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Abstract

We describe acceleration of the pulled front propagation for solutions
to a class of monostable nonlinear equations with a nonlocal diffusion
in RY. We show that the acceleration takes place if either the diffusion
kernel or the initial condition has ‘regular’ heavy tails in R¢ (in particular,
decays slower than exponentially). Under general assumptions which can
be verified for particular models, we present sharp estimates for the time-
space zone which separates the region of convergence to the unstable zero
solution with the region of convergence to the stable positive constant
solution. We show the variety of different possible rates of the propagation
starting from a little bit faster than a linear one up to the exponential
rate. We describe differences between the case when the initial condition
decays in all directions at infinity with the case of the initial condition
decreasing along all coordinate axes (in positive directions).
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1 Introduction

1.1 Preliminaries and notations

We will deal with the equation

0
au(m, t) = x(axu)(z,t) — mu(z,t) —u(z,t)(Gu)(z, t), (L1)

u(z,0) = up(x).

Here u : R x Ry — R, where Ry :=[0,00), d € N; ¢,m > 0; up : R > R is a
initial condition; the function a € L'(R?) := L*(R%,dz) is a probability kernel,
i.e. a(x) > 0 for almost all (a.a. in the sequel) x € R? and

/ a(z)de = 1; (1.2)
Rd
the symbol * stands for the convolution in z on R?, i.e.

(axu)(x,t) = / a(x — y)u(y, t) dz;

Rd

and, finally, G is a mapping on functions which is acting in z, i.e. (Gu)(z,t) :=
(Gu(-, 1)) (z).

The function u(z,t) may be interpreted as the local density of an evolving in
time system of entities which reproduce themselves, compete, and die. The re-
production appears according to the dispersion, which is realized via the fecun-
dity rate > and the density a of a probability dispersion distribution. The death
may appear due the constant inner mortality m > 0 within the system, as
well as due to the density dependent rate Gu, which describes a competition
within the system (the conditions below will ensure that Gu > 0 under appro-
priate bounds on u). For references about underlying individual-based models,
see Subsection 1.4; we discuss there also another interpretation for the equation
(1.1) rewritten in the reaction-diffusion form (1.20).

We fix the Borel g-algebra B(R?) on the Euclidean space R?, d > 1. All
functions in the sequel are supposed to be B(R¢)-measurable; and all subsets of
R? are supposed to be from B(R?).



We will consider (1.1) in a space E := L®(R? dx) of essentially bounded
functions on R? with esssup-norm, with respect to (w.r.t. in the sequel) the
Lebesgue measure dx.

By a solution to (1.1) on R, we will understand the so-called classical
solution, that is a mapping v : Ry — FE which is continuous in ¢t € Ry and
continuously differentiable (in the sense of the norm in E) in ¢ € (0, 00).

We will write v < w for v,w € E, if v(x) < w(x) for a.a. x € RY. We set

ET:={veE|v>0}, Ef ={veE:0<v<r}

for an 7 > 0. For each y € R?, we denote by Ty : E — E the translation
operator, given by

(Tyv)(z) :=v(z —y), =R (1.3)
Here and below we will just write 2 € R? omitting ‘for a.a.’ before this.
For any = = (x1,...,24) € R, let |2| denote its Euclidean norm, and set
(x) = félf%{dxj eR, (1.4)
Alx) = {yeR:y; >z;, 1<j<d}. (1.5)

Let Bgr(zo) denote the closed ball (w.r.t. the Euclidean norm in R?) with the
center at xy € R? and the radius R > 0.

We consider also the topology on E generated by the semi-norms ||v||s :=
sup, e [v(x)| for all A C R is a compact. In particular, v, € E converges to
v € E in this topology if and only if v,, converges to v locally uniformly, which
we denote v, = loc v, n — co. The latter convergence means that I pv, — v
in E, where 1, is the indicator-function of a compact set A C R?.

1.2 Main assumptions and basic facts

Consider now our main assumptions. To exclude the trivial case when ||u(-, t)|| g
converges to 0 as t — 0o, we assume that

Bi=x—m>0. (A1)

We suppose that there exist two constant solutions v = 0 and u = 6 > 0 to
(1.1), more precisely,
there exists § > 0, such that

(A2)
0=G0<Guv<GH=p, UGE;_.

We will also assume that G is (locally) Lipschitz continuous in E; , hamely,

there exists ly > 0, such that

A3
|Gv — Gwl|| < lgllv —w|, v,we E]. (A3)

We restrict ourselves to the case when the comparison principle for (1.1) holds.
Namely, we assume that the right hand side (r.h.s. in the sequel) of (1.1) is a
(quasi-)monotone operator:

for some p > 0 and for any v,w € E; with v < w, (A4)
xa*xv—vGu+pv < xa*xw — wGw + pw.



We assume that the kernel a is not degenerate at the origin, namely,
there exists p,0 > 0 such that a(z) > p for a.a. x € Bs(0). (A5)

Stability of the solution to (1.1) with respect to the initial condition in the
topology of the locally uniform convergence requires continuity of G in this
topology. Namely, we assume that

for any v,,v € E;, such that v, = loc v, n = oo, one has

(AG)

Gv, = loc Gv, n — oo.

We will consider the translation invariant case only:
let T, y € RY, be a translation operator, given by (1.3), then (A7)

(T,Gv)(z) = (GT,w)(z), veES, z€R.

Under (A7), for any r = const € (0,0), Gr = const. In this case, we assume
also that

Gr < g, r € (0,0). (A8)

Finally, we will distinguish two cases. If the condition

[ wlatwy < o< (49)
R
holds, then we assume, additionally to (A4), that

there exist p > 0, b € C*(R%) N L®(R%), § > 0, such that
a(s) — b@) > 6l p(a), = € R, (AL0)
w Gw < xb*x w + pw, wEEJ,

and also
/ za(z)dr =0 € R (A11)
Rd

Otherwise, if (A9) does not hold, then we assume that,

for each n € N, there exist
0<a,ecL'(RY), s%,>0, G,:E—E, 6,¢c(0,0

which satisfy (A1)—(A10) instead of a, s, G, 0, correspondingly, (A12)

such that / za,(z)dr =0€ R, neN, 6, =0, n— oo,
Rd
Ypap xw — wGw < xax w — wGw, wEE;n.

Examples which fulfill the conditions above are considered in Subsection 1.4.
The following results were shown in [26].

Theorem 1.1 (26, Theorems 2.1, 2.2, Proposition 4.2]). Let (A1)—(A4) hold.
Let ug € E;'. Then, for each T > 0, there exists a unique solution u = u(x,t)
to (1.1) for t € [0,T); and 0 < u(-,t) < 0 for all t > 0. Moreover, if vy € Ej,
v = v(z,t) is the corresponding solution to (1.1), and if ug < vg, then 0 <
u(-,t) <wo(-,t) <6 forallt > 0.



Note also that if ug is (uniformly) continuous function on RY, then u(-,t)
will be also (uniformly) continuous function on R? for all ¢+ > 0. The comparison
between solutions in Theorem 1.1 was a part of a more general result, which we
will also use.

Theorem 1.2 (|26, Theorems 2.2|). Let (A1)—(A4) hold. Let T > 0 be fized.
Suppose that ui,us : [0,T] — E are continuous mappings, continuously differ-
entiable in t € (0,T], and such that, for (z,t) € R% x (0,7,

0 0
%—%a*ul—i—mul + u1Guy < %—%a*uQ—f—muQ—i—uQGuQ,
Ul((E,t) > 07 UQ(IE,t) < 01

0 <wuy(z,0) < wusg(x,0) < 6.

Then uy(z,t) < ug(x,t) for (x,t) € R% x [0,T].

Theorem 1.3 (26, Theorems 2.3, 2.5]). Let either (A1)-(All) hold or (A12)
hold. Let ug € Ej, ug Z 0, and let u = u(z,t) be the corresponding solution
to (1.1). Then, for each compact set K C R,

lim essinfu(z,t) = 6.

t—oo zeK
Remark 1.4. For a brevity of notations, we will treat ug # 0 as follows: there
exist §,p > 0 and z € RY, such that ug(z) > J for a.a. z € B,(xo).

1.3 Description of the problem and results

The present paper is aimed to study the propagation of the front for a solution
to the equation (1.1). To describe this notion, one needs two families {&;} and
{%;} of subsets in R%, such that €;N%; = @ for all ¢, and &, being unbounded,
vanishes as t — o0, i.e. O; \, I, whereas %;, being non-necessary bounded,
expands to R?, i.e. €; /* R%, t — co. Next, for an z; € %;, the values of u(x,t)
would converge (as t — 00) to 0, whereas, for a y; € 0}, the values of u(y,,1)
would converge to 0. Moreover, we are going to show that (under appropriate
assumptions) these convergences hold uniformly in space, and the second one
holds exponentially fast in time. Then, by the front, we will understand the set
Ft = Rd \ (ﬁt @] %)

Naturally, we are interested to get the set I'y, in some sense, the ‘narrowest’
possible. We will do this as follows. We will choose an appropriate function
c:R?— (0,00) and set

A(t,c) = {z € R¢ | c(z) > eiﬁt}, (1.6)
where 8 > 0 is given by (A1). Two model examples for us will be
o) =blla) wd )= [ yhdy.  weRL ()
A(zx)
where A(z) is given by (1.5) and b : Ry — R4 with fR+ b(s)s?lds < oo.

We will refer to them as to integrable and ‘monotone’ case, respectively. (In the
‘monotone’ case, evidently, ¢ decays to 0 along all coordinate axes in R<.)



We set then, for a small enough € > 0,
AF(t,e) = A((1£e)t,c); (1.8)
€ = A (t,¢), Oy =R\ AL (t,c).

Note that I'; = R?\ (0, U%}), in general, will also expand as t — co (moreover,
in the accelerated case described below it will be even with necessity, see [34]).
We are aimed to show that, for a small enough € > 0,

lim essinf w(z,t) =0, (1.9a)
F200zeAs (te)
lim esssup wu(z,t) = 0. (1.9b)
Tugat(te)

We have shown in [26, Proposition 5.7], that if uy decays along a direction in
R?, then the corresponding solution decays along this direction as well. There-
fore, the choice between integrable and ‘monotone’ ¢ in (1.7) will depend on the
initial condition. Namely, if ‘ llim ug(x) = 0 (in particular, if ug(z) = ¢(|z),

Tr|—0o0

x € R for an appropriate ¢ : R, — R,), then we will use an integrable c; in
this case AL (¢, c) will be just a ball with a time-dependent radius. However, if

lim uo((p,...,p)) =0, lim uo((p,-..,p)) € (0,0

p—>0 p—r—00
(in particular, if ug(z) = fA(x) p(y) dy, * € R4, for an integrable p : RY — R,),
then we will use a ‘monotone’ ¢ with the correspondent unbounded AZ (¢, ¢) (see
Figure 1 for the case d = 1).

0

ROA (L) Ac(ho) | RI\AL(Lo) A= (o) RO\ AL (1, )

(a) The case of uo(£00) = 0 (b) The case of monotone ug with
uO(_OO) € (030]7 UO(OO) =0

Figure 1: Sketch of the solution for d = 1.

The propagation of the front, described above, is said to have a constant
speed (or just is linear in time), if A(¢,c¢) = tA(1,¢). (Here and below tA :=
{tz : x € A} for an A C R%.) In particular, if b(s) = e~** and c is integrable,
then A(t,c) is the ball with the radius n(t) = gt. See also the discussion in
Subsection 1.5 below.

In contrast, the effect of an infinite speed of propagation, see [32, 34, 56],
is called sometimes in literature an acceleration of the propagation, having in
mind, for example, that the mentioned above radius n(t) of the ball A(¢,¢) (in
the integrable case) is such that, cf. Lemma 2.15 below, @ — 00, t — 00.



To describe the class of the functions c for the accelerated case, we consider
an appropriate sub-class Syeg q of regular sub-exponential functions on R, which
are, in particular, decreasing at oo and, for all £ > 0,

lim e**b(s) = 0o (1.10)
S—r 00

see Definitions 2.4 and 2.10 for details. In particular, any function which is
asymptotically proportional at oo to either of

(log s)”s_(d+5), s¥ exp(—D(log s)q), s¥ exp(—so‘)7 s¥ exp(—@),
belongs to the class gregyd, provided that D,§ > 0, ¢,v > 1, a € (0,1), v € R;

see Example 2.18.
We formulate now our main result for the model ‘symmetric’ case.

Theorem 1.5. Let b,q : R, — Ry be bounded functions such that, for some
M7 ", T, 0 > 0:

M

b(s) +q(s) < W

for a.a. s >, (1.11)

and q(s) > 6 for a.a. s € [0,p]. Let either (A1l)-(A1l) hold or (A12) hold.
Suppose that a(x) = b(|x|), = € Re. Let either of the following conditions holds

q(s)
sselgl o(s) < 00, (1.12)
o _
5561%11 a(5) < o0. (1.13)
1) Let ¢ : R —[0,6] and
uo(r) = q(|z|), =R (1.14)

Then
(a) if b€ g‘regd and (1.12) holds, then (1.9) holds with ¢ = a;
(b) if g€ gregd and (1.13) holds, then (1.9) holds with ¢ = uy.

2) Let/ q(s)s%tds € (0,6] and
0

up(x) = /A by, e (1.15)

Then
(a) if b e greg’d and (1.12) holds, then (1.9) holds with

c(x) ::/ a(y)dy, =€ R
A(z)

(b) ifq € :S'Vregd and (1.13) holds, then (1.9) holds with ¢ = uy.



Clearly, (1.14) and (1.11) imply that wug is integrable on R, whereas (1.15)
yields that ug is monotone along all coordinate axes.

In other words, ¢ in (1.9) is either a or ug, whichever decays slower, for an
integrable ug, and c is either [ Az) @ O U, whichever decays slower, for a ‘mono-
tone’ ug. If both (1.12)—(1.13) hold, then (1.9) takes place with either of these
functions c.

The proof of Theorem 1.5 (see Remark 2.25) follows from Propositions 2.21-
2.24 below, which weaken the assumptions on ug and a. Roughly speaking, we
allow that

be(l]) < a(z) < b*(2]), = eRY (1.16)
and either
go(l2]) < uo(@) < ¢°(|a]), = € RY, (1.17)
or
/ 4o(ly)) dy < uo() < / () dy, ceR%  (L18)
A(z) A(z)

provided that, for s — oo,

log by (s) ~logh*(s) ~logb(s),  loggs(s) ~logq°(s) ~logq(s), (1.19)

where b, ¢ are as the above, and (1.12)—(1.13) are properly modified.
In Examples 2.26-2.30, we rewrite (1.9) explicitly for different particular
choices of a and ug.

1.4 Reaction-diffusion form of the equation. Examples

Under assumptions (A1l)—(A2), one can rewrite (1.1) in the so-called reaction-
diffusion form

0
au(:ﬂ,t) = x(axu)(z,t) — su(z,t) + (Fu)(z, ), (1.20)

u(z,0) = ugp(z),

where
Fv:=v(—Gv), veE, (1.21)
and we will have then
FO=F0=0<Fv<pBv, 0<v<0. (1.22)
The linear operator
Lu = »a *u — »u (1.23)

in (1.20) is the generator of a nonlocal diffusion in R%, also known as the ran-
dom walk in continuous time. The properties of solutions to the corresponding
nonlocal evolution equation %u = Lu have been actively studied recently, see

e.g. [3,9,27,40] and the references therein.



The solution u to the equation (1.20) may be interpreted as a density of
a species which invades according to a nonlocal diffusion within the space R?
meeting a reaction F, see e.g. [22,47,51].

In the recent decade, there is a growing interest to the study of nonlocal
reaction-diffusion equations of the form (1.20) see e.g. [1,5,8,13-17,32, 38,42,
48, 52, 55, 56] for the monostable case (1.22); for the origins of the topic see
e.g. [4,19,49,50,54]. We will distinguish the following examples.

Example 1.6 (Reaction—diffusion equation with a local reaction). A particular
example of (1.20), with F'(u) = f(u) for a function f: R — R, was considered
e.g. in [1,5,8,13-15,17,32,52,56]. Two classical examples are f(s) = vs(6 — s),
cf. [28], and f(s) = vs(6—s)?, cf. [39]; for some v > 0. We assume (A1) and (A5)
as before, whereas the assumptions (A2)—(A4), (A6)—(A8), (A10) are fulfilled if

f is Lipschitz continuous on [0, 0];

. f)
g, == 120

f0)=7(0)=0; 0<f(r) <pr, re(0,0).

If (A9) does not hold, then, to fulfill (A12), it is enough to choose, for m € (0, »),
a sequence of sets A, C R% A, ~ R¢ such that s, := » [y a(x)dz > m,

cf. (1.2), and define a,,(z) := ([, a(x)da:)_lll/\n (z)a(x), x € RY, provided that
fAn ra(z)dr = 0. In particular, if a(—x) = a(x), * € R%, then one can choose

A, = B,(0) (for big enough n € N, to ensure that s, > m).
Note that the assumptions (1.24) imply, in particular, that

flw) < f'(0)u, 0<u<é. (1.25)

The importance of the assumption (1.25) for the front propagation described
above was pointed out in e.g. [8,16]; this condition can be weaken though,
see [53]. Moreover, the condition (1.25) leads to the possibility to describe the
front using the linearized version of the corresponding equations (1.1) and (1.20)
about 0, that is just (1.32) below. We are going to show a similar result for a
general F' which fulfills (1.22). Note also that, for the classical Fisher-KPP-
type equation, where (1.23) in (1.1) is replaced by the Laplace operator in R%,
the condition (1.25) was used in e.g. [31,54]. The condition 8 = f/(0) > 0 is
also standard in the literature; the opposite degenerate case f'(0) = 0 leads to
specific effects, see e.g. [2,57].

Example 1.7 (Spatial logistic equation). Let »~ > 0 and a™(x) be a proba-
bility kernel. We consider

Gu=x"a *u. (1.26)
We assume (Al) and (A5) as before. Under (A1), we have then

x—m

0= > 0.

»

One can rewrite then (1.1) in the form of (1.20) with the reaction given by

Fu=3u(@—a xu). (1.27)



This equation, for different relations between parameters, was considered in
[6, 20, 24, 25, 30, 45, 46]. The underlying individual-based model was proposed
in [7,18], see also [20,23,30] regarding the derivation of the equation (1.1) in
this case.

It is easy to check that the conditions (A2)-(A3), (A6)—(A8) are satisfied.
The condition (A4) holds if and only if

wa(x) > (3 —m)a (z), r € R (1.28)

Condition (A10) holds if we additionally assume that there exists § > 0, such
that

sa(x) — (s —m)a” (x) > dll gy (), r € R (1.29)

In this case we can put, in (A10), b(x) = (5 — m)a™ (z), p = 0. If (A9) does
not hold, then, to fulfil (A12), one can proceed as in the previous example.
Namely, we define a,, as before, and we set G,u = »~a,, *u, where a,, (z) :=
Iy, (z)a" (z), x € RY

Example 1.8 (The case Gu = »~a~ xu—g1(a™ *xu)). Let g(s) = »~s—g1(s),
where 2~ > 0, g1 : [0,6] — Ry is increasing and Lipschitz continuous, such that
g1(s) = o(s),as s = 0 and »~s > g1(s), for s € (0,0). We define Gv = g(a™ xv),
where a~ is a probability density. Namely, we consider the following equation,

0

8—1: =x(axu) —» ula” *u) + ugi(a” *u) — mu.

As in the previous example, (A4) holds if and only if (1.28) holds. The rest of
the assumptions can be characterized in a straightforward way. Typical example
is g(s) = B(1 — (1 — s)™), with § = 1, n > 2. In this case the corresponding
reaction is, cf. (1.27),

Fu)=pu(l—a” *xu)", n>2. (1.30)

Going back to the general G, note that one can start, conversely, from the
nonlocal reaction-diffusion equation (1.20), where s and a are as the above, and
there exists 6 > 0, such that F' fulfills (1.22). More precisely, we assume that
%EEifonlyveE7 and f =inf{y: Fv <~v, 0 < v <6} > 0. Then one can
rewrite (1.20) in the form (1.1) with m := > — 8 > 0 and Gv := 8 — £Y. Then
(A1)-(A2) hold, provided that £2 — 8 as v — 0, where both convergences
are in the sense of the norm in E. Since F0 = 0, the convergence above with
necessity implies that F’(0)v = fv, where F’(0) is the Fréchet derivative taken
over {v > 0}. Clearly, the reaction of the form (1.30) satisfies (1.22).

1.5 Overview of the existing results

Mollison [45,46] was, probably, the first one who pointed out that, to have a
propagation with a constant speed in a nonlocal reaction-diffusion equation,
both the kernel a and the initial condition uy have to decay quick enough at
infinity. Namely, he has considered the case d = 1, F given by (1.21) with
G of the form (1.26), where s~ = 3, a~ = a, f = 3 (that corresponds to
m = 0), and wug is a decreasing on the whole R initial condition. He has shown
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that the property of the corresponding propagation front to have an averaged
constant speed is deeply related with the existence of a A > 0, such that

/ a(s)eds < oo, sup up(s)e < oo.
R seR

Note that such ug gave an unbounded set AZ (t,¢) = (—o0,7t), cf. (1.6), (1.8)
and Figure 1 (b), where v was related to a speed of the propagation.

In [25, Theorems 5.9, 5.10, Corollary 5.11], we have considered, for a general
d € N, the equation (1.1) with m € (0,) and G given by (1.26) under the
assumptions (1.28)—(1.29). There was proved that the corresponding front of
the propagation has a constant speed, provided that a € L>(R?) and

/ a(z)e!®lde < 0o, for some p > 0,
R (1.31)
esssupuo(x)e)“””| < 0o, for any A > 0.
z€R?

In particular, here A(¢,c) = tA(1, c) appeared as a bounded convex set, cf. (1.6)
and Figure 1 (a).

Consider also, regardless of (1.31), for a ug € Eg' , the following linear initial
value problem

B
o0 t) = (axw)(x,1) = muw(z, 1), (1.32)

whose solution is evidently given by
w(z,t) = e ™ (e ug) (2), Av:=axv, vEE,

as A is a bounded operator on E. Let (A1)—(A4) hold and u be the corresponding
solution to (1.1). Then, by Theorem 1.1 and (A2), (Gu)(-,t) > 0, t € R, hence
by e.g. [37, Lemma 3.3.2],

u(z,t) < w(z,t), xRy teR,. (1.33)

It is crucial that the technique of [25] allows to prove the convergence (1.9b)
for the solution w to (1.32) as well, provided that (1.31) holds, cf. Remark 4.9
below. As a result, because of (1.33), one gets that, for any G which satisfies
(A1)—(A4), the conditions (1.31) imply (1.9b) for the solution to (1.1). In other
words, the propagation of a solution to (1.1) is at most linear in time.

The conditions (1.31) are closed to the necessary ones, cf. [32,56]. We have
proved in [25, Theorem 5.21] that if a bit weaker form of (1.31) fails for a
(roughly, if a is ‘heavier’ than any exponent at infinity), then the convergence
(1.9a) holds with AZ (¢, ¢) replaced by tK for an arbitrary compact set K C R%.
Therefore, the propagation of the front is faster than linear.

The acceleration for the case d = 1 and the local operator Fu = f(u),
cf. Example 1.6, was known in mathematical biology, see e.g. the results and
references in [33, 41, 43]. The first rigorous result in this direction was done
by Garnier [32], who proved an analogue of (1.9) for d = 1 and a compactly
supported initial condition ug. However, in his approach, the set AT (¢, c) :=
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A((1+¢)t,c) in (1.9b) was replaced by A(vt,c) with some (unknown) v > 1,
i.e. the result was not sharp. Note that the technique in [32] was inspired by
[35], where an acceleration was shown for the mentioned above classical KPP-
equation with a slowly decaying initial condition; see also the recent paper [36].
Analogical results were obtained in [10,12] for the equation of the type (1.20),
where L, cf. (1.23), was replaced to a fractional Laplacian (in particular, the
kernel a was singular and non-integrable); cf. also [11,21,44].

1.6 Structure of the paper

The paper is organized as follows. In Subsection 2.1, we describe the needed
classes of heavy tailed functions on the real line (in particular, the class Syeg,q, See
Definition 2.10 and Example 2.18) and the corresponding classes of functions on
R (see Definition 2.11). In Subsection 2.2, we formulate Theorems 2.19 and 2.20,
which yield (1.9a) and (1.9b), correspondingly. Next, in Propositions 2.21-2.24,
we present sufficient conditions on a and ug which ensure that (1.9a)—(1.9b)
hold simultaneously. Finally, in Examples 2.26-2.30, we rewrite the sets AEﬂE in
(1.9) explicitly for several particular choices of a and wy.

In Section 3, we prove various facts about classes of functions on R and
R? we consider. In particular, Proposition 3.13 shows why one can weaken the
radially symmetric conditions up to (1.16)—(1.18), provided that (1.19) holds.

Subsection 4.1 is devoted to the proof of Theorems 2.19 that implies (1.9a).
In Proposition 4.4, we consider an appropriate sub-solution, truncated by a
small enough level A € (0,0), to the linear problem (1.32); and then, using the
continuity of G at 0 € E; guaranteed by (A3), we show in Proposition 4.7 that
it will be a sub-solution to (1.1) as well. Then, using the hair-trigger effect,
see Theorem 1.3, we ‘rise’ the level A arbitrary close to 6.

In Subsection 4.2, we prove Theorem 2.20 that implies (1.9b). Because of
(1.33), it is enough to show (1.9b) for the corresponding solution to (1.32).
In Proposition 4.12, we show that it will hold if only one can find a function w
such that, informally, a * w and w will have ‘the same’ behavior at ‘infinity’.
Using the technique developed in [27], we show that, for the case when, roughly
speaking, a decays at ‘infinity’ slower than wug, the w can be constructed by a®
for an arbitrary o < 1 which is close enough to 1. The arbitrariness of the «
and of the ¢ in (1.9b) allow us, in Theorem 4.21, to get rid of . Note that,
in the case when ug decays slower than a, one can just take w = ug, see the
proofs of Propositions 2.22-2.24 in Subsection 4.3.

2 Main results

2.1 Classes of functions
We define first several classes of functions on R.
Definition 2.1. A function b: R — R is said to be

— (right-side) long-tailed, if there exists p = pp > 0, such that b(s) > 0 for all
s > p; and, for any 7 > 0,

i 26+ T)

Jim =5 = (2.1)
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— (right-side) tail-decreasing, if there exists p = pp > 0, such that b = b(s) is
strictly decreasing on [p,o0) to 0. In particular, b(s) > 0, s > p;

— (right-side) tail-log-convez, if there exists p = pp > 0, such that b(s) > 0,
s > p, and the function logb is convex (and hence continuous) on (p, ).

Remark 2.2. By [29, Lemma 2.17], each long-tailed function b satisfies (1.10)
for all £ > 0.

Remark 2.3. By [27, Lemma 2.7], for each tail-log-convex function b and for
b(s+ 1)
b(s)
Definition 2.4. Let S;cg,q4 be the set of all bounded functions b : R — R such

that

each 7 > 0, the function in (2.1) is nondecreasing in s € [p, 00).

1) b is tail-decreasing and tail-log-convex with the same p = p, > 1, such
that b(p) < 1 (without loss of generality); and

/p b(s)ds + /00 b(s)s?tds < oo (2.2)

— 00

2) there exist § = ¢, € (0,1) and an increasing function h = hy : (0,00) —
(0, 00), with h(s) < % and lim h(s) = oo, such that
S5—» 00

. b(sEh(s)
i M = 2
Sl;rgo b(h(s))sH‘s =0. (2.4)

Remark 2.5. By [27, Proposition 2.16], a tail-decreasing function is long-tailed
if and only if (2.3) holds.

Remark 2.6. By [29, Lemma 4.13|, see also [27, Remark 3.3] for details, each
b € Sieg,1 C Sreg,d, d > 1, is such that

(b*b)(s) = /Rb(s — 7)b(r) dr ~ 2</Rb(7)d7>b(s), 5 — 00,

Remark 2.7. By [27, Remark 3.4], for each b € S;eq,1 and for ¢ given by Defini-
tion 2.4, there exists B = B(J) > 0 and ss > 0 such that

B

5> Ss. (2.5)

Definition 2.8. Let b1,b2 : R — R, and, for some p > 0, b;(s) > 0 for all
s € [p,0), i = 1,2. The functions b; and by are said to be (asymptotically)
log-equivalent, if

log by (s) ~logba(s), s— oc. (2.6)

Remark 2.9. By [27, Proposition 3.11], if b € Syeg,q and by is an even bounded
tail-decreasing and tail-log-convex function, which satisfies (2.2) and (2.3) with
the same h, and if b and b, are log-equivalent, then (2.4) holds, i.e. by € Syeg,a-
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Definition 2.10. We define the set ;S'vreg’d C Sreg,ds d € N as follows. Let
Sreg,1 := Sreg,1, Whereas, for d > 1, let S;cq.q be the set of all functions b € Syeg,d,
such that

— either, for some u, M > 0,

— or, forall v > 1,
Slgr;c b(s)s” = 0. (2.8)

We introduce also several other classes of functions.
Definition 2.11. 1) Let D, be the set of all bounded tail-decreasing functi-

ons b : R — (0,00), such that (2.2) holds, and, for each > 0, ‘iflf b(s) > 0.
s|<r

2) Let R be the set of all bounded radially symmetric functions ¢ : R —
(0,00), such that c(z) = b(|z|), x € R? for some b = b. € Dy. Note that,
because of (2.2), R C L'(R%).

3) Let £ C R be the set of all functions ¢ € R, such that b = b. € Dy is
tail-log-convex and long-tailed.

4) Let Z be the set of all functions of the form
)= [ vt per (29

where A(x) is given by (1.5).
5) Let N' C T be the set of all functions ¢ € Z of the form (2.9) with p € L.
Definition 2.12. Let b € Dy. A function ¢ € R UZ given by
b(|z|), =z € RY, ifceR,
c(z) = (2.10)
/ b(ly)dy, x €RY, ifceT,
A(z)
is said to be constructed by the b.
Definition 2.13. For any c€ RUZ, t > 0, and € € (0,1), we define the sets
AE(t,c) == {z € RY: ¢(x)ef 129 > 1) (2.11)
Clearly, AZ (t,c¢) C AL (t,¢).

Let b : R — R, be a tail-decreasing function with, cf. Definition 2.1, p > 1
and b(p) < 1. Then, for s € (O,b(p)}, there exists the inverse function b=! =
b=1(s), which is decreasing there. For arbitrary € € (0,1) and 3 > 0, we set

B =(1—¢)8>0, Bt = (1+¢)B > 0; (2.12)
tr.=t5 (b)) = —ﬁii logb(p) = 0. (2.13)
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Since (0,b(p)] C (0,1], one can define, for t > t,_ > ¢

p.e e all the following
functions

n(t) = n(t,b) = b= (), (2.14)
nE(0) =t (86) == n((L+e)t) = b (), (2.15)
0z (6) =0z (8,0) = (1 = e)t) = b~ (e ). (2.16)
Clearly, all these functions are increasing to oo, and
() Znt) Zn(t) Zp t2t,. (2.17)

Remark 2.14. Note that, if ¢ € R is constructed by a b € Dy, and, cf. Defini-
tion 2.1, p > 0 is such that b is decreasing on (p,c0) to 0 and b(p) < 1, then,
for any t >t _, cf. (2.13), (1.8),

AE(t,c) = {z e Re: |z| < nai(t,b)}. (2.18)

Note also that, for a function ¢ € Z constructed by some function b € Dy,
we have, because of (2.9), that sup,cga c(x) = [pa b(|y|) dy > 0. As a result, in
particular, for each ¢ € RUZ and ¢ € (0,1), AX(t,c) # @ fort > 7 =1(g,¢) > 0.

Lemma 2.15. Let b : R — Ry be a tail-decreasing and long-tailed function.
Then, for any e € (0,1) and for any ¢ > 0,

N, (t) —ct = 00, t— o0.
Proof. Since b is long-tailed, (1.10) holds for any k > 0. Therefore, one has

B _ Be
e t) — ct ) — (75
(0 (1) —et) ) = exp( =
Proposition 2.16. Let by,bs : R — Ry be two tail-decreasing functions which
are log-equivalent, i.e. (2.6) holds. Then, for any 0 < 1 < € < g9 < 1, there

exists T = 7(g,€1,€2) > 0, such that, for allt > T,

exp( N (t))b(n; (t)) = 00, t— o0. O

Nz, (6, 02) <0 (8,01) <, (8,02) <l (8,02) < id (8,01) <l (,52). (2.19)

Proposition 2.16 will be proven in Subsection 3.1 below.

Remark 2.17. By (2.18) and Proposition 2.16, we get the following result. Let
¢ € R be constructed by functions b; € Dy, i = 1,2, which are log-equivalent.
Then

A (t, ¢y c AZ(t, M) Az (t, )
C AL (1) c A (t, M) c AL (L, ),

ifonly 0 <e; <e<eg<landt>7(ee1,69) > 0. An analogue of this result
for functions from Z is given in Proposition 3.13 below.

Example 2.18. Consider examples of functions from g'reg,d discussed in [27].
It is easy to see, cf. also [27, Theorem 3.5, that the property for an even bounded
b to belong to Sieg,q depends on its behavior at co only, hence we consider
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the examples below for s bigger than some sq > 0 only. Next, because of Re-
mark 2.9, we will ‘classify’ them according to the asymptotic of the function
I(s) :== —log b(s) when s — oo. For example, all functions b, (s) = s”e~V*, v € R
belong to the same class. To find the corresponding nZ (¢, b) for a b € Syeq 4, One
has to solve the equation b(s) = e~ #(1#4) In the example above, it cannot be
done using elementary functions, unless v = 0. However, one can estimate then
nZ(t,b,) using Proposition 2.16 by the corresponding values of nF(t,bg) with
an arbitrary exactness ‘up to the ¢’. In the table below, we present hence the
form of 7(t,b) for this ‘convenient’ value of the parameter v only.

I(s) ~ —logb(s) b(s) = bu(s) n(t, b) = n(t, bo)
§ — 00 velR v=20
v 1 p
Dlogs, D >d (log s) P eXP(Bt)
ﬂ 1
D(logs)?, ¢>1,D >0 s” exp(—D(log 5)) eXp((Dt) q)
sY a€(0,1) sve " (Bt)%‘
(log s)>’ “ 5o (log s)« ~ Bt(logt)”, t— o0

The last example only requires a justification (for the rest, the calculation of
n(t,bo) is straightforward); for this see Remark 3.3. Regarding the restriction
a > 1 in the last example, see also [27, Remark 3.15].

2.2 Statements

In the following, we assume that 8 > 0 in (2.11) is given by (Al).

Theorem 2.19. Let either (A1)~(All) hold or (A12) hold. Let ug € Ej,
ug £ 0, ¢f. Remark 1.4; and let u be the corresponding solution to (1.1). Suppose
also that there exists c € LUN, such that

(a*ug)(z) > c(z), =R (2.20)
Then, for each € € (0,1),

lim essinf wu(zx,t) =4. (2.21)

=00 2 A7 (t,c)

Theorem 2.20. Let (A1)-(A4) hold. Letug € EJ , 0—ug # 0 (cf. Remark 1.4);
and let u be the corresponding solution to (1.1). Suppose that there exist func-
tions by, by € Dy which are both log-equivalent to a function b € <S~'reg}d, such that
the following holds. Let ¢,co € R UT be constructed by the functions b and bs,
correspondingly, cf. (2.10). Suppose that

a(z) <bi(|z]), =R (2.22)
uo(x) < ca(z), x€RL (2.23)
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Then there exist v > 1, g9 € (0,1), such that, for any € € (0,e¢), there exist
C. = C:(ug) >0 and 7 > 0, such that
esssup u(z,t) < Csef%ﬁt, t> .. (2.24)
z@ AT (t,c)

Theorems 2.19 and 2.20 will be proved in Subsections 4.1 and 4.2, corre-
spondingly.

Consider now sufficient conditions on functions a and ugy to get simultane-
ously (2.21) and (2.24).

Suppose that there exist constants u, M, 8, p,r, Ry > 0, a point 2o € R?, and
bounded functions b+, b, : R — Ry, v> € RUZ, v, : RY — [0, 6], such that

by(|z]) < alx) < bt(|z]), for a.a. x € RY; (B1)
M
T(s8) € ——— a. 8>
b (8)—(1+5)d+u’ for a.a. s > r; (B2)
by(s) >4, for a.a. s € [0, p|; (B3)
0 > v°(xz) > up(x) > vo(x), for a.a. 2 € R% (B4)
vo(x) > 0, for a.a. x € B,(xo). (B5)

We will distinguish several cases below, in Propositions 2.21-2.24. From
them, we get Theorem 1.5, taking by = b, v, = v° in (B1)-(B5), see Re-
mark 2.25. The proofs of these Propositions are presented in Subsection 4.3.

In Propositions 2.21-2.24 below, we always assume that either (A1l)—(A11)
hold or (A12) holds; that (B1)-(B5) hold; that ug € Ej , ug # 0, 0 —ug # 0
(cf. Remark 1.4); and that u is the corresponding solution to (1.1).

Case 1. lim wug(z) =0.
|| =00

Subcase 1.1. sup uo(2) < 00

zERC (l(.T)

Proposition 2.21. Suppose that both by, b € Dy are log-equivalent to a func-
tion b € Syeq,q. Let by is long-tailed and tail-log-convex, and let

up(z) < bt (|z]), 2R (2.25)
Then

there exist v > 1 and g € (0, 1), such that, for each ¢ € (0,¢p),
there exist Ce = Cc(ug) > 0 and 7. > 0, such that (2.26)
both (2.21) and (2.24) hold

for c(x) = b(|z|), x € R™.

Subcase 1.2. sup a(2)
ceka Uo(7)

< o0
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Proposition 2.22. Let functions b,,b° € Dy be such that v°(x) = b°(|z|),
Vo () = bo(lz]), 2 € R, and let both b, and b° be log-equivalent to a function
be Sreg,d. Suppose that b, is long-tailed and tail-log-convez, and

a(z) <b°(|z]), zeRL (2.27)

Then (2.26) holds for c(x) = b(|z|), x € R.

Case 2. li_}In wo((py...,p)) =0, lim wug((p,...,p)) € (0,8].
p—00

p——00

Subcase 2.1. sup Uo(@)

< 0.
z€R4 fA (z) a(y)d

Proposition 2.23. Suppose that both by, b € Dy are log-equivalent to a func-

tion b € ‘§reg,d~ Let by is long-tailed and tail-log-convez, and suppose that, for
some & € (0,0),

e () Suwo(@) < [ 0¥ )y, w R (2.28)

where R_ := (—00,0]. Then (2.26) holds for c¢(z) = fA(x) b(ly|) dy, x € RY.

See also Remarks 4.25, 4.26 below.

2 oY) dy
Subcase 2.2. sup fA()i

< 0.
zeRd UO(CU)

Pr0p051t10n 2.24. Let functions bo,b° € Dy be such that v° fA(w) b°(|y|) dy,

fA(:r (ly|) dy, = € R?, and let both b, and b° be log equivalent to a
functzon be Sreg,d Suppose that b, is long-tailed and tail-log-convez, and (2.27)
holds. Then (2.26) holds for c(x) = fA(x) b(lyl) dy, = € R4,

Remark 2.25. Propositions 2.21-2.24 immediately imply Theorem 1.5. The only
observation, which might to be mentioned to see this, is that g(s) > 4§, s € [0, p],
yields

/ q(Jy|)dy > const - Nga (z), z € R%L
A(z) -
Consider now several examples. In all of them we assume that either (Al)—

(A11) hold or (A12) holds, and also that ug is separated from 0 in a neighbor-
hood of the origin.

Example 2.26. Let, for some u > 0, v > 0, r > 1, one of the following two
pairs of conditions hold, for a.a. |z| > r,

(log |2) ™" (1 + [2) =" < a(z) < (loga])”(1 + |2 ~*7,

UO($) < (log |£C|)V(]_ + |1,|)7gl7p,7 (229)
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or

(log |]) ™ (1 + o) =" < uo(x) < (log |z])” (1 + [a]) =7,

a(z) < (log |2)” (1 + |=|) =4 (2.30)

Then, for (2.29), we just apply Proposition 2.21 with b(s) = (1 4 s)~(@+m);
for (2.30), we apply Proposition 2.22 with the same b.

In both cases, we will get, see Example 2.18, that there exists g9 > 0, such
that, for any ¢ € (0,&p),

lim ess inf u(z,t) =46, lim esssup  u(z,t) =0, (2.31)
t— 00 B(1—e)t t—o0 B(1+e)t
‘xlSCXP( d+p ) |E|ZCXP( d+p )

Example 2.27. Let now d = 1 and, for some r, u, M > 0, ¢ € (0,6),

a(x) = M1+ |z))~7H |z >
(e (2) Sw(@) < [ alp)dy<6, =cRCe(0,0),

and ug is decreasing on R. Then the front is described via the function
o M
a(y)dy = ——ax~#,
/x (y)dy .
if  is big enough. Therefore, by Propositions 2.16 and 2.23,

lim essinf  w(z,t) =46, lim  esssup  u(z,t) =0,

t—00 zgexp(@) t—o0 mZexp(B(I:E)t’)

i.e. the motion of the front goes a bit faster than in (2.31) with d = 1. The
same difference of the front propagations for integrable and monotone initial
conditions, in the case of the fractional Laplacian, was observed in [10].

Example 2.28. Let, for some v > 0, r > 1, and « € (0,1), one of the following
two pairs of conditions hold, for a.a. |z| > r,

(1+ |2))™" exp(—|z|®)

uo(x)

< a(z) < (1+ [z])” exp(=|z]*),
< (1 |2])” exp(=a]*),

(14 [z])™" exp(=|2|*) < uo(z) < (1+ |2])” exp(—|z[*),
a(x) < (1+ [z])” exp(=|x]*),

Then, the same arguments as in Example 2.26 related to the function b(s) =
exp(—s®) will imply that, cf. Example 2.18, there exists 9 > 0, such that, for
any € € (0,¢),

lim essinf  wu(z,t) =0, lim esssup  u(z,t) =0, (2.32)
—00 1 t—o0 1
lz1< (B(1—e)t) @ lz|> (B(1+e)t)
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Example 2.29. Let now d = 1 and, for some r,M > 0, ¢ € (0,6), a € (0,1),
one of the following two pairs of conditions hold

a(z) = Mexp(—|z[*), |z >,
(2.33)
Cle_ (1) < up(a <</ Yy <6, ©eR,CE(0,60),
or
ug(x) = M exp(—x*), x>, (2.34)

a(z) < Mlz[*" exp(~|z|®), |z] >,

and, in both cases, g is decreasing on R. Then, for (2.33), by Proposition 2.23,
the front is described via the function M fmoo exp(—y*)dy for big enough z. More-
over, by Remark 4.22 below, since exp(—y) is log-equivalent to y®~! exp(—y%),
the estimates of the front may be described by

M
M/ Lexp(—y®)dy = Eexp(—xa). (2.35)
Therefore,
tlgglo essinf  wu(z,t) =0, tlgglo esssup  u(z,t) =0, (2.36)

Q=

z< (B(l—s)t) > ([’3(1+e)t)é

i.e., in contrast to Example 2.27, the estimate for the front appeared the same
as in (2.32) with d = 1.

For (2.34), we have from (2.35) that ug(z) = [ b(y)dy, where b is also
logarithmically equivalent to exp(—z). Therefore by Pr0p051tion 2.24, one gets
(2.36) as well.

In the last example, one shows that an ‘intermediate’ front propagation is
possible as well.

Example 2.30. Let, for some M, P,r,« > 0 and for all |z| > r
a(z) = M exp(—(alog |ac|)2),
uo(z) < Pexp(—(alog|a])?).

Then, by Proposition 2.21 and Example 2.18, one gets

lim ess inf u(x,t) =46,
7% g <exp (V/aB1—2o)t)

lim €ss sup u(z,t) = 0.
t—o0
|93|Zexp( aﬁ(lJre)t)

Similarly, using Example 2.18, one can construct a and ug, such that the
front will be described approximately by 8(1 & €)t(logt)” for any v > 1, that
demonstrates slower motion than that in (2.32).
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3 Technical tools

3.1 Technical tools on R

The function 7)(t), defined by (2.14), is increasing; then, one gets that, for any
0 < &1 < e <1, one has (cf. 2.13)

1o, () Snc () <l (1) <l (1), t=t,., >t (3.1)

The following simple lemma shows that the latter inequalities hold for different
big enough times as well.

Lemma 3.1. Let b: R — Ry be a tail-decreasing function. For any 0 < g1 <
g2 < 1 and for any t1,ta >t >t _, there exists T = 7(t1,t2,€1,62) > 0,
such that, for allt > T,

no (b +1) <nz (b +t) <t (b +1t) <nd (t2 +1). (3.2)

Proof. By (2.17), all expressions in (3.2) are not smaller than p. Since b is
decreasing on [p, 00), we have from (2.15), (2.16), that (3.2) is equivalent to

eBe (tht2) > =B (1) 5 (=B (t+11) 5 =B, (t+t2)
that always holds if only, cf. (2.12),

t>

- - maX{Oﬂfg(l—Eg)—t1(1—€1),t1(1+51)—tg(l—f—&g)} > 0.
2 — <1

The statement is proved. O

Moreover, n(t,b) is ‘increasing’ in function b as well. Namely, one has the
following result.

Lemma 3.2. Let by,by : R — Ry be two tail-decreasing functions, such that,
for some p > max{pp,, pp,} (cf. Definition 2.1), 0 < by1(s) < ba(s) for s > p.
Then nE(t,by) < nE(t,by) for any e € (0,1) and t > fﬁ% log b1 (p).

Proof. Set p; = pp,, © =1, 2. By the tail-decreasing property of b1, by, we have

1

1 1
~ g7 loshi(p) 2 maX{—ﬁ? log ba(p), — 5= los bi(p1)}
1 1
> max{—ﬂi log b (p2), i logb1(p1)} = max{t;p1 (bl),t;pz(bg)}.
Next,
nE(t,b2) = >

He %) =03t (b (nZ (¢, 1))
H(b2(n2 (¢,01))) = n (¢, by),

where we used that by ' decreases and by (s) < ba(s) for s = nE(t,b1) > p. O

by
by
Consider now the proof of Proposition 2.16.
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Proof of Proposition 2.16. Let py > 0 be such that b; and by are both positive
and decreasing to 0 on [pg,00) and b;(pg) <1,i=1,2. Let 0 < g1 <e <ea <1
be fixed.

Consider functions g;(s) := —logb;(s), s € R, i = 1,2. By (2.6), for a
§ = (e, e1,e2) € (0,1) which will be specify later, there exists ps > pg such
that

(1 =10)g2(s) < g1(s) < (1 +0)ga(s), s> ps. (3.3)

By (3.1), (2.13), all expressions in (2.19) are bigger than min{n_, (,b1),nz, (¢,b2)},
provided that ¢ > ﬁ% max{—log b1 (po), —logba(po) }. Then, since nE(t) are in-
€2
creasing to co, there exists p = p(e2) > ps > po and 7 = 7(p, ps) = 7(g,€1,€2) >
0, such that all expressions in (2.19) are bigger than p, if only ¢ > 7.
Since the functions g;, i = 1,2 are increasing to oo on [p,00), we have, by

(2.15), (3.3),

exp{—(1 + 8)ga (12" (£,01)) }
< exp{=g1 (nz"(t,b1)) } = br (nE (8,01)) = exp(=5)
< exp{—(1 = &)g2 (nZ" (t,01)) },
for all ¢ > 7. Then, by (2.12), we have
(1=8)g2(nE(t,b1)) < (1 £e)Bt < (1+0)g2(nE(t,b1)), t>T

Hence, for t > 7,
ﬁ
1-9¢
1—-¢

1+e

mﬁt < g2(nZ (t,b1)) <
1—¢ _

mﬂt < g2 (775 (t»bl)) <

It is straightforward to verify that the inequality £; < € < €2 implies

/8t7
(3.4)

1—5&'

1+€< 1+4+¢
146 1-96
—€

1_5
1+($ 1715

146 < <1+ e,

<1—e¢q,

if only we choose § such that

0<5<min{62_8 6_61}.

1 + €9 ’ 1 + &1
Then, we get from (3.4)
g2 (2, (£,b2)) < g2(n (t,01)) < g2(nd, (t,b2)),
92(nz, (,b2)) < g2(nZ (£,b1)) < g2(nZ, (£,b2)),
for ¢t > 7. Since g, is increasing, we obtain the statement. O

Remark 3.3. Explain the asymptotic of n(t, g), t — oo for the function

g(s) = exp(—@), s > 89,
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cf. Example 2.18. To find 7(t, g), one has to solve the equation g(s) = e=#, i.e.
s(log s)~® = St. Making substitution s = €7, one easily gets

T _ = 1
@ a(Bt)=

Since s > e® implies —Z < —1 and assuming ¢ big enough, to ensure that

-1l > —é, one has that the solution to the latter equation can be given

a(Bt)«
in terms of the negative real branch W_; of Lambert W-function, that is the

function such that W_;(v)exp(W_1(v)) = v, W_1(v) < =1, v € (—e 1 0).
Namely, one gets —~ = W_l(—a_l(ﬁt)_i), and, therefore

lt.0) = exp( W (<) )

However, exp(—W_1(v)) = v=1W_;(v), therefore,

exp(—aW_1(v)) = (=v) " (=W_1(v))",

n(t,g)=a‘*ﬁt<—W_1(—a(ﬁlt);)) , t>%(§)a.

To get a feeling about the behavior of 7(t, g) for large ¢, note that W_;(v) ~
log(—v), v — 0—. As a result,

i.e.

n(t,g) ~ Bt(logt)*, t— oc.

3.2 Technical tools on R?

We will use also the following classes of functions, cf. Definition 2.11.

Definition 3.4. 1) Let M be the set of all bounded functions ¢ : R —
(0, 00) which satisfy the following monotonicity property: for an arbitrary
xz € R% and for any 1 < j < d, the function

R> s c(x+se) € Ry (3.5)

is strictly decreasing on R, converges to 0 as s — oo, and there exists
c_ € (0,00), such that, for any = € R%,

lim c(x—i—(s,...,s)) =c_.

S§——00

Clearly, Z C M, and if ¢ € T has the form (2.9), then c_ = [;,p(y)dy €
(0,00).

2) Let 5d C D, denote the set of all functions b € Dy which are strictly
decreasing to 0 on the whole R;.

3) Let R C R, LcC L, ICT, N C N denote the corresponding subclasses
of functions from R UZ constructed by functions from Dy.
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Remark 3.5. Note that the sets AT (t,c) are well-defined and, for big enough
t, non-empty for ¢ € M as well, cf. Remark 2.14. Next, for c € RUM, x €
R4\ AZ(t,c) is equivalent to c(z) < e~ P(1+e)t In particular,

lim sup c(x) =0.
100 pera\AE (1,0)

On the other hand, for ¢ € R, we have that lim ¢(z) = 0. Moreover, for ¢ € Z,

|| =00
we have, by (1.5) and (2.9), cf. (1.4),
lim ¢(x) = lim b(ly|)dy = 0.
(z)—ro0 (@) =00 J A(x)

Proposition 3.6. Let ¢() € RUT be constructed by b; € Dy, i = 1,2. Suppose
that there exists p > 0, such that b1(s) < ba(s) for all s > p. Then, for any
£ > 0 there exists T = 7(g,by,by) > 0, such that AX(t,cV)) c AX(t, ) for all
t > 7. In particular, if by(s) = ba(s) for all s > p, then AX(t,c1)) = AX(t,c?)
forallt > .

Remark 3.7. Here and below, we will mean that if f,g € R UZ, then either
f,bgeRor fgeT.

Proof of Proposition 3.6. For ¢®) € R, i = 1,2, the statement follows from
(2.18) and Lemma 3.2. Let now ¢ € Z, i = 1,2. Note that, for any ¢ € M, the
inequality c(x) < e™# (1£2)t for some big enough ¢, is equivalent to the existence
of some p; > 0 such that (z) > p;, where, recall, (z) is given by (1.4). Then the
inequality

lyl > (y) > (x), yeA(x), xR, (3.6)

shows that z € R?\ AZ (¢, ¢) implies |y| > p;, y € A(z).

Next, we have to prove that R\ AZ (¢, ¢?)) € R\ AZ(t, ¢M) for big enough t.
Let pg > p be such that bi(pg) < ba(po) < 1. Choose 7 > 0 such that ¢ > 7
implies that (x) > po for all z € R?\ AZ(¢,¢?)). By the above, for all y € A(z),
we will have |y| > po, and hence by (|y|) < ba(|y|), v € A(z). Thus ¢V (z) <
¢ (x) and hence z € R4\ AE(,c(M). If the tails of b; and by are equal, then one
can interchange these functions in the above, and get the second statement. [J

Corollary 3.8. Let c € RUZ. Then there exists 1, ca € RUL, such that c1(z)
c(z) < ea(x), x € RY, and, for each e € (0,1), there exists T = (e, ¢, c1,c2) >
such that A (t,c) = AX(t,c1) = AZ(t,ca) for allt > 7.

<
0,

Proof. Let ¢ be constructed by a b € Dy. By Definitions 2.11 and 2.1, there
exists p > 0 such that b is decreasing on (p, c0) to 0 and, for come D, Ds > 0,
Dy < b(s) < Dy for s € [0,p]. Choose p' > p, such that b(p’) < D;. Set
b1(s) = ba(s) = b(s) for s > p’ and define by on [0, p'] as an arbitrary decreasing
function with b,(0) < Dj. Similarly, we define b2 on [0, p'] as an arbitrary
decreasing bounded function with by (p’) > Ds. As aresult, by (s) < b(s) < by(s),
s € Ry. Let ¢1,¢0 € R UZ be constructed by b1,bs € st, such that either
c1,Co,C € R or c1,Ca,C € 7. Then in both cases, evidently, ¢1(z) < ¢(x) < ca(x),
x € R?%. The rest of the proof follows from Proposition 3.6. O
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Definition 3.9. Let b € Dy and o € (0,1) be such that b* € Dy. Let ¢ € RUZ
be constructed by b. Then we denote by ¢, € R UZ the function constructed
by b%, cf. Definition 2.12. In other words, for all z € R,

c(z)* = b(|z])*, ifceR,

colx) = N ) ~ (3.7)
/A@) bly))dy, ifce.

In particular, ¢; = c. Clearly, ¢ € R implies ¢, € ﬁ, whereas ¢ € T implies
ca €T.

Remark 3.10. 1t is easy to see that, if b € D, for some ag € (0,1), then
b* € Dy for all a € [y, 1].

Proposition 3.11. For any ag € (2,1) there ezists €g = £o(av) € (0,1), such
that, for any € € (0,&¢), there exists a = a(e) € (ap, 1) such that the following
holds. For any b € 5,1 such that b*° € 5,1, let ¢,cq € R UZ be constructed by
b and b%, correspondingly. Then there exists T = 7(g,b) > 0, such that, for any
t>T,

- A%(t,c)7 (3.8)
A%L(t, ca) C AT (t,0). (3.9)

Remark 3.12. For any b € Dy, there exists p > 0, such that b(p) < 1. Then,
for any s > p, one gets that b(s)* > b(s). Therefore, for big enough ¢ > 0, the
inclusions AZ(t,¢) € AL(t,¢,) follow from Proposition 3.6.

Proof of Proposition 3.11. We will prove (3.9). The proof of (3.8) is fully anal-
ogous. Consider two cases separately.
1) For a ¢ € R. Since o € (%, 1)7 one can define

1—
g = — 2 € (0,1).
Qg — 3

Take an arbitrary € € (0,&¢), then one easily has that

1+ 5
Q=
1+¢

€ (ap, 1). (3.10)

Take an arbitrary b € 25d such that b*° € 15d, and let ¢ € R be constructed by
b. Prove that then there is an equality in (3.9). Indeed, by (2.18), the equality
in (3.9) is just equivalent to
ng(t,ba) =nt(tb), t>7:=t,_.
To prove the latter equality, apply log b* = alogb to both its parts:
7(1 + g)m = —a(1+e)pt,

that is equivalent to (3.10).
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2) Forace Z. Prove the following inequality, which is equivalent to (3.10),
RINAS(te) CRI\AL(tca), t27. (3.11)

Recall that the inclusion x € R4\ AF (¢, ¢) is equivalent to
c(z) :/ b(lyl)dy < e PO (3.12)
A(z)

We will use Holder’s inequality to estimate c,(z). It is easy to see that the
function

fla)=a— Oz(lfa):(l 1) = (0,1)
is 1ncreas1ng We set p := p(a) := f( 7 > Land g :=q(a) == 1= f(a) > 1. Then
5 + 5 =1 and, by (3.12), we have

o) = /A( )b(|y|)f(a)+(a—f(a))dy
xT

< (ot ray) ([ sueremay)
Alz) Alz)

1

< o BO+e)fa)t (A( )b(|y|)(a—f(a))Qdy> ! (3.13)

The inclusion b*° € ﬁi means that (2.2) holds with b replaced by b*°. Therefore,
to get the finiteness of the latter integral in (3.13), it is enough to have there «
such that oy < g(«) < 1, where

Va 1
a) = (a— fla Q)= ———F7——, «a€(5,1).
ola) = (o= flegla) = —=Yoe. e (3.1)
It is easy to see that g : (3,1) — (4,1) is increasing and g(a) < a, a €
(2, 1). Note also that g( ) % As a result, for the given g € ( ), there
exists a unique oy € (10, 1), such that ap = g(a1) < ai. Hence, for any o €

(a1,1) C (ap, 1), one gets g(a) > g(a1) = ap, and then 5, b(|y|)*dy < oo; in
particular, the latter integral in (3.13) is finite.
1+ 5
:(0,1) — (2,1) is decreasing; cf. (3.10).

1+e
Therefore, there exists a unique ¢ € (0,1), such that h(g) = a1; then we have

h:(0,e0) = (a1,1). Take and fix now an arbitrary € € (0,¢q). Since,

fi(a1,1) = (flen),1) C (a1,1) = (h(eo), 1)

is increasing (we used here that f(a) < «), there exists a unique o = a(e) €
(a1, 1), such that

Next, the function h(e) =

F(a) = h(e) = 111? (3.14)

Therefore, after €o, ¢, a_are chosen, we take an arbitrary b € 5d such that
b* € Dy, and let ¢ € T be constructed by b. For this «, by the above,
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Jra b(ly))9@dy < oo; therefore, there exists r > 0, such that, for all 2 € R?

with (x > >,
[ ey < 1.
A(x)

The latter inequality together with (3.14) and (3.13) implies that
Calz) < e PUF2)E (3.15)

provided that x € R\ AL (¢, ¢) (i.e. (3.12) holds) and {x) > r. In (3.12), (z) — oo
if and only if t — oo; cf. Remark 3.5. Therefore, there exists 7 = 7(r) = 7(¢,b) >
0, such that ¢ > 7 in (3.12) implies (x) > r. As a result, for any ¢t > 7 and any
r € R4\ A (t,c), one gets (3.15), that means that = € Rd\A%r(t,ca); ie. (3.11)
holds. O

Proposition 3.13. Let by,bs € Dy be log-equivalent functions such that, for
some oy € (%,1), b € Dg, i = 1,2. Let ) € RUT be constructed by b;,
i =1,2. Then there exists g = eo(ap) € (0,1), such that, for any € € (0,eq),
there exists T = 7(g) > 0, such that, for anyt > T,

AZ(t, c<1>)cA( ), (3.16)
ALt D) AR (H ). (3.17)

Proof. We assume first that b; € 5d and hence ¢ € R Uf, i = 1,2. Let
€o by given by Proposition 3.11. Take an arbitrary ¢ € (0,¢0) and consider
a = afe) € (ag,1) also given by Proposition 3.11. Let py > 0 be such that
bi(po) <1,i=1,2.Set §:=1—a € (0,1 — ag). By (2.6), there exists p, > po,
such that

—logbi(s)
l-0<——=<1+446 o
<—logb2(s)< +0, s>p
in particular,
b1(s) < ba(s)%, s> pa. (3.18)

By Remark 3.10, b3 € 1501, and hence, by (3.18) and Proposition 3.6, applying

to b; and b5, one gets
AL (t, ey c AL, @),
2 2

The latter inequality together with (3.9) for ¢ = ¢ imply (3.17).
Next, by (3.18), bs(s) := by (s)a < by(s), if only s > p,. From here we have
that b3 € Dy and, moreover, by Proposition 3.6, applying to b3 and bo,

Ac (t 3y c Az (t c?),

where ¢® € R UZ in constructed by bs, cf. Remark 3.7. The latter inequality
together with (3.8) for ¢ = ¢® imply (3.16).

Let now b; € Dy, i = 1,2 be arbitrary. Then, by the proof of Corollary 3.8,
there exist ¢t b €ER Uz conbtructed by b; € Dy, such that b;(s) = b;(s) for big
enough s. Then by and by are log-equivalent. Applying the previous considera-
tions to b;, i = 1,2, we get (3.16) and (3.17), with ¢ replaced by é®, i = 1,2,
for big enough ¢. Then, by Corollary 3.8, one gets the statement. O
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Functions from the class £ introduced in Definition 2.11 are analogous to
long-tailed functions in the case of R%, d > 1 because of the following lemma.

Lemma 3.14 (|27, Lemma 4.4]). Let ¢ € R be constructed by a long-tailed
function b € Dy (in particular, let ¢ € L). Then, for any r > 0,

I c(z +y)
im sup |————
|z]—o00 ly|<r C(l’)

- 1‘ = 0. (3.19)

The next lemma shows the corresponding results for functions from A.

Lemma 3.15. Let ¢ € T be constructed by a long-tailed function b € Dy (in
particular, let c € N'). Then

lim 7c(x +h)

=1, heR%. 3.20
(z)y—00 C(.’L‘) + ( )

Proof. Let b be decreasing on (p,cc) for some p > 0. Fix an arbitrary h € R%,
h # 0, and take any R > (h). Note that, for any z,y € RY, such that y; €
[2j,2; + R], 1 < j < d, one has ||y| — |z|| < |y — 2| < RVd. Assume now that
(z) > p+ RV/d (that implies |z| > p+ RVd, by (3.6)). Then, for any y as above,

b(|z| +7)
b(|x)
because of e.g. [29, formula (2.18)]; cf. also [27, Remark 2.2].

Therefore, for any € € (0,1), there exists 7 = (¢, R) > p + R\/d, such that,
for all 2 € R? with (z) > r (that, again, implies || > r), one has

b(ly)
b(|)

— 1‘ < sup
|7|<RVd

—1’—>0, |z] — oo,

1—-¢e<

<1l+g¢, yje[xj,l‘j+R],1§j§d.

As a result,

r1+h Ta+ha z14(h) za+(h) b
(33 + h) / / (‘yD / /

T <
C(x) / / |y| ) \/I1+R wd+R b

1+5<h> .
1—8 ‘R "7

provided that R = R((h),e) > (h) is chosen big enough. The statement is
proved. O

Remark 3.16. Note that the previous result remains true if ¢ € M is defined by
(2.9) with A(z) replaced by A(x + z¢) for a fixed z € R%.

The following proposition gives a sufficient condition for (2.20); the result is
a generalisation of [29, Theorem 4.2].
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Proposition 3.17. Let f € L*(R? — R) and ¢ : RY — (0,00) be a bounded
function, such that (3.19) holds (e.g. ¢ € L). Then

lim inf 7@ *f)(@)

|z]—o00 C(IZ’)

zééﬂwdu (3.21)
Moreover, there exists D > 0 such that

(c* f)(z) > De(x), =€ R
Proof. For any r > 0, we have

o)y [ ez
-~ Jyi<r

42mwlD/;@“”d”

c(x)
Take an arbitrary ¢ € (0,1) and choose r = r(J) > 0 such that f\y\<r fly)dy >
(1 —=0) [ga [(y) dy. Next, by (3.19), there exists p = p(r) = p(d) > r, such that
sup ’p(g(i;)y) - 1‘ < 6, for all |z| > p. As a result, for any ¢ € (0,1), there exists
ly|<r

p = p(d) > 0, such that

DD aop [ s 1ol 2

that yields (3.21). Finally, by e.g. [25, Lemma 2.1], ¢x f is a continuous function
on B,(0); then, it is easy to see that c(z) > 0, z € R? implies that (cx f)(z) > 0,

x € R?. Hence the boundedness of ¢ yields |i|n<f % > 0, that fulfilled the
z|<p

statement. O

> (1 — sup

ly|<r

4 Proofs

4.1 Proof of Theorem 2.19

Let 3 € (0,00) be defined by (A1). Let ¢ € RUM, € € (0,1), and AZ(t,c) be
given by (2.11).
For any A > 0, we define the function

g(x,t) = geen(z,t) = )\min{Lc(x)eﬂ;t} (4.1)
=AMy 0(@) + Ac(x)eﬂ;thd\AE_(t’C) (x), zeRLt>0. (4.2)

Lemma 4.1. Let ¢ € L be given by a (long-tailed and tail-log-convex) function
b € Dy, and p > 0 be such that b(p) < 1. Define, for any A >0, € € (0,1),

/ (S,t) = A]lsgn; (t) + )‘eﬁs_tb (5) ]ls>7]§(t) € [0’ Mv s € R+; > t;,sa (43)

i.e. g(x,t) = f(|z|,t), where g is given by (4.2). Then, for any T > 0,

. fls+7,1)
lim sup |——F———
=00 geR f(S,t)

- 1‘ =0. (4.4)
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Proof. Take an arbitrary € € (0, 1). For an arbitrary fixed 7 € R, choose tg >
t, e, such that = (tg) > 7. Then, for any ¢ > o, the function Fy ;(s) := f(fs(%;)t)
takes the following values. For 0 < s < n_ (¢f) — 7, one has F;;(s) = 1. For
nz (t) — 7 < s <nz (t), we have F, ;(s) = e’ tb(s +7) and, since b is decreasing
on [nZ (t), o), one gets

b(nz (t) +17) — Bty
b(nz (1))

Finally, for s > nZ (t), we have, F; ;(s) = b(;(':;) <1 (since b is decreasing) and,
by Remark 2.3,

(nz (t) +7) <€ b(s +7) < P 'b(nz (1) = L.

b(s+71) _ bn-(t)+71)
b(s) b(nz ()

As a result, for all s € Ry,

b(nc (t) +7)
01 Fra(o) £ Uy @) (1= EOETD)
{s>ns (H)—7} b(n= (1))
that implies the statement because of (2.1). O
Lemma 4.2. Let c € N and g be given by (4.2). Then, for any h € RY,
h,t
lim sup |[ZEFRD ) g (4.6)
100 peRra g(gc, t)

Proof. Take an arbitrary € R? and h € R‘j_. By the monotonicity of functions
(3.5), we have c(z + h) < c(x). Next, it is easy to see that x € R\ AZ(¢,¢)
implies  + h € R?\ AZ(¢,¢), and hence

gz + h,t) _ c(x+h)

0wt T dw) S

Let x € AZ(t,c). f ¢+ h € AZ(t,¢), then % = 1. Let now h be such that
r+h € R\ AZ(t,¢). Then

glx + h,t)

— Bt
=ePete(x+h) <1.
g(z,t) ( )

Moreover, since z € AZ (t,c) implies c¢(x)e’=? > 1, one has for such x,h the
following estimate

g(x+ h,t) c(x + h)
P e ST T
As a result,
gl +ht) _ _glz+ht) “ _cly+h)
‘ 9.1 1’ ey < 0 (1 v) )

yie(y+h)<eFe t
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Because of (3.20), for the chosen h € R and for an arbitrary § > 0, there exists

p = p(6,h) > 0, such that sup y; > p implies
1<j<d

_cy+h)
c(y)
Choose now to = to(p, e, h) = to(6, ¢, h), such that c((p,...,p) +h) > e P o,

Prove that then, for any ¢ > to, the inequality c(y + h) < e P<* implies

sup y; > p. Indeed, on the contrary, suppose that, for some ¢ > t;, the in-
1<j<d

<.

0<1

equality c¢(y + h) < e~P= ! holds, however, sup y; < p. The latter yields
1<j<d

e Pt >cly+h) > c((p,....p)+h) >eFelo,
that contradicts to that ¢ > ¢o. As a result, for all x € R? and ¢ > t,,

h,t h
‘g(x+ D < s (1_c(y+ )) <5
g(z,t) y: sup y;>p c(y)
1<j<d
that implies the statement. O

Definition 4.3. Let (A1) hold. A function v : R? x R, — R, is said to be a
sub-solution to (1.32) on [r,00) for some 7 > 0, if

(Fmv)(z,t) := %v(x,t) — x(axv)(x,t) + mo(z,t) <0 (4.7

for a.a. € R? and for all ¢ € [r,00).

Proposition 4.4. Let (A1) hold and ¢ € LUN . Then, for any ¢ € (0,1) and
for any X\ > 0, there exists 19 = 19(g) > 0, such that the function g = g(z,t),
given by (4.2), is a sub-solution to (1.32) on [1g,0).

Proof. Take an arbitrary € € (0,1). One has
a,t) = A3 e ' (|z)) Lisnz @

= 81— ) )y < B —)glrt). (48)
Therefore, by (4.7), (4.8),

94
ot?

—(Fmg) = xaxg—mg— B(1 —¢e)g = »xa*g— »g+ Peg. (4.9)

To find now an appropriate bound from below for Lg = sa * g — g, cf. (1.23),
consider two cases separately.

1. Let ¢ € L, c¢(x) = b(|z|), z € R% Let p > 0 be such that b(p) < 1, and
t,. and 7 (t) = n-(t,b) be given by (2.13) and (2.16), correspondingly. Let
A € [0, Ao]. Since f given by (4.3) is decreasing in its first coordinate, we have

Aag)(a.t) = [

a@wmu+yJMy:%/'w—wﬂu+MJMy
Rd Rd

gt [ ot 212

CDIS (4.10)
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for a.a. z € R Note that, by (4.5),

Szl + 1yl 1) d
0< D TWLY 9 4 yeRe, teR,. 411
71,0 : )
By (4.10), (4.11), (1.2), we have, cf. (4.9),
w(axg)(x,t) — xg(x,t) > —sxg(z,t) f:v|—|—||zt) 1‘dy
(|lz

Next, by (4.4), (4.11), and the dominated convergence theorem, one gets

fzl+ lyl. 1)
f(l=[,t)

Therefore, for any ¢ € (0,1) (small enough later), there exists a 7o > ¢
that, for all t > 7y and for a.a. z € R?,

lim a(y) sup

t—00 Jpd zER?

- l‘dy =0.

e Such

#(axg)(w,t) — »xg(x,t) = —sdg(,t).
As a result, by (4.9),
—Jmg 2 7%69‘{’659 Z 07

if only 6 < & The proof, for ¢ € 75,, is fulfilled.
P

2. Let c € N. Denote, for any y € R?,

yt = (\y1|,...,|yd|) € Ri.

Since the function ¢ is decreasing along all basis directions (i.e. the functions
(3.5) are all decreasing, j = 1,...,d), we easily get that the function g given by
(4.2) has the same property (in x). Therefore, since y; < y;', j=1,...,d, one
gets

g(x+yt) > glz+y",t).

Therefore, we will have, instead of (4.10),

Aarg)ot) == [ alngla+.)dy > [ al=ple+yt0dy

Rd
gl +y*,t
—sglet) [ o) (DEEE 1)y sgten) [ atay
R4 g(z,t) R
Taking into account (4.6) for h = y™, the rest of the proof is fully analogous to
the first part. O

Definition 4.5. A function w : R x R, — R, is said to be a sub-solution to
(1.1) on [r,00) for some 7 > 0, if (Fw)(z,t) < 0 for a.a. € R? and for all
t € [1,00), where F is given by, cf. (4.7),

(Fu)(z,t) == %u(x, t) — x(a* u)(z,t) + mu(z,t) + u(z, t)(Gu)(z,t). (4.12)

The proof of the following statement follows directly from Theorem 1.2.
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Proposition 4.6. Let (Al)—(A4) hold. Let 0 < u < @ be a solution to (1.1),
and g : R x Ry — Ry be a sub-solution to (1.1) on [r,00) for some T > 0.
Suppose that, for some to,t1 > T, we have u(z,to) > g(x,t1) for a.a. x € RL
Then, for allt > 0,

u(z,t +to) > glx,t+t1), =R

We are going to find now, using the continuity of G at 0 (on ET, cf. (A3))
and Proposition 4.4, sufficient conditions to have (4.2) as a sub-solution to (1.1)
as well.

Proposition 4.7. Let (A1)~(A4) hold and c € LUN. Then, for any € € (0,1),
there exist \g = Ag(e) > 0 and 79 = 19(g) > 0, such that, for any A € [0, Ao],
the function g = g(x,t), given by (4.2), is a sub-solution to (1.1) on [1g,00).

Proof. Take an arbitrary ¢ € (0,1). For any ¢ € (0,£3), one has that m + § <
m + 8 = s; hence one can apply Proposition 4.4 to the equation (1.32) with m
replaced by m + . More precisely, we choose €1 € (0,1) to ensure that

(c=(m+08)1—e1)=(c—m)(1 —e), (4.13)

Be—6
-0
To(e1) = 70(€), such that

namely, &1 = . Then, by (4.13) and Proposition 4.4, there exists 75 =

- m+§g(x7t) 2 03 t 2 70, (414)

where F,1s and g are given by (4.7) and (4.1), correspondingly.
Next, by (A1)—(A3), there exists A\g = A\g(d) = Ao(g) > 0, such that 0 < v <
Ao, U € E, implies

0<Gv<é. (4.15)

Clearly, (4.1) yields that 0 < g(x,t) < A\, x € R% t € R,. Then, by (4.12), (4.7),
(4.14), (4.15) we have, for any A € [0, Ao] and for any ¢ > 79,

—Fg=—Fmg —9G9 = —Fmis9 + 09 —9Gg = 0.
The statement is proved. O]

Now we are ready to prove Theorem 2.19.

Proof of Theorem 2.19. Recall that, by Theorem 1.1, 0 < ug < 6 implies 0 <
u(-,t) < @ for t > 0; and then, by (A2), Gu < . Rewrite (1.1) in the form
(1.20) with F' given by (1.21), then, by (1.22), Fu > 0. Therefore, for all ¢ > 0
and a.a. v € R?,

t

u(z,t) = e *tug(x) + %/ e ) (a % u)(z, s)ds
0

t
+ / e =3) (Fu)(z, s)ds
0

t
> e g (z) + %/ e %) (a % u)(z, s)ds.
0
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The same inequality for u(z, s) implies
t
u(z,t) > %/ e =9 (g % u) (z, s)ds
0

¢
> %/ e =) e (g % ug ) ()ds

0
= ste” " (a *ug)(z) > ste” " e(z), (4.16)

for all t > 0 and a.a. © € R?, because of (2.20).
Fix an arbitrary € € (0,1). Take any § € (0,¢) and consider A\g = A\g(d) > 0
and 19 = 70(0) > 0, both given by Proposition 4.7. Set now

A= min{)\o, %Toe_(%+ﬁ;)70}.
Then, by (4.16) and (4.1), we have, for a.a. x € R,
u(z,79) > NePs ¢(z) > )\min{eﬁﬁ_mc(x), 1} = gesa(a, 7o)
Therefore, by Propositions 4.7 and 4.6, one gets, for any 7 > 0,
u(x, 70 +7) > gesalz, o+ 1), for a.a. xR
As a result,
w(x, o +7) >\ foraa. xecAj(ro+7,c),7>0. (4.17)

First, we suppose that c € LUN. We will distinguish two cases.
1. Let ¢ € L, ¢(z) = b(|z|), * € R Fix 7 > 0. Since (2.18) holds, we have
that the set

K;:{yeRd:Bl(y) C Ay (10+T7,0)}
= {y € Rd : Bl(y) - Bn;(‘r0+7',b) (0)}

is nothing but Bn;(TﬁTyb)fl(O) and, moreover,
Aj(o+70)= | Bi(y). (4.18)
yeA
Take and fix now an arbitrary y € A, i.e. |y| < ns (1o +7) — 1. Then, by (4.17),
w(z, 70 +7) > Mp, ) (z) foraa xR

Consider now equation (1.1) with the initial condition vo(x) = u(z, 70 + 7),
r € R% let v(w,t) be the corresponding solution to (1.1). By the uniqueness in
Theorem 1.1, v(z,t) = u(x, 70 + 7 + 1), t € Ry.

Take an arbitrary p € (0,6). Apply Theorem 1.3 to the solution v and
K = Bi(y); then there exists ¢, > 1, such that v(x,t) > p for a.a. € By(y).
As a result,

w(x, o+t +7)>p, (4.19)
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for all 7 > 0 and a.a. x € By(y). Stress that ¢, does not depend on a y with
ly| < ny (170 +7) — 1. As a result, by (4.18) for any 6 € (0,1) and p € (0,0),
there exist \g = A\g(0) > 0, 79 = 79(0) > 0, and t,, > 1, such that, for all 7 >0
and for a.a. x with |z| < ny (79 + 7), the inequality (4.19) holds.

Apply now Lemma 3.1 for g5 :=¢ > § =: €1, {1 = 79, t2 = 70 + t,. One gets
that there exists 7 > 0, such that, for all 7 > 7,

1 (T + 70+ ) <15 (1 +70),

i.e. (4.19) holds for all 7 > 7 and a.a. z with |z| < nZ (7 + 70 + t,,). Since
w € (0,0) was arbitrary, the latter fact yields (2.21).
2. Let now ¢ € M. Consider the norm on R¢ given by
|00 := (21, .., Zd)|oo = 112?%<d|x]—|.
Let E% (z) denote the ball with the center at an € R? and the radius 1
w.r.t. the | - |oo-norm. Then, clearly,

B d d
By(0) = X [a5~ 5005+ 5] = X [ ~ L] = Cu(w),

D) X
j=1

W=

where y; = x; + %, 1 < j < d. Stress that, by (2.11), if ¢ € N C M, ie. the
functions (3.5) are decreasing on R, then y € Ay (79 + 7, ¢) implies that

Ci(y) C Ay (10 + 7,¢).
Therefore, cf. (4.18),

Ay (o +7,0) = U C1(y).

yEAy (To+T,¢)

Hence, one can just repeat the previous proof, applying Theorem 1.3 to the
solution v and K = Cy(y) with y € Ay (70 + 7,¢).

Let now ¢ € LUN C RUZ. By Corollary 3.8, there exists ¢ € RUT such that
c(z) > é(z), z € R, and, for each ¢ € (0,1), AZ(t,c) = AZ(t,¢) for t > 7(e).
Moreover, by the proof of Corollary 3.8, one can easily get that ¢ € LUN then.
Hence (2.20) implies (a * ug)(z) > &(x), = € R, and, therefore, one can apply
the previous considerations and get (2.21) with ¢ replaced by ¢, that yields the
statement by the above. O

4.2 Proof of Theorem 2.20

First, we note that, because of the inequality (1.33), which requires (A1)—(A4)
only, it is enough to show (2.24) for u replaced by w; recall that the latter
function is the solution to (1.32).

For a function @ : R — (0, +00), we define, for any f : R — R,

Iflla = sup L)

vera W(2)

If W(z) = b(|x|), * € RY, for a function b : Ry — (0, 00), we will use the notation

11l := 11Nl
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Proposition 4.8 (cf. [25, Propostion 5.2|). Let a function @ : R — (0, +00)
be such that a*  is well-defined (for example, let @ be bounded) and, for some
v € (0,00),
@x®)@ = gl (4.21)
w(z)
Let 0 < up € L¥(R?) and |lugllg < oo; let w = w(x,t) be the corresponding
solution to (1.32). Then

lw(, )@ < lluol@e= Dt > 0. (4.22)

Proof. For any f:R% — R, with ||f||g < 0o, we have

(ax f)(x) é/ a(y)®(z —y) If(x—y)ldy o axw(x)
]Rd

w(x) o) wlr-y) w(x)

Il (4.23)

The solution w to the linear equation (1.32) with a bounded, in E operator in
the r.h.s., exists and is unique on the whole R,. Therefore, for any 0 <7 < T,
we have that

w(z,t) = (D,w)(z,t), te][r,Y],
where, for any ¢ € [, Y],

(®0)(x,t) = ey (2) + / e x(t=s) (s(a*v)(z,s) + Bo(z,s)) ds.

T

Let ||v||rx := sup [v(-¢)||, where the latter norm is the norm in E. Then,
te(r, Y]
one easily gets, that ||®,v||;y < oo and

lrr < (5e+ B)||lv1 — val[rx (X — 7).

Therefore, @ is contraction mapping on the set of such v, provided that T —7 <
%-S-B' Fixing any § € (O, %—s—ﬁ)’ one gets that w is the limit of (®,)"v, n — oo,

||(I)T’U1 — (P.,-’UQ

for any v, on time intervals [0, ], [d, 2], and so on.
Suppose that, for some 7 = (N —1)d, N € N, that ||u,|g < |Juo g€, for

pi=x(y—1)+8.
Take any 0 < v(-,t) € E, t € [7, Y], T := 7+ J, such that
lv( Ol < lluollge™, te[r,T]. (4.24)
We will check the following inequality
1(@-0)( )lle < lluollwe™, t € [r,7].
By (4.23)—(4.24), one gets, for t € [, Y],
)~ @)D

- w(x)

t t
< e—u(t—T)qﬁ—<x) + J{/ e_%(t_s)WdS +6/ e_%(t_s) ’U’(VLU, S) ds
(,U(SC) T (,U(SC) T (,l)(:C

T t
< Juollae™0=e + ol (O 5D 1 5) [ est-aamas
>z +6 —x 4 )T
S Tollae ™ (e = eFAT) = gl

= fJuollgee®+ +
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Since w is the limiting function for the sequence ®7v, n € N, one gets the
statement. O

Remark 4.9. In [25, Propostion 5.2|, we considered, for an arbitrary A > 0 and

a unit vector, ¢ € R?, the function d(z) = e=**¢ (here x-¢ stands for the scalar
product in Rd). Then, clearly, % = fRd a't( )6)‘3"& dy =: v, provided that
the latter integral is finite (that was the crucial assumption to get the constant

speed of the front in [25]). Note that then [25, Proposition 4.18] and (4.22)
implies that w(z,t) < agelet=2¢¢ z € R4 ¢ > 0 for some ag, A\¢ > 0, B¢ € R.

Proposition 4.10 (|27, Proposition 2.21]). Let a function w : R — (0, +00)
be such that, for any A > 0,

Q= A (w) = {zeR: w(z) <A} # 2. (4.25)

Suppose further that

7 := limsup sup M

msup S T @) € (0, 00). (4.26)

Then, for any § € (0,1), there exists A = A(6, w) € (0,1), such that (4.21) holds,
with

®(z) == wyr(z) :==min{\, w(z)}, =€ R, (4.27)
and v := max{1, (1 + d)n}.

Remark 4.11. Tt is easy to check that any function w € R U M satisfies (4.25)
and, moreover,

QyC Oy, 0< A<, (4.28)

Proposition 4.12. Let w € RUM be such that, cf. (4.26),

limsup sup (axw)(z) <1. (4.29)
A—0+ zeQy  W(2)

Let 0 < ug € L®(R?) be such that ||ug||w < 00, cf. (4.20), and let w = w(z,t) be
the corresponding solution to (1.32). Then, for any e € (0,1), there exist A, >0
and to = to(e) > 0, such that, cf. (2.11),

esssup w(z,t) < (Ae + Hu0||w)e_%t, t > to. (4.30)
eg AL (t,w)

Proof. Take an arbitrary € € (0,1) and let § = d(¢) € (0, 1) be chosen later. By
Remark 4.11 and Proposition 4.10, there exists A = A(J, w) = A(e, w) € (0,1),
such that (4.21) holds, with @ given by (4.27) and v = 1 + 4. Set ||upllco :=
l|uol| oo (ray- Note that

5,(1(&)) gﬂw\m( )+ Z?((i)) g, (z) < HUOA”‘” + |lugl|w < 00, (4.31)
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lloll o

and one can apply Proposition 4.8. Namely, setting A. := == > 0, one gets
from (4.31), (4.22) that, for a.a. z € Q2 and for all t > 0,

w(®,t) < JJuollw, e wi(x)

< (Az + [[uolle) 5D z). (432)

By (2.11) and (4.25),
RINAY(Hw)=Q s, t>0. (4.33)
Set tg = to(e) := —= log A > 0. By (4.28), one gets from (4.33) that, for any

B
L > 1o,
RN\ AF (¢, w) € R\ Af (to, w) = Q.
Hence, by (4.32), (4.33), for a.a. z € R\ AT (¢, w), one gets
w(zyt) < (Ac + ol )™ o(a)

2 _Qat+
< <A€+ ||uo||w)€( 5+P)t, ﬁgt7

and ;
€
%54‘5—5;=%5+ﬁ—ﬁ(1+a):%6—ﬂ5:_7,
if only we set from the very beginning § := % The statement is proved. O

Remark 4.13. Tt is easy to see from the proof above, that the denominator 2 in
the right-hand side of (4.30) can be changed on 1+ v, for an arbitrary v € (0, 1);
then to = to({f, I/).

Because of (1.33), we immediately get the following

Corollary 4.14. Let the assumptions (Al)—(A4) hold. Then the statement of
Proposition 4.12 remains true for w(z,t) replaced by u(x,t) which is the solution
to (1.1).

Proposition 4.15. Let b € ‘§reg,d~ Then there exists a; € (0,1), such that, for
all a € [, 1], b* € Sregd-

Proof. Let d > 1 and b € grcgd C Sreg,a- If b is given by (2.7), then, for any
! d
(AN S (m,1)7
/ b(s)™ s ds < oc. (4.34)
0

If b is such that, for all v > 1, (2.8) holds, then, evidently, (4.34) holds for all
o' € (0,1). For d = 1 and b € Sreg.1 = Sreg.1, by Remark 2.7, (4.34) holds if
only o’ € (ﬁ, 1), where ¢ is given by (2.5).

Then, by [27, Theorem 3.5|, there exists oy € (&/,1), such that, for all
a € [ag, 1], b* € Speg,a- It is easy to see that, in each of the cases above,

b € Syeg,q as well. O

Proposition 4.16 (|27, Propositions 4.5, 4.9]). Let (2.22) hold with by € Dy
which is log-equivalent to a function b € Syeq,q. Then there exists aq € (0,1),
such that, for all a € (a1,1), the function w(z) = b(|x))*, z € R?, satisfies
(4.29).
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Now we are going to find examples of w € 7 such that (4.29) holds. We start
with the following definition.

Definition 4.17. Let p € R be constructed by a function b € 25(1, ie p(x) =
b(|z|), z € RY. For any A € (0,b(0)), we set

Ox(p) :={z € R?: A(x) C Qa(p)}, (4.35)
where A(x) is given by (1.5).

Remark 4.18. Let pyp > 0 be the unique number such that b(p)\yb) = A. Then,
evidently, Qx(p) = {z € R? : |z| > pr,}. Therefore, by (3.6), one gets, for
any x € R? with () > py; and for any y € A(x), that |y| > pas, and hence
y € Qa(p). As a result,

{z eR": (z) > pas} C OA(p);
in particular, the latter set is not empty.

Proposition 4.19. Let p € R be constructed by a function b € Dy. Suppose
that (4.29) holds with w = p and 0y = Qx(p). Let ¢ € T be given by (2.9). Then
the following analogue to (4.29) holds:

limsup sup

<1 (4.36)
A—=0+ z2€O0x(p) C(LE)

Proof. Take an arbitrary § € (0,1). By (4.29) with w = p, there exists A\g =
)

Ao(6), such that, for all A € (0, A¢), we have
(axp)(z)
—— 2 <144, ze€(p). 4.37
e A (437

Next, for any x € R?, one gets

@@ = [ otwv) [ pC)a=dy

— [Late-w [ pe-@opydzay= [ (@epi)d:
R4 A(x) A(x)
As a result, by (4.37) and (4.35), we have that, for any = € O,(p),

[,
(axc)(@) _ Jaw P <144
c(z) c(z)
Since the latter holds for any A € (0, Ag), one gets the statement. O

To get from (4.36) the inequality (4.29) with w = c and Q) = Q,(c), consider
the following lemma.

Lemma 4.20. Let p € R be constructed by a long-tailed function b € 5d (for
example, let p € E) Let c € T be given by (2.9). Then there exists \y > 0, such
that, for all A € (0, A1),

Q)\(C) C @,\(p).
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Proof. By Lemma 3.14, we have that (3.19) holds with ¢ replaced by p. As a
result, for any € > 0 and r > 0, there exists R = R(e,r) > 0, such that

p(x+y) > (1 —e)px), [y <7, |z > R

Therefore, x € Q) (c) with |z| > R implies that

1+ Tat 5 2 .
)\2/ .../ b( y1+"+yd)dy1'dyd
x xT

d

U

> %p(l‘-‘r (%,7%)) > ;—%(1 —e)p(x).

Choose now € = % and r = 22+/d > 0, and consider the corresponding R. Since
A4 0 if and only if () — oo, there exists A; > 0 such that, for all A € (0, ),
the inclusion = € Qy(c) implies (x) > R and hence |z| > R. Moreover, for any
y € A(x), we have that y € Q,(c), by the monotonicity of ¢ in each of variables;
and, by (3.6), (z) > R implies |y| > R. As a result, for any y € A(z) (including
y = x), we have that p(y) < A, i.e A(z) C Qx(p). Then, by (4.35), € O,(p),

that proves the statement. O

Theorem 4.21. Let b : R — (0,00) be an even long-tailed function, such
that, for some g € (%, 1), bro € 5d,' and, for each o € (ap,1), the inequality
(4.29) holds with w(x) = b(|z])*, = € Re. Let b € Dy be log-equivalent to b,
cf. Definition 2.8. Let c¢,¢ € R UT be constructed by the functions b and b,
correspondingly, cf. (2.10). Suppose that 0 < ug € L¥(R?) and |jugl|z < oo;
and let w = w(x,t) be the corresponding solution to (1.32). Then there exists
g0 € (0,1), such that, for any € € (0,e¢), there exist Cc = Cc(ug) > 0 and
7=17(g) > 0, such that

esssup w(z,t) < Cge_%t7 t>r. (4.38)

a¢ AL (t,c)

Proof. Let agy € (%, 1) be given. Note that by Remark 3.10, b*° € ﬁi implies
b € Dy. Let gy = eo(ap) by given by Proposition 3.11. Take an arbitrary ¢ €
(0,£0) and consider a = a(e) € (ap, 1) also given by Proposition 3.11. Since
logb(s) ~ logb(s), s — oo, there exists p = p(a) = p(e) > 0, such that

—logb(s) > —aloghb(s) >0, s> p,

b(s) <b(s)*, s> p.

Since both b and b are decreasing and separated from 0 on [0, p], there exists
B > 0, such that b(s) < Bb(s)*, s € Ry. Let ¢, € RUZ be given by (3.7), and,
recall, ¢ € R UZ is constructed by b, cf. (2.10). Then, clearly, é(x) < Bcey(x),
x € R As a result,

1
luolle. < Flluolle < oco.

By the assumed, (4.29) holds for w = p®, where p(z) = b(|z|), z € R%.
Therefore, for ¢ € R, one gets that (4.29) holds for w = ¢, € R, cf. Defini-
tion 3.9. Let now ¢ € Z. Since b is long-tailed, the function b* is long-tailed as
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well. Then, one can use Lemma 4.20 with p replaced by b%; one gets then, for

some A1 > 0,
Q,\(Ca) C @)\(pa), A€ (0,)\1).

Therefore, Proposition 4.19 implies that (4.29) holds for w = ¢, € 7.
As a result, one can use now Proposition 4.12 with w = ¢, € RUZ and ¢
replaced by 5. Namely, there exist A. > 0 and ¢y = to(e) > 0, such that

esssup w(z,t) < (Az + B Yuola)e T, >t (4.39)
x@AT (tca)
2

On the other hand, by Proposition 3.11, there exists 7 = 7(¢) > 0, such that
(3.9) holds, i.e.

RN\ AL (t,¢) cRY\ Ag(t, Ca)y t>T. (4.40)

Combining (4.39) and (4.40), one gets (4.38). O

Remark 4.22. By Proposition 3.13, one can get (4.38) for any ¢ € R UZ con-
structed by a function b; € Dy which is equivalent to the b.

Remark 4.23. Using a bit more cumbersome expressions for gy and a = «a(e),
¢ € (0,0) in the proof of Proposition 3.11, one can obtain (3.9) with § replaced
by any &' € (0,¢). As a result, we may apply Proposition 4.12 inside the proof
of Theorem 4.21 with e replaced by 1 for any v € (0,1). Combining this
observation with Remark 4.13, one can get, as a result, (4.38), where, in the
denominator of the right-hand side, the number 4 will be replaced by 1+ v” for
an arbitrary v’/ € (0, 1), by a redefining of 7 = 7(e,v").

Remark 4.24. For ¢ € R UZ, the condition [lug|lc < oo separates, in some
sense, the cases of ‘decreasing’ and ‘symmetric’ initial conditions. Namely, if,
for example ug € M, then the inequality ||U0||c < oo is impossible for any

ceR, cf. (4.20); and hence ¢ must be from Z.

Finally, one can prove Theorem 2.20.

Proof of Theorem 2.20. Let b1,bs € Dy and b € g}eg 4 satisfy the conditions of
Theorem 2.20, and let ¢,co; € RUZ be constructed by b and b2 correspondingly.
By Corollary 3.8, there exists ¢ € R U Z, such that e(z) < i), v € R4
Then (2.23) yields |Jug||z < co. Let & be constructed by a b € Dy. By the proof
of Corollary 3.8, E(s) = by(s) for s > p. Similarly, there exists b3, by € 15d,
such that b3(s) = bi(s), ba(s) = b(s) for s > p (without loss of generality),
and by(s) < b3(s), b(s) < by(s) for s € [0, p]. In particular, the functions b,
by and by are log-equivalent, and, by e.g. [27, Theorem 3.5], by € ‘§reg,d~ By
Propositions 4.15 (with b replaced by by4) and 4.16 (with b replaced by by and
b1 replaced by b3 € 75d), there exists a; € (0,1), such that, for all & € [aq,1],
by € Sreg.a and, for all o € (ay, 1), the function w(z) = by(|z])*, = € RY, satisfies
(4.29). Choose any «g € (max{ozl, 4} 1) Then all assumptions of Theorem 4.21

are fulfilled for ¢,b as the above, and for ¢ replaced by the function ¢4 € RUZ
constructed by bs. Hence one gets (4.38) for ¢ replaced by ¢4. By Corollary 3.8,
redefining 7 = 7(¢) if needed, we will have (4.38) for c¢. Therefore, by (1.33), we
obtain (2.24) with v = 4. O
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4.3 Proofs of Propositions 2.21-2.24

Recall that, in Propositions 2.21-2.24, we always assume that either (A1)-(A11)
hold or (A12) holds; that (B1)—(B5) hold; and that ug € E;, ug # 0, cf. Re-
mark 1.4, and u is the corresponding solution to (1.1).

Proof of Proposition 2.21. Let €9 € (0,1) be chosen later. Take an arbitrary
e € (0,&0).

Let ¢, € £ C L*(R?) be constructed by by € Dg. Note that (2.25) yields
ug € Ly(R?). Therefore, one can apply Proposition 3.17 with ¢ = ¢, > 0 and
f = wo; namely, there exists D > 0, such that a xug > ¢4 xug > Dcy € L.
Then, by Theorem 2.19, the convergence (2.21) holds, with € replaced by § < &g
and c replaced by Dc,. Since the functions Dby and b are also log-equivalent,
one can apply Proposition 3.13 with by = b and bs = Dby, to get inclusion
AZ(t,c) C Ag(t,Dch). As a result, (2.21) holds, with c(z) = b(|z|), 2 € R%
Note that we had not any restrictions on € here.

Since b+ € Dy, we can apply then Theorem 2.20 with by = by = b* and the
given b € Syeq . Indeed, (B1) implies (2.22), and, for the ¢, € R constructed by
bT, (2.25) is just (2.23). Therefore, (2.24) holds. O

Proof of Proposition 2.22. The proof of (2.21) is essentially the same as that
for Proposition 2.21, with only the difference that we will apply now Proposi-
tion 3.17 for ¢ = v, > 0 and f = a € L'(R?). Next, since b° € Dy and (B4)
holds, we can apply Theorem 2.20 with b; = by = 0°. O

Proof of Proposition 2.23. Let €9 € (0,1) be chosen later. Take an arbitrary
e € (0,e0). By (B1) and (2.28), we have

(@ u0)@) 2 ¢ [ billyDiza (@ =) dy

=¢ bi(lyl) dy = &(x), = eR™
A(x)

Since b, is long-tailed and tail-log-convex, one gets that ¢ € . Therefore, one
can apply Theorem 2.19 to get (2.21) with c replaced by ¢ and ¢ replaced by §.
Since the functions b and (b are log-equivalent, one can apply Proposition 3.13
with ¢cM(2) = ¢(z) :== fA(x) b(|y|)dy and ¢ (z) = &(x), x € R and then (3.16)
leads to (2.21) for this c.

To get (2.24) we will need just to repeat all corresponding arguments from
the proof of Proposition 2.21 with only the difference that Theorem 2.20 will be
applied now for functions from 7. O]

Remark 4.25. Using [26, Proposition 5.5 (Q2)] and modifying accordingly the
d

proof of Theorem 2.19, one can replace R? in (2.28) by X (=00,7], for an
j=1

arbitrary fixed 7 € R.

Remark 4.26. If, additionally, ug(z) = fA(x)p(y)dy, z € R? for some p €

L'(R?), then, evidently,

sup ZM <00 =— sup Uo(z)

— < Q.
serd a(T) xeRd/ a(y)dy
A(z)
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Proof of Proposition 2.24. First, we apply Proposition 3.17 with f = a and ¢
replaced by v, € A. Then, similarly to the proof of Proposition 2.23, we may
apply Theorem 2.19 to get (2.21) with c replaced by v, and ¢ replaced by £,
and, by using the log-equivalence between b and b, and Proposition 3.13, we
will get (2.21) for the required c.

To get (2.24), one can use the same arguments as in the proof of Proposi-
tion 2.22. O
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