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Abstract

We prove the hair-trigger effect for a class of nonlocal nonlinear evolu-
tion equations on Rd which have only two constant stationary solutions, 0
and θ > 0. The effect consists in that the solution with an initial condition
non identical to zero converges (when time goes to ∞) to θ locally uni-
formly in Rd. We find also sufficient conditions for existence, uniqueness
and comparison principle in the considered equations.
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1 Introduction
The aim of the paper is to find sufficient conditions for the so-called ‘hair-trigger’
effect [2] in the following nonlinear nonlocal evolution equation on the Euclidean
space Rd, d ≥ 1:

∂u

∂t
(x, t) = κ(a ∗ u)(x, t)−mu(x, t)− u(x, t)(Gu)(x, t) (1.1)

for t > 0, x ∈ Rd, with an initial condition u(x, 0) = u0(x), x ∈ Rd. Here
m,κ > 0, G is a mapping on a space of bounded on Rd functions, and (a∗u)(x, t)
means the convolution (in x) between u and a nonnegative integrable probability
kernel a = a(x) ≥ 0 on Rd; namely,

(a ∗ u)(x, t) =

∫
Rd
a(x− y)u(y, t)dy,

∫
Rd
a(x) dx = 1. (1.2)

We restrict ourselves to a monostable-type case, when (1.1) has two constant
solutions u ≡ 0 and u ≡ θ > 0 only. The hair-trigger effect means that, unless
u0 ≡ 0, the corresponding solution to (1.1) achieves an arbitrary chosen level
between 0 and θ uniformly on an arbitrary chosen domain of Rd after a finite
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time. In other words, u(x, t) converges, as t→∞, locally uniformly in x ∈ Rd to
the positive stationary solution u ≡ θ. The latter solution, therefore, is globally
asymptotically stable in the sense of topology of local uniform convergence.

We interpret u(x, t) as a density of a population at the point x ∈ Rd at
the moment of time t ≥ 0. The probability density a(x) describes distribution
of the birth of new individuals with constant intensity κ > 0. Individuals in
the population may also die either with the constant mortality rate m > 0 or
because of the competition, described by the density dependent rate Gu, where
G is an (in general, also nonlinear) operator on a space of bounded functions.
The equation (1.1) can be also rewritten in a reaction-diffusion form, whose
solution has another interpretation, see the discussion around (2.4) below.

The hair-trigger effect is an important tool in the study of the long-time
behaviour of evolution equations. In particular, it allows to study the front
propagation of the solutions to the equations [14,16]. We prove the hair-trigger
effect (Theorems 2.3–2.5), applying Weinberger’s results for discrete dynamical
systems [22]. We also prove the existence/uniqueness (Theorem 3.3) and the
comparison principle (Theorem 4.1) for some generalizations of (1.1).

2 Assumptions and main results
We treat u = u(x, t) as the local density of a system at the point x ∈ Rd and
at the moment of time t ∈ I, where I is either a finite interval [0, T ], for some
T > 0, or the whole R+ := [0,∞).

We assume that u0 is a bounded function on Rd. We will consider the follow-
ing Banach spaces of real-valued functions on Rd: the space Cb(Rd) of bounded
continuous functions on Rd with sup-norm, the space Cub(Rd) of bounded uni-
formly continuous functions on Rd with sup-norm, and the space L∞(Rd) of
essentially bounded (with respect to the Lebesgue measure) functions on Rd
with esssup-norm.

Let E be Cub(Rd), Cb(Rd) or L∞(Rd). We consider the space Cb(I → E) of
continuous bounded functions on I (recall that I includes 0) with values in E
equipped with the norm

‖u‖Cb(I→E) = sup
t∈I
‖u(·, t)‖E .

For 0 ≤ T1 ≤ T2, we set

XT1,T2 := Cb
(
[T1, T2]→ E

)
,

and let ‖ · ‖T1,T2
denote the corresponding norm. We set also XT := X0,T ,

‖ · ‖T := ‖ · ‖0,T , and
X∞ := Cb

(
R+ → E

)
with the corresponding norm ‖·‖∞. We will also omit the sub-index for the
norm ‖ · ‖E in E, if it is clear whether we are working with sup- or esssup-norm.

We define also the set X 1
T of functions from XT , which are continuously

differentiable on (0, T ] in the sense of the norm in E. A function u ∈ X 1
T which

satisfies (1.1) is said to be a classical solution to (1.1); in particular, u will
continuously (in the sense of the norm in E) depend on the initial condition u0.
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We will write v ≤ w, for v, w ∈ E, if v(x) ≤ w(x), for all x ∈ Rd (a.e.
x ∈ Rd, in the case E = L∞(Rd)). The upper index ‘+’ will denote the cone of
nonnegative functions in the corresponding spaces, namely,

E+ := {v ∈ E | v ≥ 0}, X+
] := {u ∈ X] | u ≥ 0},

where ] is one of the sub-indexes above. Denote also, for an r > 0,

E+
r := {v ∈ E : 0 ≤ v ≤ r}.

We denote by Ty : E → E, y ∈ Rd, a translation operator, given by

(Tyv)(x) = v(x− y), x ∈ Rd. (2.1)

We consider also the topology generated by the following semi-norms

‖v‖Λ := sup
x∈Λ
|v(x)|, Λ ⊂ Rd is a compact. (2.2)

In particular, vn ∈ E converges to v ∈ E in the topology if and only if vn
converges to v locally uniformly, which we denote

vn
loc

==⇒ v, n→∞.

The latter convergence means that 11Λvn → 11Λv in E, where 11Λ is the indicator-
function of the compact set Λ ⊂ Rd.

In Section 3, we prove an existence and uniqueness result for a more general
equation than (1.1); which can be read in the case of (1.1) as follows

Theorem 2.1. Let G : E → E be such that Gv ≥ 0, v ∈ E+, and for some
κ > 0,

‖Gv −Gw‖E ≤ eκr‖v − w‖E , v, w ∈ E+
r , r > 0.

Then, for any T > 0 and u0 ∈ E+, there exists a unique nonnegative solution
u ∈ XT to (1.1).

To exclude the trivial case when ‖u(·, t)‖E converges to 0 uniformly in time,
we assume that

β := κ −m > 0. (A1)

We suppose that there exist two constant solutions u ≡ 0 and u ≡ θ > 0 to
(1.1), more precisely,

there exists θ > 0 such that

0 = G0 ≤ Gv ≤ Gθ = β, v ∈ E+
θ .

(A2)

We will also assume that G is (locally) Lipschitz continuous in E+
θ , namely,

there exists lθ > 0, such that

‖Gv −Gw‖ ≤ lθ‖v − w‖, v, w ∈ E+
θ .

(A3)
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We restrict ourselves to the case when the comparison principle for (1.1)
holds. Namely, we assume that the right hand side (r.h.s. in the sequel) of (1.1)
is a (quasi-)monotone operator:

for some p ≥ 0 and for any v, w ∈ E+
θ with v ≤ w,

κa ∗ v − v Gv + pv ≤ κa ∗ w − wGw + pw.
(A4)

In Section 4, we also prove that the comparison principle holds for a more
general equation than (1.1); which can be read in the case of (1.1) as follows

Theorem 2.2. Let (A1)–(A4) hold. Let T > 0 be fixed. Suppose that u1, u2 ∈
X 1
T are such that, for all (x, t) ∈ Rd × (0, T ],

∂u1

∂t
− κa ∗ u1 +mu1 + u1Gu1 ≤

∂u2

∂t
− κa ∗ u2 +mu2 + u2Gu2,

u1(x, t) ≥ 0, u2(x, t) ≤ θ,
0 ≤ u1(x, 0) ≤ u2(x, 0) ≤ θ.

Then u1(x, t) ≤ u2(x, t) for all (x, t) ∈ Rd × [0, T ].

Moreover, Proposition 4.2 states that if 0 ≤ u0 ≤ θ, then under (A1)–(A4)
the corresponding solution to (1.1) satisfies 0 ≤ u ≤ θ. As a result, one gets the
comparison between any two solutions to (1.1) for all t > 0 having it for t = 0.

We assume that the kernel a is not degenerate at the origin, namely,

there exists ρ, δ > 0 such that a(x) ≥ ρ for a.a. x ∈ Bδ(0). (A5)

Here and below Br(x0) denotes the ball with the radius r > 0 centred at the
x0 ∈ Rd. In the case x0 = 0 ∈ Rd, we will just write Br := Br(0).

Stability of the solution to (1.1) with respect to the initial condition in
the topology of the locally uniform convergence requires continuity of G in the
topology.

for any vn, v ∈ E+
θ , such that vn

loc
==⇒ v, n→∞, one has

Gvn
loc

==⇒ Gv, n→∞.
(A6)

We will consider the translation invariant case only:

let Ty, y ∈ Rd, be a translation operator, given by (2.1), then

(TyGv)(x) = (GTyv)(x), v ∈ E+
θ , x ∈ Rd.

(A7)

Under (A7), for any r ≡ const ∈ (0, θ), Gr ≡ const. In this case, we assume
also that

Gr < β, r ∈ (0, θ). (A8)

In Section 5, we prove the ‘hair-trigger’ effect for the solutions to (1.1). For
technical reasons, it will be done separately for kernels with and without the
first moment. Namely, for the kernels which satisfy the condition∫

Rd
|y|a(y)dy <∞, (A9)
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we set

m :=

∫
Rd
xa(x) dx ∈ Rd, (2.3)

and assume, additionally to (A4), that

there exist p ≥ 0, b ∈ C∞(Rd) ∩ L∞(Rd), δ > 0, such that

a(x)− b(x) ≥ δ11Bδ(0)(x), x ∈ Rd,
w Gw ≤ κb ∗ w + pw, w ∈ E+

θ .

(A10)

Then we can prove the following

Theorem 2.3. Let the conditions (A1)–(A10) hold. Let u0 ∈ E+
θ , u0 6≡ 0, and

let u ∈ X∞ be the corresponding solution to (1.1). Then, for m defined by (2.3)
and any compact set K ⊂ Rd,

lim
t→∞

essinf
x∈K

u(x+ tm, t) = θ.

Remark 2.4. For a brevity of notations, in the case E = L∞(Rd), we will treat
u0 6≡ 0 as follows: there exist δ, ρ > 0 and x0 ∈ Rd, such that u0(x) ≥ δ for
a.a. x ∈ Bρ(x0).

For the kernels which do not satisfy (A9), we will need an approximation of
the solution from below. For this reason, we consider the following assumption

let, for each n ∈ N, there exist

0 ≤ an ∈ L1(Rd), κn > 0, Gn : E → E, θn ∈ (0, θ]

which satisfy (A1)–(A10) instead of a, κ, G, θ, correspondingly,
such that, for some m̃ ∈ Rd,∫

Rd
xan(x)dx = m̃, n ∈ N, θn → θ, n→∞,

κnan ∗ w − wGnw ≤ κa ∗ w − wGw, w ∈ E+
θn
.

(A11)

Then the following counterpart of Theorem 2.3 holds.

Theorem 2.5. Let the condition (A11) hold. Let u0 ∈ E+
θ , u0 6≡ 0, and let

u ∈ X∞ be the corresponding solution to (1.1). Then, for any compact set
K ⊂ Rd,

lim
t→∞

essinf
x∈K

u(x+ tm̃, t) = θ.

In particular, if (A1)–(A10) hold and m = 0 ∈ Rd or if (A11) holds and
m̃ = 0 ∈ Rd, then one gets the desired ‘hair-trigger’ effect. Note that, indeed,
for a properly ‘slanted’ anisotropic kernel a with m 6= 0 ∈ Rd, the solution to
(1.1) may converge to 0 uniformly on any ball centred at the origin, whereas it
will converge to θ on the ‘time-moving’ ball according to Theorems 2.3 or 2.5;
see [13] for the corresponding result in the case of the Example 2 described
below.
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Examples
Note that the equation (1.1) may be rewritten in the reaction–diffusion form,

∂u

∂t
= κ(a ∗ u− u) + Fu, (2.4)

where Fu := u(β −Gu), u ∈ E+
θ , provided that the operator

E+
θ 3 u 7→

F (u)

u
∈ E

is well defined. The solution u to the equation (2.4) may be interpreted as a
density of a species which invades according to a nonlocal diffusion within the
space Rd meeting a reaction F , see e.g. [11, 19,20].

1. Reaction–diffusion equation with a local reaction

A particular example of (2.4), with F (u) = f(u) for a function f : R → R,
was considered e.g. in [1,3,5–9,16,21,23]. We assume (A1) and (A5) as before,
whereas the assumptions (A2)–(A4), (A6)–(A8), (A10) are fulfilled if only

f is Lipschitz continuous on [0, θ];

lim
r→0+

f(r)

r
= β;

f(0) = f(θ) = 0; 0 < f(r) < βr, r ∈ (0, θ).

If (A9) does not hold, then, to fulfil (A11), it is enough to take κn = κ,
an(x) := 11Λn(x)a(x), provided that Λn ⊂ Rd are such that Λn ↑ Rd and∫

Λn
xa(x)dx = m̃. In particular, if a(−x) = a(x), x ∈ Rd, one can take Λn :=

Bn(0).

2. Spatial logistic equation: Gu = κ−a− ∗ u

Let κ− > 0 and a−(x) be a probability kernel. We consider Gu = κ−a− ∗ u,
i.e. (1.1) has the form

∂u

∂t
= κ(a ∗ u)− κ−u(a− ∗ u)−mu.

This equation first appeared, for the case κa = κ−a−, m = 0, in [17,18]; for the
case κa = κ−a−, m > 0 in [10], and for the different kernels in [4], where the
so-called Bolker–Pacala model of spatial ecology was considered. The equation
was rigorously derived from the Bolker–Pacala model in [15] for integrable u and
in [12] for bounded u. The long-time behaviour of this equation was studied
in [13,14].

We assume (A1) and (A5) as before. Under (A1), we have in this case

θ =
κ −m
κ−

> 0. Then the conditions (A2)–(A3), (A6)–(A8) are satisfied. The
condition (A4) holds if and only if

κa(x) ≥ (κ −m)a−(x), x ∈ Rd. (2.5)
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Condition (A10) holds if we additionally assume that there exists δ > 0, such
that

κa(x)− (κ −m)a−(x) ≥ δ11Bδ(0)(x), x ∈ Rd.

In this case we can put, in (A10), b(x) = (κ −m)a−(x), p = 0.
If (A9) does not hold, then, to fulfil (A11), one can proceed as in the previous

example. Namely, we define an as before, and we set Gnu = κ−a−n ∗ u, where
a−n (x) := 11Λn(x)a−(x), x ∈ Rd.

3. The case Gu = κ−a− ∗ u− g1(a− ∗ u)

Let g(s) = κ−s − g1(s), where κ− > 0, g1 : [0, θ] → R+ is increasing and
Lipschitz continuous, such that g1(s) = o(s), as s → 0 and κ−s ≥ g1(s), for
s ∈ (0, θ). We define Gv = g(a− ∗v), where a− is a probability density. Namely,
we consider the following equation,

∂u

∂t
= κ(a ∗ u)− κ−u(a− ∗ u) + ug1(a− ∗ u)−mu.

As in the previous example, (A4) holds if and only if (2.5) holds. The rest
of the assumptions can be characterized straightforward. Typical example is
g(s) = β(1 − (1 − s)n), with θ = 1. In this case the corresponding reaction is
F (u) = βu(1− a− ∗ u)n.

3 Existence and uniqueness
We start with the following simple lemma

Lemma 3.1. Let a ∈ L1(Rd), f ∈ E. Then a ∗ f ∈ Cub(Rd). Moreover, if
v ∈ Cb(I → E), I ⊂ R+, then a ∗ v ∈ Cb(I → Cub(Rd)).

Proof. The convolution is a bounded function, as

|(a ∗ f)(x)| ≤ ‖f‖E ‖a‖L1(Rd), a ∈ L1(Rd), f ∈ E. (3.1)

Next, let an ∈ C0(Rd), n ∈ N, be such that ‖a − an‖L1(Rd) → 0, n → ∞. For
any n ≥ 1, the proof of that an ∗ f ∈ Cub(Rd) is straightforward. Next, by
(3.1), ‖a ∗ f − an ∗ f‖ → 0, n→∞. Hence a ∗ u is a uniform limit of uniformly
continuous functions that fulfils the proof of the first statement. The second
statement is followed from the first one and the inequality (3.1).

Lemma 3.2. Let {rn}n∈N be a sequence of numbers, such that r1 > 0 and the
following recurrence relation holds

rn+1 = rn + pe−qrn , n ∈ N, (3.2)

where p, q > 0. Then the series
∑
n∈N

1

rneqrn
is divergent.

Proof. By (3.2), rn, n ∈ N is a positive increasing sequence. Passing to the limit
in (3.2) when n → ∞, one gets that rn → ∞, as n → ∞. Hence, without loss
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of generality, one can assume that bn := e−qrn < (pq)−1, n ∈ N. One can easily
rewrite then (3.2) as follows:

bn+1 = bne
−pqbn .

It is straightforward to check that

x

1 + pqx(e− 1)
≤ ye−pqy, 0 < x ≤ y ≤ 1

pq
,

Therefore, if we set c1 := b1 and cn+1 := cn
1+pq(e−1)cn

, n ∈ N, we get cn ≤
bn, n ∈ N. On the other hand, 1

cn+1
= 1

cn
+ pq(e− 1), that leads to

1

cn+1
=

1

c1
+ n(e− 1)pq, n ∈ N. (3.3)

Therefore, ∑
n∈N

1

rneqrn
=
∑
n∈N

bn
−q ln bn

≥
∑
n∈N

cn
−q ln cn

=∞,

since, by (3.3),
cn
− ln cn

∼ 1

pq(e− 1)n lnn
, n→∞.

The statement is proved.

Theorem 3.3. Let A,G : E → E be such that Gv ≥ 0, v ∈ E+, and, for some
κ,κ > 0,

‖Av −Aw‖E ≤ κ‖v − w‖E , v, w ∈ E+, (3.4)

‖Gv −Gw‖E ≤ eκr‖v − w‖E , v, w ∈ E+
r , r > 0. (3.5)

Then, for any T > 0 and u0 ∈ E+, there exists a unique nonnegative solution
u ∈ XT to the equation

∂u

∂t
(x, t) = (Au)(x, t)−mu(x, t)− u(x, t)(Gu)(x, t),

u(x, 0) = u0(x),
(3.6)

where t ∈ (0, T ], x ∈ Rd.

Proof. First, we note that, by (3.4),

‖Av‖E ≤ ‖A0‖E + κ‖v‖E , 0 ≤ v ∈ E. (3.7)

We set
f0 := ‖A0‖E .

Let T > 0 be arbitrary. Take any 0 ≤ v ∈ XT . For any τ ∈ [0, T ), consider
the following linear equation in the space E on the interval [τ, T ]:

∂u

∂t
(x, t) = (Av)(x, t)−mu(x, t)− u(x, t)(Gv)(x, t), t ∈ (τ, T ]

u(x, τ) = uτ (x),
(3.8)
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where 0 ≤ uτ ∈ E, τ > 0, and u0 is the same as in (3.6). By assumptions on A
and G, we have that Av,Gv ∈ XT for all v ∈ XT . In the r.h.s. of (3.8), there is
a time-dependent linear bounded operator (acting in u) in the space E whose
coefficients are continuous on [τ, T ]. Therefore, there exists a unique solution to
(3.8) in E on [τ, T ], given by u = Φτv with

(Φτv)(x, t) := (Bv)(x, τ, t)uτ (x) +

∫ t

τ

(Bv)(x, s, t)(Av)(x, s) ds, (3.9)

for x ∈ Rd, t ∈ [τ, T ], where we set

(Bv)(x, s, t) := exp

(
−
∫ t

s

(
m+ (Gv)(x, p)

)
dp

)
, (3.10)

for x ∈ Rd, t, s ∈ [τ, T ]. Note that, in particular, (Φτv)(·, t), (Bv)(·, s, t) ∈ E.
Clearly, (Φτv)(x, t) ≥ 0 and, for any Υ ∈ (τ, T ],

‖Φτv(·, t)‖ ≤ ‖uτ‖+ (f0 + κ‖v‖τ,Υ)(Υ− τ), t ∈ [τ,Υ], (3.11)

where we used (3.7). Therefore, Φτ maps X+
τ,Υ into itself, Υ ∈ (τ, T ].

For any T2 > T1 ≥ 0, we define

X+
T1,T2

(r) :=
{
v ∈ X+

T1,T2

∣∣ ‖v‖T1,T2
≤ r
}
, r > 0. (3.12)

Let now 0 ≤ τ < Υ ≤ T , and take any v, w ∈ X+
τ,Υ(r). By (3.9), one has, for

any x ∈ Rd, t ∈ [τ,Υ],∣∣(Φτv)(x, t)− (Φτw)(x, t)
∣∣ ≤ J1 + J2, (3.13)

where

J1 :=
∣∣(Bv)(x, τ, t)− (Bw)(x, τ, t)

∣∣uτ (x),

J2 :=

∫ t

τ

∣∣(Bv)(x, s, t)(Av)(x, s)− (Bw)(x, s, t)(Aw)(x, s)
∣∣ ds.

Since |e−a − e−b| ≤ |a− b|, for any constants a, b ≥ 0, one has, by (3.10), (3.1),

J1 ≤ l(r)(Υ− τ)‖uτ‖‖v − w‖τ,Υ. (3.14)

Next, for any constants a, b, p, q ≥ 0,∣∣pe−a − qe−b∣∣ ≤ e−a|p− q|+ qmax
{
e−a, e−b

}
|a− b|,

therefore, by (3.10), (3.1),

J2 ≤ κ
∫ t

τ

(Bv)(x, s, t) ds‖v − w‖τ,Υ

+

∫ t

τ

max
{

(Bv)(x, s, t), (Bw)(x, s, t)
}
|(Aw)(x, s)|(t− s)l(r)‖v − w‖τ,Υ ds

≤ κ(Υ− τ)‖v − w‖τ,Υ + l(r)(f0 + κ‖w‖τ,Υ)‖v − w‖τ,Υ
∫ t

τ

e−m(t−s)(t− s) ds

≤
(
κ + (f0 + κ‖w‖τ,Υ)

l(r)

me

)
(Υ− τ)‖v − w‖τ,Υ, (3.15)

9



as re−r ≤ e−1, r ≥ 0.
Take any µ ≥ ‖uτ‖. By (3.11)–(3.15), one has,

∣∣(Φτv)(x, t)− (Φτw)(x, t)
∣∣ ≤ (µl(r) + κ + (f0 + κr)

l(r)

me

)
(Υ− τ)‖v − w‖τ,Υ,∣∣(Φτv)(x, t)

∣∣ ≤ µ+ (f0 + κr)(Υ− τ).

Therefore, Φτ will be a contraction mapping on the set X+
τ,Υ(r) if only(

µl(r) + κ + (f0 + κr)
l(r)

me

)
(Υ− τ) < 1 and µ+ (f0 + κr)(Υ− τ) ≤ r.

If f0κ ≤ r, it is sufficient to show(
µl(r) + κ + 2κr

l(r)

me

)
(Υ− τ) < 1 and µ+ 2κr(Υ− τ) ≤ r. (3.16)

Take for α ∈ (0, 1),

r := µ+
αme

l(µ)
, Υ := τ +

αme

2κrl(r)
. (3.17)

Then, the second inequality in (3.16) holds, since l is monotonically increasing,
namely,

µ+ 2κr(Υ− τ) = µ+
αme

l(r)
≤ µ+

αme

l(µ)
= r.

Next(
µl(r) + κ +

2κrl(r)
me

)
(Υ− τ) =

αmeµ

2κr
+

αme

2rl(r)
+ α ≤ αme

2κ
+

αme

2rl(µ)
+ α.

In order to satisfy the second inequality in (3.16) it is sufficient to check,

αme

2κ
+

αme

2rl(µ)
< 1− α,

but
rl(µ) = µl(µ) + αme,

i.e. we need
αme

2(µl(µ) + αme)
+
αme

2κ
< 1− α. (3.18)

Since g is increasing one can always choose α ∈ (0, 1) and µ > 0 that satisfy
(3.18).

As a result, one gets that Φτ will be a contraction on the set X+
τ,Υ(r) with

Υ and r given by (3.17); the latter set naturally forms a complete metric space.
Therefore, there exists a unique u ∈ X+

τ,Υ(r) such that Φτu = u. This u will be
a solution to (3.6) on [τ,Υ].

To fulfill the proof of the statement, one can do the following. Set τ := 0,
choose r0 > max{‖u0‖, f0κ } and α ∈ (0, 1) that satisfy (3.18) with µ = r0. One
gets a solution u to (3.6) on [0,Υ1] with ‖u‖Υ1 ≤ r0 + αme

l(r0) =: r1, Υ1 = αme
2κr1l(r1) .
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Iterating this scheme, take sequentially, for each n ∈ N, τ := Υn, uΥn(x) :=
u(x,Υn), x ∈ Rd,

rn := rn−1 +
αme

l(rn−1)
≥ ‖uΥn‖.

Since rn > rn−1 and l(r) is increasing, the same α as before will satisfy (3.18)
with µ = rn as well. Then, one gets a solution u to (3.6) on [Υn,Υn+1] with
initial condition uΥn , where

Υn+1 := Υn +
αme

2κrnl(rn)
, (3.19)

and
‖u‖Υn,Υn+1

≤ rn +
αme

l(rn)
= rn+1.

As a result, we will have a solution u to (3.6) on intervals [0,Υ1], [Υ1,Υ2],
. . . , [Υn,Υn+1], n ∈ N. By Lemma 3.1, the r.h.s. of (3.6), will be continuous
on each of constructed time-intervals, therefore, one has that u is continuously
differentiable on (0,Υn+1] and solves (1.1) there. By (3.19) and Lemma 3.2,

Υn+1 =
αme

2κ

n∑
j=0

1

rj l(rj)
→∞, n→∞,

therefore, one has a solution to (3.6) on any [0, T ], T > 0.
To prove uniqueness, suppose that v ∈ XT is a solution to (3.6) on [0, T ],

with v(x, 0) ≡ u0(x), x ∈ Rd. Choose r0 > ‖v‖T ≥ ‖u0‖. Since {rn}n≥0 above
is an increasing sequence, v will belong to each of sets X+

Υn,Υn+1
(rn+1), n ≥ 0,

Υ0 := 0, considered above. Then, being solution to (3.6) on each [Υn,Υn+1],
v will be a fixed point for ΦΥn . By the uniqueness of such a point, v coincides
with u on each [Υn,Υn+1] and, thus, on the whole [0, T ].

Remark 3.4. Since Av := κa ∗ v, v ∈ E, evidently satisfies (3.4), one gets
Theorem 2.1.

4 Comparison principle
Let H : E → E. For any v ∈ E, r ∈ R, we set

(v ∧ r)(x) := min{v(x), r}, (v ∨ r)(x) := max{v(x), r}.

For any u ∈ X 1
T , r > 0, we define

(Fru)(x, t) :=
∂u

∂t
(x, t)−H(0 ∨ u ∧ r)(x, t), (4.1)

for all t ∈ (0, T ] and all x ∈ Rd. Here and below we consider the left derivative
at t = T only.

Theorem 4.1. Let r ≥ 0 and H : E → E be such that, for some p > 0, the
operator H + p11 is monotone and Lipschitz continuous on E+

r ; namely,

‖Hw −Hv‖E ≤ h(r)‖w − v‖E , w, v ∈ E+
r , (4.2)

Hv + pv ≤ Hw + pw, v ≤ w, w, v ∈ E+
r . (4.3)
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Let T > 0 be fixed. Suppose that u1, u2 ∈ X 1
T are such that

0 ≤ u1(x, t), u2(x, t) ≤ r, (x, t) ∈ Rd × (0, T ], (4.4)

(Fru1)(x, t) ≤ (Fru2)(x, t), (x, t) ∈ Rd × (0, T ], (4.5)

u1(x, 0) ≤ u2(x, 0), x ∈ Rd. (4.6)

Then u1(x, t) ≤ u2(x, t) for all (x, t) ∈ Rd × [0, T ].

Proof. Define, cf. (4.5), the following function

φr(x, t) := (Fru2)(x, t)− (Fru1)(x, t) ≥ 0, (4.7)

for (x, t) ∈ Rd × [0, T ]. For w ∈ XT , consider the mapping

Θ(t, w) : = Kw + eKt
(
H
(
0 ∨ (e−Ktw + u1) ∧ r

)
−H(u1 ∧ r)

)
+ eKtφr(x, t). (4.8)

We have, for w ≥ 0,

0 ≤ u1 ∧ r ≤ (e−Ktw + u1) ∧ r ≤ r.

Since, for any x, y, z ≥ 0, x ≥ y,

0 ≤ x ∧ z − y ∧ z ≤ x− y,

one has, by (4.3), (4.7), that 0 ≤ w ∈ XT yields

Θ(t, w) ≥ (K − p)w + eKtφr(x, t) ≥ 0, (4.9)

if only K ≥ p that we will assume in the following. Next, by (4.2), w ∈ XT
implies, for all t ∈ [0, T ],

‖Θ(t, w)‖T ≤ (K + h(r))‖w‖T + eKt‖φr‖T . (4.10)

Therefore, since u1, u2 ∈ X 1
T implies, by (4.1), (4.7), that φr ∈ XT , one gets

that Θ(t, w) ∈ XT .
Define also the function

v(x, t) := eKt(u2(x, t)− u1(x, t)), x ∈ Rd, t ∈ [0, T ]. (4.11)

Clearly, v ∈ X 1
T , and it is straightforward to check that

Θ(t, v(s, t)) =
∂

∂t
v(x, t), (4.12)

for all x ∈ Rd, t ∈ (0, T ]. Therefore, v solves the following integral equation in
E: v(x, t) = v(x, 0) +

∫ t

0

Θ(s, v(x, s))ds, (x, t) ∈ Rd×(0, T ],

v(x, 0) = u2(x, 0)− u1(x, 0), x ∈ Rd,
(4.13)

where v(x, 0) ≥ 0 by (4.6).
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Consider also another integral equation in E:

ṽ(x, t) = (Ψṽ)(x, t) (4.14)
where

(Ψw)(x, t) := v(x, 0) +

∫ t

0

max
{

Θ(s, w(x, s)), 0
}
ds, w ∈ XT . (4.15)

If we take T̃ < T such that the following inequality holds

q1 := 2r(K + h(r)) + eKT ‖φr‖T ≤
r

T̃
,

then, w ∈ X+

T̃
(2r) yields Ψw ∈ X+

T̃
(2r), where, cf. (3.12), X+

T̃
(2r) := X+

0,T̃
(2r).

Let w1, w2 ∈ XT̃ (2r); by (4.2), (4.8), we have, for all (t, x) ∈ [0, T̃ ]× Rd,

|Θ(t, w1)−Θ(t, w2)| ≤(K + h(r))‖w1 − w2‖T̃ =: q2‖w1 − w2‖T̃ . (4.16)

Therefore, using the elementary inequality |max{a, 0} − max{b, 0}| ≤ |a − b|,
a, b ∈ R, we obtain from (4.15), that

‖Ψw1 −Ψw2‖T̃ ≤ q2T̃‖w2 − w1‖T̃ .

Therefore, for T̃ < max{ r
2q1
, 1
q2
}, Ψ is a contraction on X+

T̃
(2r). Thus, there

exists a unique solution ṽ to (4.14) on [0, T̃ ]. By (4.14), (4.15),

ṽ(x, t) ≥ v(x, 0) ≥ 0, x ∈ Rd, t ∈ [0, T̃ ]. (4.17)

By the considerations above, w ∈ X+
T yields Θ(s, w(x, s)) ∈ X+

T . Hence ṽ is a
solution to (4.13) on [0, T̃ ] as well. Namely,

ṽ(x, t) = v(x, 0) +

∫ t

0

Θ(s, ṽ(x, s)) ds =: Ξ(ṽ)(x, t). (4.18)

By the same arguments as the above, Ξ is a contraction on XT̃ (2r), for the
same T̃ . We deduce that v = ṽ on Rd × [0, T̃ ]. Then, by (4.17), v(x, t) ≥ 0 on
Rd × [0, T̃ ], that yields

0 ≤ u1(x, T̃ ) ≤ u2(x, T̃ ) ≤ r, x ∈ Rd.

In the same way, the proof can be extended on [T̃ , 2T̃ ], [2T̃ , 3T̃ ], . . . , keeping
the same q1 and q2, and, therefore, on the whole [0, T ]. Then v(x, t) ≥ 0 on
Rd × [0, T ], that yields the statement.

Clearly, Theorem 4.1 in the case r = θ, Hv = κa ∗ v − vGv −mv, v ∈ E,
implies Theorem 2.2. To use the latter statement, one needs to know that a
solution to (1.1) remains in E+

θ for all times provided that u0 ∈ E+
θ . Consider

the corresponding statement.

Proposition 4.2. Let (A1)–(A4) hold and 0 ≤ u0 ≤ θ. Then there exists a
unique solution u ∈ X+

∞ to (1.1), and 0 ≤ u(x, t) ≤ θ for any x ∈ Rd, t ≥ 0.
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Proof. We set Hv := κa ∗ v − vGv −mv for v ∈ E+
θ , and Hv := H(0 ∨ v ∧ θ)

for v ∈ E \ E+
θ . Prove, first, that H is (globally) Lipschitz continuous on E.

Indeed, for any x, y ∈ R,

|x ∧ θ − y ∧ θ| = 1

2

∣∣(x+ θ − |x− θ|)− (y + θ − |y − θ|)
∣∣ ≤ |x− y|

and, similarly, |x ∨ 0− y ∨ 0| ≤ |x− y|. Therefore, denoting vθ := 0 ∨ v ∧ θ for
v ∈ E, one gets that ‖vθ − wθ‖ ≤ ‖v − w‖ for w, v ∈ E, and hence

‖Hw −Hv‖E ≤ (κ +m+ sup
v∈E
‖G(0 ∨ v ∧ θ)‖E + θlθ)‖w − v‖E

= (2κ + θlθ)‖w − v‖E .

As a result, for any T > 0, the initial value problem

∂ũ

∂t
(x, t) = H(ũ)(x, t), ũ(x, 0) = u0(x), x ∈ Rd, t ∈ (0, T ],

has a unique classical solution ũ ∈ XT , i.e., for Fθ defined by (4.1), Fθũ ≡ 0.
Note that, for any r ≥ θ, v ∈ E+

r implies Hv = H(v ∧ θ). In particular,
applying this for v = 0 ∨ ũ ∧ r, one gets

Frũ = Fθũ ≡ 0. (4.19)

Moreover, by (A4), there exists p ≥ 0, such that, for any r ≥ θ, v, w ∈ E+
r ,

v ≤ w,

p(w − v) +Hw −Hv ≥ p(w ∧ θ − v ∧ θ) +H(w ∧ θ)−H(v ∧ θ) ≥ 0.

Assume that ‖ũ‖T > θ. Then, by the arguments above and (4.19), we may
apply Theorem 4.1 for the case r = ‖ũ‖T , u1 ≡ 0, u2 = ũ (note that, evidently,
Fr0 = 0). It yields ũ ≥ 0. Next, similarly, we can apply Theorem 4.1 for the
case r = θ, u1 = ũ, u2 ≡ θ (since Fθθ = 0). It implies then that ũ ≤ θ, that
contradicts the assumption, therefore, ‖ũ‖T ≤ θ. Apply once more Theorem 4.1
for the case r = θ, u1 ≡ 0, u2 = ũ, then ũ ≥ 0. As a result, the function
ũ = 0 ∨ ũ ∧ θ solves (1.1).

Choose an arbitrary extension of G on E+ such that (3.5) holds. By Theo-
rem 2.1, there exists a unique solution u ∈ X+

∞ to (1.1). Hence 0 ≤ u = ũ ≤ θ.
The proof is fulfilled.

5 The hair-trigger effect: proofs of Theorems 2.3–2.5
Proposition 5.1. Let the conditions of Theorem 3.3 hold. Suppose, addition-
ally, that A and G are continuous on E+ in the topology generated by (2.2), i.e.
for any vn, v ∈ E+ with vn

loc
==⇒ v, one has

Avn
loc

==⇒ Av, Gvn
loc

==⇒ Gv, n→∞.

Let T > 0 be fixed and, for some ρ > 0, {u(·, 0), un(·, 0) : n ∈ N} ⊂ E+
ρ be the

initial conditions to (3.6), and let {u(·, t), un(·, t) : n ∈ N} be the corresponding
solutions to (3.6) on [0, T ]. Assume that un(·, 0)

loc
==⇒ u(·, 0), n → ∞. Then

un(·, t) loc
==⇒ u(·, t), n→∞ uniformly in t ∈ [0, T ].
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Proof. By the proof of Theorem 3.3, there exist 0 = τ0 < τ1 < . . . < τN = T
and ρ = r0 ≤ r1 ≤ . . . ≤ rN =: r, such that the following holds. Let, for any
τ = τk, Υ = τk+1, 0 ≤ k ≤ N − 1, the mapping Φτ be defined by (3.9) for
t ∈ [τ,Υ], with uτ (x) = u(x, τ), x ∈ Rd; and, for each n ∈ N, we set

(Φτ,nv)(x, t) := (Bv)(x, τ, t)uτ,n(x) +

∫ t

τ

(Bv)(x, s, t)(Av)(x, s) ds, (5.1)

where uτ,n(x) = un(x, τ), x ∈ Rd. Then v ∈ X+
τ,Υ(rk+1), {uτ , uτ,n : n ∈ N} ⊂

Erk implies {Φτv,Φτ,nv : n ∈ N} ⊂ X+
τ,Υ(rk+1).

Prove that if, for some {w,wn : n ∈ N} ⊂ X+
τ,Υ(rk+1), we have wn(·, t) loc

==⇒w(·, t),
n→∞, uniformly in t ∈ [τ,Υ], then

Φτ,nwn(·, t) loc
==⇒ Φτw(·, t), n→∞, (5.2)

uniformly in t ∈ [τ,Υ]. Indeed, applying the inequalities,

|e−a − e−b| ≤ |a− b|,
∣∣pe−a − qe−b∣∣ ≤ |p− q|+ q|a− b|,

for a, b, p, q ≥ 0, we get, for any bounded Λ ⊂ Rd,

11Λ(x)
∣∣(Φτ,nwn)(x, t)− (Φτw)(x, t)

∣∣
≤ 11Λ(x)

∣∣(Φτ,nwn)(x, t)− (Φτ,nw)(x, t)
∣∣+ 11Λ(x)

∣∣(Φτ,nw)(x, t)− (Φτw)(x, t)
∣∣

≤ 11Λ(x)
∣∣uτ,n(x)− uτ (x)

∣∣+ rk

∫ t

τ

11Λ(x)
∣∣(Gwn)(x, p)− (Gw)(x, p)

∣∣ dp
+

∫ t

τ

11Λ(x)
∣∣(Awn)(x, s)− (Aw)(x, s)

∣∣ ds
+

∫ t

τ

11Λ(x)
∣∣(Aw)(x, s)

∣∣ ∫ t

s

∣∣(Gwn)(x, p)− (Gw)(x, p)
∣∣ dp ds

≤
∥∥uτ,n − uτ∥∥Λ

+ rk

∫ Υ

τ

∥∥(Gwn)(·, p)− (Gw)(·, p)
∥∥

Λ
dp

+

∫ Υ

τ

∥∥(Awn)(·, s)− (Aw)(·, s)
∥∥

Λ
ds

+ (‖A(0)‖E + κr)
∫ Υ

τ

∫ Υ

s

∥∥(Gwn)(·, p)− (Gw)(·, p)
∥∥

Λ
dp ds.

Hence (5.2) holds. Iterating this scheme, one gets that, for each m ∈ N, v ∈
X+
τ,Υ(rk+1),

(Φτ,n)mv(·, t) loc
==⇒ (Φτ )mv, n→∞, (5.3)

uniformly in t ∈ [τ,Υ]. Therefore, for any bounded Λ ⊂ Rd,∣∣11Λ(x)(un(x, t)− u(x, t))
∣∣

≤
∣∣11Λ(x)

(
un(x, t)− (Φτ,n)mv(x, t)

)∣∣+
∣∣11Λ(x)

(
(Φτ,n)mv(x, t)− (Φτ )mv(x, t)

)∣∣
+
∣∣11Λ(x)

(
u(x, t)− (Φτ )mv(x, t)

)∣∣
≤
∥∥un − (Φτ,n)mv‖τ,Υ + sup

t∈[τ,Υ]

∥∥((Φτ,n)mv(·, t)− (Φτ )mv(·, t)
)∥∥

Λ

+
∥∥u− (Φτ )mv‖τ,Υ,

for any m ∈ N. Passing m to ∞, one gets then the statement by (5.3).
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Proposition 5.2. Let 0 ≤ u0 ∈ Cub(Rd), and suppose that u ∈ X∞ is the
corresponding classical solution to (1.1). Suppose also, that there exists C > 0,
such that

0 ≤ u(x, t) ≤ C, x ∈ Rd, t ≥ 0,

and gC := sup
v∈E+

C

|Gv| < ∞. Then u ∈ Cub(Rd × R+) and, moreover, ‖u(·, t)‖ ∈

Cub(R+). In particular, these inclusions hold if we assume (A1)–(A4).

Proof. Being classical solution to (1.1), u satisfies the integral equation

u(x, t) = u0(x) +

∫ t

0

(
κ(a ∗ u)(x, s)−mu(x, s)− u(x, s)(Gu)(x, s)

)
ds.

Hence for any x, y ∈ Rd, 0 ≤ τ < t, one has∣∣u(x, t)− u(y, τ)
∣∣ ≤ (2κC + 2mC + CgC)(t− τ),

that fulfils the proof of the first inclusion. Then, the second one follows from
the inequality

∣∣‖u(·, t)‖−‖u(·, τ)‖
∣∣ ≤ ‖u(·, t)−u(·, τ)‖, t, τ ∈ R+. Finally, if the

conditions (A1)–(A4) hold, then, by Proposition 4.2, one gets that the solution
u exists and satisfies the conditions above if only C := θ. Moreover, (A3) implies
that, for any v ∈ E+

θ ,

‖Gv‖ ≤ ‖G0‖+ lθ‖v‖ ≤ ‖G0‖+ θlθ <∞,

that fulfils the proof.

The maximum principle is a ‘standard counterpart’ of the comparison prin-
ciple, see e.g. [6]. We will use in the sequel that, under some additional assump-
tions, the solutions to (1.1) are strictly positive; this is a quite common feature
of linear parabolic equations, however, in general, it may fail for nonlinear ones.
Consider the corresponding statement.

Proposition 5.3. Let E = Cb(Rd). Let (A1)–(A5) hold with G : E → E,
such that Gl 6≡ β, for l ∈ (0, θ). (In particular, the latter holds, if we assume,
additionally, (A7)–(A8).) Let u0 ∈ E+

θ , u0 6≡ θ, u0 6≡ 0, be the initial condition
to (1.1) and u ∈ X∞ be the corresponding solution. Then

u(x, t) > inf
y∈Rd
s>0

u(y, s) ≥ 0, x ∈ Rd, t > 0.

Proof. By Proposition 4.2, 0 ≤ u(x, t) ≤ θ, x ∈ Rd, t ≥ 0. We denote

(Lau)(x, t) = κ(a ∗ u)(x, t)− κu(x, t). (5.4)

Then, by (A2),

∂u

∂t
(x, t)− (Lau)(x, t) = u(x, t)(β − (Gu)(x, t)) ≥ 0. (5.5)

Prove that, under (5.5), u cannot attain its infimum on Rd × (0,∞) without
being a constant. Indeed, suppose that, for some x0 ∈ Rd, t0 > 0,

u(x0, t0) ≤ u(x, t), x ∈ Rd, t > 0. (5.6)
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Then, clearly,

∂u

∂t
(x0, t0) = 0, (5.7)

and (5.5) yields (Lau)(x0, t0) ≤ 0. On the other hand, (5.4) and (5.6) imply
(Lau)(x0, t0) ≥ 0. Therefore,∫

Rd
a(x0 − y)(u(y, t0)− u(x0, t0)) dy = 0. (5.8)

Then, by (A5), for all y ∈ Bδ(x0),

u(y, t0) = u(x0, t0). (5.9)

By the same arguments, for an arbitrary x1 ∈ ∂Bδ(x0), we obtain (5.9), for all
y ∈ Bδ(x1). Hence, (5.9) holds on B2δ(x0), and so on. As a result, (5.9) holds,
for all y ∈ Rd, thus u(·, t0) is a constant, i.e.

u(x, t0) = u(x0, t0) =: l0 ∈ [0, θ], x ∈ Rd.

Then, considering (1.1) at (x0, t0), and taking into account (5.7), one gets

0 = u(x0, t0)
(
β − (Gu)(x0, t0)

)
= l0(β −Gl0).

By the assumption, the latter equality is possible if only l0 ∈ {0, θ}, i.e. either
u(·, t0) ≡ 0 or u(·, t0) ≡ θ. By (5.6), u(x0, t0) = θ ≥ supy∈Rd,s>0 u(y, s) implies
u ≡ θ, that contradicts u0 6≡ θ. Hence u(x, t0) = u(x0, t0) = 0, x ∈ Rd. Then,
by Theorem 3.3, u(x, t) = 0, x ∈ Rd, t ≥ t0. And now one can consider the
reverse time in (1.1) starting from t = t0. Namely, we set w(x, t) := u(x, t0− t),
t ∈ [0, t0], x ∈ Rd. Then w(x, 0) = u(x, t0) = 0, x ∈ Rd, and

∂w

∂t
(x, t) = w(x, t)(Gw)(x, t)− κ+(a+ ∗ w)(x, t) +mw(x, t). (5.10)

Prove that the equation (5.10) with the initial condition w(·, 0) ≡ 0 has a unique
classical solution w ≡ 0 in Xt0 . Indeed, let w ∈ Xt0 solve (5.10). Suppose that
the set

K :=
{
t ∈ [0, t0]

∣∣ ‖w(·, t)‖E > 0
}

is not empty, i.e. w 6≡ 0. We define then T := inf K. In particular, ‖w(·, t)‖E =
0 for t ∈ [0, T ) (note that the latter interval might be empty if T = 0). Since
the function τ 7→ ‖w(·, τ)‖E is continuous, we have that ‖w(·, T )‖E = 0 as
well. Therefore, T = t0 would contradict the assumption K 6= ∅; hence T < t0.
Consider now the equation (5.10) for t ∈ [T, t0] with the initial value w(·, T ) ≡ 0.
It is straightforward to check that the assumptions on G imply that, for any
r > 0, there exists ∆T > 0, such that T + ∆T < t0 and the mapping

Ψ(w)(x, t) =

T+t∫
T

w(x, s)(Gw)(x, s)− κ(a ∗ w)(x, s) +mw(x, s)ds.

is a contraction on X∆T (r). Therefore, by the uniqueness arguments, w(·, t) ≡ 0
for t ∈ [T, T + ∆T ] that contradicts the choice of T . Therefore, K = ∅, i.e.
w(·, t) ≡ 0 for all t ∈ [0, t0], in particular, u(·, 0) = w(·, t0) ≡ 0, that contradicts
u0 6≡ 0. Thus, the initial assumption was wrong, and (5.6) can not hold. The
proof is fulfilled.
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In the sequel, it will be useful to consider the solution to (1.1) as a nonlinear
transformation of the initial condition.

Definition 5.4. For a fixed t > 0, define the mapping Qt on E+ by

(Qtf)(x) := u(x, t), x ∈ Rd, f ∈ E+, (5.11)

where u(x, t) is the solution to (1.1) with the initial condition u(x, 0) = f(x).

Let us collect several properties of Qt needed below.

Proposition 5.5. Let (A1)–(A8) hold. Then, for any fixed t > 0, the mapping
Q := Qt : E+ → E+ satisfies the following properties

(Q1) Q : E+
θ → E+

θ ;

(Q2) let Ty, y ∈ Rd, be a translation operator, given by (2.1), then

(QTyf)(x) = (TyQf)(x), x, y ∈ Rd, f ∈ E+
θ ; (5.12)

(Q3) Q0 = 0, Qθ = θ, and Qr > r, for any constant r ∈ (0, θ);

(Q4) if f, g ∈ E+
θ and f ≤ g, then Qf ≤ Qg;

(Q5) if fn
loc

==⇒ f , then (Qfn)(x)→ (Qf)(x) for (a.a.) x ∈ Rd.

Proof. The property (Q1) follows from Proposition 4.2. To prove (Q2) we note
that, by (A7), TyG = GTy, and Ty(a∗u) = a∗ (Tyu), then, by (3.10), B(Tyv) =
Ty(Bv), therefore, by (3.9), if τ = 0 and uτ = Tyf , then ΦτTy = TyΦ, where
Φ = Φ(f) is given by (3.9) with f in place of uτ only. As a result, Φnτ Ty = TyΦn

hence, for v ∈ X+
τ,Υ(rk+1) (c.f. notations of Theorem 3.3), we have, for t ∈ [τ,Υ],

x ∈ Rd,

(QtTyf)(x) = lim
n→∞

(Φnτ (Tyf)v)(x, t) = lim
n→∞

(TyΦnτ (f)v)(x, t) = (TyQtf)(x),

and one can continue the same considerations on the next time-interval.
By (Q2), u0(x) ≡ r ∈ (0, θ) yields u(·, t) = const, t ≥ 0. Then, by (A2) and

(A8), for any t ≥ 0, we have

Qr = u(t) = r +

∫ t

0

u(s)(β − (Gu)(s))ds > 0.

Hence the property (Q3) holds. The property (Q4) holds by Theorem 4.1. The
property (Q5) is a weaker version of Proposition 5.1.

Let Sd−1 denote a unit sphere in Rd centred at the origin:

Sd−1 =
{
x ∈ Rd

∣∣ |x| = 1
}

; (5.13)

in particular, S0 = {−1, 1}.

Definition 5.6. A function f ∈ E is said to be increasing (decreasing, constant)
along the vector ξ ∈ Sd−1 if, for a.a. x ∈ Rd, the function f(x+sξ) = (T−sξf)(x)
is increasing (decreasing, constant) in s ∈ R, respectively.
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Proposition 5.7. Let (A1)–(A8) hold. Let u0 ∈ E+
θ be the initial condition

for the equation (1.1) which is increasing (decreasing, constant) along a vector
ξ ∈ Sd−1; and u(·, t) ∈ E+

θ , t ≥ 0, be the corresponding solution (cf. Propo-
sition 4.2). Then, for any t > 0, u(·, t) is increasing (decreasing, constant,
respectively) along the ξ.

Proof. Let u0 be decreasing along a ξ ∈ Sd−1. Take any s1 ≤ s2 and consider
two initial conditions to (1.1): ui0(x) = u0(x+ siξ) = (T−siξu0)(x), i = 1, 2 (c.f.
(2.1)). Since u0 is decreasing, u1

0(x) ≥ u2
0(x), x ∈ Rd. Then, by Proposition 5.5,

T−s1ξQtu0 = QtT−s1ξu0 = Qtu
1
0 ≥ Qtu2

0 = QtT−s2ξu0 = T−s2ξQtu0,

that proves the statement. The cases of a decreasing u0 can be considered in the
same way. The constant function along a vector is decreasing and decreasing
simultaneously.

To prove the hair-trigger effect (Theorems 2.3–2.5), we will follow the ab-
stract scheme proposed in [22]. Note that all statements there were considered
in the space E = Cb(Rd).

Consider the set Nθ of all nonincreasing functions ϕ ∈ C(R), such that
ϕ(s) = 0, s ≥ 0, and

ϕ(−∞) := lim
s→−∞

ϕ(s) ∈ (0, θ).

It is easily seen that Nθ ⊂ E+
θ , for E = Cb(Rd).

For arbitrary s ∈ R, c ∈ R, ξ ∈ Sd−1, define the following mapping Vs,c,ξ :
L∞(R)→ L∞(Rd)

(Vs,c,ξg)(x) = g(x · ξ + s+ c), x ∈ Rd. (5.14)

Fix an arbitrary ϕ ∈ Nθ. For t > 0, c ∈ R, ξ ∈ Sd−1, consider the mapping
Rt,c,ξ : L∞(R)→ L∞(R), given by

(Rt,c,ξg)(s) = max
{
ϕ(s), (Qt(Vs,c,ξg))(0)

}
, s ∈ R, (5.15)

where Qt : E → E is a mapping which satisfies the conditions (Q1)–(Q5) in
Proposition 5.5 (in particular, one can consider Qt given by (5.11) provided that
(A1)–(A8) hold). Consider now the following sequence of functions

fn+1(s) = (Rt,c,ξfn)(s), f0(s) = ϕ(s), s ∈ R, n ∈ N ∪ {0}. (5.16)

By Proposition 5.5 and [22, Lemma 5.1], ϕ ∈ E+
θ with E = Cb(Rd) implies

fn ∈ E+
θ and fn+1(s) ≥ fn(s), s ∈ R, n ∈ N; hence one can define the following

limit

ft,c,ξ(s) := lim
n→∞

fn(s), s ∈ R. (5.17)

Also, by [22, Lemma 5.1], for fixed ξ ∈ Sd−1, t > 0, n ∈ N, the functions
fn(s) and ft,c,ξ(s) are nonincreasing in s and in c; moreover, ft,c,ξ(s) is a lower
semicontinuous function of s, c, ξ, as a result, this function is continuous from
the right in s and in c. Note also, that 0 ≤ ft,c,ξ ≤ θ. Then, for any c, ξ, one
can define the limiting value

ft,c,ξ(∞) := lim
s→∞

ft,c,ξ(s).
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Next, for any t > 0, ξ ∈ Sd−1, we define

c∗t (ξ) = sup{c | ft,c,ξ(∞) = θ} ∈ R ∪ {−∞,∞},

where, as usual, sup ∅ := −∞. By [22, Propositions 5.1, 5.2], one has

ft,c,ξ(∞) =

{
θ, c < c∗t (ξ),

0, c ≥ c∗t (ξ),
(5.18)

cf. also [22, Lemma 5.5]; moreover, c∗t (ξ) is a lower semicontinuous function
of ξ. It is crucial that, by [22, Lemma 5.4], neither ft,c,ξ(∞) nor c∗t (ξ) depends
on the choice of ϕ ∈ Nθ. Note that the monotonicity of ft,c,ξ(s) in s and (5.18)
imply that, for c < c∗t (ξ), ft,c,ξ(s) = θ, s ∈ R.

Define

Υt :=
{
x ∈ Rd

∣∣ x · ξ ≤ c∗t (ξ), ξ ∈ Sd−1
}
, t > 0. (5.19)

We will need the following Weinberger’s result:

Lemma 5.8 (cf. [22, Theorem 6.2]). Let E = Cb(Rd) and v0 ∈ E+
θ . Let, for

some fixed t > 0, Q = Qt : E → E be a mapping which satisfies the conditions
(Q1)–(Q5) in Proposition 5.5, and Υt be defined by (5.19). Suppose that

int(Υt) 6= ∅. (5.20)

Then, for any compact set Ct ⊂ int(Υt) and for any σ ∈ (0, θ), one can choose
a radius rσ = rσ(Qt,Ct) > 0, such that, for any fixed x0 ∈ Rd,

v0(x) ≥ σ, x ∈ Brσ (x0), (5.21)

implies

lim
n→∞

min
x∈nCt

Qnt v0(x) = θ. (5.22)

Remark 5.9. There is no loss of generality if we assume that (5.21) holds for
x0= 0 only. Indeed, for any x0 ∈ Rd, Ct ⊂ int(Υt), there exist N = N(x0,Ct),
C̃t ⊂ int(Υt), such that, for all n ≥ N , one gets x0 + nCt ⊂ nC̃t. Therefore, we
have

θ ≥ lim
n→∞

min
x∈nCt

(Qnt T−x0
u0)(x) = lim

n→∞
min
x∈nCt

(T−x0
Qnt u0)(x)

= lim
n→∞

min
x∈x0+nCt

(Qnt u0)(x) ≥ lim
n→∞

min
x∈nC̃t

(Qnt u0)(x) = θ.

Here and below, for A ⊂ Rd, x ∈ Rd, s ∈ R, we denote

x+A := {x+ y | y ∈ A} ⊂ Rd, sA := {sy | y ∈ A} ⊂ Rd.

Proposition 5.10. Let (A1)–(A8) hold and u0 ∈ Cub(Rd). Let Qt, t > 0, be
given by (5.11), and let the corresponding Υt, t > 0, be given by (5.19). Suppose
that, for some compact C ⊂ int(Υ1), there exists n∈ int(C ), such that

1

j
n ∈ int(Υ 1

j
), j ∈ N. (5.23)
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Let σ ∈ (0, θ) and rσ = rσ(Q1,C ) be chosen according to Lemma 5.8. Suppose
that

u0(x) ≥ σ, x ∈ Brσ(Q1,C ). (5.24)

Then, for the corresponding solution u to (1.1) and for any compact K ⊂ Rd,
the following limit holds

min
x∈K

u(x+ tn, t)→ θ, t→∞. (5.25)

Proof. First, we note that, by Proposition 5.5, the conditions (Q1)–(Q5) hold
for all Q = Qt, t > 0. We denote K1 := −n + C . Because of (5.24), one
can apply Lemma 5.8 for t = 1 and v0(x) := u0(x), x ∈ Rd. Namely, since
Qn1 v0(y) = Qn1u0(y) = u(y, n), y ∈ Rd, one gets, by (5.22),

min
x∈nK1

u(x+ nn, n) = min
y∈nC

u(y, n)→ θ, n→∞. (5.26)

Next, by (5.23), 0 ∈ − 1
2n + int(Υ 1

2
). Choose now any compact K2 ⊂ − 1

2n +

int(Υ 1
2
), such that 0 ∈ int(K2). By Lemma 5.8 for t = 1

2 and C 1
2

:= K2 + 1
2n ⊂

int(Υ 1
2
) there exists a radius rσ(Q 1

2
,C 1

2
) > 0. By (5.26), there exists N1 ≥ 1,

such that, for all n ≥ N1,

Brσ(Q 1
2
,C 1

2
)(0) ∪K ⊂ nK1, u(x+ nn, n) ≥ σ, x ∈ nK1. (5.27)

Set S1 := N1; by the latter inclusion and (5.27), one can apply Lemma 5.8 for
v0(x) := u(x+ S1n, S1), x ∈ Rd. Then

Qn1
2
v0(y) = u

(
y + S1n, S1 +

n

2

)
, y ∈ Rd,

and hence

min
x∈nK2

u
(
x+

(
S1 +

n

2

)
n, S1 +

n

2

)
= min
y∈nC 1

2

u
(
y + S1n, S1 +

n

2

)
→ θ, n→∞. (5.28)

Similarly, choose a compact K3 ⊂ − 1
3n+int(Υ 1

3
) with 0 ∈ int(K3), and consider

Lemma 5.8 with t = 1
3 and C 1

3
:= K3 + 1

3n ⊂ int(Υ 1
3
). Then, there exists a

radius rσ(Q 1
3
,C 1

3
) > 0, and, by (5.28), there exists N2 ≥ 2 such that for all

n ≥ N2,
Brσ(Q 1

3
,C 1

3
) ∪K ⊂ nK2

and
u
(
x+
(
S1 +

n

2

)
n, S1 +

n

2

)
≥ σ, x ∈ nK2.

Set S2 := S1 + N2

2 = N1 + N2

2 ≥ 2 and apply Lemma 5.8 with v0(x) :=
u(x+ S2n, S2), x ∈ Rd. We have

min
x∈nK3

u
(
x+

(
S2 +

n

3

)
n, S2 +

n

3

)
= min
x∈nC 1

3

u
(
x+ S2n, S2 +

n

3

)
→ θ, n→∞.
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By induction, for any Kj ⊂ − 1
j n+int(Υ 1

j
), j ≥ 3, with 0 ∈ int(Kj), one can set

C 1
j

:= Kj + 1
j n ⊂ int(Υ 1

j
) and choose Nj−1 ≥ j − 1 such that for all n ≥ Nj−1,

Brσ(Q 1
j
,C 1
j

) ∪K ⊂ nKj−1,

u
(
x+
(
Sj−2 +

n

j − 1

)
n, Sj−2 +

n

j − 1

)
≥ σ, x ∈ nKj−1.

Set
Sj−1 := Sj−2 +

Nj−1

j − 1
= N1 +

N2

2
+ . . .+

Nj−1

j − 1
≥ j − 1.

Then, by Lemma 5.8, similarly to the above,

min
x∈nKj

u
(
x+

(
Sj−1 +

n

j

)
n, Sj−1 +

n

j

)
→ θ, n→∞. (5.29)

Suppose that (5.25) does not hold. Then, for some ε > 0, there exist se-
quences xm ∈ K, m ∈ N, and tm →∞ as m→∞, such that

u(xm + tmn, tm) ≤ θ − ε. (5.30)

Since u0 ∈ Cub(Rd), then by Proposition 5.2, u ∈ Cub(Rd × R+). Thus there
exists δ = δ(ε), such that

|u(x, t)− u(y, s)| < ε

2
, |x− y| < δ, |t− s| < δ.

We choose j ∈ N such that max{1, |n|} < δj. By (5.29), there exists N ′j > Nj−1,
such that, for all n ≥ N ′j , we have that K ⊂ nKj and

min
x∈K

u
(
x+

(
Sj−1 +

n

j

)
n, Sj−1 +

n

j

)
> θ − ε

4
.

Choosem, such that tm ≥ Sj−1+
N ′j
j
. Let nm be the entire part of j(tm−Sj−1).

Then nm ≥ N ′j and, for qm := Sj−1 +
nm
j

, we easily get that

max{1, |n|} |tm − qm| < δ.

Therefore,

u(xm+tmn, tm) ≥ min
x∈K

u(x+ tmn, tm)

≥ min
x∈K

u(x+ qmn, qm)−max
x∈K

∣∣u(x+ qmn, qm)− u(x+ tmn, tm)
∣∣

≥ min
x∈K

u(x+ qmn, qm)− ε

2
> θ − 3

4
ε,

that contradicts (5.30). Therefore (5.25) holds and the proof is fulfilled.

We are going to find now sufficient conditions that fulfil the additional as-
sumptions of Proposition 5.10. We start with the following lemma.
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Lemma 5.11. Let b ∈ L1(R→ R+) be such that∫
R
b(s) ds = 1,

∫
R
|s|b(s)ds <∞,

and let v ∈ L∞(R→ R+) be a nonincreasing function. Then the following limit
holds

lim
r→∞

∫ r

−r

(
(b ∗ v)(s)− v(s)

)
ds =

(
v(−∞)− v(∞)

) ∫
R
s b(s) ds. (5.31)

Proof. For r > 0 and ρ :=
r

2
, we have, by Fubini’s theorem,∫ r

−r
(b ∗ v)(s)ds−

∫ r

−r
v(s)ds =

∫ ∞
−∞

b(y)

∫ r

−r
v(s− y)dsdy −

∫ r

−r
v(s)ds

=

∫ ∞
−∞

b(y)Wr(y) dy = I1(r) + I2(r),

where

Wr(y) :=

∫ r−y

−r−y
v(s)ds−

∫ r

−r
v(s)ds, y ∈ R,

I1(r) :=

∫
|y|≤ρ

b(y)Wr(y) dy, I2(r) :=

∫
|y|>ρ

b(y)Wr(y) dy.

Clearly,
sup
|y|≤ρ

b(y)|Wr(y)| ≤ 2‖v‖∞|y|b(y) ∈ L1(R).

Next, because of the monotonicity of v, we have,

yv(−r) ≤
∫ −r
−r−y

v(s)ds ≤ yv(−r − y). (5.32)

Since −r − y < − r2 for |y| ≤ ρ = r
2 , we have that

11|y|≤ρ

∫ −r
−r−y

v(s)ds→ v(−∞)y, r →∞;

and, similarly, 11|y|≤ρ
∫ r
r−y v(s)ds → v(∞)y. Therefore, by the dominated con-

vergence theorem,

lim
r→∞

I1(r) =
(
v(−∞)− v(∞)

) ∫
|y|≤ρ

yb(y)dy. (5.33)

On the other hand,

|I2(r)| ≤ 2v(−∞) r

∫
|y|>ρ

b(y)dy ≤ 4v(−∞)
r

ρ

∫
|y|>ρ

b(y)|y|dy → 0, (5.34)

as r →∞. Combining (5.33) and (5.34), one gets the statement.
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Proposition 5.12. Let (A1)–(A9) hold. Let Υt, t > 0, be defined by (5.19),
and m be defined by (2.3). Then

κ tm ∈ int(Υt). (5.35)

Proof. Fix t > 0. For a ξ ∈ Sd−1, we set

c := κt
∫
Rd
y ·ξa(y)dy = κtm·ξ ∈ R. (5.36)

Let ft,c,ξ be defined by (5.17). By the definition of Υt and (5.18), we have that
if ft,c,ξ(∞) = θ for all ξ ∈ Sd−1, then (5.35) holds. Suppose, in contrast, that,
for some ξ ∈ Sd−1, ft,c,ξ(∞) = 0. Fix such a ξ, consider the corresponding c
according to (5.36), and denote f := ft,c,ξ. Note that, by [22, Lemma 5.2] and
the discussion thereafter, f(−∞) = θ.

We set u0(x) := f(x · ξ), x ∈ Rd, and consider the corresponding solution u
to (1.1). Then, by (5.14), we evidently have

(Vs,c,ξf)(x) = (T−(c+s)ξu0)(x), x ∈ Rd.

Next, as it was mentioned above, the functions fn and f = ft,c,ξ in (5.17) are
monotone, hence the limit in (5.17) is locally uniform. Therefore, passing n to
∞ in (5.16), we will get from (5.15) and Proposition 5.5, that

f(s) = max
{
ϕ(s), (Qt(Vs,c,ξf))(0)

}
= max

{
ϕ(s), (T−(c+s)ξQtu0)(0)

}
= max

{
ϕ(s), u

(
(c+ s)ξ, t

)}
. (5.37)

Since f is nonincreasing on R, u0 is nonincreasing along ξ, cf. Definition 5.6;
then, by Proposition 5.7, u also has the same property. As a result, the function

v(s) := u
(
(c+ s)ξ, t

)
, s ∈ R (5.38)

is nonincreasing on R. Next, by our assumptions, f(−∞) = θ > ϕ(−∞) and
f(∞) = 0; therefore, we get from (5.37), that

lim
s→∞

v(s) = 0, lim
s→−∞

v(s) = θ. (5.39)

Next, (5.37) implies that, for each s ∈ R, cf. (2.4),

u0(sξ) ≥ u
(
(c+ s)ξ, t

)
= u0

(
(c+ s)ξ

)
+

∫ t

0

κ
(

(a ∗ u)
(
(c+ s)ξ, τ

)
− u
(
(c+ s)ξ, τ

))
dτ

+

∫ t

0

u
(
(c+ s)ξ, τ

)(
β − (Gu)

(
(c+ s)ξ, τ

))
dτ.

Therefore, for r > c,

0 ≥ κ
∫ r

−r

∫ t

0

(
(a ∗ u)

(
(c+ s)ξ, τ

)
− u
(
(c+ s)ξ, τ

))
dτ ds

+

∫ r

−r

∫ t

0

u
(
(c+ s)ξ, τ

)(
β − (Gu)

(
(c+ s)ξ, τ

))
dτ ds

+

∫ r

−r

(
u0

(
(c+ s)ξ

)
− u0(sξ)

)
ds =: S1(r) + S2(r) + S3(r). (5.40)
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Note that u0 is constant along any η ∈ Sd−1 orthogonal to ξ, cf. Defini-
tion 5.6; and, by Proposition 5.7, u has the same property. Namely, for each
s ∈ R and η ∈ Sd−1 orthogonal to ξ,

u(x, t) = u(x+ sη, t), t ≥ 0, x ∈ Rd. (5.41)

For d ≥ 2, choose any {η1, η2, ..., ηd−1} ⊂ Sd−1 which form a complement of
ξ ∈ Sd−1 to an orthonormal basis in Rd. Then

(a ∗ u)(sξ, t) =

∫
Rd
a(y)u(sξ − y, t)dy

=

∫
Rd
a

( d−1∑
j=1

yjηj + ydξ

)
u

(
−
d−1∑
j=1

yjηj + (s− yd)ξ, t
)
dy1 . . . dyd

=

∫
R

(∫
Rd−1

a

( d−1∑
j=1

yjηj + ydξ

)
dy1 . . . dyd−1

)
u
(
(s− yd)ξ, t

)
dyd, (5.42)

where we used (5.41) with η = −
d−1∑
j=1

yjηj , which is orthogonal to the ξ. There-

fore, one can set

ǎ(s) :=


∫
Rd−1

a

( d−1∑
j=1

yjηj + sξ

)
dy1 . . . dyd−1, d ≥ 2,

a±(sξ), d = 1

(5.43)

for s ∈ R. We also denote ǔ(s, t) := u(sξ, t), s ∈ R. Then one can continue
(5.42), as follows: (a∗u)(sξ, t) = (ǎ∗ ǔ)(s, t), where the convolution in the r.h.s.
is in s ∈ R. Since

∫
R ǎ(s)ds =

∫
Rd a(y)dy = 1 and (A9) yields∫

R
|s|ǎ(s)ds =

∫
Rd
|y · ξ|a(y)dy <∞,

we may apply Lemma 5.11 with b = ǎ and v given by (5.38). Then, by (5.31),
(5.39) and the dominated convergence theorem, we have

S1(r) = κ
∫ t

0

∫ r

−r

(
(ǎ ∗ ǔ)(s+ c, τ)− ǔ(s+ c, τ)

)
dsdτ

→ κtθ
∫
R
sǎ(s)ds = κθt

∫
Rd
y ·ξa(y)dy = κθt ξ ·m, (5.44)

as r →∞. Next, by (5.39), (5.36), we have, cf. (5.32),

S3(r) =

∫ r+c

r

u0(sξ)ds−
∫ −r+c
−r

u0(sξ)ds→ −θc = −θκt ξ ·m, (5.45)

as r → ∞. Therefore, combining (5.40), (5.44), (5.45) with the inequality
u(β −Gu) ≥ 0, we deduce that∫ ∞
−∞

∫ t

0

u
(
(c+ s)ξ, τ

)(
β − (Gu)

(
(c+ s)ξ, τ

))
dτ ds = lim

r→∞
S2(r) = 0. (5.46)
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Let w0 ∈ Cb(Rd) be such that 0 ≤ w0 ≤ u0 and w0 6≡ 0. The by Theorem 4.1
and Proposition 5.3, we have

u(x, τ) ≥ w(x, τ) > 0, x ∈ Rd, τ > 0.

Hence (5.46) is possible if and only if (Gu)
(
sξ, τ

)
= β for (a.a.) s ∈ R and all

τ ∈ [0, t]; note that u(·, τ) is continuous in τ ≥ 0 and G is continuous on E+
θ

because of (A3). In particular, (Gu0)
(
sξ
)

= β, s ∈ R. Then we have by (A7)
that, for any p > 0,

(GT−pξu0)(sξ) = (T−pξGu0)(sξ) = (Gu0)((s+ p)ξ) = β, s ∈ R. (5.47)

Since, (T−pξu0)(x) = f(x · ξ + p), x ∈ Rd, and f(∞) = 0, we have that
T−pξu0

loc
==⇒ 0, as p → ∞. Then, by (A6), (A2) we get that GT−pξu0

loc
==⇒

G0 = 0, as p→∞, that contradicts (5.47). The proof is fulfilled.

Therefore, under assumptions (A1)–(A9), one has that (5.20) holds for all
T > 0 and, moreover, (5.23) holds for n = m given by (2.3). Now, we are going
to get rid of the condition (5.24).

Proposition 5.13. Let (A1)–(A9) hold and m be given by (2.3). Then there
exists α0 > 0, such that, for all α ∈ (0, α0), there exists q0 = q0(α) ∈ (0, θ), such
that there exists T = T (α, q0) > 0, such that, for all q ∈ (0, q0), the function

w(x, t) = q exp

(
−|x− tm|

2

αt

)
, x ∈ Rd, t > T, (5.48)

is a sub-solution to (1.1) on t > T ; i.e., cf. (4.1),

(Fθw)(x, t) :=
∂w(x, t)

∂t
− κ(a ∗ w)(x, t) +mw(x, t) + w(x, t)(Gw)(x, t) ≤ 0

for all x ∈ Rd, t > T .

Proof. By (A2), (A3), for each 0 < q0 < min
{
θ, β

2lθ

}
(where, recall, β = κ−m),

we have that v ∈ E+
q0 yields 0 ≤ Gv ≤ β

2 . Then, for each q ∈ (0, q0),

Fθw ≤
∂w

∂t
− κa ∗ w +

(
m+

β

2

)
w, (5.49)

and m+ β
2 < κ. Now, to show that the r.h.s. of (5.49) can be made nonpositive

by an appropriate choice of q, α, T , we can proceed exactly as in the proof of [13,
Proposition 5.19] (just replacing in the latter Jq on κa and m on m+ β

2 ).

Proposition 5.14. Let (A1)–(A10) hold. Then, there exists t1 > 0, such that,
for any t > t1 and for any τ > 0, there exists q1 = q1(t, τ) > 0, such that the
following holds. If u0 ∈ E+

θ is such that there exist η > 0, r > 0, x0 ∈ Rd with
u0(x) ≥ η, x ∈ Br(x0) and u ∈ X∞ is the corresponding solution to (1.1), then

u(x, t) ≥ q1 exp
(
−|x− x0|2

τ

)
, x ∈ Rd. (5.50)
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Proof. We choose p and b as in (A10). Then one can rewrite (1.1) as follows

∂

∂t
u(x, t) = κ((a− b) ∗ u)(x, t)− (m+ p)u(x, t) + f(x, t),

where, for all x ∈ Rd and t ≥ 0,

f(x, t) := κ(b ∗ u)(x, t)− u(x, t)(Gu)(x, t) + pu(x, t) ≥ 0,

because of (A10). The rest of the proof repeats [13, Proposition 5.20].

Now we are finally ready to proof Theorems 2.3–2.5.

Proof of Theorem 2.3. As it was mentioned above, one can get the statement,
combining Propositions 5.10 and 5.12, provided that (5.24) holds. To get rid of
the latter assumption, one can literally follow the proof of [13, Theorem 5.10]
using the results of Propositions 5.13 and 5.14.

Proof of Theorem 2.5. Without loss of generality we can assume that θ−θn ≤ θ
2 ,

n ∈ N. Consider v0 ∈ E+
θ/2 ∩ C

∞(Rd), such that for some x0 ∈ Rd, δ ∈ (0, θ2 ),

δ11Bδ(x0)(x) ≤ v0(x) ≤ u0(x), x ∈ Rd.

Let un(x, 0) = v0(x) and un ∈ X∞ solves the following equation

F (n)
θn
un :=

∂un
∂t
− κnan ∗ un + unGnun +mun = 0. (5.51)

Therefore by (A11) we obtain,

F (n)
θn
un = 0 = Fθu ≤ F (n)

θn
u. (5.52)

Hence by Theorem 4.1 applied to F (n)
θn

, we obtain

0 ≤ un(x, t) ≤ u(x, t) ≤ θ.

Applying Theorem 2.3 to the equation (5.51), we have

θ = lim
n→∞

θn = lim
n→∞

lim
t→∞

essinf
x∈K

un(x+ tm, t) ≤ lim
t→∞

essinf
x∈K

u(x+ tm, t) ≤ θ,

that fulfils the proof.

Acknowledgements
Financial supports by the DFG through CRC 701, Research Group “Stochas-
tic Dynamics: Mathematical Theory and Applications”, and by the European
Commission under the project STREVCOMS PIRSES-2013-612669 are grate-
fully acknowledged.

27



References
[1] M. Aguerrea, C. Gomez, and S. Trofimchuk. On uniqueness of semi-

wavefronts. Math. Ann., 354(1):73–109, 2012.

[2] D. G. Aronson and H. F. Weinberger. Multidimensional nonlinear diffusion
arising in population genetics. Adv. in Math., 30 (1): 33–76, 1978.

[3] H. Berestycki, J. Coville, and H.-H. Vo. Persistence criteria for populations
with non-local dispersion. J. Math. Biol., 72(7):1693–1745, 2016.

[4] B. Bolker and S. W. Pacala. Using moment equations to understand
stochastically driven spatial pattern formation in ecological systems. Theor.
Popul. Biol., 52 (3): 179–197, 1997.

[5] O. Bonnefon, J. Coville, J. Garnier, and L. Roques. Inside dynamics of solu-
tions of integro-differential equations. Discrete and Continuous Dynamical
Systems - Series B, 19(10):3057–3085, 2014.

[6] J. Coville. Maximum principles, sliding techniques and applications to
nonlocal equations. Electron. J. Differential Equations, pages No. 68, 23
pp. (electronic), 2007.

[7] J. Coville, J. Dávila, and S. Martínez. Nonlocal anisotropic dispersal with
monostable nonlinearity. J. Differential Equations, 244(12):3080–3118,
2008.

[8] J. Coville, J. Dávila, and S. Martínez. Pulsating fronts for nonlocal disper-
sion and KPP nonlinearity. Ann. Inst. H. Poincaré Anal. Non Linéaire, 30
(2):179–223, 2013.

[9] J. Coville and L. Dupaigne. On a non-local equation arising in population
dynamics. Proc. Roy. Soc. Edinburgh Sect. A, 137 (4): 727–755, 2007.

[10] R. Durrett. Crabgrass, measles and gypsy moths: An introduction to mod-
ern probability. Bulletin (New Series) of the American Mathematical So-
ciety, 18(2):117–143, 1988.

[11] P. C. Fife. Mathematical aspects of reacting and diffusing systems, vol-
ume 28 of Lecture Notes in Biomathematics. Springer-Verlag, Berlin-New
York, 1979. ISBN 3-540-09117-3. iv+185 pp.

[12] D. Finkelshtein, Y. Kondratiev, and O. Kutoviy. Semigroup approach to
birth-and-death stochastic dynamics in continuum. J. Funct. Anal., 262
(3):1274–1308, 2012.

[13] D. Finkelshtein, Y. Kondratiev, and P. Tkachov. Traveling waves
and long-time behavior in a doubly nonlocal Fisher–KPP equation.
arXiv:1508.02215.

[14] D. Finkelshtein, Y. Kondratiev, and P. Tkachov. Accelerated front propa-
gation for monostable equations with nonlocal diffusion. arXiv:1611.09329.

[15] N. Fournier and S. Méléard. A Microscopic Probabilistic Description of a
Locally Regulated Population and Macroscopic Approximations. The An-
nals of Applied Probability, 14 (4): 1880–1919, 2004.

28



[16] J. Garnier. Accelerating solutions in integro-differential equations. SIAM
Journal on Mathematical Analysis, 43 (4): 1955–1974, 2011.

[17] D. Mollison. Possible velocities for a simple epidemic. Advances in Appl.
Probability, 4:233–257, 1972.

[18] D. Mollison. The rate of spatial propagation of simple epidemics. In Pro-
ceedings of the Sixth Berkeley Symposium on Mathematical Statistics and
Probability (Univ. California, Berkeley, Calif., 1970/1971), Vol. III: Prob-
ability theory, pages 579–614. Univ. California Press, Berkeley, Calif., 1972.

[19] J. D. Murray. Mathematical biology. II, volume 18 of Interdisciplinary Ap-
plied Mathematics. Springer-Verlag, New York, third edition, 2003. ISBN
0-387-95228-4. xxvi+811 pp. Spatial models and biomedical applications.

[20] N. Shigesada and K. Kawasaki. Biological Invasions: Theory and Practice.
Oxford University Press, 1997.

[21] Y.-J. Sun, W.-T. Li, and Z.-C. Wang. Traveling waves for a nonlocal
anisotropic dispersal equation with monostable nonlinearity. Nonlinear
Anal., 74(3):814–826, 2011.

[22] H. F. Weinberger. Long-time behavior of a class of biological models. SIAM
J. Math. Anal., 13 (3): 353–396, 1982.

[23] H. Yagisita. Existence and nonexistence of traveling waves for a nonlocal
monostable equation. Publ. Res. Inst. Math. Sci., 45(4):925–953, 2009.

29


	Introduction
	Assumptions and main results
	Existence and uniqueness
	Comparison principle
	The hair-trigger effect: proofs of Theorems 2.3–2.5

