WELL-POSEDNESS BY NOISE FOR SCALAR CONSERVATION
LAWS

BENJAMIN GESS AND MARIO MAURELLI

ABSTRACT. We consider stochastic scalar conservation laws with spatially in-
homogeneous flux. The regularity of the flux function with respect to its
spatial variable is assumed to be low, so that entropy solutions are not neces-
sarily unique in the corresponding deterministic scalar conservation law. We
prove that perturbing the system by noise leads to well-posedness.

1. INTRODUCTION

The question of regularization and well-posedness by noise for SPDE has attracted
considerable interest in recent years. One of the driving hopes in this field is to
obtain the well-posedness by noise for nonlinear PDE arising in fluid dynamics,
for which the deterministic counterpart does not or is not known to allow unique
solutions. Despite considerable effort, only partial results in this direction could
be obtained so far, cf. e.g. [17,[23/27,28] and the references therein. One of the
prominent works in this direction is [24] in which the well-posedness by noise for
(linear) transport equations with irregular drift has been shown. More precisely,
while weak solutions to

(1.1) dwu(t, ) + b(x) - Vu(t,z) =0 on R?

are not necessarily unique if divb ¢ L>(R?) (cf. [1,/19]), it has been shown in [24]
that weak solutions to

(1.2) du(t,z) + b(z) - Vu(t, z) dt + Vu(t,z) odW; =0 on R?

are unique, provided b € C{*(R?) for some « € (0,1), divb € LP(R?) for some p > 2
and W; denotes a standard d-dimensional Wiener process. As pointed out in [24]
their result yields the first concrete example of a partial differential equation related
to fluid dynamics that may lack uniqueness without noise, but is well-posed with a
sugtable noise (cf. [24, p.3, 1.1 ff.]). On the other hand, as observed in [23}24], in
the nonlinear setting (d = 1 for simplicity)

(1.3) Owu(t,z) + 0pu?(t,z) =0 on R

the same type of noise seems to be of little use, since the stochastically perturbed
equation

(1.4) du(t, ) + Opu®(t,z) dt + Opu(t,x) odW; =0 on R

reduces to the deterministic case (|1.3)) via the transformation v(t, x) := u(t, z —Ws).
That is, if u is a solution to hen v is a solution to and vice versa.
In particular, shocks and non-uniqueness of weak solutions still appear in .
Hence, no well-posedness by noise, nor regularization by noise seems to be present

Date: January 19, 2017.

2000 Mathematics Subject Classification. H6015, 35R60, 35L65.

Key words and phrases. Stochastic scalar conservation laws, well-posedness by noise.

M.M. acknowledges funding from the European Research Council under the European Union’s
Seventh Framework Program (FP7/2007-2013) / ERC grant agreement nr. 258237.

1



2 BENJAMIN GESS AND MARIO MAURELLI

in this case and it was concluded in [24]: The generalization to nonlinear transport
equations, where b depends on u itself, would be a major next step for applications
to fluid dynamics but it turns out to be a difficult problem (cf. [24] p.6, 1.11 ff.]).

The purpose of this work is to shed more light on the effect of linear multiplicative
noise on (nonlinear) scalar conservation laws. In contrast to the above observation,
we show that a similar effect of well-posedness by noise as obtained in [24] for
can be observed for (nonlinear) scalar conservation laws. More precisely, we
consider scalar conservation laws with irregular flux of the type

(1.5) Owu(t,x) + b(x,u(t,z)) - Vu(t,z) =0 on RY

with a possibly irregular b. In particular, this includes the special case of inhomo-
geneous Burgers’ equations b(z,u) = 2b(z)u. The model example

(1.6) b(x,u) = 2sgn(x)(v/|z| A K)u

for some K > 0, ug(-) = 1jo,3j(+), d = 1 shows that entropy solutions to (1.5 are
not necessarily unique. Indeed, fix some time 7' > 0 and choose K > T/2 + 1
for simplicity. Then, there are several entropy solutions to (1.5, including the
following two particular ones

1 ifo<z<(t+1)? 1 i — (1) <z<(t+1)°
0 otherwise 0 otherwise

)

on [0,T] x R. In contrast, we prove that entropy solutions to the stochastically
perturbed scalar conservation law

(1.7) du(t,z) + b(z,u(t,x)) - Vu(t,z) dt + Vu(t,z) o dW; =0 on R%

are unique, assuming b € Lg9,.(Lg°) N Ll,loc(Wzl:lloc) and divb € L{,,.(L;) N
LZ(LCE)?loc) for some p > d. Note that satisfies these assumptions. Hence,
this demonstrates that linear multiplicative noise has a similar regularizing effect
in the case of (nonlinear) scalar conservation laws with irregular flux as it was
obtained in the linear case in |24]. To the authors’ knowledge, this provides the
first example of a nonlinear scalar conservation law that becomes well-posed by the

inclusion of noise.

Scalar conservation laws with irregular flux in divergence form have been used in
several models, including models of traffic flow, flow in porous media and sed-
imentation processes (cf. [13]). In the present work, we choose to consider the
non-divergence form in order to allow comparison to the results obtained in [9}(24].
We expect that related arguments can be also applied to the corresponding diver-
gence type equations, as it was demonstrated in the linear case in [9], although
nontrivial differences with the non-divergence case may arise. This will be treated
in a subsequent work. The respective study of conservation laws with irregular flux
has attracted considerable interest in recent years, see [3-5,/13,|14] among many
more. Due to the spatial irregularity of the flux, entropy solutions to (1.5)) are typ-
ically non-unique and several selection criteria to select a unique entropy solution
have been introduced, corresponding to different physical phenomena and relative
approximation procedures. Therefore, the study of selection methods for is of
high interest. The well-posedness result for

(1.8) du(t,z) + b(x,u(t,x)) - Vu(t, ) dt + oVu(t,z) odW; =0 on R?,

with ¢ > 0 obtained in this paper opens the way to study selection principles by
vanishing noise & — 0. In the case of linear transport equations with irregular drift
such vanishing noise selection methods have been analyzed in [6,|16] and it should
be noted that in general the vanishing viscosity selection does not coincide with the
vanishing noise selection. In analogy to linear stochastic transport equations ,
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stochastic scalar conservation laws ([1.7)) model the evolution of passive scalars in
turbulent fluids, so-called Kraichnan models.

The literature on regularization (i.e. improvement of regularity) and well-posedness
(i.e. existence, uniqueness and possibly stability) by noise is vast and giving a com-
plete survey at this point would exceed the purpose of this paper. Therefore, we
will restrict to those that seem most relevant for the content of this work and re-
fer to [23] for a more complete account of the literature. Concerning the case of
transport equations with irregular drift , we mention the works [9}22[24 26]
and the references therein. In particular, we would like to emphasize the work [7]
which provides a purely analytic approach to the effect of well-posedness by noise
for , since the proof has served as an inspiration for some of the steps of
the proof presented in this paper. A regularization by noise effect for (1.2)) has
been first obtained in [22] where it has been shown that solutions to are
smooth if the initial condition is, assuming that b satisfies certain integrability con-
ditions, slightly more restrictive than the Ladyzhenskaya-Prodi-Serrin condition. A
PDE-based approach and a generalization of these results to drifts b satisfying the
Ladyzhenskaya-Prodi-Serrin condition and to divergence-type equations has been
given in [9]. A path-by-path approach to well-posedness by noise has been intro-
duced in |11] and was used in [10] for transport equations. Another approach based
on Malliavin calculus has been introduced in [39] and developed in a series of pa-
pers, cf. e.g. [40] on transport equations.

In some (typically nonlinear) situations, the spatial dependence of the noise coef-
ficients has proven to be crucial in order to obtain well-posedness by noise results.
More precisely, in [25] well-posedness by spatially dependent linear transport noise
for point vortex dynamics informally related to stochastic 2D-Euler equations has
been shown. In [17] it has been shown that the same type of noise can prevent the
collapse of point charges in Vlasov-Poisson equations.

More recently, regularizing effects of nonlinear noise in the setting of (nonlinear)
scalar conservation laws has been observed in [31] and in the setting of fully nonlin-
ear PDE in [29]. Well-posedness of stochastic scalar conservation laws with random
flux has been considered in [30434}[35.[38].

We next present the idea and an outline of the proof. Our treatment of is based
on the kinetic formulation of (stochastic) scalar conservation laws as introduced
in [36]. For a function u : [0,7] x R — R we introduce the kinetic function
x(t,2,€) :[0,T] x R* x R — R by

(1'9) X(t’x7§) = X(u<t7x)a£> = 1§<U(tvfﬂ) - 1§<0'

In the case of a smooth spatial inhomogeneity b and smooth driving signal W, u
is an entropy solution to ([1.7) iff x solves the following equation,in the sense of
distributions,

(1.10) dix = —b(x,€) - Vx — Vx - Wi + dem,

where m is a nonnegative bounded random measure on [0,7] x R x R and the
derivatives are intended with respect to « unless differently specified. In the general

case of (1.7), we take (1.9), (1.10) as the definition of an entropy solution to (1.7)),
where now the term Vy - W, should be interpreted as a Stratonovich integral, or
more precisely,

(1.11) Orx = —b(z,&) - Vx — Vx o dW; + 0em

1
= —b(z,&§) Vx — Vx - dW; + §AX + 0gm,
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see Definition below for details. As in the deterministic case, the notion of a
generalized kinetic solution is convenient in the construction of an entropy solution
since, roughly speaking, the class of generalized kinetic solutions is stable under
weak limits. Roughly speaking, a function f is said to be a generalized kinetic
solution to (|L.7) if f solves for some nonnegative measure m and |f| =
sgn(§)f <1, 0¢f = 269 — v for some nonnegative measure v. The key difference to
an entropy solution is that f is not assumed to be of the form of an kinetic function
for some function wu.

The main difficulty then lies in proving that generalized kinetic solutions are in
fact entropy solutions, which boils down to proving |f| = 1 a.e.. In order to prove
this we aim to estimate the difference |f| — f? based on . The proof now
consists of two steps. In the first step, an (in)equality for |f| — f? is derived based
on renormalization techniques (cf. [1,/19]) using the assumption b € L%JOC(W;”}OC).
Informally, this leads to the equality

Oc(|f1 = f2) + b(@,) - V(If| = f2) + V(] = f?) 0 dW; = (sgn(€) — 2f)dem.

Passing to the It6 formulation and taking the expectation, we informally “gain a
Laplacian” similarly to [8]. The main difficulty at this point that is due to the
nonlinearity of is the additional singular term O¢m. To handle this term,
in the second step, we integrate in both w and ¢ (in the It6 formulation), which
informally yields

o [EAlf - £2)de + [ o) VE(S| - Fdg + 58 [ B - e
—E [ plsgn() - 2/)0emde.

Since O¢ f = 2dp — v < 2§ this implies

o [B(fI- 1) de+ [b.) VE(S - £de+ 3A [B(f - £2)d <0

This is a linear parabolic PDE in [ E(|f|— f?) d€ but, in contrast to the linear case,
it is not closed, since it involves both [E(|f|— f?)d¢ and [ b(z,€)- VE(|f|— f?) d€.
The rigorous analysis is carried out by passing to the distributional form. The
problem that the above PDE is non-closed then relates to finding a nonnegative
test function ¢, independent of &, that satisfies for every &,

Oy + div(b(z, &) ) + Ap < C,

for some constant C' > 0. In the analysis of this PDE, we rely on the boundedness
assumption on b and the integrability assumption on divb.

1.1. Notation. We let (€2, A, P) be a measurable space, (F;); be a normal filtration
on (2, A, P)and W = (W), be a d-dimensional Brownian motion on  with respect
to the filtration (F;);. For a o-finite measure space (E, £, 1), we say that a function
f + E — R is strictly measurable, resp. p-measurable (or measurable, when p is
fixed) if, for every Borel subset A of R, f~1(A) is in &, resp. £*, the completion of £
with the g-null sets. Given a Banach space V', we define L°(E; V) = LY(E, &, u; V)

in two cases:

(1) if V = U* is the dual space of a separable Banach space U, L°(E;V) is
defined as the space of classes of equivalence, under the relation “f = g
p-a.e.”, of weakly-* measurable functions f : E — V, i.e., for every ¢ in U,
x — (f(x),p)vv is measurable. This applies to the case of V.= M(D),
the space of finite signed measure over a domain D of R, L>°(D), L?(D)
for 1 < p < o0;
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(2) if V is separable, L°(E; V) is defined as the space of classes of equivalence,
under the relation “f = g u-a.e.”, of weakly measurable functions f : £ —
V, ie., for every ¢ in V*, z — (f(x), p)v,v- is measurable. This applies
to the case of V' = Cy(D), the space of continuous bounded function on a
domain D of R™ vanishing at infinity, L*(D), LP(D) for 1 < p < oco.

Similarly, one can define LP(E;V). When V = R we simply write L°(E), LP(E)
(the usual LP spaces). For a metric, locally compact, o-compact space S, the
space M(S) denotes the space of finite signed Borel measures on S, M (S) the
subset of finite nonnegative Borel measures. More details on these spaces and
on measurability issues are given in the appendix. When not otherwise stated,
the spaces Q, resp. [0,7] x Q are considered endowed with the o-algebrae A,
resp. B([0,T]) ® A; P denotes the predictable o-algebra on [0,T] x €2, progressive
measurability is measurability with respect to P. The concepts of entropy solutions,
kinetic solutions, generalized kinetic solutions, kinetic measures have always to be
understood in the sense of equivalence classes, although we will often consider them
as functions when this does not create confusion. In cases where we need to work
with representatives this will be indicated, although we will often use the same
symbol for the class and the representative.

The variables ¢, w, z, & denote elements resp. in [0,7], €, R¢ R. We often use

the short notation L2, LY .. M,, ... for the spaces LP(R?), LP([0,T] x € x
R%), ... and LZ (_r,g for the space L?([-R, R]). We also use the notation b €

LE(LEe), b € Léloc(l/l/l’1 ), - to state that b € LE(LZ_p ) for every R >

xz,loc

0, b € L517[_R)R](W;7’£R) for every R > 0, ... The symbols V, div, A, if not
differently specified, are referred to derivatives in x, while derivatives in ¢ and &
are denoted by 0;, J:. As usual in probability theory, ¢, denotes the evaluation
at time ¢, that is, ¢ = ¢(t). The symbol (-,-) denotes the scalar product in
Li,@ unless differently specified. For example, (-, -} ;¢ denotes the scalar product
in Lf’z’é. Sometimes, for a measure m on [0,7] x R x R, we use the notation
(m, )dt for @(t,z,&)m(dt,dx,d€). The convolution operator is denoted by *yqr,
where var stands for the variable (usually z or £ or both) for which the convolution
is performed. The function p denotes a smooth nonnegative compactly supported
even function on R? such that [,, p(z)de = 1, and p° := e @p(e~'-). Similarly p
denotes a smooth nonnegative compactly supported even function on R such that
fR p(&)dé =1, and p° = 6~ 1p(671). In statements and proofs, the letter C' denotes
a generic positive constant, which can change from line to line and can depend on
d (dimension) and p (integrability exponent assumed for divb). In accordance to
we use the notation x(&,u) = lecy, — le<o-

Throughout all the paper, we assume b € L} (R? x R) and div(b) € L} (R? x R).

loc loc
When we use the kinetic formulation, we write b for b(x, §).

1.2. Organization of the paper. In Section [2| we introduce the notions of en-
tropy, kinetic and generalized kinetic solutions to , prove a flow-transformation
result linking to a scalar conservation law with random coefficients and prove
the existence of generalized entropy solutions based on stable LP-estimates. Some
subtle measurability properties are postponed to the Appendix [5] The results and
definitions in Section [2] are applicable under mild assumptions on b and, in particu-
lar, apply without change to the non-perturbed case. In Section [3]it is shown that
generalized entropy solutions are entropy solutions and their uniqueness is deduced
using certain parabolic PDE estimates given in Section [4
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2. DEFINITIONS AND THE EXISTENCE OF GENERALIZED KINETIC SOLUTIONS

In this section we give some general definitions and results, which hold also without
noise. In the case of a smooth vector field b, there exists a unique entropy solu-
tion. In the general case, even the existence of an entropy solution may not hold
in general. However, one can get the existence of a so-called generalized kinetic
solution.

We start defining the concept of an entropy solution.

Definition 2.1. A (stochastic) bounded kinetic measure is a map m : Q —
M([0,T] x R? x R), weakly-* measurable, satisfying the following properties:

(i) m € L>(Q; M([0,T] x R? x R));
(ii) m is a.s. non-negative and supported on [0,7] x R? x [~ R, R] for some
R > 0 independent of w;
(iii) for every ¢ € C°([0,T] x R? x R), the process (t,w) f[o,t]xmde‘pdm
is progressively measurable.

Here and in what follows, we can extend definitions and formulations to test func-
tions ¢ which are not necessarily compactly supported in the £ variable, because
of the assumption that m is supported on [0,7] x R% x [-R, R].

Definition 2.2. Let b € L} (R%*1) with div(b) in L}, (R4T!) and let ug € (L' N
L>)(R%). An entropy solution to (1.7) is a measurable function u : [0, T]x Q xR% —
R, such that x(t,w,z,§) = x(u(t,w, ),§) = lecu(tw,z) — le<o satisfies the following

properties:

(i) x € L>=([0,T] x2; L*(R% xR)) and is supported on [0, T]| x QxR¢ x [~ R, R]
for some R > 0;
(ii) x is a weakly-* progressively measurable L2°-valued process;
(iii) there exists a bounded kinetic measure m such that, for every test-function
0 € ([0, T] x R% x R), it holds, for a.e. (¢,w),
t

(xes ) = (x0, 0) + / (. Bup + div(b(z, €))) dr + / (. Vig) dW

1 t
(2.1) 45 [(eagar- | De dm,
2 0 [0,t] x R4 xR

with XO(I7£) = 1£<uo(z) - 1£<O-

The function x is called a kinetic solution.

The well-known definitions of entropy solutions, kinetic solutions and kinetic mea-
sures in the case of deterministic scalar conservation laws are recovered in the above
definitions by removing the w dependence, the progressive measurability assump-
tions as well as the second order term and stochastic integral in .

Remark 2.3. (i) For every kinetic solution x and test function ¢ € C°([0,T] x
R? x R), (t,w) = (xt,¢¢) is a semimartingale admitting a cadlag version. More
precisely, it admits a version which is the sum of a continuous martingale and a
process with BV paths. Indeed, for every ¢ and every representative of m, for

a.e. w, the function ¢ — f[O,t]dexR Ocpdm is of finite variation. In particular, the

processes f[w]dexRagp dm and f[o,t)X]Rdeﬁggo dm are progressively measurable
and resp. cadlag, caglad.

(ii) More general, let ¢ : [0,7] x 2 x R? x R x R™ — R be a measurable bounded
function such that: 1) for every (z,&,z2), (t,w) — ¢(t,w,x,&, 2) is progressively
measurable; 2) for a.e. w, (¢,2,&, 2) = p(t,w, z, &, z) is continuous. Then, for every
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representative of m, the maps (¢, z, w) — f[o,t]dexR o(ryw,x, & z)m(r,z,§) drdxdg,
(t,z,w) — f[o’t)dewa(r,w,z,f,z)m(r,x,g) drdxd§ are measurable and: 1) for
each z fixed, progressively measurable in (¢,w); 2) for a.e. w, with zero set inde-
pendent of z, and each z, cadlag, resp. caglad, in ¢; 3) for a.e. w, with zero set
independent of t, and each t fixed, continuous in z. This fact is a consequence of
Remark (ii) below, applied for z fixed, and of the continuity of the integral with
respect to z, which follows from the dominated convergence theorem.

Remark 2.4. By equation (2.1)), for every test function ¢ € C°([0,T] x R? x R),
the quadratic covariance between (x, Vo) and W is [(x, V), W]; = fot<x,Agp> dr
for a.e. (t,w). Note that by abuse of notation we here use (x, V) to also denote its

cadlag version. Therefore, the Stratonovich integral fg (x, V) o dW makes sense
and equation (2.1)) can be rewritten as

t

(e 22) = (X0, 00) + / (. Brp -+ div(be)) dr + / (. Vo) o diV’

- / Ocpdm.
[0,¢]xR4 xR

In particular, we see here that equation (2.1)) is of hyperbolic type.

Remark 2.5. By the definition of x we have immediately that, for every 1 < p < oo,
for a.e. (t,w,x),

ul(t,w, ) = /R (b, €) de,

(2.2) ]1,|u<t,w,x>\1’: /R P sen(©)x(t, w, @, €) de.

Therefore, the weakly-* progressive measurability of x implies that of u and |u|P.
Conversely, if u is an L$°-valued weakly-* progressively measurable process, then
(by Proposition below) u is P@B(RY)-measurable as a real-valued function of
(t,w, ) and since (v,€) — le<y — le<o is a strictly measurable function, by Remark
the function (t,w,=,&) — x(t,w, z,£) is PRB(RY) ® B(R)-measurable, that is,
X is a L;f’g—valued weakly-* progressively measurable process. By the formulae
above and the fact that x = 0 for || > R, we also have that u is in L*°([0,T] x
Q; L>®(RY)) N L>([0,T] x Q; LY(RY)). Hence, u is in L>([0,T] x Q; LP(R%)) and x
is in L>°([0,T] x Q; LP(R? x R)) for every p € [1, c0].

2.1. A flow transformation. Before giving the existence result, we recall the
following transformation that links equation (|1.7)) to a scalar conservation law with
random coefficients.

Proposition 2.6. Let b € L} (R¥*Y) with div(b) in L} (R, A function u is
an entropy solution to (1.7) iff the function u(t,z) := u(t,x + W) is L -valued

weakly-* progressively measurable and is a.s. an entropy solution to
(2.3) ouu(t, ) + b(x + Wy, a(t, x)) - Va(t, z) = 0.
More precisely, x = x(u) is a kinetic solution to (1.7) with kinetic measure m iff:

(i) X(t,2,8) = lecagwa) — le<o = x(t, o + Wi, &) is L;‘jf—valued weakly-
* progressively measurable and m(t,z,&) = m(t,x + Wi, §) is weakly-*
progressively measurable, that is, for every ¢ € C°([0,T] x R? x R), the
process (t,w) +— f[o’t]dedeJdﬁl s progressively measurable.
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(ii) For a.e. w, X“ is a kinetic solution to (2.3)) with kinetic measure m*. In
particular, in the sense of distributions,

(2.4) O X + b(x + Wy, &) - VY = derm.

Proof. Step 1: Progressive measurability.

Progressive measurability of ¥ can be deduced from progressive measurability of
x and vice versa. Indeed, for every ¢ in C®°(R¢ x R), (x, @) = (x, p(x — Wi, &)
is progressively measurable, by Remark [5.5] A similar reasoning applies to m:
For every ¢ € C([0,T] x R? x R), the process (t,w) + f[o)t]dengbdm =
f[o. {]xRIXR o(r,x — W,., &) dm is progressively measurable, again by Remark

Step 2: Equation implies .

Since for any (deterministic) test function @, (X, @) = (x, ¢(x — Wy, &)), the state-
ment would follow if we could take ¢(z — W;) as a test function. Unfortunately,
this is not possible, since @(x + W;) is not deterministic. Therefore, we use a regu-
larization procedure: We consider x€, a regularization of x with respect to = and &.
Then, for fixed z and &, we multiply x¢ by @¢(x — W}) using It6’s formula, integrate
in z and ¢ and pass to the limit € — 0.

We consider a regularization of x in both z and &, i.e. x§(z,&) := (xt, p(x —
)pe(€ — ). For every (z,£), we have the following equation, outside a null set
possibly depending on (z,¢) and e,
t
X (t,z,§) = x°(0,z,¢) +/ (X, div(b(-, ) pe(z — ) pe(€§ —-))) dr
0

t

+ [ Ve —nte=naw + 5 [ ante— i ar
- / (1, Depelc — )pel€ — ) dr.
[0,t]

We multiply x¢ by ¢(t,x — W, £) and use 1t6’s formula for cadlag processes (see,
for example, [41, Theorem 33)), applied to f(z,y) = xy. Note that no jump term
appears here because the function f is bilinear and thus, with the notation of [41]
Theorem 33], f(xs,ys) — f(zs—,ys) — Vf(zs—,ys) - Axs = 0. Hence, we get, outside
a null set as above,

Xe(ta xz, £)¢(t7 T — Wt; 5)

= X(0,2.)3(0,2,6) + /O X (2, )0 B, — W,€)dr
+ / (e div(b(, Ype( — )Pl — )l — W,€) dr
0

+ / (0 Vel — Vpe( — )@z — W,€) dW
0

1

3 | e dnia=pe = st - we)ar

— /[0 . (m, pe(x — )0epe(é — ) p(ryx — W, €) dr

t

- [} a9Vt - W aw + 5 [ in g - W dr
0 0

+ / (0 Vel = Vel€ — ) - V(@ — W, €) dr.
0



WELL-POSEDNESS BY NOISE FOR SCL 9

By the stochastic Fubini theorem (see for example [42], Exercise 5.17) and Remark
all the addends have measurable versions in (¢, w,x, &), for which the equality
above is true for a.e. (t,w,z,£) and we can integrate in  and in £ and exchange the
order of integration. Therefore, integrating the above formula in (z,£) and bringing
the convolution on ¢, we get, with ¢(t,z,&) = ¢(t,x — Wy, §),

t

t
s 95) = Oxon 5 + / (s OugF)dr + / (v, div(bg?)) dr
0 0
t 1 t
+ / (0 Vi) dW + / (6 A dr — / (m, D) dr
0 2 Jo [0,4]
t 1 t t
—/ <X,V¢E>dW+§/ (x,Aw€>dr—/ (x, Ag©) dr
0 0 0

t t
= G + [ bt + [ ot dr— [ omoocg) i
0 0 0,t
Finally, we let € go to 0 and use the change of variable £ = x — W}, to obtain
t

(25) (%o 1) = (%> Bo) + / (%, 0:3)dr + / (%, div(53)) dr — / (17, O3 dr.

[0,2]

This formula is valid for every ¢ smooth test function (with compact support), on
a full measure set in (¢,w) which can depend on ¢. To make this set independent
of ¢, we use a density argument. Let D be a countable dense set in C°(R? x R)
and let F' be a full measure set in (¢,w) such that m(w) is a bounded measure and
holds for every (¢,w) in F' and for every ¢ in D. For a given test function ¢,
take a sequence (@), in D converging to ¢ in Cf; passing to the limit in for
@n (using that x is bounded for every (t,w)), we get for ¢ for every (t,w) in
F'. The proof of the first part is complete.

Step 3: Equation and weak-* progressive measurability imply .

Since the strategy is similar to that of the first part, we will only sketch it. We
regularize y by convolving it with an approximate identity, obtaining x¢. It follows
from the progressive measurability hypothesis that x¢ is an It6 process, therefore,
for every test function ¢, we can multiply it by ¢(¢,x + W, €) and apply Ito’s
formula. By Fubini’s theorem, the stochastic Fubini theorem and Remark we
can integrate in x and in £ and exchange the order of integration, then we bring
the convolution on ¢, let € go to 0 and change variable to get finally . (I

2.2. The case of smooth coefficients. In this section we consider the case of a
smooth coefficient b € C2°(R¥*1) and a smooth initial condition ug € C2°(R?) and
derive stable a priori bounds.

Proposition 2.7. Let uy € C°(R%) and b € C°(R*1). Then there is a unique
entropy solution u to (1.7). Moreover, we have

(2.6) esssup sup ||u(t)||ne < |Juo|lLee
weR t€[0,T)

and, for every p > 1 finite,

T
(2.7 esssup sup Hu(t)”i,ﬁrp(pfl)/o //|§|p*2md§dxdr

WER t€[0,T)
1 .
< luollZ» + plluoll7 o 1divbI| £1 (o, 77 xR x [~ [0 3o 0l n.30]) -

Moreover, x and m are supported a.s. on [0,T] x R% x [—||ug|| o, |[uol £o]-
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Proof. Step 1: We start with the equation

(2.8) o+ g(t,x,v) - Vo=0

for some g € C([0,T]; C3(RT1)), i.e. three times continuously differentiable with
bounded derivatives, and initial condition ug € C2°(R?).

As a consequence of |33 Corollary 2.4 and Theorem 2.5], there exists a unique
entropy solution v = v9 € L ([0, T}; L*(R%)), v9 is in C([0, T]; L*(R?%)) and the map
C([0,T); C3(R¥*T1)) 3 g = v9 € C([0,T); L' (R?)) is locally Lipschitz continuous.
Note that, denoting by x = x? the associated kinetic solution, ||x:— Xs HLi.a = |jug—
sz and ||Xf1 _X§2”Li .= ||vf1 —Uf2HL;- Consequently, x is in C([0, T]; L*(R? x
R)) and the map C([0,T]; C3(R4*1)) 5 g — x9 € C([0,T); LY(R? x R)) is locally
Lipschitz continuous. As a consequence, the maps [0,7] x C([0,T]; C(R¥*1)) >
(t,g) — v{ € LY(RY) and [0,T] x C([0,T]; C3(R*1)) 5 (t,9) — xJ € L}(R? x R)
are continuous.

Following [33, Corollary 2.4 and Theorem 2.5] the entropy solution v = v9 can
be constructed by first approximating ¢ by a smooth ¢° and then considering a

vanishing viscosity approximation. That is, v can be obtained as an a.e. limit of
the solutions v*° to

v + gO(t, ,v°%) - Voo = eAv®9.
The maximum principle applied to these equations yields [v%
Passing to the limit, we obtain the bound
(2.9) [vll g, < lluollzge-
This implies that, for every ¢ and for a.e. z, x(¢,z,-) = x9(¢,x,-) is supported on
[=lluollzse, luol Lge]-
The existence of a kinetic measure m9 associated to x? can be derived as in |15,

Section 2.2] extended to the time dependent and non conservative case, that is, for
every @ compactly supported we have

(2.10) /[O . Ragwdmg=—<x%,w>+<x8,soo>
,T]xR4 x

lLgs, < luollnee-

T
+/ (X7, Ovp 4 div(g(r, z,&)p)) dr.
0

Therefore, m? is uniquely determined, is supported on [0, T] xR X [—||ug]| e, [[uo || 2]
and is satisfied for all smooth ¢ compactly supported in x.

In order to obtain the estimate , we consider the test functions given by
(sgn({)\ﬂp*l)fdjl/e (x), where 1y, is an increasing sequence of smooth functions,
[0, 1]-valued, with values 1 on By, 0 on Bj, and such that [V c(z)| < 2e for
every x and (sgn(§)[£[P~1)¢ := sgn(-)|- [P~ *¢ pe. In particular, sgn(€)(sgn(€)[P~1)¢
is a sequence of nonnegative functions converging pointwise on R \ {0} to [£[P~1.
Moreover, in the case p > 1, d¢(sgn(€)|£[P~1)¢ is a sequence of nonnegative func-
tions converging pointwise on R to (p — 1)|£|P~2, with the convention |0|P~2 = 40
for p < 2 and |0|° =1 for p = 2. Due to , we have

O (sen ()€1 1) + / 4 (sgn(©)le[P=1) 41 o dm?

[0,¢] xR xR dg§

= (8. (sen(©) P ) apu ) + / O, divg(r, 2, €) (sgn(€)[€P 1) W ) dr

t
+ /0 O g (r, 2, €)(sen(E) €71 - Vb ) dr
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In the case p > 1, taking the lim inf for € — 0 and recalling that x7 (sgn(&)|£[P~1)¢ =
Ix7|sen(€)(sgn(€)|€[P~1)¢, applying Fatou’s lemma for the second term on the left
hand side and the dominated convergence theorem for the remaining terms, we get

UL 1P + (0 — 1) / €P=2 dm?

[0,t] xRe xR
t
< Bl IeP ) + [ (. vl e
0
Recalling (2.2)) and (2.9) we obtain

10912, + pp— 1) / €[P=2 dim?
[0,t] xR xR

t
eu) <flfp [ [ @l g, dedgdr
0

-1 .
< luollZ» + plluollZee divgllLs (o, r1x®e x [~ fuoll Lo luollnee])

In particular, taking p = 2, we see that [|m||aq, , . is bounded in terms of uy and

1divgll L1 (0,7) xR x [~ [Juo | oo s [luo | oo ]) - 1t the case p = 1, proceeding as before we get

d
09 2 + lim inf / 9 (sgn(€)) 9 e () dm9
=0 Jio,fxraxr d€

< lluollzy + Idivgll L (po, 7 xR x [~ uollze luolzge))-
In particular, recalling again (2.2]), this gives the global L;é bound

(2.12) S[%PT] IX?@®llzz < lluolley + 1divgll Ly jo,7)xrax [~ juo e o 3o ])-
telo, !

Step 2: We apply the previous results to g = b* = b(x + Wi(w),w) and, by Propo-
sition [2.6] get the existence of an entropy solution that, by a change of variables,
satisfies the estimates. The technical details are not difficult but not immediate,
since we have to pass from a process with values in a space of functions of x to a
measurable function of (¢,w, x):

1) The map (t,w) — a(t,w) = v¥" is measurable bounded from B([0,T]) ® Fr to
B(LL), for every T, since it is the composition of the measurable map (t,w) — (¢, %)
from B([0,T]) @ Fr to B([0,T]) ® B(C([0,T); C(R4*1))) and the continuous map
(t,g¥) — v{. Since the Ll-valued process & admits a time-continuous version, i
is actually measurable bounded from P (the predictable o-algebra) to B(Ll); in
particular, it is weakly measurable with respect to P. Therefore, by Proposition
there exists @ in L*([0, T] x © x R%, P ® B(R?)) version of @ (in the sense that,
for a.e. (t,w), u(t,w) = i(t,w)). By the L> bounds, @ is in Ly, .. Similarly the
map (t,w) — x(t,w) = x¥" is measurable bounded from B([0,T]) ® Fr to B(L} ),
for every T and there exists ¥ in L'([0,T] x Q x R?, P @ B(R?)) representing y;
clearly X = lg<¢ — lo<¢ and X is supported on [—||uol| e, |10l Lee]-

2) Calling u(t,w,x) = a(t,w,x — Wi(w)), x(t,w,z,&) = X(t,w,x — Wi(w),§), then
u and x are also LZ%-valued weakly-* progressively measurable. Indeed, for every
¢ in C (R x R), (u, ) = (@, p(- + Wy, -)) is progressively measurable, by Remark
3) The map w + m(w) = m®" is bounded as an M, ¢-valued function, nonnega-
tive and supported on [0,7] x R? x [—|ug| e, [[uo||Ls]. Moreover, for every ¢ in
C>([0,T) x R? x R), calling ¢ a primitive function of 9, then f[O,T]lede Wdm =
[ depdm is Fr-measurable for every T by equation and admits a continu-
ous version, hence is progressively measurable. Calling m(t,w,z,§) = m(t,w,x —
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Wi(w), &) (more precisely, the image measure of m under (t,w,z,§) — (t,w,z +
Wi(w), €)), then f[oyt]desz/Jdm = f[o’t}dewa(t,x — Wy, &) dm is progressively
measurable, by Remark Therefore m is a kinetic measure.

4) By Proposition u is an entropy solution of , with kinetic function y and
kinetic measure m.

5) Changing variable 2’ = x — W in and in (2.12), we get the estimates
and . (|

2.3. Existence of generalized kinetic solutions. We introduce the notion of a
generalized kinetic solution.

Definition 2.8. Let fo € (L' N L*=)(R? x R). A generalized kinetic solution to
is a measurable function f : [0,7] x @ x R? x R — R with the following
properties:
(i) f € L>=([0,T]xQ; L*(R%xR)) and is supported on [0, T] x 2 xR% x [~ R, R]
for some R > 0;
(ii) f is a weakly-* progressively measurable L7"-valued process;

(iii) there exists a kinetic bounded measure m on [0, 7] x Q x R? x R such that,
for every ¢ € C°([0,T] x R x R), it holds a.s.,
t

213)  (fir) =(o o) + / (f, Buip + div(b(z, )p)) dr + / (f. V) dW

1 t
_,_7/ <f,A<p)dr—/ Ocp dm.
2 0 [0,t] x R4 xR

(iv) there exists a kinetic bounded measure v on [0,7] x  x R? x R, which
moreover is in L°([0,7] x Q, M(R? x R)), such that, for every ¢ €
C([0,T) x R? x R), it holds for a.e. (t,w),

(2.14) £(0.2.6) = san(©)f (12,6 <1, for ae. (2,),
t7_a t) = ) - t t-
—dee) = [ ety [ v

A formal, short-hand notation for and is
Of +b(x,8) - Vf+VfodW,=0em,
and
[FI(t, 2, €) = sgn(§) f(¢,2,€) <1,
o =8~ v(t,2.6).
Remark 2.9. Kinetic solutions are a particular type of generalized kinetic solutions.
Indeed, if fo(z, &) := x(uo(z),€) and x is a kinetic solution to (L.7)), with associated

kinetic measure m, then x is also a generalized solution with kinetic measure m
and v = 6£:u(t,w,m)-

The following theorem asserts the existence of a generalized kinetic solution.

Theorem 2.10. Let b € L}, (R*") with div(b) in Li,,.(L}) and ug € (L' N

loc

L>®)(R?). Then there exists a generalized kinetic solution f to (1.7) starting from
Jo(z,€) := x(uo(2),§).

Proof. Step 1: Approximation of f and convergence.
We introduce smooth approximations b5 € C°(R¥*1) of b with b5 — b in L}

z,&,loc

and divb® — divb in L}, (L}) and uj € C® (R) of ug such that |[ug||z» < ||uol|Le



WELL-POSEDNESS BY NOISE FOR SCL 13

for all p > 1 and u§ — ug in L. We consider the corresponding unique entropy
solution u¢ (see Proposition (2.7))) to

O (t,x) + 0% (z,u (¢, x)) - Vu' (t, z) + Vus (¢, z) o dW; = 0,
that is x = x(u®) solves
(2.15) Ox® +0°(x,€) - VX + VX© 0 dW; = 9em®.

Since | x| < 1, the sequence x° converges weakly-*, up to taking a subsequence, to
alimit fin L>°([0, 7] x QxR xR). Since for every ¢ in L;yg, (x¢, o) is progressively
measurable, also (f, ¢) is progressively measurable.

Step 2: Bounds and support of f.

Using Proposition n and div(b) € L¢;,.(L}), we obtain that (x*)* = x“V 0 is
uniformly bounded in Lg%, (Li,g)- Therefore, identifying x¢(z, §) with x¢(z, ) dzd¢,
(x©)" is uniformly bounded in LS, (My ¢ 4 ). By Theorem up to the selection
of a subsequence, (x°)* converges weakly-* in Lg%, (Mg 1) to an element gt €
LS,(My e 1), Similarly (x)~ = (—x©) V 0 converges weakly-*, up to the selection
of a subsequence, to an element g~ € L, (Mg ). Moreover, we can take the
same subsequence for the weakly-* convergence of x© in L5, , . and of (x€)T and
(x°)~ in L§, (Mg +). By a density argument, we see that g := g™ — ¢~ = f. In
particular,

9z a2 0 = Il ot < 9 oot + 9 ot
< 2sup X g, 1 -
: ,

For the support property of f, again Proposition ensures that the functions x©
are concentrated a.s. on [0, T] xR x [—||tg]| so, [|10]|0o|]. Therefore, E[F(x¢, ©)t z.e] =
0 for every ¢ in L*([0, T]xR?xR) with support outside [0, 7] xR x [~ ||t || oo ||20]] 00
and every F in L}. Passing to the limit in this equality, we conclude that f is con-
centrated a.s. on [0, T] x RY x [—|uo] oo, [t0]|o)-

Step 3: Convergence of m€.

By Proposition (applied with p = 2), m® is a bounded sequence in the space
L=(Q; M4 ([0,T] x R? x R)), therefore, by Theorem it converges weakly-*,
up to subsequences, to a limit m in L%°(Q; M, ([0,T] x R? x R)). The weakly-
* progressive measurability, in the sense of Definition of m is verified as for
f. The support property of m follows from Proposition [2.7] as for f, replacing
LY([0,T] x R? x R) with Cp([0,7] x R? x R).

Step 4: Equation .

Equation is obtained passing to the limit in for ¢ in C°([0, T] xR xR),
exploiting the linearity of the equation and using that -V and ¢divb are in L; Wz
More precisely, we multiply by a measurable bounded function G = G(t, w),
we integrate in ¢t and w and we pass to the limit, thanks to the weak-* convergence
of x¢ and m*. By arbitrarity of G we get .

Step 5: Properties .

The bound ”fHL?.Cw.N < 1 follows from the same bound for x°. The property
|f| = sgn(€)f follows from passing to the limit in E[{x¢, sgn(§)G),z,e] > 0 for every
G nonnegative function in L!([0, 7] x Q x R? x R). Further, we have for a.e. (t,w),

(216) OG-t = [ et 0ydo— [ g,

R R xR
where dv® = d¢_ye(t,0ydzdt. In particular, v° is a bounded sequence in L (2 x
[0, T]); M(R? x R)) of kinetic measures. Proceeding as for m¢, we get that v°
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converges weakly-*, up to subsequences, to a bounded kinetic measure v. Passing
to the limit in (2.16)) in a way similar to the proof of equation (2.13)), we obtain
(12.14). O

Remark 2.11. For any generalized kinetic solution f, which by definition is in
L>®(Q x [0,T); LY(R? x R)) N L>(Q x [0,T]; L*(R? x R)), we have by interpo-
lation f € L>=(Q x [0,T); LP(R? x R)) for every 1 < p < co. Moreover the global
L}c,g bound allows to consider also bounded test functions, independent of &, which
are in L>([0, T]; W2>(R%)) N L>(R%; W2 ([0, T))).

The following lemma will be useful in the next section.

Lemma 2.12. Let f be a generalized kinetic solution to equation . For every
test function ¥ in C°(RY x R), there exist measurable functions f()*, f()~
on [0,T] x Q x R x R, versions of f x5 (that is, for every (z,£), f(¥)*(z,€)
and f()~(z,§) coincide with f x5 ¢ on a full-measure set in [0,T] x Q, possibly
depending on (x,€) and ¢), with the following properties:

(i) for every (x,€), f()T(x,€), f(1)(x,&) are progressively measurable pro-
cesses;

(i1) for a.e. w it holds: for every (x,€), f(¢)"(x,€) is cadlag, f(¢)™(x,€) is
caglad;

(iii) for a.e. w it holds: for everyt, f(¢)T is 021775 and Vg e f(0)T = f(Vaep) ™
and similarly for f(¢)~.

The above lemma is similar to Remark but with the additional property (iii).
The existence of such versions is needed when dealing with terms of the form
J 9 f(1)" dm, since for these both the precise version in time and the differentia-
bility in ¢ are needed.

Proof of Lemma[2.13. We call 94 (y, () = 1(x —y,& — (). We know that, for every
(z,&), it holds for a.e. (t,w),

t t
<ft,<pf’5>:<fo,<p3’5>+/0 <f,8t<p“+divy(b<pr)>dr+/o (f, V™) dW

I .
(2.17) + 5/ (f, Ayp™8) dr — / D™ dm.
0 [0,t] xR¢ xR

For the integrals fg(f, Opp™¢ +div,, (bp®*)) dr, L t(f, Ayp™¢) dr, there exist resp.

versions A(t,w, z, ), B(t,w, z, ) which satisfy tlfe f(iJrst and the third property above
and are continuous (a.s.) in (¢,z,£). Such a version C(t,w, z,§) exists also for the
stochastic integral — fg( £y V™) dW, by stochastic Fubini theorem (see again
[42], Exercise 5.17). Finally, for — f[o,t]dexR D™ dm, by Remark there exist
versions DV (t,w,z,£), D™ (t,w,z,£) which satisfy the first and the third property
above and are resp. cadlag, caglad for fixed (z,&). Therefore f(¢)* = (fo, @3’5> +
A+B+C+D*t and f(¢)” = (fo, o) + A+ B+C + D~ are measurable versions
of f *, ¢ 1 with the desired properties. U

From now on, when this does not create confusion, the first three integrals in
formula ([2.17) will denote their continuous versions. The cadlag version DVof the
last integral will be denoted still by — f[o, {]xRIXR acwf dm, while the caglad version
D~ by — f[o £)xRIXR D™ dm, coherently with the continuity property in ¢ of the
integral on [0, ¢].
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Remark 2.13. Consider f©° = f %, ¢ (peps), where p = p(z), p = p(€) are two C°
even functions and p.(z) = e Ip(e~1z), ps(&) = 6 1p(671E). We call fo0+, fod—
the versions of f° as in the previous Lemma. Note that, by construction, for a.e.
w, it holds for every (¢, z,£), with the above convention on the integrals,

. tq t
0 (@,8) = folw,€) + / SO (@ &) dr — / (b- V) (@, &) dr
0 0
t
- [ vrs@gaw, + [ oz — ) () (€ ~ Om(r..C) dydcar.

0 [0,t] xR xR
where (b - Vf)° = V(pp°) #ze (bf) + (pp°) *4¢ (div(b)f). The integrands
Jrasw P°(@ =) (€ = Om(,y, Q) dyd(, [z g p (@ — y)(2°) (€ = Om(:,y,¢) dydC
will be denoted resp. by m®?(r,z,£) and 9em®°(-,z,£) and they are measures on
[0, T] parametrized by (w,x,&). Moreover, for every fixed representative of m and
every test function ¢, the function (t,w,z,§) — f[o . F) T (2,€)0em (r, z, €) dr

is measurable, cadlag in ¢ and continuous in (z, £) for a.e. w, and, for a.e. w, it holds
that for every ¢t > 0,

/ f) (r,, f)&gmﬁ"s (ryz,&) dr dxdg

RIXR J[0,4]

-/ [ £ (0% = )Y (€~ ¢) dad€ m(r.y,) dydr
[0,t] xR xR JR? xR

- / O F () (1, €)m (r, x, €) dudér.
[0,t] xR xR

Indeed, the measurability follows from Remark below applied at (z,¢) fixed
and from the continuity property of the integral with respect to (z,§). The above
equality follows from Fubini’s theorem, Lemma and the cadlag property of the
integrals. An analogous property holds replacing f(1)* with f()Ty or f(¢) ¢
for regular test functions .

3. WELL-POSEDNESS OF ENTROPY SOLUTIONS

In this section we prove the well-posedness by noise result, namely the existence,
uniqueness and stability of entropy solutions:

Theorem 3.1. Assume that b € Lg5,.(L3°) N Léloc(T/Vl’1 ) and that divd €

x,loc
Lé)loc(Li) N LE(LgS,.) for some p > d, p < oo. For every initial datum ug in
(L' N L) (RY), there exists a unique entropy solution u to (L.7). Moreover, for
every initial data ul, u2 in (L' N L2)(RY), the two corresponding entropy solutions

ul, u? satisfy

E/|u%—u?|d:v§0/|u(l)—ug|dx,

for a.e. t €[0,T] and some constant C' > 0, depending only on T, Hb”Lg"[

,I\LIW](L:Q)
and ”diVb”Lﬁ(Lg?[,M,M])f where M = max{||u(1)||L;o, ||U3HL;°}

Remark 3.2. As it will be clear from the proof, the result can be generalized to
fluxes with b(x, u) replaced by

N
Z b (z,u),
k=1

where by are vector fields satisfying the assumptions of Theorem with integra-
bility exponents py > d (i.e. divby € LE*(LgY,,.)) which can be different one from
each others.
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The proof of Theorem follows from the following two preliminary results, the
key estimate being the following

Lemma 3.3. Assume thatb € Lg’jloc(Lgo)ﬁLéloc(Wi’lloc) and that divb € LE(Lg,.)

for some p > d, p < oo. Let f be a generalized kinetic solution to (1.7), supported
on [0,T] x Q x R% x [-R, R] for some R > 0. Then,

(31) £ (- aas<c [ (- s

for a.e. t € [0,T] and some constant C > 0, depending only on T, ||b||L§°[7R (L)
and ||div b”Lg(Lgf[—R,R]).
Note that |f;| — f? > 0 for any generalized kinetic solution, since |f| < 1 by
definition. When the initial datum fy is the kinetic function of some wyg, that is, if
fo(@,€) = x(uo)(x,€), then Lemma [3.3] implies that f takes values in {0,+1}. In
this case f is a true kinetic function:

Proposition 3.4. Assume that b satisfies the assumptions of Lemma [3.3 and let
f be a generalized kinetic solution to (1.7) starting from fo = x(uo), for some
ug in (L' N L*®)(R?). Then there exists an entropy solution u to (L.7) such that

flx,&,t) = x(& u(z,t)) ae in (t,w, z,8).

Lemma [3.3] and Proposition together with Theorem [2.10} imply the well-
posedness result Theorem |3.1

Proof of Theorem[3.1 Concerning the existence of an entropy solution, Theorem
2.10] yields the existence of a generalized kinetic solution f to (L.7). Proposition
i_lhen implies the existence of an entropy solution to .

For stability, let x! = x(u’, &) be the kinetic functions associated to u, i = 1,2.
Note that [x! — x> = [x! = x?| = Lut<e<u2 + Lu2<g<q for ace. € and, in particular,
[ Ixt — x?1? d¢ = |uj — u?|. Therefore, the statement is equivalent to

(3.2) E/Ix% — X3 [2dzdé < C/Ixé — XgI? dadg.

Now consider f := %(Xl + x?). Then f is a generalized kinetic solution, with
associated Young measure v = §y — %(55:u1 + 0g=y2). Moreover,

= 2 = Ssan©0d +x3) = 2002 + (6)? + 2 )

2 4
1 1
= ST+ 1D = (N T+ 1T+ 2x %)
_ L 22
Therefore, applying Lemma implies (3.2). Uniqueness follows from stability,
thus, the proof is complete. O

In order to prove Lemma we will use the equations (more precisely, certain
inequalities) satisfied by |f| and f2. We recall that, since f satisfies a transport-
type equation, for any function 8 regular enough, informally S(f) also satisfies a
transport-type equation. This property is known as renormalization. When coming
to a rigorous proof, however, problems can appear from the drift term, when b is
not regular enough and from the kinetic measure term m. The Sobolev assumption
on b, as in the theory of DiPerna-Lions [19] and Ambrosio [1], ensures that the drift
term behaves nicely. The presence of the kinetic measure m does not allow to write
an equation for |f| and f? themselves but is enough for the following inequality.
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Lemma 3.5. Assume thatb € L%JOC(Wl’1 ). Let f be a generalized kinetic solution

x,loc

to (L.7). Then, for every nonnegative test function o in C2°([0, T]xR%) independent
of &, it holds for a.e. (t,w),

[ nl=sededs< [ [ (oo 5ap+ divp)l(1f] - ) dodedr
RExR 0 JRIXR

! _f2
<[] vels = 1) dwacaw,

Proof. Step 1: We start with the equation for |f|. Since, by ([2.14)), |f| = fsgn(¢),
we aim to use sgn(¢) as a test function in (2.13). To do so, we regularize sgn via
Sgn *¢ p° =: sgn®. Note that 8§sgn5 = 25°. For technical reasons that will become
clear in the second step, we write an equation for [, o f9sgn® (€)p dxdé, where
[0 = fxpe (pP°), that is, we take (sgn®(€)p) *4.¢ (p°p°) as a test function in
. Moreover, again in we take the cadlag version of the integral and
thus get

[ et oo
R xR
= [ st ©ndods + [ [ 155’ (©)(0uo + 5 Ap) dodgar
RIxR 0
(33) + /O / fb - V(sgn®(&)p)*? dadedr + /O / fdivb(sgn® (€))*° dedédr
t
- [ [ 5essent @) Vo dadsaw, -2 | o (€)m*S dudedr,
0

[0,t]xRe xR

where f©%% is the cadlag version of f& (see Remark [2.13)).

Step 2: For f2, we would like to take f¢ as a test function in . Since f is not
regular, we regularize it in both = and &. More precisely we take f%F, &%~ resp.
cadlag, caglad versions of f°, as in Lemma and Remark 1t6’s formula
for cadlag processes (cf. [41, Theorem 33]) yields

(F0H (2,€))%0e(@) — (£5° (2, €)) ¢ (@)
_ / FE5F (2, €)2Opipr (@) dr + / (Fo0 (2, €) + £ (2, €) ) () dfS°

[0,2]

* /0 or() d[f);
t t
- |, s [ 0n s e o
- [ 210 V1w o) i [ 241w OV i a) Y,
T A O L

+ / IV F )P )

This formula is valid for each (x,&) for a.e. (t,w), where the exceptional set may
depend on (z,€&). However, by Remark for a fixed representative of m, the
integral with the kinetic measure m is measurable and cadlag in ¢ for (w,z, £) fixed
and continuous in (z,&) for (f,w) fixed. Also the other integrals have versions that
are continuous in (¢, z, §) for w fixed and, in particular, are measurable in (¢,w, x, §).
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For such versions, for a.e. w, the above equality above holds for every (¢,z,¢). The
idea at this point is to first integrate in = and &, then to use integration by parts
to bring the derivatives onto ¢ and thereby to get an equation for f©%+ which is
similar to the one satisfied by f itself, plus a remainder. Indeed, integrating in x
and &, using Remark Fubini’s theorem and the stochastic Fubini theorem, we
obtain the following equality, valid for every t and for every w in a full-measure set
independent of ¢,

[ e o dads = [ (15060 n(o) dodg

R xR

- /0 t /R Iy <8t<pr(:c) + 2 A0.(@) +div(b(x,£)wr(x))> dadgdr

! €,0 T _ . o ) - B
+2/0 /]Rdx]R/RdXRfT (z,8) fr(y,C)ps(§ C)(Vpe( y) - (b(z, &) — by, ()
+ pe(z — y)divyb(y, ¢ ))wr(x) dyd¢dxdédr

_/[0 xR R(8§f§67+ + 0c [0 ) (@, E)m®° (r, 3, &) pr () daddr
JE] X R4 x

t
[ 5oV ) dedeaw,.
0 JRIxR

For the third addend, note that, for every (z,£), it holds for a.e. (t,w), ¢ f(x, &) =
ps5(€) — v x¢ ps(€) (the convolution being in the ¢ direction) and so Jg f°(z, &) >
7s5(&). Therefore, by the cadlag/caglad properties of 85f6’5’+ and agfs"s’_, for a.e. w,
it holds for every (t,x,€), 9¢ f&O+ (x, &) > ps(€) and O¢ f&0~ (z,€) > ps(€). So we
obtain

_ /[.0 . R(agfﬁ’ziﬁr + 85f;’§,7)(x7§)m6’5(7“7337§)<p7~(x) dudédr
] X R X

<2 / M (1,3, €)pr (&) dudgdr.
[0,{] xRE xR

Here we see the reason for the additional regularization of f¢° in the first step: in
this way the right hand side of the above inequality is equal to the last term in
formula . In conclusion we get, for a.e. w (on a full-measure set independent
of t), for every t,

/ (T sgn’ (€) — (7)) dads — | (f5"sen’(€) = (£5°)*)po drdE
RAxR RIxR

t
€8 om0 1
< /0 / F=55en (€) O, + 3 Ap,) dudedn

t t
b- V(sen’ &9 drded divb(sgn’ &9 drded
+/0 /f (sen®(€)¢)) w§r+/o/f1 (sen® (€)¢)° dadclr
(3.4)

- / / (f6’6)2(5t§0+%Ago—I-diV(bga))dxdgdr
0 JRIXR

- / / (fsgnd (€) — (f0)%)Vp dededW,
0 JRIXR

o / / / S0, ) o (0, 36 — O (Tpel — y) - (b, €) — b(y,C))
0 JRIxXR JRI xR
+ p“(z — y)divy,b(y, ¢))p:(x) dydCdrdEdr.
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Step 8: The last addend in the right hand side above is the commutator error,
which by Lemma below goes to zero in L7, letting first § — 0 and then € — 0.
Therefore, taking the L7 -limit in first for 6 — 0 then for e — 0, we obtain
the statement. (|

We used the following commutator lemma:

Lemma 3.6. Assume thatb € Léloc(Wl’1 ). Then it holds, for every finitem > 1,

x,loc

T
tmtim® [ [ [ @0 .0l = O (Vode =) 0.6) = b0.0)

e—=06—0

+ pe(z — y)divyb(y, ¢ )) or(z) dyd(dzd§|™ dr
=0.

Proof. The proof is obtained by adapting the classical commutator lemma (see for
example [2L|19]) to this anisotropic regularization in x and &, which was also used
in [12]. Since b is weakly differentiable in the z-variable, we have for a.e. (z,y, &)

1
b(z,€) — b(y, €) = / Dubly +a(z — 9).)(x — y) da.

This formula can be obtained by approximation of b in Lé’loc(W; ’lloc) with regular

b™. By the change of variable z = (z — y)/e, n = (£ — {)/d, we obtain

[ ] 15 @onw.0ms(€ - O (Voo - 1) - 0€) = b 0)
R4xR JRI xR
+ pela = y)div,b(y, O) ) (x) dydC dode
= [ [ ¥ [ 15 = e = o) Dbl — ez, 20 ) deddzdnda
+ [ pete) [ 1000 ol = 5.6~ su)divbla — 2.6 — S (o) dedsdzdy

+ % /ﬁ(n)VP(Z) ’ /f?é(m?g)fr(x - 62;£ - 677)(b(x7£ - 677) - b($7f))(pr($) dxdﬁdZdU

(3.5)
= A+B+C

Here and in the following we can suppose without loss of generality that all the
integrals range over a compact set independent of €, §, r and w, since the test
functions ¢, p, p are compactly supported and f,(z, &) and f°(x, &) are compactly
supported in £ uniformly in €, §, r and w. We start with the first integral A on the
right hand side of (3.5)). We first take the LY, -limit as 6 — 0 and we find that A
converges to

30 [ [ Vol [ £@0h @ - .- Doble — acz. )z, (o) dodedada,

where f€(z,€) = f(-,€) * p(x). Since the proof of this fact is standard and relies
arguments similar to but simpler than the proof of the limit as ¢ — 0, we omit it.
Now we take the Lj" -limit of s(3.6) as e — 0. First we fix 2, a, r and w. For the
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inner integral, we have

[ 5@ 88— . ODibla ~ acs, &)z (o) dods — [ £,(0,6)* - Dabla, )21 (o)
— [ £ 9510 = 5 ) (D2bo — aes€) -~ Dublo — e2,)zpy () ddg

+ [ @O o= 5 Db = 2.8)  fr(w ) Dab(w, &) (o)

+ [ (0.9 = o) (0. Dbl )z o) dads

The first addend on the right hand side above goes to 0 for ¢ — 0, since both D,b(z—
aez, &) and D b(x —ez, ) tend to D,b(z,§) in L;f by continuity of translation and
(@, ) f(z —ez,€)p(x) is bounded in L% uniformly in e. The second addend also
goes to 0 for e — 0, since f(x — ez,&)Db(x — aez, ) tends to f(x,£)D.b(z,§) in
L;f by continuity of translation and f¢(z, {)¢(x) is bounded in Lg% uniformly in e.
Finally, the third addend goes to 0 by dominated convergence, since f(z, &) — f(x, &)
tends to 0 for a.e. (x,€) and the integrand is bounded by C|D.b|(z,§), for some
C > 0. Therefore, for fixed z, n, r and a, the inner integral in the first addend
of converges to [ f2(z,£)Dyb(z,§)z¢,(x) dudE. Since, moreover, the inner
integral is bounded uniformly in z, a, r and w, dominated convergence implies for
A

tim ( 1im / 1 [pvee)- [ 0@t - ene - on)

e—0 \6—0

- Dyb(x — aez, &)z (x) dmdfdzdnda))

1
= [ [ o) [ 162 Dobie. )2 0) dadgazaa
= —/fT(x,é“)Qdivb(x,&)cpT(a:) dxdg,

where we have used that [9;p(z)z;dz = —;; and the limits are taken in Ly,
Similarly, for the second integral B on the right hand side of (3.5)) we have

tiy (tim ([ pp(a) [ 5230010 - ex, — o)
~divb(z — €2,€ — on)or(x) d:cdﬁdzdn))
= [ £t ) (z) dade,

where again the limits are taken in Lj",. For the third integral C', again with similar
reasoning but now taking only the limit § — 0, we get

T
imE [ |5 [ o)
[ #9500 e = )€ ~ ) ~ bla, )pl) dadedsan] " dr .
Putting together these limits we obtain the desired statement. O
We are ready to prove the key Lemma [3.3

Proof of Lemma[3.3 By Lemma we have, for every nonnegative test function
¢ in C°([0,T] x RY) independent of &, for a.e. ¢ (with the exceptional set possibly
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depending on ),

]E/Rde(lft\ — [D)p dud€ < /Rde(|fO| — 12)go dude

i 1
(37) B [ [ o+ g0+ v (1] - ) dadedr

where we used that fot Jparw Vo(lf| — f?) dedédW, is an L? martingale with zero
mean, since Vo(|f| — f?) is bounded and compactly supported.

The idea at this point is to use duality, that is, we would like to take a test function
¢, independent of &, nonnegative and sufficiently regular, with ¢ > 0, such that,
for every £ in a bounded interval [—R, R],

(3.8) i + LA +div(b(a, )p) < €

Then we could conclude by Gronwall’s inequality. To do so, the strategy is to take
( as a nonnegative solution to

1
dhp+ 500+ F(x)p =0, p(tfin,x) =1,

where F(z) = ||divb(z, )| Ly, (measurable function), with ¢y;, a given time and

R such that the support of f is in [0,7] x 2 x R? x [~R, R], and then to use a
bound on the transport term b- Vi to obtain (3.8)). For technical reasons, we take,
for €,tfin > 0 fixed, ¢ to be a solution on [0, ;] to

1
(39) 615%06 + QASDG + FEQDC = 07 @E(tflnaw) = ¢1/s($)7

where v/ is a C2° nonnegative function, with values in [0, 1], equal to 1 on By /(0)
and uniformly bounded (in €) in the W (R9) norm; F* is a compactly supported
regularization of F, converging to F' a.e. and in L?, if p < oo, or a.e. and with
uniform L bound, if p = co. We extend ¢° to the whole interval [0,T] by taking
°(t,x) = Py)e(x) for t € [tyin, T]. By Remark 4.1} . below, ¢° is nonnegative and in
L (W2°) N L (W) for every e > 0 Therefore, reasoning as in Remark -,
¢ can be used as test function in . Consequently, we have, for a.e. t < 4,
with the exceptional set N&trin possibly depending on € and ¢,

E / G5\l — 12) dude
o6 (|fol — £3) dwde
O 0° + Agﬁ + Fo°|(|f| — £?) dadgdr

(3.10) + — Feo)(|f| — £?) dudedr

/

e/
+/(:E/b Vet + div(b)g® — Fel(|f| — f?) dedédr
[ & i

ﬁ

IE/(b Vo (| f| — £2) dedédr

+ /0 E / (F — F)(|f] — f?) dadédr,

where we have used that |f| — f2 > 0 and that f is supported on [0, 7] x € x R? x
[~ R, R|.
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Before passing to the limit ¢ — 0, we aim to replace ¢ by ¢4, in the above inequality.
This is not immediate, since the function t ~ E[|f;| — f?] is not known to be
(even weakly) continuous. To overcome this difficulty, we fix a version of the map
[0,7] — L'(R% x R) given by t — E[|f;| — f?] and we use Lusin’s theorem for
separable Banach space-valued functions, see for example [37]: for every § > 0,
there exists a measurable set A5 C [0, 7] with Lebesgue measure |As| > T — 4, such
that t — E[|f;| — f?] is continuous on As; as an L'(R¢ x R)-valued map. We can
also assume that As has no points which are isolated from the left, where we say
that tg is isolated from the left in As if (tg —n,t0) N As = () for some 1 > 0. Indeed,
the set of points of As which are isolated from the left is at most countable and
thus has zero Lebesgue measure. Therefore, for ¢, € As, we can find a sequence
tn < tpin in A5 \ NS'in converging to s, (as n — oo) and such that holds
for t,, and E[|fi, | — f2] = E[|fe,..| — ftzfm] in L'(R? x R). Moreover, by Remark
@ is in L2°(W;"™°) and so the map [0,7] — L®(R% x R) given by t > ¢ is
continuous. Hence, by Hélder’s inequality,

B [ i, (1fel — f2)dade > B [ 5, (1F1] = 2,,) dod

Since the right hand side of (3.10]) is continuous in time, we can pass to the limit
in (3.10) for ¢, — tfi, and obtain (3.10) for t¢;, € As. Since this is true for any
d > 0, we obtain (3.10]) for a.e. t =t s,.

Now we let € go to 0. By Lemma applied to the backward PDE (3.9)), and
the uniform bound on F¢ in L?, we have a uniform (in €) bound on ||()0€||L?C(Wi,00).
Therefore, we can bound the first addend of the right hand side in (3.10]) by

limsup/0 f’mE/(b.V(pe>(|f‘ — ) dédx

e—0

tfin
< bl ) 50 9 e /0 E / (17| - 2) dadédr
tfin
(3.11) < O/ E/(m — f?) dxdédr.
0

Concerning the second addend in (3.10)), in the case p < 0o, F' — F*® converges to 0
in LY and thus in LP([0, 7] x Q x R x [~R, R]), ¢° is uniformly bounded in Lg%,
and (|f| — £2) is in L ([0, 7] x Q x R x [-R, R]) by Remark Therefore, by
Holder’s inequality,

trin
limsup/ E/(F — F)e (If| = f?) dadédr = 0.
e—0 0

In the case p = oo we get the same result but exploiting the dominated convergence
theorem and using that ¢¢(F — F€) converges to 0 a.e. and is uniformly bounded
and that (|f|— f2) isin L*([0,T] x @ x R? x [~ R, R]). Finally, concerning the initial
condition, using again the uniform bound from Lemma we get fRde 0§ (| fo] —
f&)dzdé < C fRde(|f0| — f8) dzd¢. Putting all together we have, for a.e. tg;, > 0,

2 [ (Ife,

~ 12,0 dsdn <C [ (1ol = £3) dade

trin
+C/Of E/(|f|—f2)d§dxdr.
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We conclude by Gronwall’s lemma for discontinuous functions (cf. |20, Theorem 5.1
in the Appendix]) that, for a.e. t € [0,T],

B[] - )dede<C [ | (ol - ) dode,

where C' is a constant that depends only on the bound (3.11]) and on the a priori
estimates in Lemma applied to the backward PDE ({3.9)). Therefore, it depends

only on T, ||b]| o ey and ||divb|[z y- The proof is complete. O

& RR]( ?,3[71? R]

Finally we prove Proposition

Proof of Proposition[3.]} Since fo takes values in {0,£1}, we have |fo| — f& = 0.
Therefore, Lemma implies f2 — |f| = 0 a.s. (recall |f| < 1 by definition) and
thus f takes values in {0, £1} for ae. (t,w,z,£). We then define u(t,w,z) :=
fR ft,w,x, &) dE. Note that u is well-defined since f is compactly supported in &
and measurable by Fubini’s theorem.

Now we claim that, for every h > 0, for a.e. (t,w,z,&),

(312) (f(t7w7x7£) - f(t,w,x,f + h))(1—00<5<—h + 1h<§<+00) Z 07

and we use these inequalities to conclude. Since the pushforward of the Lebesgue
measure via the map (§,h) — (£,£ + h) is equivalent to the Lebesgue measure, the
two inequalities above imply, for a.e. (t,w,x,&,n),

(314) (f(t7w7$7£) - f(t7w7x777))(1§<7]<0 + 10<§<77) Z 07
(315) (f(t,w,m,{) - f(tawvxvn) + 1)1E<n > 0.

Now we fix a version of f and we consider, for fixed (¢,w, z), the set A = A(t,w,z) =
{£<0: (ft,w,z,8)— f(t,w,z,n))sgn(é —n) < 0 for a.e. n < 0}. By Fubini’s theo-
rem, implies that, for a.e. (t,w, ), A(t,w, z) is a full-measure set on (—o0, 0).
Moreover, for any (t,w,z), f is non-increasing on A(t,w,x). Indeed, if this would
not be true, we could find £ < nin A with f(¢,w, z,£)— f(t,w,z,n) < 0. Thus, since
fw,z,€) — f(t,w,z,{) > 0 for a.e. { > & we obtain f(t,w,z,() — f(t,w,z,n) <
0 for ae. ¢ € (§7), in contradiction to n € A. Similarly, for a.e. (t,w,z),
B(t,w,x) = {£& > 0: (f(t,w,,€) — f(t,w,x,n))sgn(§ —n) < 0 for a.e. n > 0}
is a full-measure set on (0,400) on which f is non-increasing. Since f is com-
pactly supported in ¢ and takes values a.e. in {0, +1}, we conclude for a.e. (t,w, z),
[ = —1iace<oy + 1{o<e<py for some a < 0 < b (depending on (,w, x)) on the full-
measure set A(t,w,z) U B(t,w, ). By this yields that either f = —1,ccc0y
a.e. or f = —locecpy a.e. and thus f = x(u) a.e.. Progressive measurability of u
follows from the respective property of f = X(u), by Remark [2.5] ﬁ

In remains to prove the claim above, that is, ) and - To prove (3.12)) we
take a nonnegative test function ¢ in C2°([0, T} X Rd x R) with support Contamed in
(—00, —h) and we call ¢ the function such that 1) = —0¢¢ and that ¢(—a) = 0 for
a large enough; ¢ is a nonpositive nonincreasing function, constant on [—h, 4+00).
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We then have by (2.14)), for a.e. w,

.6 = st 6 W)wle,6) dodea
= [ £t Wt 2,€) ~ wltn, — ) dedsas
_ /(cp(t,x, 0) — o(t, z, —h)) dadt — /(ap(t, 2,€) — o, & — h)) v(da, dE, dt)
=~ [(6lt2,9) — o(t.2.6 — W) v(da de, ) > .

This proves that f(t,w,z,£)— f(t,w,x,£+h) > 0on {—oo < £ < —h}; similarly for
{h < &€ < +o0}. For (3.13)), we take a nonnegative test function 1 in C2°([0, 7] x
R? x R) and we call ¢ the nonpositive, nonincreasing function such that 1 = —0p
and that ¢(—a) = 0 for a large enough. Again we have by

/(f(t,x,f) —ft,z, &+ h) + 1D)(t, x, &) dedEdt
— [ #t. @l 0.€) ~ wltn,§ — W) dedsdr + [ ([ 0(t,2,)de) duds
_ /(cp(t,a;, 0) — o(t, 2, —h)) dadt — /(np(t, 2.8) — o2, € — b)) v(da, de, db)

+ /(‘P(tax, —Ry) — p(t,x, Ry)) dadt

for some R; such that the support of 1 is contained in [0, 7] x R? x [~R;, R;]. Now
the monotonicity property of ¢ gives that ¢(t,z,£) — @(t,z,£ —h) < 0 for every &,
o(t,x,—Ry) — ¢(t,z,—h) > 0 and o(t,z,0) — ©(t,z, R1) > 0. Therefore, the right
hand side of the formula above is > 0. This proves and concludes the proof
of the claim. O

Remark 3.7. The condition divb € L¢ ;,.(Ly) NLE(LZ,.) can be relaxed to divb €
Ly eoer (divh)y € Liy,.(Ly) 0 LA(L,,), since only the bound on the positive
part of divb is required for the a priori estimates in the proof of the existence of

generalized solutions as well as in the proof of uniqueness.

4. PDE

In this section we provide a priori estimates for a linear parabolic PDE on R? of
the form

1
(4.1) Oip = 5Ap+gp+he,

where g € L? for some finite p > d and h € L3°. Since we are interested in a
priori estimates in this section, we suppose that g, h and the initial datum g are
smooth, nonnegative and compactly supported. The estimates can be applied also
to the backward PDE, by a change of time. The methods used in this section are
essentially classical, see for example (among many other references) [32] for heat
kernel estimates in L spaces and [21] for estimates on Kolmogorov-type PDEs.

Remark 4.1. The existence of a nonnegative solution ¢ in L (W2>) to ([#.1]) in
the case of smooth compactly supported coefficients and nonnegative initial datum
is ensured, for example, by the representation formula

(4.2)  o(t,z) = E[exp[/o (9(z + Wy = W) + h(z + Wy — Wi)) drlpo(z — W]
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The equation also implies, again for smooth compactly supported data, that such
. .. 00 1,00
a solution is in L° (W, ™).

We start by recalling the regularizing properties of the heat kernel, of easy (and
classical) proof:

Lemma 4.2. Let pi(z) = t~%?p;(t=/2x) be the heat kernel on R%, i.c. py(x) =
(2m)~4/2e=121°/2 " Then we have, for m € [1, 0],

Ipell e < Conat ™ =Y™72 and  ||Vpy||pm < Cpy gt~ HHa=4/m)/2,

Proof. We only prove the second inequality, the proof of the first one being sim-
ilar. The case m = oo is obvious, thus let m € [1,00). Note that Vp,(z) =
t=(H+d/27p, (+-1/2z). By the change of variable y = t~'/2z, we get

/d V()™ da = ¢~ Dm 240/ /d Vpi ()™ dy =t~ g |7,
R R

which is the desired estimates. O

We write the PDE (4.1f) using the variational formulation:

t

t
Pt =Pt * Qo +/ Pi—s * (9ps) ds +/ Pi—s * (hps) ds.
0 0

Lemma 4.3. There exists a locally bounded function ¢ = c(T,||g||pz, |h]|L=) such
that, for every o in C°, it holds

Ietllwiee < llpollwzoec(T llgllLes (1Al zee)-

Proof. Here C' denotes any positive constant, which can change from line to line,
possibly depending on T', p and d. We start with the L3° estimate. Using Young’s
inequality for convolutions we get

t t
lodlim < lpcegolem + [ e lgpdlim ds+ [ Ipimas (b= ds
Ot 0 t
< Cllgallim +C [ (¢ =57 lgpllinds+C [ gl ds
Ot 0 t
< Cllgollz +C / (t = )42 gl o ]| e ds + C / 1Bllzoe sl 2ov ds.
Since p > d, (t — s)_d/ 2p ig locally in L27 Hoélder’s inequality yields

t t
leelioe < Cllgollioe +Cllalin( [ lgulle 492 +Cliluoe( [ lipole )2
and thus
t t
el < Clloolli +Cllllts [ oulli ds + CllE [ ool ds.
0 0

Gronwall’s inequality implies

(4.3) lpellze < Cligoll s exp[C(llglZs + IRlIZ-)].
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We continue with the LS° estimate for V;. Using again Young’s inequality we get

Vel Lo

t t
snpt*vwanw+—/“HVppﬂ*<gwaands+l/ IVpes * (hips)| = ds
0 0

t t
SﬂW%Mw+0/@*$*”MWWWJm@+C/@*ﬁ””%%hw%
0 0

t
< C¥goll= +C [ (6= ) D2 gl d
0

t
+c[}wwr“Wmuﬂwmmws

Since p > d, (t — s)~(1+4/P)/2 is Jocally integrable and we obtain, with (.3)),

IVetll= < ClViollL= + C(llgllLe + 1l Le)lloll L= exp[C(llglI s + [IAll7)]-
The proof is complete. O

5. APPENDIX

In the following, let (E, &, 1) be a o-finite measure space. We say that a function
f + E — R is strictly measurable, resp. p-measurable (or measurable, when p is
fixed) if, for every Borel subset A of R, f~1(A) is in &, resp. £*, the completion
of £ with the p-null sets. It is easy to see that f is measurable if and only if it
is the p-a.e. limit of a sequence of simple measurable functions. Given a Banach
space V and a function f : E — V, we recall the following three definitions of
(u-)measurability of f:

e we say that f is strongly measurable if it is the p-a.e. limit of a sequence
of V-valued simple measurable functions (i.e. of the form Zivzl v;14, for
A; in £ and v; in V);

e we say that f is weakly measurable if, for every ¢ in V*, x — (f (), ¢)v v+
is p-measurable;

e if V = U* is the dual space of a Banach space U, we say that f is weakly-*
measurable if, for every ¢ in U, x — (f(x), p)v,u is py-measurable;

e we say that f is Borel measurable if, for every open set A in V' (endowed
with the strong topology), f~*(A) is in £X.

The following result holds:

Proposition 5.1. Let V' be a separable Banach space. Then the notions of strong
measurability, weak measurability and Borel measurability coincide. They also co-

incide with the weak-* measurability if moreover V is reflexive (in particular if
V=R).

Proof. The fact that strong measurability and weak measurability coincide when
V' is separable is the well-known Pettis measurability theorem, see for example
Theorem 2 in [18], Chapter II. Moreover, it is true in general that any Borel mea-
surable function f is also weakly measurable, since in this case, for every ¢ in V*,
f = (f, o) is the composition of a continuous map and a Borel measurable map.
It remains to prove that a strongly measurable function f is also Borel measur-
able. To prove this, by separability of V, it is enough to prove that, for every y
in V, for every R > 0, f~Y(Br(y)) = {z € V | ||f(z) — y|| < R} is in E#, that
is, it is enough to prove that, for every y in V, the function = — | f(z) — gy is
p-measurable. Now, if fj are simple measurable functions approximating (u-a.s.)
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f, then || fr(x) — y|| are also simple measurable functions approximating || f(z)—y|,
therefore x — || f(z) — y|| is p-measurable. O

As mentioned in the introduction, in the definition of L? spaces we only consider two
cases: (1) V = U* is the dual space of a separable Banach space, where we define
L°(E;V) as the space of equivalent classes of weakly-* measurable functions; (2) V/
is a separable Banach space, where we define L°(E;V) as the space of equivalent
classes of weakly (or strongly or Borel) measurable functions. In both cases, for any
function f in L°(E;V), the function x ~ ||f(z)||v is measurable: in the case (1)
because || f(z)| = supyep [(f(2),¢)| where D is a countable sense set of Bf (the
unit centered ball in U); in the case (2) as shown in the previous proof. Therefore,
it makes sense to define the spaces LP(E; V) for 1 < p < oo.

Proposition 5.2. Let D be a domain of R™. For every 1 < p < oo, the space
LP(E x D,E ® B(D)) is canonically embedded in LP(E;LP(D)) (whose functions
are weakly measurable for 1 < p < oo, weakly-* measurable for p = o0). This
embedding is a surjective isomorphism.

Proof. The embedding result is easy to show using Fubini’s theorem, we prove only
the surjectivity. We start with the case p < co. To prove this, let F' be an element
(more precisely, a representative of an element) in LP(E; L?(D)). By Proposition
F is strongly measurable, i.e. there exists a sequence (F},),, of simple functions
in LP(E; LP(D)) which converges to F in LP(D) for a.e. z and, without loss of
generality, in LP(E; L?(D)). We can write F,, as

N(n)

Fu(z) =Y Fuila,,(x)
k=1

for some measurable sets A, j, and some elements F,, , in LP(D). Now we define,
for each n, the map G, : E, x £, = V by

Gu(z,y) = > Gur()la, ,(2),
k=1

where G, i, is a representative of F,, . The function G,, is measurable in (z,y) and,
since |G, —GmllLr(ExD) = | Fn— FmllLe(E:Lr (D)), the sequence (Gy,), is Cauchy in
LP(E x D), therefore it converges to some G in LP(E x D). In particular z — [y —
Gr(z,y)] (where [y — G, (z,y)] is the equivalence class of y — G, (z,y)) converges
to x — [y — G(z,y)] in LP(E; LP(D)); it follows that x — [y — G(z,y)] coincides
with F'. Hence G is the desired representative in LP(E x D) of F'. This concludes the
proof in the case p < co. The case p = 0o can be reduced to the case p < co. Indeed,
calling (E,), an increasing sequence of sets with finite measure and with E,, * E,
any function f in L*°(E; L*°(D)), restricted to L*°(E,; L>*(Bg N D)), is also a
weakly measurable function in L?(E,,; L?(Br N D)). Hence, it has a representative
in L?2(E, x (Br N D)) and thus in L? (E x D), by arbitrariness of R and n, and

loc
this representative is essentially bounded. O

The following result is in [43], Theorem 2 (see also Theorem A.4):

Theorem 5.3. Let S be a metric o-compact locally compact space and, for any
R > 0, denote by LE(E; M(S)) the subset of L>(E;M(S)) of nonnegative
measure-valued functions g with ||g| e mm(sy) < R. Then LF(E; M4(S)) is
(embedded isomorphically in) a bounded sequentially weakly-* closed subset of the
dual space of L*(E; Co(S)). In particular, every sequence in LY (E; M (S)) admits
a subsequence converging weakly-* to an element of LY (E; M4 (S)).
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We close with two remarks on the composition of measurable functions:

Remark 5.4. Let f : E — V be a Borel measurable map and let A : V — R be a
strictly measurable function, where V is endowed with its Borel o-algebra. Then
the composition h(f) is Borel measurable.

Let (F,F,v) be another o-finite measure space and let g : F — E be a measur-
able map such that the image measure of v under ¢ is u. Then, for every element
(equivalent class) f of L°(E, V) (whenever V is separable or is the dual of a sepa-
rable space), the composition f(g) is well defined as element (equivalence class) in
LO(F, V). Moreover the LP norm (when defined) is also preserved in this composi-
tion.

Remark 5.5. (i) Assume that V is the dual space of a separable space U. Let
f:+ E =V be a weakly-* measurable map and let ¢ : E — U be a (weakly or equiv-
alently strongly) measurable map. Then the map = — (f(z),¢(z))y,y is measur-
able. Indeed, if @), are simple measurable functions approximating a.e. ¢, then = —
(f(z), pr(x))v,u are measurable functions approximating a.e. = — (f(x), ¢(x))v,u.
In particular, if f:[0,7] x Q — LY isa weakly-* progressively measurable func-
tion and ¢ : [0,7] x 2 x RE x R — R is a P ® B(R?) ® B(R)-measurable integrable
function, so that ¢ : [0,T] x Q — Li,f is a progressively measurable function, then
(t,w) — (f(t,w), p(t,w))s ¢ is a progressively measurable function.

(ii) An analogous property holds for bounded kinetic measures m. In this case one
can consider a more general class of test functions. Let ¢ : [0,T] x Q x R x R — R
be a measurable function (not an equivalence class) such that: 1) for every (z,¢),
(t,w) — o(t,w,z,&) is progressively measurable; 2) for a.e. w, the zero set being
independent of (¢, x,&), and for every (z,§), t — @(t,w,x,§) is cadlag (or caglad);
3) for a.e. w, the zero set being independent of (¢,x,£) and for every t, (z,&) —
o(t,w, x,€) is continuous. Then, for every fixed representative of m*, the map

(t,w) (., €)m® (r,, €) dadedr
[0,t] xR xR
is progressively measurable and has a.e. cadlag paths. Indeed, (in the cadlag case,
the caglad case being similar), for every fixed ¢, f[o,t] (Rixg P°M® drd&dr is the a.e.
limit of f[oﬂdexR rm® dxdfdr, where v, = V¢ *; 1j0,1/n) and ¥, is a regular
function with 0 < v, < 1, ¥, = 1 on By, and with support on By/,. Since

w = ¥ € Co([0,T] x R? x R) is Fyiq/n-measurable, f[O,t]dexR YYm® drdédr is

Fi41/n-measurable and thus f[ Y“m® dxdédr is Fi-measurable. Moreover,

0,t] xRE xR
for any fixed representative of m*, for a.e. w, the map t — f[o fxRIXR pm® drxdfdr

is cadlag. Therefore, (¢,w) — f[o {]xRIXR p“m® drxdfdr has the desired properties.
The same result, replacing cadlag by caglad, holds for f[o £)xRIXR wYm® dxdfdr.
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