Kesten’s bound for sub-exponential densities on
the real line and its multi-dimensional analogues

Dmitri Finkelshtein® Pasha Tkachov?

April 21, 2017

Abstract

We study sub-exponential probability densities on the real line, which
have the property f*"(s) ~ nf(s), s = oo, and prove Kesten’s bound for
them, that is f*"(s) < ¢s(149)" f(s) for small 6 and large s. We introduce
a class of regular sub-exponential functions and use it to find an analogue
of Kesten’s bound for functions on R?. The results are applied for the
study of the fundamental solution to a nonlocal heat-equation.
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1 Introduction

Let F be a probability distribution on R. Denote by F(s) := F((s, oo)), seR
its tail function. For probability distributions Fj, F> on R, their convolution
F1 * F5 has the tail function

R - [

RFl(S 77’)F2(d7') = / FQ(S 7T)F1(d’l’),

R

where F1, Fy are the corresponding tail functions of Fi, Fy. o
If a probability distribution F is concentrated on Ry := [0, 00) and F(s) > 0,
s € R, then, see e.g. [7],

liminf ——* > 2. (1.1)

If, additionally, F' is heavy-tailed, i.e. fR eMF(ds) = oo for all A > 0, then
the equality holds in (1.1), see [12]. An important sub-class of heavy-tailed
distributions concentrated on R constitute sub-exponential ones, for which

lim F;égs) -2 (1.2)
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Any sub-exponential distribution on Ry is (right-side) long-tailed on R, see
e.g. [7], i.e. (cf. Definition 2.1 below)

F t
lim M =1, foreacht>0. (1.3)
If distributions Fj, F5 on R have probability densities f; > 0, fo > 0, with
Jg fi(s)ds = [, f2(s)ds = 1, then Fy « F has the density

(1 % f2) () 2=/Rf1(8—t)f2(t)dt, seR.

The density f of a sub-exponential distribution F' concentrated on Ry (i.e. f(s) =
0 for s < 0) is said to be sub-exponential on Ry if f is long-tailed, i.e. (1.3)
holds with F' replaced by f (see also Definition 2.1 below), and, cf. (1.2),

. (s
lim ~———= = 2. 1.4
s—ooo  f(s) (1.4)
It can be shown (see e.g. [2, 13, 14]) that, in this case, for any n € N,
. f(s)
lim =n, 1.5
5—00 f(s) ( )

where f*" := fx...x f (n — 1 times). Note that, in general, the density of
a sub-exponential distribution concentrated on R, even being long-tailed does
not need to be a sub-exponential one; the corresponding characterisation can
be found in [2, 13], see (2.13) below. The property (1.5) implies, in particular,
that, for each 6 > 0, n € N, there exists s, > 0, such that f*"(s) < (n+39)f(s)
for s > s,. In many situations, it is important to have similar inequalities
‘uniformly’ in n, i.e. on a set independent of n. A possible solution is given by
the so-called Kesten’s bound, see [14, 2|: for a bounded sub-exponential density
f on R, and for any § > 0, there exist so = s¢(d) and ¢s > 0, such that

F7(s) <es(1+90)"f(s), s>sp, neN. (1.6)

For the corresponding results for distributions, see [7, 8, 3, 13]. Kesten’s bounds
were used to study series of convolutions of distributions on Ry, Y 07 | A\, F*",
and of the corresponding densities, ZZO:1 A f*7, appeared in different contexts:
starting from the renewal theory (that was the motivation for the original paper
[7]) to branching age dependent processes, random walks, queue theory, risk
theory and ruin probabilities, compound Poisson processes, and the study of
infinitely divisible laws, see e.g. [10, 2, 13, 21, 14, 4] and the references therein.

If F is a probability distribution on the whole R such that F'T, given by
F*T(B) := F(BNR,) for all Borel B C R, is sub-exponential on R, then (see
e.g. [13, Lemma 3.4]) F is long-tailed on R and (1.2) holds. The distributions on
R and their densities were considered by several authors, see [20, 19, 17, 21] and
others. The reference [21], in particular, gives a review of difficulties appeared
in the case of the whole R and closes several gaps in the preceding results.
However, even some basic properties of sub-exponential densities on the whole
R remained open. Namely, in [13, Lemma 4.13], it was shown that if an integrable
on R function f



(i) is right-side long-tail and, being restricted on Ry and normalized in L!(R, ),
satisfies (1.4) (we will say then that f is weekly sub-exponential on R,
cf. Definition 2.8 below), and if

(ii) the condition
fls+7)<Kf(s), s>p, 7>0 (1.7)

holds, for some K, p > 0 (in particular, if f decays to 0 at oo, cf. Defini-
tion 2.15),

then (1.4) holds for the original f on R as well. We generalize this to an analogue
of (1.5) for a general n € N. In particular, we prove in Theorem 2.19 below that

Theorem 1.1. If an integrable on R function f is weakly sub-exponential on R
and (1.7) holds, then f, being normalized in L*(R), satisfies (1.5) for allm € N.

Moreover, in Theorem 2.22; we prove that then (1.6) holds as well. Namely,
in a slightly simplified form (cf. Remark 2.23), one has the following result.

Theorem 1.2. Let f be a weakly sub-exponential probability density on R, such
that (1.7) holds and, for some B,v,p > 0,

B
< -

s < —p.
Then, for each 6 > 0, there exist s = s0(0) > 0 and c¢s > 0, such that (1.6)
holds.

Note that the all ‘classical’ examples of sub-exponential functions satisfy
assumptions of Theorems 1.1 and 1.2, see Subsection 3.2.

The multi-dimensional version of the constructions above is much more
non-trivial. Currently, there exist at least three different definitions of sub-
exponential distributions on R? for d > 1, see [9, 16, 18]. The variety is mainly
related to different possibilities to describe the zones in R¢ where an analogue
of the equivalence (1.2) takes place. However, any results about sub-exponential
densities in R?, d > 1, seem to be absent at all. In some sense, the properties of
the distribution tails and the integrated tails of the corresponding densities are
not related in the multi-dimensional case, since, for a probability density a on

R,
1—/_2.../_w;a(y)dy7é/:o.../g:oa(y)dy,

unless d = 1. Note also that if, e.g. a is radially symmetric, i.e. a(z) = b(|z]),
x € R? (here |z| denotes the Euclidean norm on R?) and b, being normalized,
is a sub-exponential density on R, then

(@ra)@)i= [ oo =p)aty)dy = c(lal). @ €R,

for some c: Ry — Ry, i.e. axa is also radially symmetric, however, asymptotic
behaviors of b and ¢ at oo are hardly to be compared. Leaving this problem as
on open, we concentrate in the present paper on an analogue of Kesten’s bound
(1.6) in the multi-dimensional case. To do this, we introduce a special class



Sreg,a of regular sub-exponential functions on R (see Definitions 3.1 and 4.11).
Functions from this class are either inverse polynomials (i.e. (4.5) holds), or
decay at oo faster than any polynomial (i.e. (4.15) holds), but slower than any
exponential function, with the fastest allowed asymptotic exp(—m) with
a > 1, cf. Remark 3.15. Then, in Corollary 4.14, we show the following result.

Theorem 1.3. Let a = a(z) be a probability density on R?, such that a(z) =

b(|z]), z € RY, for some b € Syeg.qa. Then, for each § > 0 and for each a < 1
close enough to 1,

a™(x) < csa(l+96)"a(x)®, |z > S, n€N (1.8)
for some ¢s5 o, Sa = $a(0) > 0.

The results of Corollary 4.14 is based on more general Theorem 4.13, which
says that if, for some b € Syeg,4,

a(z) < b (|z|), = eRY logbt(s) ~ logh(s), s — oo,

then (1.8) holds with a(z) replaced by b(|z|) in the right hand side.

The paper is organized as follows. In Section 2, we consider properties of
general sub-exponential functions on the real line and prove the results which
imply Theorems 1.1 and 1.2. In Section 3, we define and study properties of
regular sub-exponential functions on the real line and consider the corresponding
examples. In Section 4, we prove Theorem 1.3 and its generalizations. Finally,
in Appendix, we apply the obtained results to the study of a non-local heat
equation.

2 Sub-exponential functions and Kesten’s bound
on the real line

Definition 2.1. A function b: R — Ry is said to be (right-side) long-tailed if
there exists p = pp > 0, such that b(s) > 0 for all s > p; and, for any 7 > 0,

i 26+ T)

Jm =SS (2.1)

Remark 2.2. By [13, formula (2.18)], the convergence in (2.1) is equivalent to
the locally uniform in 7 convergence, namely, (2.1) can be replaced by the as-
sumption that, for all A > 0,

b(s+7)
b(s)

A long-tailed function has to have a ‘heavier’ tail than any exponential func-
tion; namely, the following statement holds.

lim sup
ST r|<h

- 1’ = 0. (2.2)

Lemma 2.3 [13, Lemma 2.17]). Letb: R — R, be a long-tailed function. Then,
for any k >0,

: ks _
Slgroloe b(s) = oo.



The constant h in (2.2) may be arbitrary big. It is quite natural to ask what
will be if h increases to oo consistently with s.

Lemma 2.4 (cf. [13, Lemma 2.19, Proposition 2.20]). Letb: R — Ry be a long-

tailed function. Then there exists a function h : (0,00) — (0,00), with h(s) < g
and lim h(s) = oo, such that, cf. (2.2),

b(s+ 1)
b(s)

Following [13], we will say then that b is h-insensitive. Of course, for a given
long-tailed function b, the function A that fulfills (2.3) is not unique, see also
[13, Proposition 2.20].

The convergence in (2.1) will not be, in general, monotone in s. To get this
monotonicity, we consider the following class of functions.

lim sup
8770 || <h(s)

- 1' =0. (2.3)

Definition 2.5. A function b : R — Ry is said to be (right-side) tail-log-convex,
if there exists p = py > 0 such that b(s) > 0, s > p, and the function logbd is
convex on [p, 00).

Remark 2.6. It is well-known that any function which is convex on an open
interval is continuous there. Therefore, a tail-log-convex function b = exp(logb)
is continuous on (pp, 00) as well.

Lemma 2.7. Let b : R — R be tail-log-convex, with p = py. Then, for any
b(s+ 1)
b(s)
Proof. Take any s; > sg > p. Set B(s) := logb(s) < 0, s € [p,00). Then the

desired inequality

7 > 0, the function

is non-decreasing in s € [p,00).

b(s1 +7)
b(s1)

b(sa +7)
b(s2)

>
is equivalent to

B(81 +’7’) +B(82) Z B(SQ +T) +B(81)

-
Since B is convex, we have, for A\ = —— € (0, 1),
§1— 82+ T

B(Sl) = B()\S2 + (1 — )\)(81 + T)) < )\B(Sg) =+ (1 — )\)B(Sl + T),
B(ss+71) = B((l —N)s2+ A(s1 + 7')) < (1—=X)B(s2) + AB(s1 + 7),
that implies the needed inequality. O

Because of the terminology mentioned in the introduction, we will use the
following definition.

Definition 2.8. We will say that a function b : R — R is weakly (right-side)
sub-exponential on R if b is long-tailed, b € L'(R,), and the function

by(s):=1g, (s)( b(T)dT) ) b(s), s€ER, (2.4)

Ry



satisfies the following asymptotic relation

(b #5:)(5) = [ bils = mba(r)dr

R

= /OS bi(s—7)by(r)dr ~2bi(s), s— 0. (2.5)

The next statement shows that a long-tailed tail-log-convex function is weakly
sub-exponential on R provided that it decays at oo fast enough.

Lemma 2.9 (cf. [13, Theorem 4.15]). Let b: R — R be a long-tailed tail-log-

convex function such that b € L*(R,). Suppose that, for a function h : (0,00) —

(0,00), with h(s) < ; and 1i>m h(s) = oo, the asymptotic (2.3) holds, and that
S (oo}

lim sb(h(s)) = 0. (2.6)

S5— 00
Then b is weakly sub-exponential on R.

Remark 2.10. Let b : R — R be a weakly sub-exponential function on R. Then,
by (2.4), (2.5), we have

/Os b(s — T)b(r) dr ~ 2< /R + b(T)dT)b(s), 5 oo, @7

Definition 2.11. We will say that a function b : R — R is strongly (right-side)
sub-exponential on R if b is long-tailed, b € L(R), and the following asymptotic
relation holds, cf. (2.5), (2.7),

(bxb)(s) = /IR b(s — 7)b(r) dr ~ 2( /R b(T)dT) b(s), s— 0. (2.8)

Remark 2.12. By [13, Lemma 4.12], a strongly sub-exponential function on
R is weakly sub-exponential there. The following lemma presents a sufficient
condition to get the converse.

Lemma 2.13 (cf. [13, Lemma 4.13]). Let b € L'(R — R,) be a weakly sub-
exponential function on R. Suppose that there exists p = p, > 0 and K = K > 0
such that

b(s+71) < Kb(s), s>p, 7>0. (2.9)

Then (2.8) holds, i.e. b is strongly sub-exponential on R.

Remark 2.14. For b € L'(R — R.), condition (2.9) yields that sup,, b(t) — 0,
s — oo. In particular b(s) — 0, as s — 0.

An evident sufficient condition which ensures (2.9) is that b is decreasing on
[p,>0). Consider the corresponding definition.

Definition 2.15. A function b : R — R is said to be (right-side) tail-decreasing
if there exists a number p = p, > 0 such that b = b(s) is strictly decreasing on
[p,00) to 0. In particular, b(s) > 0, s > p.



Proposition 2.16. Let b : R — Ry be a tail-decreasing function. Let h :
(0,00) = (0,00), with h(s) < g and lim h(s) = oo. Then (2.3) holds, if and
S§— 00

only if

lim b(s £ h(s))

Jm S =1 (2.10)

Proof. Let p = pp > 0 be as in the Definition 2.15. Then, for the given h and
for any s > 2p, one has that s — h(s) > g > p. Hence, for a fixed s > 2p,

the function b(s + 7) is decreasing in 7 € [—h(s), h(s)]. Therefore, considering
separately positive and negative 7, one gets that, for all s > 2p,

bs+7) 1‘ _ max{l Cb(s+ h(s))7 b(s —h(s)) 1}7
REICILC) b(s) b(s)
that yields the statement. O

Proposition 2.17. Let b : R — Ry be a weakly sub-exponential function on
R, such that (2.9) holds. Let by,by € L*(R — Ry) and there exist constants
c1,co > 0, such that

_obils)
Sh_g)lo o) ¢, j=1,2. (2.11)
Then
. (b1 % b2)(s) . Ndr+c dr
Slggoib(s) = 1/Rb2( )dr + Q/Rbl( )dr. (212)

Proof. We will follow ideas of the proofs for [13, Lemma 4.13, Lemma 4.9]. Let
by be given by (2.4). Since evidently, cf. (2.1), by is also a long-tailed function,
and (2.5) holds, we have, by [13, Theorem 4.7], that, for any h : (0,00) — (0, 00),

with h(s) < g and lim h(s) = oo, the following asymptotic holds
S§—00

s—h(s)
/h( ) by (s — )by (1) dr = 0(by(s)), s— 0. (2.13)

In particular, one can choose and fix an increasing function h, such that the
properties above hold. Note that h(s) < 7 < s— h(s) implies 7 > 0 and s — 7 >
h(s) > 0, hence b may be replaced by b in (2.13).

Next, for any by, by € L'(R — R, ), one can easily get that

—h(s)
(b1 % b2)(s) = / (b1 (s = 7)ba(T) + b1(7)ba(s — T)) dr

—0o0

h(s)
+ / (bl(s — 7)ba(T) + b1 (7)b2(s — T)) dr
—h(s)

s—h(s)
+ / b1(s — 7)ba(7) dr.
h(s)



Take an arbitrary 6 € (0,1). By (2.11), (2.3), and (2.13) (the latter, with b
replaced by b), there exist K > 0 and p > 0, such that (2.9) holds and, for all
s > h(p),

bi(s) — b(s)] < 8b(s), (214)
sup |b(s + 1) — b(s)| < db(s), (2.15)
[7|<h(s)
s—h(s)
/ b(s — 1)b(7) dT < 0b(s), (2.16)
h(s)
—h(s) o
/ b;(T)dr —|—/ bj(r)dr <4, j=1,2. (2.17)
-0 h(s)

For any s > p > h(p), we trivially have that 7 < —h(s) < 0 implies,
s —7 > s> h(p). Then, by (2.14),

bij(s—7) < (¢;j+0)b(s—71), T<-—=h(s), j=1,2;
and, therefore, by (2.9) and (2.17), for s > p > h(p),
—h(s)
/ (b1(s — T)ba(7) + by (7)ba(s — 7)) dr
—h(s)
< / (K(c1 4 8)b(s)ba(T) + K(co + 6)bi(7)b(s)) dr
< 0K (1 + ea + 25)b(s).
Next, —h(s) < 7 < h(s) implies s — 7 > s — h(s) > h(s) > h(p) for s > p (recall
that h is increasing). Then, by (2.14), (2.15),

‘/h(S) b1(s — 7)ba(T) dr — c1b(s) /h(S) bo(7) dT

—h(s) —h(s)

h(s)
S/ |b1(8—7')—Clb(S—T)‘bQ(T)dT
—h(s)

h(s)
+01/ |b(s — ) — b(s)|b2(T) dT < 6B2(1 + c1)b(s).
—h(s)

Next, h(s) < 7 < s— h(s) implies min{s — 7,7} > h(s) > h(p) for s > p > h(p);
and hence we have, by (2.14), (2.16),

s—h(s)

s—h(s)
/ bi(s — T)ba(7) dT < (c1 4+ 6)(ca + 9) / b(s — 7)b(7) dr
h(s) h(s)

< d(e1 +9)(ca + 0)b(s).
Set Bj := [, b;(s)ds. The evident identity
h(s) —h(s) 0o
B; = / b (1) dr Jr/ b(T)dr +/ bi(r)dr, j=1,2,
—h(s) —00 h(s)
implies, for s > p,

(b1 *b2)(s) — (c1 B2 + c2B1)b(s)| < 6Mb(s),



where
M:=By(1+c1)+Bi(1+c2)+er+ca+ K(er +ca+26) + (e1 + 9)(c2 + 9).
This yields the desired convergence (2.12). O

Corollary 2.18. The property of an integrable on R function to be weekly sub-
exponential on R depends on its behaviour at +o0o only. Namely, for a weakly
sub-exponential on R function b € LY(R — Ry) and for any ¢ € L'(R — Ry)
and so € R, the function b(s) = 1 oo,50)(8)c(8) + sy 00) (8)b(5) is weakly sub-
exponential on R, cf. also Theorem 3.5 below.

Now one gets a generalization of Lemma 2.13.

Theorem 2.19. Let b € L'(R — R,) be a weakly sub-exponential on R func-
tion, such that (2.9) holds (for example, let b be tail-decreasing). Then

)
lim = n(/R b(T) dT) , n>2, (2.18)

$—00 b(s)

where b*™(s) = (b*...*xb)(s), s € R.

n
Proof. Take in Proposition 2.17, by = by = b, i.e. ¢ = ¢ = 1. Then, for B :=
J b(7) dr, one gets b*?(s) ~ 2Bb(s), s — oc. Proving by induction, assume that
b* =1 (s) ~ (n — 1)B"2b(s), s — 00, n > 3. Take in Proposition 2.17, b; = b,
by = ¥V ¢; =1, ¢o = (n — 1)B"2, then, since [, b*"~V(r)dr = B""1,
one gets

b*n
lim ) _ gt + B(n—-1)B""% = pBn=1), O
S—>00 b(s)

Consider now some general statements on the Euclidean space R?, d € N. Fix
the Borel o-algebra B(R?) there. All functions on R? in the sequel are supposed
to be B(R?)-measurable. Let 0 < a € L'(RY) be a fixed probability density on
R?, i.e.

/ a(z)dx = 1. (2.19)
Rd

Let f: R — R; we will say that the convolution

(@ )= [ ale=p)f)dy, =R
R

is well-defined if the function y — a(x—y)f(y) belongs to L!(R?) for a.a. v € R%.

In particular, this holds if f € L>(R%). Next, for a function ¢ : R? — (0, +-00),

we define, for any f: R — R,

o M@
Hf||¢ T mel‘é}d ¢(Z’) € [0’ }

Proposition 2.20. Let a function ¢ : R? — (0,400) be such that a x ¢ is
well-defined, ||la|ly < oo, and, for some v € (0,00),
(ax¢)(x) d
LEPRY < 4y, zeRY 2.20
o) (220
Then
a*™(z) <" Halge(x), @R



Proof. For any f:R% — R, with ||f|s < oo, we have, for z € R?,

(a’ * f>($> < / a(y)(b(x — y) |f(3j — y)|dy < ax* ($> ||f||¢ < ’Y||f||¢
ox) |7 Jre  Olx)  dlz—y) 7T ¢(z) -
In particular, since ||all¢ < 0o, one gets
laxally <~llallg < oo.
Proceeding inductively, one gets
la* s < llaxa" Ml <" lallg < oo,
that yields the statement. O

Proposition 2.21. Let a function w : R — (0,+00) be such that, for any
A >0, the set

Q) =N (w) :={z e R : w(z) <A} #0. (2.21)

Suppose further

7 := limsup sup (axw)(@) € (0,00). (2.22)

As0+ zey  W(x)

Then, for any ¢ € (0,1), there exists A = A(J, w) € (0,1), such that (2.20) holds,
with

¢(z) == wy(z) = min{\, w(z)}, =€ RY, (2.23)
and 7 := max{1, (1 + )n}.

Proof. By (2.23), for an arbitrary A > 0, we have wy(z) < A\, # € R% then
(a* wy)(z) <A, z € RY as well. In particular, cf. (2.23),

(a % wy)(z) < wy(z), zcRI\Q,. (2.24)
Next, by (2.22), for any § > 0 there exists A = A\(J) € (0, 1) such that

(a* w)(x)
resy (@)

-n < 5777
in particular,
(axw)(x) < (14 0)nw(z) = (1+d)nwar(x), x € Q.
Therefore, for all x € 2,
(axwy)(z) =(a*xw)(z)— (ax(w—wy))(z) < (1+Hnws(x), (2.25)

where we used the obvious inequality: w > wy. By (2.24) and (2.25), one gets
the statement. O

We are ready to prove now Kesten’s bound on R.
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Theorem 2.22. Let b € L*(R — Ry) be a bounded weakly sub-ezponential on
R function with [, b(s)ds =1, such that (2.9) holds. Suppose that there exists a
bounded weakly sub-exponential function ¢ € L*(R — Ry), such that (2.9) holds
with b replaced by ¢, and, for some D >0 and s’ > 0,

b(—s) < Dc(s), s> (2.26)
Then, for any § € (0,1), there exist Cs > 0 and so = so(d) > 0, such that
b (s) < Cs5(1+96)"b(s), s> sg,meN. (2.27)

Remark 2.23. Because of the examples in Section 3 below, to get (2.26), it is
enough to assume that, for some B, v > 0,

s < —s'.

b(s)

<
= T4 st

Proof. We fix 6 € (0,1). By Lemma 2.3, for any ;1 € (0,1), such that (1+¢1) <
(1+ 5)%, and for fixed C, k > 0, there exists s; > s’, such that

min{b(s), c(s)} > Ce™ ", 5> 51,

/OQ (b(s) +c(s))ds < 62—1, (2.28)

and the inequality in (2.26) holds for s > s;. We fix Ay < £-. Then we have

/Sl (max{)\l,b(s)} — b(s))ds <2510\ < %1 (2.29)

—s1

We define
b(8) = W (_oo,—s)(8)c(—5) + M _g, 5,1(5) max{A1, b(s)} 4 1 (s, 00)(5)D(5).

In the sequel, let ||-||; denote the norm in L' (R). By (2.28), (2.29), [[b—b||1 < 1.
Therefore,

Bl < 1+ 1. (2.30)

By Corollary 2.18, both functions s — b(s) and s — b(—s) are weakly sub-
exponential on R. Hence by Theorem 2.19, for any k,m € N,
b (s) ml[b]| 7"~ b(s)

m ~
lim = = ]jm L b m—k.
s—+oo b*k(s) s—+oo k”b”/lc—lb(s) k ” Hl

In particular, for any €2 € (0,1), such that (1 +e3) < (1 + 8)%, there exist
mo € N and sy > s, such that, for w := b*™0,

b * w(s) -
< > .
w(s) = [1B/11 (1 + &2), ls| > s, (2.31)
Flimo— w(s o
ol (1 — e2) < aé)) <Smo(L+e)B,  [s|2s. (232)
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For any r > 0, es[s inf] I;(s) > 0. It is straightforward to check then by
se|—nr,r
induction, that

— aaal 7%mo
Si%g%frw(s) = _e&sglsr%frb (s) >0, r > 0. (2.33)

On the other hand, by Remark 2.14 and (2.32), we have

Sllrinoo w(s) = sl}gloo b(s) = 0. (2.34)
Hence there exists Az € (0, A1], such that for any A € (0, A2), the set Q2 defined
by (2.21) will be a non-empty subset of (—oo, —sy) U (sx,0), where sy — oo,
as A \( 0. Therefore, by (2.31), the condition (2.22) holds with

a(s) = ?gi) , seRY n=1+e)(1+e2).

Then, by Proposition 2.21, for any e € (0,1) such that (1 +¢e3) < (1 + 5)%,
there exists A3 € (0, min{\z,1}), such that (2.20) holds with

#(s) = min{Az, w(s)}, vy=(14¢e1)(1+4e2)(1+e3), (2.35)

and a given above. By (2.32), (2.33) and since b is bounded, we have ||b]|4 < oc.
Hence, by Proposition 2.20,

b*"(s) < A" 0] [B]| g min{ Az, w(s)}, seR, neN.
By (2.34), (2.32), there exists sg > s2 > s1, such that
min{ s, w(s)} < C1b(s) = C1b(s), s> s0

for some C1 = Cyi(myp,d) > 0. By (2.35) and (2.30), Ablly < 1+4. Since, by
(2.26) and the construction of b, b(s) < b(s), s € R, one gets that b*™(s) < b*"(s)

for s € R, n € N. As a result, (2.27) holds with C5 = £ O

3 Regular sub-exponential densities on R

We are going to obtain an analogue of Kesten’s bound on R? with d > 1, at
least for radially symmetric functions. Our technique will require to deal with
functions b(|z|)®, * € RY, where b is a sub-exponential function on R, and
a < 1 is close enough to 1; in particular, we have to be sure that b is also
sub-exponential on R;. Moreover, to weaken the condition of radial symme-
try, we will allow double-side estimates by functions of the form p(|x|)b(|z|)
for appropriate p on R (say, polynomial). Again, we will need have to check
whether the functions pb is also sub-exponential on R;. To check such a sta-
bility of the class of sub-exponential on R functions with respect to power
and multiplicative perturbations, we have to reduce the class to appropriately
regular sub-exponential functions. Then the mentioned stability takes place, see
Theorem 3.5 and Proposition 3.11. The examples of regular sub-exponential
functions are given in Subsection 3.2. The analogues of Kesten’s bound on R?
are considered in Section 4.
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3.1 Main properties
Definition 3.1. Let S,e; be the set of all functions b : R — R such that
1) b€ LY(R,) and b is bounded on R;

2) there exists p = pp > 1, such that b is log-convex and strictly decreasing
to 0 on [p, 00) (i.e. b is simultaneously tail-decreasing and tail-log-convex),
and (without loss of generality) b(p) < 1;

3) there exist 6 = 0, € (0,1) and an increasing function h = hy, : (0,00) —
(0, 00), with h(s) < ; and llm h(s) = oo, such that the asymptotic (2.10)
S o0
holds, and, cf. (2.6),

lim b(h(s))s' ™ = 0. (3.1)

55— 00

For any n € N, we denote by Sieq,n the subclass of functions b from S,e, such
that

/ " b(s)ds + / " bs)s" 1 ds < oo (3.2)

Remark 3.2. Tt is worth noting again that, for a tail-decreasing function, (2.10)
implies that b is long-tailed.

Remark 3.3. By Lemma 2.9, any function b € S, is weakly sub-exponential on
R. Moreover, by Lemma 2.13, any function b € S;eg,1 is strongly sub-exponential
on R.

Remark 3.4. Let b € Syeq, and so > 0 be such that h(2sg) > p. Then the
monotonicity of b and h implies b(s) < b(h(2s)), s > sp; and hence, because of
(3.1), for B := 27179 there exists s; > sp, such that

B
gl+d’

b(s) < § > 81. (3.3)

Below we will show that Syeq and Syeg n, 7 € N are closed under some simple
transformations of functions. For an arbitrary function b € Syeg, we consider the
following transformed functions:

1) for fixed p >0, ¢ > 0, r € R, we set

b(s) :=pblgs+71), seR; (3.4)

2) for a fixed so > 0 and a fixed bounded function ¢: R — R, we set

v

b(8) = W (_oo,50)(8)c(8) + N[5y, 00) (5)B(5), s ER; (3.5)
3) for any a € (0, 1], we denote
ba(s) := (b(s))a, seR.
Theorem 3.5. 1) Let b € Syeg. Then the functions b and b defined in (3.4)
and (3.5), correspondingly, also belong to Sieg for all admissible values of
their parameters. If, additionally, there exists o € (0,1) such that by €

LY(Ry), then there exists ap € (o/,1), such that by € Sieg for all o €
[Oé(), 1]
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2) Let b € Siegn for some n € N. Then b e Sregn- If, additionally, the
function ¢ in (3.5) is integrable on (—00,80), then b € Sweg.n. Finally, if
there exists o' € (0,1) such that (3.2) holds for b = by, then there exists
ap € (¢/,1), such that by € Spegn for all a € o, 1]. Moreover, in the
latter case, there exist By > 0 and pg > 0, such that, for all a € (ayp, 1],

/R(b(s — 7)) (b(r))" dr < Bo(b(s))", s> po, (3.6)

Proof. Tt is very straightforward to check that if b is long-tailed, tail-decreasing
and tail-log-convex, then b,b,b, also have these properties for all admissible

values of their parameters. Let h : (0,00) — (0,00) be such that h(s) < g,
lim A(s) = oo, and (2.10) hold. Let also (3.1) hold for some ¢ > 0.

55— 00

(i) Evidently, both (2.10) and (3.1) hold, with b replaced by b. Next, b €
L'(Ry) and b is bounded. Hence b € Sreg- If b € Speq,n and c is integrable on
(=00, 50), then (3.2) holds for b replaced by b. Cf. also Corollary 2.18.

(ii) Set, for the given ¢ > 0, r € R,

T
7]1]R+(T)7 s € [81,00),

h(s) := éh(qs +r)— %

where s; > 0 is such that gs; +r > 0 and h(gs + 1) > for all s > s7.

T

Py

Clearly, h is increasing on [sy,00), lim h(s) = oo, and h(s) < (qs +7r)—
§—00

2 lr, (r) < 5 for all s € [s~1,oo). The intervalN(O s1) is not so 1mportant one

can choose any increasing h there, such that h(s) < rmn{2, s1)}, s € (0,51).

By Proposition 2.16, (2.10) is equivalent to (2.3). Then, by (3.4), we have

sup
I7|<h(s)

b(s)

sup blgs +r+qr) 1’
dri<hlastr)-51s, (] D(gs+T)

b(gs +r + q7)
Cblgs+r)

< sup
q|T|<h(gs+r)

—1‘—>0,

as 8 — o0o. Therefore, again by Proposition 2.16, (2.10) holds for b replaced by
b. Next, set v(r) := &, 7 >0, and v(r) := r, <0, then

E(TL(S))81+6 = pb(h(gs +r) + 1/(7“))31+5

B b(h(qs +7r)+ V(T)) s 146
=p bW +1)) b(h(gs +7))(gs +r)'+° (m) -0,

as s — 0o, because of (2.1), (3.1). Therefore, be Sreg- Finally, b € Syeq r for
some n € N, trivially implies be Sregn-

(iii) Evidently, the convergence (2.10) implies the same one with b replaced
by b, with the same h and for any « € (0, 1). Next, let o’ € (0,1) be such that
bor € LY(R4). By the well-known log-convexity of Lp norms (for p > 0), for any

(OAS (O/al) a’ndfor/B:: 01?177_0&,/) € (071) Wehave = = 1 ’8 —|—IB and
6llze ey < BB15 g, 1Bl e,y < 00 (3.7)
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ie. by, € L'(Ry) for all @ € («/,1). Take and fix now, an arbitrary ay €
1
(max{o/, m}, 1). Then, for any « € [ag, 1], we have that ' := a(1+6)—1 €
(0, 4], and hence, by (3.1),
lim by (h(s)) s+ = Tim (b(h(s))s™**) " =0,

s—00 5§—00
Therefore, by € Sreg, @ € [ap, 1].

Let, additionally, (3.2) hold for both b and b, (i.e., in particular, b € Syeg.n)
and for some n € N. Then one can use again the log-convexity of LP-norms, now
for Lp((,o7 00), " ds) spaces, to deduce that by € Syegn, @ € [0, 1].

Finally, b,ba, € Sieg,n, 7 € N, implies b,ba, € Sreg,1, and hence, cf. Re-
mark 3.3, b and b, are strongly sub-exponential on R, i.e. (2.8) holds for both b
and by, . Therefore, for an arbitrary € € (0, 1), there exists po = po(e,b,ba,) > p
(where p is from Definition 3.1) and

Bo = 2(1 4 ¢) max{/Rb(s) ds,/RbaO(s) ds} >0,

such that, for all s > pg,

/ b(s — 7)b(7) dT < Bob(s),
B (3.8)
/R bag (8 — T)bay (T) dT < Boba, ().

Then, applying again the norm log-convexity arguments, cf. (3.7), one gets, for
any fixed s > py and for all « € (ag, 1)

/R(b(sff)b(T))adT < (/HQ(b(ST)b(T))“"dT);‘)(lﬁ)a </Rb(37)b(7)d7>ﬂa,

where § = —4=%0 € (0, 1). Combining the latter inequality with (3.8), one gets

a(l—agp)

/R (b(s — 7)b(r)) “dr < (Bo(b(s))®) 70 "~ (Bob(s))** = Bo (b(s))"

The theorem is fully proved now. O

It is naturally to expect that asymptotically small changes in the behavior at
infinity preserves the sub-exponential property of a function. Namely, consider
the following definition.

Definition 3.6. Two functions b1,bs : R — R, are said to be weakly tail-
equivalent if
b1(s) b1(s)

0 < liminf < limsu
§—00 bQ(S) o s~>oop b2(3)

< o0,
or, in other words, if there exist p > 0 and Cy > C; > 0, such that,

C1b1(s) < by(s) < Coby(s), s> p. (3.9
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Proposition 3.7. Let by : R — Ry be a weakly sub-exponential on R function.
Let by : R — Ry be a long-tailed function which is weakly tail-equivalent to by.
Then b is weakly sub-exponential on R as well. If, additionally, (2.9) holds for
b = by, then bs is strongly sub-exponential on R.

Proof. Let b; be weakly sub-exponential on R, cf. Definition 2.8, and the func-
tions by 4 and by 4 be defined according to (2.4). Then, evidently, by 4 and by 4
will be also weakly tail-equivalent, and, moreover, bs  will be long-tailed. Then,
by [13, Theorem 4.8], b2 + is a also sub-exponential density on R4, i.e. (2.5) holds
for by = by 4. As a result, by Definition 2.8, by is weakly sub-exponential on R.
Next, let (2.9) holds for b = by. Then, by (3.9), we have, for all s > p,

ba(s+7) < Cobi(s+7) < CoKby(s) < %sz(s),
1

i.e. (2.9) holds for b = by as well. As a result, by Lemma 2.13, both b; and by

are strongly sub-exponential on R. O

Proposition 3.8. Let by € Sieg and let by : R — Ry be a bounded tail-
decreasing and tail-log-convex function, such that

. ba(s) -
Jim 25 =C € (0,00) (3.10)

Then by € Sreg-

Proof. First, we note that (3.10), (2.1) yield that by is long-tailed as by is such.
Let 6 € (0,1) and h : (0,00) — (0,00) be an increasing function, such that
h(s) < g lim h(s) = oo, and (2.10) and (3.1) hold for b = by Next, take
an arbitrary € € (O,min{LC}). Choose p > 1 such that by is decreasing and

log-convex on [p,00), and ba(p) < 1. By (3.10) and (2.10) (for b = by), there
exists p; > p, such that, for all s > pq,

0 < (C—=e)bi(s) <ba(s) < (C+e)br(s), (3.11)
bi(s £ h(s))
e < (3.12)

Since by is bounded and b; € L*(R, ), we have from (3.11) that by € L'(R).
Moreover, by (3.11), for any s > 2p1,

C—E(bl(sih(s)) B 1) N C—e (C—e)bi(sEh(s))

C+e bi(s) C+e  (CHebi(s)
ba(s £ h(s))
T ba(s)
(C +e)bi(s £ h(s)) _ C—l—s(bl(sih(s)) 3 > C+e
- (C —¢e)by(s) C—c¢ b1(s) C—¢’
and, therefore, by (3.12),
ba(s £ h(s C+e CHe C—¢ C—c¢
2(132(5)())_1’<max{506+05_1’ EC’+5+1_C’+5}'

Since the latter expression may be arbitrary small, by an appropriate choice of
g, one gets that (2.10) holds for b = be. Finally, (3.1) for b = by, and (3.10)
imply that (3.1) holds for b = by and the same § and h. O
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Remark 3.9. In the assumptions of the previous theorem, if, additionally, by €
Sreg,n for some n € N, and by is integrable on (—oo, —p2) for some py > 0, then
by € Sreg,n (because of (3.11) and the boundedness of by).

On the other hand, if one can check that both functions b; and by satisfy
(2.10) with the same function h(s), then the sufficient condition to verify (3.1)
for b = be, provided that it holds for b = by, is much weaker than (3.10). To
present the corresponding statement, consider the following definition.

Definition 3.10. Let by,b; : R — R, and, for some p > 0, b;(s) > 0 for all
s € [p,0), i = 1,2. The functions b; and by are said to be (asymptotically)
log-equivalent, if

logbi(s) ~logba(s), s— oc. (3.13)

Proposition 3.11. Let by € Siep and let h be the function corresponding to
Definition 3.1 with b = by. Let bs : R — R4 be a bounded tail-decreasing and
tail-log-convex function, such that (2.10) holds with b = ba and the same h.
Suppose that by and by are log-equivalent. Then by € Sieq. If, additionally, there
exists o/ € (0,1), such that (3.2) holds with b = (b1)* and by is integrable on
(—00, p), then by € Siegn-

Proof. Let § € (0,1) be such that (3.1) holds for b replaced by b;. Take an
arbitrary € € (0, %). By (3.13), there exists p. > 0, such that b;(s) < 1,
$>pes, i =1,2, and

—(1—¢)loghi(s) < —logha(s) < —(1+¢)logbi(s), s> pe,
bi(s)'TE < by(s) < bi(s) 75, s> p.. (3.14)

Since h(s) — oo, s — o0, there exists pg > p., such that h(s) > p. for any
s > po. Then, by (3.14), we have, for all s > py,

bQ(h(S))S(1+6)(l—s) < bl(h(s))lfss(lJré)(lfs) :(bl(h(s))81+6)1_67
and therefore, (3.1) holds with b = by and ¢ replaced by
(1+6)(1—e)=1=8-¢e(1+6) € (0,1),

that proves the first statement. To prove the second one, assume, additionally,
that € <1 — «'. Then, by (3.14), we have, for all s > p,,

by(s)s™ 1 < by(s) " < by (s)* ",

as b1(s) < 1 here. O

3.2 Examples

We consider now main examples of functions b € S,es. Because of Proposi-
tion 3.11, we will classify these functions ‘up to log-equivalence’, i.e. by the
asymptotic behavior of

I(s) := —logb(s).

Taking into account the result of Theorem 3.5 concerning the function 5, it
will be enough to define b on some (s, ), so > 0 only. Next, by Lemma 2.9, the
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function b defined by (2.4) is a sub-exponential density on R,. Therefore, one
can use the classical examples of such densities, see e.g. [13]. However, using the
result of Theorem 3.5 concerning the function g, one can consider that examples
in their ‘simplest’ forms (ignoring any shifts of the argument or scales of the
argument or the function itself).

Now we consider different asymptotics of the function i(s) = —log b(s). In all
particular examples below, it is straightforward to check that each particular
bounded functions b is such that ¥'(s) < 0 and (logb(s))” > 0 for all big enough
values of s, i.e. b is tail-decreasing and tail-log-convex.

Class 1: l(s) ~ Dlogs, s o0, D > 1

Polynomial decay Let b: R — R, be a bounded tail-decreasing tail-log-
convex function, such that

b(s)~qs P, s—=00,D>1, ¢>0.

By Proposition 3.8, to show that b € S;eg, it is enough to prove this for

b(s) = ﬂRJS)ﬁ’ seR.

For an arbitrary v € (0,1), consider h(s) = s7, s > 0. Then

b(sﬂ:h(S)):< 1+s )D%L § — 0.

b(s) 1+sEs7
Finally,
b(h(s))sl'“; = ﬂ —0, s— o0,
1+ 57)0
provided that we will choose h above with v € (%, 1) and take § € (0,7vD—1) C

(0,1). As a result, b € S,eq. Clearly, b € Syen for D > n, cf. Remark 3.9.
Consider now several classical examples.

Example 3.12. 1) Student’s t-function. Let, for p > %,

1
T(s) = —— > 0.
0= g
The probability density of Student’s ¢t-distribution is given, for p = ”7“,

vl
v > 0, by \;5713(%)) 9(%), and extended symmetrically on the whole R.

Then J € Siegn, n € N, if only p > 5. The case p = 1 is referred to
the Cauchy distribution, the corresponding function belongs to Syeg,n for
n =1 only.

2) The Lévy function. Let, for ¢ > 0,

Z(s) = s73 exp(fg), s> 0.

S

The probability density of the Lévy distribution is \/gf (s —p), p €R,
s> [1.
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3) The Burr function. Let, for ¢ > 0, k > 0,

Sc—l

%(8) = W, s> 0.
The probability density of the so-called Burr IV distribution is just ck.%(s).
Note that the case ¢ = 1 is related to the Pareto distribution; the latter
has the density kp*%(s — 1)1}y, (8) for any p > 0.

Logarithmic perturbation of the polynomial decay Let D > 1, v € R,

and a )
og s)¥
b(s) = T(1.00)(5) i , seR.

We are going to apply Proposition 3.11 now, with b;(s) = s~ and by(s) =
(log 5)”s~P. Indeed, then (3.13) evidently holds. It remains to check that (2.10)
holds for both b; and bs with the same h(s) = s7, v € (0,1). One has

log(s +s7) logs+log(1+s7")

—1, s— o0,
log s log s

that yields the needed.

Class 2: [(s) ~ D(logs)?, s - 00, ¢ > 1, D >0
Consider the function

N(s) := g, (s)exp(—D(logs)?), seR.

Take h(s) = ll[p’oo)(s)sé, where p > 1 is chosen such that h(s) < 5 for s > p.
Prove that (2.10) holds. We have

_ log(1+ si 1)

Since ¢ > 1, we have that t(s) := T loas — 0, s = oco. Redefine then p
0g s
to have that |t(s)| < 1, if only s > p. Use the binomial series
= [«
1+ = tk, >0, 3.15
=3 () o (3.15)

which converges for |t| < 1. One gets then (for o = q)

Indeed, using the well-known inequality

«a M
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one gets, for any s > p,

’—D(log 5)? i (Z)t(s)k

k=1

= M
< D(log s)[t(s)| > g 0 s
k=1

since the latter series converges, and, for ¢ > 1,
(log s)|t(s)| ~ (log s)q_ls%*1 -0, s— 0.
Finally, for any § € R,
N(si)s't0 = exp(—Dq 9(log s)? + (1 + 6)logs) — 0, s— oo,

since ¢ > 1.

As a result, N € S;ce. Moreover, evidently, N € Syeg n, for any n € N.

We may also consider Proposition 3.11 for by = b and by = pb, where by is
tail-decreasing and tail-log-convex function, such that logp = o(logb) (that is
equivalent to logb; ~ logby) and p satisfies (2.10) with h(s) = 5. According
to the results above, a natural example of such p(s) might be s”, D € R. It is
straightforward to verify that, for any D € R, by = pb; is tail-decreasing and
tail-log-convex. As a result, then by € Sieg,n, n € N. Consider now a classical
example of such function bs.

Example 3.13. The log-normal function. Let, for v > 0,

2
N (s) = }exp(f (l(;iz) ), 5> 0.

By the above, A" € Siegn, 7 € N. The log-normal distribution has the density

1 —u :
vmf/i/(se ) for an arbitrary p € R.

Class 3: I(s) ~ s*, a € (0,1)
Consider, for any « € (0,1), the so-called fractional exponent

w(s) = g, (s)e™", seR. (3.17)
Set h(s) = ]l[pyoo)(s)(logs)%, where p > 0 is chosen such that h(s) < 5 for

h(s)

s > p. Then, in particular, t(s) := —= < 1, s > p. Prove that (2.10) holds.
s
Using (3.15) for t = +t(s), one gets

w(s £ h(s)) _ exp<_3a i (:) (:I:t(s))k> =1, s— o0,

w(s) =

similarly to the arguments in Subsubsection 3.2, by using (3.16) and the evident
convergence s*t(s) — 0, s — oo, a € (0,1). Finally, for any § € R,

w(h(s))sH‘s = exp(—(logs)®> + (1 +6)logs) — 0, s— oc.

As a result, w € See. It is clear also that w € Syeqn for all n € N. To find
n(t,w), one has to solve the equation e5" = e Pt therefore,

n(t,w) = (Bt)=
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Similarly to the above, one can show that pw € Sieq, provided that, in
particular, logp = o(logw) and (2.10) holds for b = p and h(s) = (logs)a.
Again, one can consider p(s) = s”, D € R, since it satisfies (2.10) with h(s) =
s7 > (log s)%, a,y € (0,1), and big enough s. As before, the verification that,
for any D € R, by = pb; is tail-decreasing and tail-log-convex is straightforward.

Consider the corresponding classical example.

Example 3.14. The Weibull function. Let, for a € (0,1),

W (s) = exp(—s%)

- , s>p>0.
s

Note that [ # (1) dr = Lw(s), where w is given by (3.17). By the above, # €
Sreg.ns 7 € N. The probability density of the Weibull distribution is %7/(%),
s > 0 for any 8 > 0. Note that the density itself is unbounded near O.

Class 4: [(s) ~ S -

Consider also a function which decays ‘slightly’ slowly than an exponential func-
tion. Namely, let, for an arbitrary fixed o > 1,

g(s) = 1R+(s)exp<f®>, s eR.

Take, for an arbitrary v € (1,a), h(s) = (logs)?, s > 0; and denote, for a
brevity, p(s) := @ — 0, s = 00. Then, log(s + h(s)) = log s + log(1 + p(s)).
Set also

(s) = 1B 5(9)

—0, s— .
log s

Then, for any s > e*T1, we have

g(s+h(s)) s 14 p(s)
PETTG) T Coms)e <1 (1+ q(S))a>

_ 1 a(l +4(5))" — log(1 + p(s)) o 517—0=1 _ (Jog )70

YOk (e o) (B (g™

— 0, s— o0,
as v < «; and similarly log g(sg—(sh)(s)) — 0, s = oco. Therefore, (2.10) holds for
b = g. Next,

log(g(h(s))s*™) = —(log s)(M —(1+ 5)) — —00, §— 0

v2(loglog s)® ’ ’

that yields (3.1) for b = g. As a result, g € Sieg. Again, evidently, g € Sieg n,
n € N. The same arguments as before show that, for any D € R, the function
sPg(s) belongs to Syeg,n as well.
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Remark 3.15. Naturally, o € (0, 1] gives behavior of g(s) more ‘close’ to the
exponential function. Unfortunately, our approach does not cover this case: the
analysis above shows that h(s), to fulfill even (2.6), must grow faster than log s,
whereas so ‘big’ h(s) would not fulfill (2.10). In general, Lemma 2.9 gives a
sufficient condition only, to get a sub-exponential density on Ry. It can be
shown, see e.g. [10, Example 1.4.3], that a probability distribution, whose density
bon Ry is such that [ b(7) dr ~ g(s), s — oo, with a > 0, is a sub-exponential
distribution (for the latter definition, see e.g. [13, Definition 3.1]). Then we
expect that b(s) ~ —g'(s), s — oo, and it is easy to see that log(—g'(s)) ~
log g(s), s — oo. It should be stressed though that, in general, sub-exponential
property of a distribution does not imply the corresponding property of its
density, cf. [13, Section 4.2]. Therefore, we can not state that the function b
above is a sub-exponential one for « € (0, 1].

Combining the results above, one gets the following statement.
Corollary 3.16. Let b : R — R, be a bounded tail-decreasing and tail-log-

convez function, such that, for some C' > 0, the function Cb(s) has either of the
following asymptotics as s — oo

og s)Hs~ , og s)"s" exp(—D(log 5)?),

log )5~ (") log s)s" D(log 5)"
14 o 1% S

(log s)"s” exp(—s®), (log 5)*s eXp(_i(logs)“Y)’

where D,§ >0, ¢,7>1, a € (0,1), v,p € R. Then b € Syeq,n, n € N.

4 Analogues of Kesten’s bound on R?

We start with a simple corollary of Propositions 2.20 and 2.21.

Proposition 4.1. Let a function w : R — (0,4+00) be such that (2.21) holds,
and, cf. (2.22),

limsup sup M

< 1. 4.1
A0+ ze0, w(z) T (1)

Let also a € L>=(R?) and ||a||o < 0o. Then, for any & € (0,1), there exist cs > 0
and A = A(9) € (0,1), such that

a*™(z) < cs(1+6)" 'min{\, w(z)}, ze€R% (4.2)
Proof. Take any § € (0,1). By Proposition 2.21, there exists A = A(J,w) €

(0,1), such that (2.20) holds, with ¢ given by (2.23) and v = 1 + §. Denote
llalloo == llal| Lo (ra)- We have

a(z) _ lalls a(z) lallo
< 1 —1 < =: oo, (4.3
) S M (@) F e (@) < F flall =5 < 00, (43)
and one can apply Proposition 2.20 that yields the statement. O

We are going to find now, for a given probability kernel a, an appropriate w
to validate (4.1).
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Definition 4.2. Let Dy be the set of all bounded functions b : R — (0, 00),
such that b is tail-decreasing (cf. Definition 2.15) and

/ b(s)s? 1 ds < oo.
0

Let 501 C Dy denote the subset of all functions from Dy which are (strictly)
decreasing to 0 on the whole R .

Remark 4.3. Tt is easy to see that, if b*° € D, for some o € (0,1), then b € Dy
for all « € [, 1].
Consider an analogue of long-tailed functions on R<.
Lemma 4.4. Let b € Dy be is a long-tailed function (cf. Definition 2.1), and
c(z) = b(|z|), x € R Then, for any r > 0,
c(z+y)
c(x)

Proof. Take arbitrary r > 0 and |z| > r. Let b be decreasing on (p, c0) for some
p > 0. Then, for any |y| < r and |z| > p+ 7, we get

lim sup
|z[ =00 |y|<r

- 1‘ = 0. (4.4)

b(lz| —r) = b(|z| — |yl) = b(|z +yl) > b(|z| + |y[) = b(|z[ + 7).
Therefore, for such values of x and v,

|- P oS0 )

and hence (2.1) implies (4.4). O

We will assume in the sequel, that a is bounded by a radially symmetric
function, namely:

There exists b+ € ﬁd, such that

4.5
a(z) < b (|z]), for a.a. x € R, (4.5)

We start with the following sufficient condition.

Proposition 4.5. Let (4.5) hold with b™ € Dy which is log-equivalent, cf. Def-
inition 3.10, to the function b, given by

M

b(s) :== g, (S)W»

s €R, (4.6)

for some pu, M > 0. Then there exists ag € (0,1), such that, for all a € (ap,1),
the function w(x) = b(|z|)®, = € RY, satisfies (4.1).

d+ 15 ,
Proof. Set ag = i1 € (0,1). Take arbitrary « € (apg,1) and € € (0,1 — ).

Take also an arbitrary 6 € (0,1), and define h(s) = s°, s > 0. By (3.14), applied
to by = b and by = b, there exists ss > 2r such that, for all s > ss,

bt (s) < (b(s))' . (4.7)



For an arbitrary x € R? with |x| > s5, we have a disjoint expansion R? =
Dy (z) U Dy(z) U D3(x), where

Di(z) == {ly| < h(|z])}, Da(x):= {h(M) <l =< lﬁ2|}’

Then, %) — 1 () + I(x) + I3(z), where

w(x)
(1+ ‘x|)(d+u)a
Ii(z) := / a(y
! Dj () 1+ |z — y|)(d+#)a

Using the inequality |z — y| > ||z — |y||, #,y € R?, one has that |z —y| >
2| = |yl > |2| — [2° for y € Di(x), || > ss. Then

1+ || (d+p)o
Li(z) < <) / a(y)dy — 1, |z| = oc.
LA+ |z] — |zf° D1 ()

dy, j=1,2,3.

%

Next, we evidently have, for any |y| < %‘, that 1 + |z —y| > 14 |z| — |y|
1(1 4 |z]); therefore,

I(x) < 2@mo / aly)dy 0, |z] = oo,
{lyI>|=|°}
Finally, by (4.5) and (4.7), the inclusions y € Ds(x) and |x| > s5 imply
e xl\1—€
ay) < b () < b~ < b( 1),
and, therefore,
1 (d+p)a 1
Io(e) < mr— 112D /
D

dy
— (d4+p)(1—e) _ (d+p)a
(1+5) " s(@) (1 [ = y[)dmao

(1 + |y

‘1| (d""#)(l_e)
(1 + 7)

<M

1
—dy — 0, x| — o0,
/. T =

as 1 — e > a. Since b is decreasing on R, we have, by (2.21), that, for any
A > 0, there exists py > 0, such that Q) = {z € R?: |x| > p)\}. As a result, one
gets (4.1) from the above. O

Lemma 4.6. Let b € L*(R) be even, positive, decreasing to 0 on the whole R,
and long-tailed function. Suppose that there exist B, 1y, pp > 0, such that

/OO b(s — 7)b(T)dr < Bb(s), s> pp. (4.8)

Tb

Suppose also that
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Proof. The assumption (4.9) implies that

a(z)|z|4!

|z|>r w(m)
Take an arbitrary § € (0,1). By (4.10), one can take then r = r(J) > r such
that g(r) < 6.
Next, by Lemma 4.4, the inequality (4.4) holds for ¢ = w. Therefore, there
exists p = p(0,7) = p(d) > max{r, pp}, such that
sup L)
yl<r  W(z)
Then, by (4.10) and (4.11), we have
w(r—y
@r @)@ =) [ a)E=Day

)
(vl<r} w(z)

ol a)ly|*~! w(z — ya(y)
- ()/{|y|>r} w(y) w(z)|y|d=1 i

—0, r—o0. (4.10)

<1406, |z|=>p. (4.11)

< w()(1+6) / a(y)dy

lyl<r
bz~ b1y
o) [ S

and using that b is decreasing on R and the inequality |z —y| > ||a:| — |yl |, one
gets, cf. (2.19) and recall that g(r) < 4,

< w()(1+ ) + dw(x) / b(llel = Do)

>y b(zDlyl4!

and using the spherical coordinates, one gets

< w(@)(1+6) + dw(z)oy /OO Mdp, (4.12)

r b( )

where ¢4 is the hyper-surface area of a unit sphere in R? (note that we have
omitted an absolute value, as b is even). Finally, using that r > r, and p > py,
we obtain from (4.8) and (4.12) that, for any § € (0, 1),

(axw)(z) <w(@)(1+6(1+04B)), |z]>p(0),
that implies the statement. O

Lemma 4.7. Let b € Sieq,1 be an even function. Suppose that there exists
o € (0,1) such that b € Dy, i.e.

/ b(s)* s 1 ds < o0, (4.13)
0

and, for any a € (o/, 1),

a(@) a1
|z\lgloo bz])" |z|¢7 = 0. (4.14)

Then there exists ag € (o, 1) such that the inequality (4.1) holds for w(z) =
b(|z]), = € R? for all a € (ap, 1).
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Proof. We apply the second part of Theorem 3.5, for n = 1; note that then
(4.13) implies (3.2). As a result, for any « € (ap, 1), the inequality (3.6) holds; in
particular, then (4.8) holds with b replaced by b. The latter together with (4.14)
allows to apply Lemma 4.6 for b replaced by b, that fulfils the statement. [

Remark 4.8. Note that, by Remark 4.3, (4.13) implies that b € Dy and hence,
cf. Definition 3.1, b € Syeg,a-

As a result, one gets a counterpart of Proposition 4.5, for the case when the
function b* in (4.5) decays faster than polynomial and d > 1.

Proposition 4.9. Let (4.5) hold for a function b € Dy which is log-equivalent
to a function b € Syeg,1. For d > 1, we suppose, additionally, that

lim b(s)s” =0, forallv > 1. (4.15)
L de el

Then there exists o € (0,1), such that, for all o € (ag, 1), the function w(zx) =
b(|z))*, = € R? satisfies (4.1).

Proof. We will use Lemma 4.7. For d > 1, one gets from (4.15) that, for any
v > 0, there exists p, > 1, such that b(s) < s7%, s > p,. In particular, for any
a’ € (0,1), one has (4.13). For d = 1, 0 = 0, we use instead that b € Syeg1
implies (3.3), and hence we get (4.13), if only o’ € (ﬁ, 1).

Next, for any d € N, choose an arbitrary « € (a’,1). Then, by (4.5) and
(3.14) applied for b; = b and by = b+, we have that, for any € € (0,1 — «), there

exists p. > 0, such that, for all |z| > p.,

a(gc) d—1 l—e—« d—1 v I=ema
el < b = (b)) (416)
b(lz|)~
d—1 . .
where v = [ >0, as a < 1 —e. Clearly, (4.16) together with (4.15), in
e —
the case d > 1, imply (4.14), that fulfills the statement. O

Remark 4.10. Note that, in Proposition 4.5, for the function b given by (4.6),
one can choose o’ € (0,1) such that (4.13) holds. The same property we have
checked above for the function b which satisfies assumptions of Proposition 4.9.
As a result, by Remark 4.3, the functions w(z) = b(|z|)*, € R? in these
Propositions are integrable for all a € (ayg, 1).

Definition 4.11. Let the set gmg,d C Sreg,d; d € N be defined as follows. Let

grng be just the set Speg,1, wWhereas, for d > 1, let greg,d be the set of all
functions b € Syeg,q, such that b is either given by (4.6) for some M, > 0 or b
satisfies (4.15).

Remark 4.12. All functions in Classes 2-4 in Subsection 3.2 evidently satisfy
(4.15) and hence belong to Syeg.a-

Theorem 4.13. Let (4.5) hold with b* € Dy which is log-equivalent to a func-
tion b € Sreg,a- Then there exists ag € (0,1), such that, for any § € (0,1) and
a € (ap, 1), there exist ¢c1 = c1(0, ) > 0 and A = A(d,«) € (0,1), such that

a*(x) < e1(140)" min{\, b(|z)*}, =€ RY.
In particular, for some ca = ca(d, ) > 0 and s, = $4(6) > 0,

a™(x) <eco(1+8)"b(|z])), |x| > Sasm €N. (4.17)
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Proof. Combining Proposition 4.5 and 4.9 with Proposition 4.1, we get by (4.2)
and (4.3) that there exist ¢ = ¢s(w), A = A(4, ) € (0, 1), where w(x) = b(|z|)?,
x € R?, such that

a*™(x) < &(1+8)" ' min{\,b(|jz[)*}, =z eR% (4.18)

that evidently yields (4.18). Since b is tail-decreasing, we have that, for some
Sa >0, b(Jz))* < A for |x| > sq. This implies (4.17). O

Corollary 4.14. Let a(z) = b(|z|), z € R for some b € greg,d. Then there exists
ap € (0,1), such that, for any § € (0,1) and a € (ao, 1), there exist c50 > 0
and o = $4(0) > 0, such that, for all ,

a"™(z) < c5a(l+90)"a(z)®, |z|> sa,n €N

Proof. Since, for some p > 0, b is decreasing on (p,00) and (3.2) holds, there
exists bt € Dy, such that b (s) = b(s), s > p and b (s) > b(s), s € [0, p|. Then
one can apply Theorem 4.13. O

Appendix: Non-local heat equation

We can apply the obtained results to the study of the regular part of the fun-
damental solution to the non-local heat equation

%u(m,t) = %/Rd a(z —y)(u(y, t) —u(z,t))dy, =z € R, (A1)

where 3 > 0 and 0 < a € L'(R?) N L*>°(R?) is normalized, i.e. [, a(z)dz =1;
see e.g. [1, 5, 15]. Consider an initial condition u(x,0) = ug(z), = € R? to
(A.1) with uy from a space E of bounded on R? functions. Since the operator
Au = »a * u — »u in the right hand side of (A.1) is bounded on FE, the unique
solution to (A.1) is given by

u(w,t) = e (8o + s (t)) * uo) (), (A.2)

where §; is the Dirac delta at 0 € R and

oo ngn
Guul,t) =3 ”n‘ a*™(z), zeRLt>0. (A.3)
n=1 .

Note that it was shown in [6, Lemma 2.2|, that if a is a rapidly decreasing
smooth function, then ¢y is indeed the solution to (A.1) with ug = dq.

Now, for d = 1, suppose that a(x) = b(x), x € R, and b satisfies the condi-
tions of Theorem 2.22. Then, by (2.27), the series in (A.3) converges uniformly
on finite time intervals for each x > sg, and therefore, by (2.18),

bse(x,t) ~ kte*a(z), x — oo, t > 0.

For d > 1, let a and b satisfy the conditions of Theorem 4.13. Then, for each
0 > 0 and for each a < 1 close enough to 1,

G, t) < o0 (T —1)b(|2))*, |7 > sa, t >0 (A.4)
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for some ¢s5 > 0 and s, = $54(d) > 0. In particular, if a is radially symmetric
and the conditions of Corollary 4.14 hold, then one can replace b(]z|) on a(x)
in (A.4).

Moreover, combining (4.18) with (A.2), one can get an estimate for the
solution u to (A.1) as well. The further analysis of solutions to (A.1) can be
found in [11].
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