))ds =: E(0)(x, t). (4.18)
0
By the same arguments as the above, = is a contraction on Xj(2r), for the
same T'. We deduce that v = ¥ on R? x [0,T]. Then, by (4.17), v(x,t) > 0 on
4 % [0, 7], that yields

0< ul(x,f) < UQ(J;,T) <r, zeR?

In the same way, the proof can be extended on [T, 2T], [QT, ST}, ..., keeping
the same ¢; and g2, and, therefore, on the whole [0,7]. Then v(z,t) > 0 on
R? x [0, T], that yields the statement. O

Clearly, Theorem 4.1 in the case r = 0, Hv = »a xv — vGv — mv, v € E,
implies Theorem 2.2. To use the latter statement, one needs to know that a
solution to (1.1) remains in E; for all times provided that ug € E; . Consider
the corresponding statement.

Proposition 4.2. Let (Al)-(A4) hold and 0 < ug < 6. Then there exists a
unique solution u € X to (1.1), and 0 < u(z,t) < 0 for any x € R, t > 0.
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Proof. We set Hv := »axv — vGv —mv for v € E;, and Hv := H(0V v A 0)
for v € E\ E;. Prove, first, that H is (globally) Lipschitz continuous on E.
Indeed, for any z,y € R,

1
\x/\@—y/\tﬂ:§|(Ji+9—|x—9|)—(y+9—|y79|)|§|xfy|

and, similarly, |V 0 —y V 0] < |z — y|. Therefore, denoting vg := 0V v A 0 for
v € E, one gets that ||vg — we|| < ||v — w|| for w,v € F, and hence

|Hw — Hv||gp < (3 +m+sup [|GOV v A0)||g + 0ly)||lw — v
veER

= (25c 4+ 0lp)||w — v||&.

As a result, for any T > 0, the initial value problem

i

S @D =H@@b), .0 =ul). «cR teT]

has a unique classical solution @ € X, i.e., for Fy defined by (4.1), Fypu = 0.
Note that, for any r > 0, v € E;}' implies Hv = H(v A ). In particular,

applying this for v =0V u A r, one gets

Frii = Fpii = 0. (4.19)

Moreover, by (A4), there exists p > 0, such that, for any r > 6, v,w € E},
v < w,

plw—v)+Hw—Hv>pwA—vA0)+HwAE) —H(wAH) >0.

Assume that |||z > 6. Then, by the arguments above and (4.19), we may
apply Theorem 4.1 for the case r = ||@||7, u1 =0, us = @ (note that, evidently,
F.0=0). It yields @ > 0. Next, similarly, we can apply Theorem 4.1 for the
case r = 0, up = U, ug = 0 (since Fyf = 0). It implies then that @ < 6, that
contradicts the assumption, therefore, ||@||r < 6. Apply once more Theorem 4.1
for the case r = 6, u; = 0, us = u, then @ > 0. As a result, the function
4 =0V uA0 solves (1.1).

Choose an arbitrary extension of G on E™ such that (3.5) holds. By Theo-
rem 2.1, there exists a unique solution u € X1 to (1.1). Hence 0 < u =1u < 6.
The proof is fulfilled. O

5 The hair-trigger effect: proofs of Theorems 2.3-2.5

Proposition 5.1. Let the conditions of Theorem 3.3 hold. Suppose, addition-
ally, that A and G are continuous on EY in the topology generated by (2.2), i.e.

. loc
for any v,,v € ET with v, == v, one has

loc loc

Av, = Av, Guv, = G, n — o0.

Let T > 0 be fived and, for some p >0, {u(-,0),un(-,0) : n € N} C E} be the
initial conditions to (3.6), and let {u(-,t),un(-,t) : n € N} be the corresponding

loc

solutions to (3.6) on [0,T]. Assume that un(-,0) = u(-,0), n — oco. Then

loc

Un (-, 1) = u(-,t), n — oo uniformly in t € [0,T].
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Proof. By the proof of Theorem 3.3, there exist 0 =19 <7 < ... <7y =T
and p=r¢9 <r; <...<ry =:7,such that the following holds. Let, for any
T=17k Y = Tgt1, 0 < k < N — 1, the mapping ®, be defined by (3.9) for
t € [1, Y], with u, (z) = u(z,7), z € R%; and, for each n € N, we set

(®rnv)(x,t) == (Bv)(z, T, ) urn(x) —|—/ (Bv)(x, s,t)(Av)(x, s) ds, (5.1)

where U, ,(7) = u,(z,7), * € R%. Then v € Xf’r(rkﬂ), {tr,urn:n €N} C
E,, implies {®,v, P, ,,v:n € N} C X:T(rk+1).
loc

Prove that if, for some {w, w,, : n € N} C X1 (rj41), we have w,, (-, t) ==w(-, t),
n — oo, uniformly in ¢ € [, T], then

O, (1) = Bow(-,t), n— oo, (5.2)
uniformly in ¢ € [r, T]. Indeed, applying the inequalities,
e —e [ <la—bl, |pe—qe"| <|p—ql+qla—b|
for a,b, p,q > 0, we get, for any bounded A C R¢,
HA(x)’(QTynwn)(x,t) — (@Tw)(x,t)’
< ]1A(5r:)|(<I>T,nwn)(x,t) — (D, pw)(z, t)| + ]lA(x)|(<I>T,nw)(x,t) — (@Tw)(x,t)|

< UA () [ty () — 107 ()] + 7 / 14 ()| (Gun) (., p) — (Gw)(z,p)| dp
v / 10 (2)| (Aw,) (. ) — (Aw)(z, )| ds
+ / 1Ly ()] (Aw) (z, 5)] / |(Gun)(p) — (Guw)(z.p)| dpds
T
< Hu7'7n - UTHA + Tk/ H(Gwn)<,p) - (GIU>(',p)HAdp
T T
+ / 1(Awn)(-5) — (Aw)(-5)|], ds

+ (1AQ) | + ) / / 1(Gwa) () — (Gw)(-,p)||, dpds.

Hence (5.2) holds. Iterating this scheme, one gets that, for each m € N, v €

X:,_T(Tk—i-l)a

(®rn)™0(-, 1) =5 (B,)™0, n — o0, (5.3)
uniformly in ¢ € [7, Y]. Therefore, for any bounded A C R?,
}IIA(x)(un(x,t) — u(x,t))|
< }]IA(JC) (un(z,t) — (D 0)"v(2, t))| + |]1A(x)((‘I>T,n)mv(z,t) — (@T)mv(x,t)”
+ |]1A(x) (U(l’, t) - (@T)mv(:c, t)) |

< un = (@r0)™ 0|l r + tes{u};}” (®rn)™ () — (27)"0(:, 1)) HA

+ Hu - ((I)T)mvH'r,Ya
for any m € N. Passing m to oo, one gets then the statement by (5.3). O
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Proposition 5.2. Let 0 < ug € Cu(R?Y), and suppose that u € Xo is the
corresponding classical solution to (1.1). Suppose also, that there exists C > 0,
such that

0<u(zt)<C, zeRY t>0,

and gc = sup |Gv| < co. Then u € Cyp,(R? x Ry) and, moreover, |lu(-,t)| €
UEEg
Cup(Ry). In particular, these inclusions hold if we assume (Al)—(A4).

Proof. Being classical solution to (1.1), u satisfies the integral equation

u(z,t) = up(z) + /0 (s¢(a*u)(z, s) — mu(z,s) — u(z, s)(Gu)(z, s)) ds.

Hence for any z,y € R?, 0 < 7 < t, one has
‘U(.ﬁ, t) - U(y, T)‘ < (2%0 +2mC + CgC)(t - T)?

that fulfils the proof of the first inclusion. Then, the second one follows from
the inequality |[[u(-,t)|| = [[u(-,7)||| < [[u(-,t) —u(-,7)|, t, 7 € R4. Finally, if the
conditions (A1)—(A4) hold, then, by Proposition 4.2, one gets that the solution
u exists and satisfies the conditions above if only C' := 6. Moreover, (A3) implies
that, for any v € E;,

[Gull < [|GOl + lplv]| < [|GO]| + 0l < oo,
that fulfils the proof. O

The maximum principle is a ‘standard counterpart’ of the comparison prin-
ciple, see e.g. [6]. We will use in the sequel that, under some additional assump-
tions, the solutions to (1.1) are strictly positive; this is a quite common feature
of linear parabolic equations, however, in general, it may fail for nonlinear ones.
Consider the corresponding statement.

Proposition 5.3. Let E = Cy(R%). Let (A1)~(A5) hold with G : E — E,
such that Gl £ 3, for 1l € (0,0). (In particular, the latter holds, if we assume,
additionally, (AT)—~(A8).) Let ug € E; , ug # 6, ug # 0, be the initial condition
o (1.1) and u € X be the corresponding solution. Then

u(z,t) > inf u(y,s) >0, zeRet>0.
yeR?
s>0

Proof. By Proposition 4.2, 0 < u(z,t) <0, x € R ¢t > 0. We denote
(Lou)(x,t) = (a*u)(x,t) — »u(z,t). (5.4)
Then, by (A2),

ou

7¢ @) = (Law)(2,t) = u(z, )(6 — (Gu)(z,1)) 2 0. (5:5)

Prove that, under (5.5), u cannot attain its infimum on RY x (0,00) without
being a constant. Indeed, suppose that, for some zy € R%, to > 0,

u(zo,to) < ulz,t), x€RLt>0. (5.6)
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Then, clearly,

ou
a(x()vto) = Oa (57)
and (5.5) yields (Lqu)(xo,t9) < 0. On the other hand, (5.4) and (5.6) imply

(Lqu)(zo,to) > 0. Therefore,

/Rd a(zo — y)(u(y, to) — u(wo, to)) dy = 0. (5.8)
Then, by (A5), for all y € Bs(xg),
u(y,to) = u(wo, to). (5.9)

By the same arguments, for an arbitrary x; € dBs(x¢), we obtain (5.9), for all
y € Bs(x1). Hence, (5.9) holds on Bas(xo), and so on. As a result, (5.9) holds,
for all y € R?, thus u(-, o) is a constant, i.e.

u(x,to) = u(xo, to) =: lp € [0,6], =z €R%
Then, considering (1.1) at (z¢,tg), and taking into account (5.7), one gets

0= ’U,({Eo,to)(ﬂ — (Gu)(l‘o,to)): lo(ﬁ — Glo)

By the assumption, the latter equality is possible if only Iy € {0, 6}, i.e. either
u(-,to) = 0 or u(-,tg) = 0. By (5.6), u(wo,to) = 0 > sup,cga s~ u(y,s) implies
u = 0, that contradicts ug # 0. Hence u(x,ty) = u(zo,t9) = 0, € R% Then,
by Theorem 3.3, u(z,t) = 0, z € R% ¢ > t5. And now one can consider the
reverse time in (1.1) starting from ¢ = ty. Namely, we set w(z,t) := u(z,tg —t),
t € [0,t0], z € RL Then w(x,0) = u(z,ty) =0, € R%, and

%—?(m,t) = w(zr,t)(Gw)(z,t) — 3 (at xw)(z,t) + mw(z,t). (5.10)
Prove that the equation (5.10) with the initial condition w(-, 0) = 0 has a unique
classical solution w = 0 in Ay,. Indeed, let w € X, solve (5.10). Suppose that
the set

K :={te[0,to] | |w(-t)|le >0}

is not empty, i.e. w # 0. We define then 7' := inf K. In particular, ||w(-,t)||g =
0 for t € [0,T) (note that the latter interval might be empty if 7' = 0). Since
the function 7 — |lw(-,7)||g is continuous, we have that |w(-,T)||z = 0 as
well. Therefore, T' = to would contradict the assumption K # (; hence T' < tg.
Consider now the equation (5.10) for ¢ € [T, to] with the initial value w(-,T) = 0.
It is straightforward to check that the assumptions on G imply that, for any
r > 0, there exists AT > 0, such that T'+ AT < tg and the mapping

T+t
U(w)(x,t) = / w(z, 8)(Gw)(x, s) — x(a * w)(x, s) + mw(x, s)ds.
T

is a contraction on Xar(r). Therefore, by the uniqueness arguments, w(-,t) = 0
for t € [T, T + AT] that contradicts the choice of T. Therefore, K = 0, i.e.
w(-,t) =0 for all t € [0, %], in particular, u(-,0) = w(-,t9) = 0, that contradicts
ug Z 0. Thus, the initial assumption was wrong, and (5.6) can not hold. The
proof is fulfilled. O

17



In the sequel, it will be useful to consider the solution to (1.1) as a nonlinear
transformation of the initial condition.

Definition 5.4. For a fixed t > 0, define the mapping Q; on ET by
(Qif)(x) :=u(z,t), zeRefeET, (5.11)
where u(z,t) is the solution to (1.1) with the initial condition u(z,0) = f(x).
Let us collect several properties of @Q; needed below.

Proposition 5.5. Let (A1)—(A8) hold. Then, for any fixed t > 0, the mapping
Q := Q; : Et — ET satisfies the following properties

(Ql) Q:Ef — E/;
(Q2) let T,, y € RY, be a translation operator, given by (2.1), then
(QT,N)(@) = (T,Qf)(x), =y R, [ € Ef; (5.12)
(Q3) Q0 =0, Q8 =0, and Qr > r, for any constant r € (0,0);
(Q4) if f,9 € Ef and [ <g, then Qf < Qg;

(Q5) if fn LI f, then (Qfn)(z) = (Qf)(x) for (a.a.) v € R%.

Proof. The property (Q1) follows from Proposition 4.2. To prove (Q2) we note
that, by (A7), T,G = GTy, and T(a*u) = a* (T,u), then, by (3.10), B(T,v) =
T, (Bv), therefore, by (3.9), if 7 = 0 and u, = T, f, then ®,T,, = T;®, where
® = O(f) is given by (3.9) with f in place of u, only. As aresult, ®7T, = T, "
hence, for v € X:T (rg+1) (c.f. notations of Theorem 3.3), we have, for t € [7, Y],
x € R,

(QT, () = lim (2T, f)o)(w,1) = lim (T,87(F)o)(x,1) = (T,Quf) (@)

n—0o0

and one can continue the same considerations on the next time-interval.
By (Q2), ug(z) =r € (0,0) yields u(-,t) = const, ¢ > 0. Then, by (A2) and
(A8), for any ¢ > 0, we have

Qr=u(t)=r —1—/0 u(s)(B — (Gu)(s))ds > 0.

Hence the property (Q3) holds. The property (Q4) holds by Theorem 4.1. The
property (Q5) is a weaker version of Proposition 5.1. O
Let S?~! denote a unit sphere in R? centred at the origin:
St ={zeR? | |lz| =1}; (5.13)
in particular, S = {—1,1}.

Definition 5.6. A function f € E is said to be increasing (decreasing, constant)
along the vector ¢ € S?71if, for a.a. z € R?, the function f(x+s€) = (T_s¢ f) ()
is increasing (decreasing, constant) in s € R, respectively.
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Proposition 5.7. Let (A1)-(A8) hold. Let ug € E; be the initial condition
for the equation (1.1) which is increasing (decreasing, constant) along a vector
€€ S84 and u(-,t) € Ef, t > 0, be the corresponding solution (cf. Propo-
sition 4.2). Then, for any t > 0, u(-,t) is increasing (decreasing, constant,
respectively) along the &.

Proof. Let ug be decreasing along a § € S9=1. Take any s; < s and consider
two initial conditions to (1.1): uf(z) = uo(z + $:&) = (T—s,cu0)(x), i = 1,2 (c.f.
(2.1)). Since uq is decreasing, u}(x) > u3(x), x € R%. Then, by Proposition 5.5,

T s,6Quuo = QiT—s,cu0 = Quup > Quuf = QT s,cu0 = T, Qruo,

that proves the statement. The cases of a decreasing ug can be considered in the
same way. The constant function along a vector is decreasing and decreasing
simultaneously. O

To prove the hair-trigger effect (Theorems 2.3-2.5), we will follow the ab-
stract scheme proposed in [22]. Note that all statements there were considered
in the space E = Cy(RY).

Consider the set Ny of all nonincreasing functions ¢ € C(R), such that
»(s) =0, s >0, and

p(—00) := lim ¢(s) € (0,6).

S5—r— 00

It is easily seen that Ny C E;, for E = Cy(R?).
For arbitrary s € R, ¢ € R, ¢ € S9!, define the following mapping Vi . :
L®(R) — L*>(RY)
(Voee9)(@) = g(z -+ s+¢), zeR™ (5.14)

Fix an arbitrary ¢ € Np. For t > 0, ¢ € R, £ € S*7!, consider the mapping
Rice: L*®(R) — L*(R), given by

(Rt,c,ﬁg)(s) = max{gp(s), (Qt(‘/s,c,ég))(o)}a s € Ra (515)

where Q; : E — FE is a mapping which satisfies the conditions (Q1)—(Q5) in
Proposition 5.5 (in particular, one can consider @ given by (5.11) provided that
(A1)—(A8) hold). Consider now the following sequence of functions

fn+1(5) = (Rt,c,ﬁfn)(s)v fO(S) = 90(5)7 seR,neNU {0} (516)

By Proposition 5.5 and [22, Lemma 5.1], ¢ € E;‘ with £ = Cy(R?) implies
fn € Ef and fr11(s) > fu(s), s € R, n € N; hence one can define the following
limit

friee(s) == lim fo(s), se€R. (5.17)

n— oo

Also, by [22, Lemma 5.1|, for fixed ¢ € S9! t > 0, n € N, the functions
fn(s) and f; . ¢(s) are nonincreasing in s and in ¢; moreover, f; . ¢(s) is a lower
semicontinuous function of s, ¢, &, as a result, this function is continuous from
the right in s and in c¢. Note also, that 0 < f; . < 6. Then, for any c,&, one
can define the limiting value

ft,c,f(oo) = glggo ft,c,g(s)-
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Next, for any t > 0, £ € S9!, we define

¢; (§) = sup{c| free(o0) = 0} € RU{—00, 00},

where, as usual, sup ) := —oo. By |22, Propositions 5.1, 5.2|, one has
0, c<c(8),
Foung (0] {0, ¢ > ci(9), (319

cf. also [22, Lemma 5.5]; moreover, ¢;(§) is a lower semicontinuous function
of & Tt is crucial that, by [22, Lemma 5.4], neither f; . ¢(c0) nor ¢ (§) depends
on the choice of ¢ € Ny. Note that the monotonicity of fi . ¢(s) in s and (5.18)
imply that, for ¢ < ¢f(£), frce(s) =6, s €R.

Define

To:={zeR |z £<f(€),6€8 ), t>0. (5.19)
We will need the following Weinberger’s result:

Lemma 5.8 (cf. [22, Theorem 6.2]). Let E = C,(R?) and vy € E, . Let, for
some firedt >0, Q = Q; : E — FE be a mapping which satisfies the conditions
(Q1)-(Q5) in Proposition 5.5, and Ty be defined by (5.19). Suppose that

int(Yy) # 0. (5.20)

Then, for any compact set €; C int(Yy) and for any o € (0,0), one can choose
a radius o = 1,(Qy,6;) > 0, such that, for any fived xo € RY,

vo(z) >0, € B, (x9), (5.21)
implies

li i A =4. 5.22
3 0, Qo) (522
Remark 5.9. There is no loss of generality if we assume that (5.21) holds for
x9=0 only. Indeed, for any z € R?, €, C int(Y;), there exist N = N(zo, %),
%, C int(Yy), such that, for all n > N, one gets g + n%; C n%;. Therefore, we
have

6 > lim min (Q}T_,uo)(x) = lim min (T_,,QFug)(x)

n—o00 rEnb; n—00 xEnG:
Jimmin %(Qt uo)(x) = lim zrélér%_t(Qt uo)(z)

Here and below, for A C R, z € R?, s € R, we denote
r+A={x+ylyc A}y CRY sA:={sy|yc A} CRL

Proposition 5.10. Let (A1)—(A8) hold and ug € Cyp(RY). Let Qq, t > 0, be
given by (5.11), and let the corresponding Y, t > 0, be given by (5.19). Suppose
that, for some compact € Cint(Y1), there exists n€int(%), such that

1
3n € int(T1), jeN. (5.23)
J
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Let o € (0,0) and ry = 1,(Q1, %) be chosen according to Lemma 5.8. Suppose
that

UO({E) > o, HAS BTU(thg). (524)

Then, for the corresponding solution u to (1.1) and for any compact K C R,
the following limit holds

mi}r% u(z +tn,t) — 0, t — oo. (5.25)

zE

Proof. First, we note that, by Proposition 5.5, the conditions (Q1)—(Q5) hold

for all @ = Q4, t > 0. We denote K; := —n + %. Because of (5.24), one

can apply Lemma 5.8 for t = 1 and vg(z) := ug(z), * € R% Namely, since
?’lLUO(y) = ?uo(y) = u(yan)7 Y€ Rd? one gets, by (522)7

i = mi — 0 — 00. 5.26
i u(z +nn,n) Jnin, u(y,n) , M — 00 (5.26)

Next, by (5.23), 0 € —3n + int(T%). Choose now any compact K» C —4n +
int(Y1), such that 0 € int(K3). By Lemma 5.8 for ¢ = 1 and ¢ =Ky + inc
int(T1) there exists a radius r,(Q1,%1) > 0. By (5.26), there exists Ny > 1,
such tzhat, for all n > Ny, e

BTU(Q%%%)(O) UK Cnkjy, u(z +mnn,n) >0, z€nkKkj. (5.27)

Set S7 := Np; by the latter inclusion and (5.27), one can apply Lemma 5.8 for
vo(x) := u(z + Sin, S1), * € RY. Then

n
ngo(y) = u(y + Sin, S+ 5), y e RY,

and hence

min u(x + (5'1 + ﬁ)n, ST+ E)

rzeEnKo 2 2
= min u(y +S1n, S1 + E) -0, n— oo. (5.28)
yEn‘g% 2

Similarly, choose a compact K3 C —%n—«—int('f%) with 0 € int(K3), and consider
Lemma 5.8 with ¢ = 1 and €1 := K3 + 3n C int(T%). Then, there exists a

radius rU(Q%,%%) > 0, and, l;y (5.28), there exists No > 2 such that for all
n 2 N2>

BTU(Q & )UK C nkKks

1
3’ 3

ol

and

u(:r-i—(Sl + g)n, St + g) >0, x€nk,.

Set Sy = Sy + % = N; + % > 2 and apply Lemma 5.8 with vo(z) :=
u(z + San, Sz), € RY. We have

min u(x + <52 + ﬁ)n, So + ﬁ) = min u(x + Son, 5, + ﬁ) — 0, n— oo
reEnKs 3 3 IEH%O% 3
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By induction, for any K; C —%n—l—int(T ), 7 >3, with 0 € int(K;), one can set

1
J

%% =K, + %n C int(Y1) and choose N;_1 > j — 1 such that for all n > N;_q,

J

BTU(Q%,CK%) UK C nKj_l,

n n
u(m—i— (Sj_g + jj)n, Sj_o+ j—il) >0, xzenkK;_;.
Set N N N
j—1 2 j—1 .
i1:=8;_ =N+ —+... >j5—1.
Si1i=Sjat Ty =Nt b 2
Then, by Lemma 5.8, similarly to the above,
. n n
min u(x + (53;1 + f)n, Sj—1+ *,) -0, n— oco. (5.29)
zeENnK; ] i

Suppose that (5.25) does not hold. Then, for some e > 0, there exist se-
quences z,, € K, m € N, and t,,, — 0o as m — oo, such that

WL+t ty) < 0 —e. (5.30)

Since ug € Cyup(R?), then by Proposition 5.2, u € Cyup(R? x Ry). Thus there
exists § = d(e), such that

ju,t) — u(y, s)| < =

5 |z —y| <6, [t —s| <.

We choose j € N such that max{1, [n[} < dj. By (5.29), there exists Nj > N;_1,
such that, for all n > N]’-7 we have that K C nK; and

minu(z + (Sj_1 + E,)n, Sj_1 + ﬁ) >0 — E
zeK J J 4

!

N’
Choose m, such that t,, > S;_1+—2. Let n,, be the entire part of j(t,, —S;_1).
J

Then n,, > NJ’- and, for g, := Sj—1 + %m, we easily get that

max{1, [n|} [tm — qm| < 4.
Therefore,

(T +tmn, b)) > min u(z + tyn, ty,)
zeK
> min u(@ + g, gm) — MAX [0(@ + g, gm) — 0@+ttt )|
3

> minu(z + ) =y
Z M@ + gmt, gm) = 5 15

that contradicts (5.30). Therefore (5.25) holds and the proof is fulfilled. O

We are going to find now sufficient conditions that fulfil the additional as-
sumptions of Proposition 5.10. We start with the following lemma.
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Lemma 5.11. Let b€ L'(R — Ry) be such that

/Rb(s) ds =1, /R\s\b(s)ds < o0,

and let v € L°(R — Ry ) be a nonincreasing function. Then the following limit
holds

r

lim ((bxv)(s) —v(s))ds = (v(—00) — v(0)) / sb(s)ds. (5.31)

r—00 —r R

Proof. For r > 0 and p := g, we have, by Fubini’s theorem,

/:(b* v)(s)ds — /: v(s)ds = /: b(y) /: v(s — y)dsdy — /iv(s)ds

= /_Oo b(y)W,(y) dy = I (r) + Ix(r),

where
W (y) := /j:y v(s)dsf/j v(s)ds, yeR,
Li(r) = b(y)W,(y) dy, Ixy(r) = b(y)W,.(y) dy.
0= [ s Be= [ Wi
Clearly,

sup b(y)|Wr(y)| < 2[|v]lolylb(y) € L' (R).

ly|<p

Next, because of the monotonicity of v, we have,
—r
yv(—r) < / v(s)ds < yv(—r —y). (5.32)
ey
Since —r —y < —5 for |y| < p = §, we have that
-Tr
ﬂ|y|§p/ v(s)ds = v(=00)y, T = 00;
r—y

and, similarly, 1},/<, frr_y v(s)ds — v(o0)y. Therefore, by the dominated con-
vergence theorem,

lim I (r) = (v(—o0) — v(c0)) / yb(y)dy. (5.33)
e yl<p
On the other hand,
-
()] < 2000 [ by < ao(-00) % [ bllidy 0. (531)
ly|>p P Jiyl>p
as r — 0o. Combining (5.33) and (5.34), one gets the statement. O
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Proposition 5.12. Let (A1)—(A9) hold. Let Yy, t > 0, be defined by (5.19),
and m be defined by (2.3). Then

stm € int(Y1y). (5.35)

Proof. Fix t > 0. For a £ € S9!, we set
= %t/d y-€a(y)dy = »tm-£ € R. (5.36)
R

Let fi.ce be defined by (5.17). By the definition of T; and (5.18), we have that
if fee(00) =0 for all £ € 41, then (5.35) holds. Suppose, in contrast, that,
for some ¢ € S, f; .¢(c0) = 0. Fix such a &, consider the corresponding ¢
according to (5.36), and denote f := f; .¢. Note that, by [22, Lemma 5.2] and
the discussion thereafter, f(—oc0) = 6.

We set ug(z) == f(z - &), * € R and consider the corresponding solution u
o (1.1). Then, by (5.14), we evidently have

(Veee /)(@) = (T_(cxs)euo)(x), € R

Next, as it was mentioned above, the functions f,, and f = fi .¢ in (5.17) are
monotone, hence the limit in (5.17) is locally uniform. Therefore, passing n to
oo in (5.16), we will get from (5.15) and Proposition 5.5, that

f(s) = max{g(s), (Q¢(Vs.ce))(0) } = max{p(s), (T_ (c+5)¢Qruo) (0) }
= max{p(s),u((c+ s)&,t) }. (5.37)

Since f is nonincreasing on R, ug is nonincreasing along &, cf. Definition 5.6;
then, by Proposition 5.7, u also has the same property. As a result, the function

v(s):=u((c+s)&t), seR (5.38)

is nonincreasing on R. Next, by our assumptions, f(—o0) = § > p(—o0) and
f(00) = 0; therefore, we get from (5.37), that

lim v(s) =0, lim wv(s) = 0. (5.39)

§—00 §——00

Next, (5.37) implies that, for each s € R, cf. (2.4),
uo(s§) > u((c + 3)571&)
= uo((c + 3)5) + /0 %((a * u)((c + 5)5,7’) — u((c + S)f,T))dT

+ /Otu((c—k 5)E,7) (5 — (Gu)((c+ 8)5,7))d7.

Therefore, for r > ¢,
0> %/_i /Ot<(a*u)((c+ $)€,7) —u((c+ s)&,7))d7ds
+ /_TT /Otu((c—&- $)€,7) (ﬁ — (Gu)((c+ s){,7))d7ds

+ / ' (o (e + 5)6) — uols)) ds = $1(r) + Sa(r) + Sy(r).  (5.40)

-7
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Note that ug is constant along any 1 € S%! orthogonal to &, cf. Defini-
tion 5.6; and, by Proposition 5.7, v has the same property. Namely, for each
s € R and € S9! orthogonal to &,

u(z,t) = u(x + sn, t), t>0, zeRY. (5.41)

For d > 2, choose any {11, 12, ..., 74_1} C S?~! which form a complement of
¢ € S to an orthonormal basis in R?. Then

(@ u)(s.0) = [ aly)u(se ~v.0)dy
/Rd (Zyﬂ% + ydf) < jZIymj + (s — yd)ﬁ,t) dyy .. .dyg

d—1

- /R<~/Rd1 a<zyjnj - ydg) - dWl)“((s —ya)6t) dya,  (5.42)

j=1

d—1

where we used (5.41) with n = — 3 y;n;, which is orthogonal to the £&. There-
j=1

fore, one can set

d—1

in; + dyy ...dyg—1, d>2,
als) = /Rd,l “(;Wﬂ 55) Yo G-t 0= (5.43)

a*(sf), d=1
for s € R. We also denote u(s,t) := u(s{,t), s € R. Then one can continue
) (s, t) where the convolution in the r.h.s.

(5.42), as follows: (a*u)(sf t) = ((z * 1
isin s € R. Since [, a(s)ds = [pq a(y)dy

[ latsys = [ 1y-elaty < .

we may apply Lemma 5.11 with b = G and v given by (5.38). Then, by (5.31),
(5.39) and the dominated convergence theorem, we have

and (A9) yields

—%/ [T a)(s+¢,7) — (s + ¢, 7))dsdr
— %t@/ sa(s)ds = %Gt/ y-Ea(y)dy = »0t&-m, (5.44)
R R4

as r — oco. Next, by (5.39), (5.36), we have, cf. (5.32),

S3(r) = /HC uo(s€)ds — /HC ug(s€)ds — —0c = —0xt &-m, (5.45)

—-Tr

as 7 — oo. Therefore, combining (5.40), (5.44), (5.45) with the inequality
u(f — Gu) > 0, we deduce that

/OO /t u((c+ )€, 7) (5 — (Gu)((c+ s)f,7’)>d7’ ds = Tlggo Sa(r) =0. (5.46)
—00 J0
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Let wo € Cyp(R?) be such that 0 < wy < ug and wg #Z 0. The by Theorem 4.1
and Proposition 5.3, we have

u(x,7) > w(z,7) >0, zcRY 7>0.

Hence (5.46) is possible if and only if (Gu)(s¢,7) = 3 for (a.a.) s € R and all
7 € [0,]; note that u(-,7) is continuous in 7 > 0 and G is continuous on E;
because of (A3). In particular, (Gug)(s§) = 8, s € R. Then we have by (A7)
that, for any p > 0,

(GT_peuo)(s€) = (T_peGug)(s€) = (Guo) (s +p)) = B, s € R (547)

Since, (T_peuo)(x) = f(z - &+ p), € R% and f(co) = 0, we have that

loc

T_ et 2L 0, as p — oo. Then, by (A6), (A2) we get that GT_,cug =—
G0 =0, as p — oo, that contradicts (5.47). The proof is fulfilled. O

Therefore, under assumptions (A1)—(A9), one has that (5.20) holds for all
T > 0 and, moreover, (5.23) holds for n = m given by (2.3). Now, we are going
to get rid of the condition (5.24).

Proposition 5.13. Let (A1)-(A9) hold and m be given by (2.3). Then there
exists ag > 0, such that, for all o € (0, o), there exists qo = qo(a) € (0,0), such
that there exists T = T(«,qo) > 0, such that, for all g € (0,qo), the function

|z — tm|?

w(z,t) = gexp (— ), zeRLt>T, (5.48)

at
is a sub-solution to (1.1) ont > T; i.e., cf. (4.1),

_ Ow(x,t)

(Fow)(z,t) := ETam x(a*w)(z,t) + mw(z,t) +w(z, t)(Gw)(z,t) <0

forallz € R, t > T.

Proof. By (A2), (A3), for each 0 < gy < min{#, %} (where, recall, 8 = c—m),
we have that v € E;B yields 0 < Gv < g . Then, for each ¢q € (0, q),

0

Fow < T axw+ (m—i— ﬁ)w, (5.49)
ot 2

and m+§ < s. Now, to show that the r.h.s. of (5.49) can be made nonpositive

by an appropriate choice of ¢, a, T', we can proceed exactly as in the proof of [13,

Proposition 5.19] (just replacing in the latter J; on »a and m on m + g) O

Proposition 5.14. Let (A1)~(A10) hold. Then, there exists t1 > 0, such that,
for any t > t1 and for any T > 0, there exists ¢ = q1(t,7) > 0, such that the
following holds. If ug € Eg' is such that there exist n > 0, r > 0, g € R? with
ug(x) >, x € Br(xg) and u € Xy is the corresponding solution to (1.1), then

2
u(z,t) > q1 exp(—M>, z € R (5.50)
T
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Proof. We choose p and b as in (A10). Then one can rewrite (1.1) as follows

2 1) = (0~ b) = w)(r, 1) — (m+ pJule 1) + f(a, ),

where, for all z € R? and t > 0,
f(x,t) = s(b*xu)(x,t) — u(z, t)(Gu)(z, t) + pu(z,t) >0,
because of (A10). The rest of the proof repeats [13, Proposition 5.20]. O
Now we are finally ready to proof Theorems 2.3-2.5.

Proof of Theorem 2.3. As it was mentioned above, one can get the statement,
combining Propositions 5.10 and 5.12, provided that (5.24) holds. To get rid of
the latter assumption, one can literally follow the proof of [13, Theorem 5.10]
using the results of Propositions 5.13 and 5.14. O

Proof of Theorem 2.5. Without loss of generality we can assume that 6—6,, < g,

n € N. Consider vg € Ey, N C**(R?), such that for some zo € R?, § € (0, 9,

O g (z0)(2) < vo(z) < ug(x), r € R
Let uy,(x,0) = vo(z) and u,, € X solves the following equation

_ Oun

-F@(:)Un : o M * Uy, + U Grty, + mu, = 0. (5.51)
Therefore by (A11) we obtain,
]:(g:)un =0=Fpu< ]-'é:)u. (5.52)

Hence by Theorem 4.1 applied to ]-'0(:), we obtain
0 < up(x,t) <u(z,t) <6.
Applying Theorem 2.3 to the equation (5.51), we have

6= lim 6, = lim lim essinfu,(x 4+ tm,¢t) < lim essinf u(x + tm,t) <0,
n—o00 n—oot—oo reK t—oo zeK

that fulfils the proof. O
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