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Abstract. For a simple algebraic group G in characteristic p, a triple (a, b, ¢) of positive
integers is said to be rigid for G if the dimensions of the subvarieties of G of elements of
order dividing a, b, ¢ sum to 2dim G. In this paper we complete the proof of a conjecture
of the third author, that for a rigid triple (a, b, ¢) for G with p > 0, the triangle group Tg ..
has only finitely many simple images of the form G(p"). We also obtain further results
on the more general form of the conjecture, where the images G(p") can be arbitrary
quasisimple groups of type G.

1 Introduction

It has been known for some time [1, Theorem B] that every finite simple group can be
generated by two elements. It is natural to ask, therefore, whether a given finite simple
group can be generated by two elements, whose orders respectively divide given integers a
and b, and whose product has order dividing a given integer c. A finite group G generated
by two such elements is called an (a,b,c)-group and G is said to be (a,b, c)-generated.
Equivalently, an (a,b, c)-group is a finite quotient of the triangle group 7" = T, . with
presentation
T=Tope=(x,y,2:2"= Yt =2¢ = ayz = 1).

When investigating the finite (nonabelian) quasisimple quotients of 7', we can assume that
1/a+1/b+1/c < 1 as otherwise T is either soluble or T' = T5 3 5 = Alts (see [5]). The group
T is then a hyperbolic triangle group. Without loss of generality, we will further assume
that a < b < ¢ and call (a, b, c) a hyperbolic triple of integers. (Indeed, Ty p = Ty o for
any permutation (a’, b, ) of (a,b,c).)

In 1893, Hurwitz [9] showed that the group Aut(S) of automorphisms of a compact
Riemann surface S of genus h > 2 is finite and has order bounded above by 84(h — 1).
Moreover the latter bound is attained if and only if Aut(S) is a (2,3, 7)-group. Following
the original work of Hurwitz, the first (a, b, ¢)-groups to be investigated were the (2,3, 7)-
groups or so called Hurwitz groups. For example, Macbeath [20] determined the prime
powers ¢ such that PSLa(q) is Hurwitz. As another illustration, Conder showed in 1980
[3] that every alternating group Alt,, of degree greater than 167 is Hurwitz. Moreover in
[4] he determined the positive integers n < 167 for which Alt,, is Hurwitz; in particular
Altqg7 is not (2,3, 7)-generated and thus the bound in [3] is best possible. Although a lot
of effort has been put into determining the finite simple Hurwitz groups, this classification
is not complete. For a survey of results, see for example [5, 6].

Until recently, there were much fewer results in the literature for (a,b,c) # (2,3,7). By
Higman’s conjecture, proved to hold separately in [8, 18], every Fuchsian group, and so



also every hyperbolic T}, ; ., surjects onto all but finitely many alternating groups.
In [21] the third author introduced some new methods, in particular the concept of rigid-
ity, for investigating whether a finite quasisimple group of Lie type is an (a, b, ¢)-group.

Let G be a simple algebraic group defined over an algebraically closed field K of
characteristic char(K) = p (possibly equal to 0). For a positive integer u, we let G [« De the
subvariety of G consisting of elements of G of order dividing u and set j,(G) = dim Gy
Recall that a finite quasisimple group Gg of Lie type occurs as the derived subgroup
of the fixed point group of a simple algebraic group G, when char(K) = p is prime,
under a Steinberg endomorphism F, i.e. Gy = (GF). We use the standard notation
Go = (GF) = G(q) where g = p" for some positive integer 7. (We include the possibility
that G(q) is of twisted type.)

Following [21], given a simple algebraic group G and a triple (a, b, ¢) of positive integers,
we say that (a,b,c) is rigid for G if the sum j,(G) + jp(G) + jo(G) is equal to 2dim G.
When the latter sum is less (respectively, greater) than 2dim G, we say that (a,b,c) is
reducible (respectively, nonrigid) for G.

The main purpose of this paper is to further investigate the rigid case and make further
progress on the finiteness conjecture of the third author (first formulated for triples (a, b, ¢)
of primes in [21]):

Conjecture 1. Let G be a simple algebraic group defined over an algebraically closed field
K of prime characteristic p and let (a,b,c) be a rigid triple of integers for G. Then there
are only finitely many quasisimple groups G(p") (of the form (GF) where F is a Steinberg
endomorphism) that are (a,b, c)-generated.

In [21] the third author made some progress on Conjecture 1 in the special case where
a, b and ¢ are prime numbers. Given a simple algebraic group G he determined in [21,
Theorem 3] the rigid triples (a,b,c) of primes that are rigid for G. The classification
of rigid triples of primes for simple algebraic groups reduces Conjecture 1 (for triples of
primes) to a handful of cases which are easy to describe (see [21, Table 2 and Theorem 3]
for the precise details). Moreover some of these cases can be handled using the concept
of linear rigidity for a triple of elements in a general linear group defined over K (see [21,
§3] and [16]). For example, following [21, Theorems 1-3], Conjecture 1 (with the further
assumption that a, b and ¢ are primes) holds except possibly if G is of type C; with
2 </{ <13 or G is of type Go.
In the general setting, using deformation theory, Larsen, Lubotzky and the third author
proved in [12, Theorem 1.7] that Conjecture 1 holds except possibly if p divides abcd where
d is the determinant of the Cartan matrix of G (see Theorem 2.1 below). In the proof of
[12, Theorem 1.7], given a simple algebraic group G and a rigid triple (a, b, c) of integers
for G, one shows that if p { abed then a surjective homomorphism p : T — G(p"), seen as
an element of the representation variety Hom(7, G) of homomorphisms from 7' to G, is
locally rigid. That is, there is a neighbourhood of p in which every element is obtained
from p by conjugation by an element of G. In particular, the orbit of p under the action of
G by conjugation is open and the conclusion of [12, Theorem 1.7] follows from the fact that
in a variety one can have only finitely many open orbits. The assumption in [12, Theorem
1.7] that p 1 abed is crucial. Indeed as p 1 abe, there is a formula of Weil [27] for computing
the dimension of the cohomology group H!(T, Ad o p) where Ad : G — Aut(Lie(G)) is the
adjoint representation of G. Moreover, since p { d one can show that dim H'(T, Adop) = 0
and then [27] yields that p is locally rigid as an element of Hom(7', G).
Although [12, Theorem 1.7] is a major achievement in the study of Conjecture 1, it leaves



infinitely many open triples such as (2,3,¢) and (3,3, ¢) for several families of classical
groups.

In this paper we examine the remaining open cases of the conjecture. In our first result
we complete the proof of the conjecture for the finite simple groups.

Theorem 2. Conjecture 1 holds for all finite simple groups of Lie type. That is, if G is a
simple algebraic group of adjoint type defined over an algebraically closed field K of prime
characteristic p and (a,b, c) is rigid for G, then only finitely many simple groups G(p")
are (a, b, c)-groups.

The first ingredient in the proof of Theorem 2 is the classification of rigid triples (a, b, ¢)
of integers for simple algebraic groups. This is established in [22] and we recall the result
in §2. In particular, if G is of adjoint type and (a,b, ¢) is rigid for G then G is of type A,
(with 1 < /¢ < 4), Cy or G3. More precisely, the rigid triples (a, b, ¢) of integers for simple
algebraic groups G of adjoint type are as in Table 1 below. In Table 1, p = char(K) is
arbitrary (possibly equal to 0).

G (a,b,c)
PSLy(K) | all

PSLs(K) | (2,b,¢)
PSL4(K) | (2,3,¢)
PSLs(K) | (2,3,¢)
PSpy(K) | (2,3,0), (3,3,0)
Ga(K) (2,4,5), (2,5,5)

Table 1: Rigid triples for simple algebraic groups of adjoint type

This reduces the proof of Theorem 2 to the cases appearing in Table 1. The case
G = PSpy(K) with (a,b) = (3,3) requires a novel approach, which we briefly outline
below. First recall that given a field F and a subgroup H of GL, (F), the character field of
H is the subfield of F generated by the traces of the elements of H. If GG is of type Cs and
(a,b) = (3,3), our approach is to determine some generators (as well as some relations
between these generators) for the character fields of the subgroups of Sp,(K) generated
by two elements of order 3 having product of order dividing a given positive integer ¢ and
acting absolutely irreducibly on the natural module for Sp,(K’). The characterisation we
obtain for these character fields implies that up to isomorphism there are only finitely
many such fields. In particular, given a prime number p and a positive integer ¢, there
are only finitely many positive integers r such that Sp,(p") (respectively, PSp,(p")) is a
(3,3, ¢)-group. The techniques involve linear algebra, commutative algebra and the use of
Grobner bases.
The case where G is of type A can be dealt with using the concept of linear rigidity orig-
inally introduced in [10]. The argument we give for G of type A is almost identical to the
one given in [21, Lemma 3.2] for a triple (a, b, ¢) of primes. In the remaining cases, namely
where G is of type Cy and (a,b) = (2,3) or G is of type G2 and (a,c) = (2,5), we embed
G in a simple algebraic group H of type A and show that either an (a, b, ¢)-subgroup of
G acts reducibly on the natural module for H and so G(q) is never an (a, b, c)-group, or
use linear rigidity to conclude.

More generally, considering also non-adjoint groups, we obtain the following result.



Theorem 3. Conjecture 1 holds except possibly if G, p and (a,b,c) are as in Table 2

below.

G (a,b,c) D

Spa(K) (2,b,c) b>5 | p#2andp]|bc
(3,4,¢)¢c>5 | p#2,andp=3orp|c
(4,4,¢c) c>5 |p#2andp]|c

Spe(K) (2,5,¢)¢c>T7 |p#2,andp=>5orp|c
(2,6,c) c>T7 | p#2,andp=3orp|c
(3,3,4) p=3
(3,4,4) p=3

Sps(K) (2,3,¢)¢c>9 | p#2,andp=3orp|c
(2,4,7) D=7
(2,5,5) p=5
(2,5,6) p=3orp=5
(2,6,6) p=3

Sp1o(K) (2,3,¢)c>11 | p#2,andp=3orp|c
(2,4,7) D=7

SPQE(K)ﬂ te {677} (27379) p=3
(2,3,10) p=3orp=5
(2,4,6) p=3

SPQE(K)ﬂ te {879} (27378) p=3
(2,4,5) p=>5

Spae(K), ¢ € {10,12,13} | (2,3,7) p=3orp="7

Table 2: The open cases for Conjecture 1

Once we have Theorem 2 to hand, Theorem 3 follows essentially from the classification
determined in [22] of rigid triples of integers for non-adjoint simple algebraic groups and
the fact that Conjecture 1 holds generally for G non-adjoint of types A, B and D (see
Corollary 2.4 and Lemma 3.4 below).

We refer the reader to [22] and [12, 13] for complementary results on (a, b, ¢)-generation
for reducible and nonrigid triples.

The paper is organised as follows. In §2 we present some preliminary results needed
in the proof of Theorem 2. We recall in particular from [12] that given a simple algebraic
group G and a rigid triple (a, b, ¢) of positive integers for G, Conjecture 1 holds except for
finitely many explicit prime characteristics (see Theorem 2.1). We also recall the classifi-
cation of rigid triples of integers for simple algebraic groups [22] (see Theorem 2.2 below).
This is the most important ingredient in this paper. We also obtain in §2 two reduction
results to Theorems 2 and 3. In §3 we prove that Theorems 2 and 3 hold provided that
Conjecture 1 holds for G of type Cy and (a,b) = (3,3). Note that to handle the relevant
cases where G is of type A we essentially repeat a couple of arguments from [21]. In §4 we
prove that Conjecture 1 holds for G of type Cs and (a,b) = (3,3), completing the proofs
of Theorems 2 and 3.
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2 Rigid triples

In this section we present some preliminary results needed in the proof of Theorem 2.
We denote by G a simple algebraic group defined over an algebraically closed field K of
characteristic p (possibly equal to 0).

Recall that given a positive integer u, we let G|, be the subvariety of G consisting of ele-
ments of G of order dividing u and set j,(G) = dim G|,). We also set d,,(G) = codim G|;.
By [15, Lemma 3.1] d,,(G) is the minimal dimension of a centralizer in G of an element of
G of order dividing u and so j,(G) is the maximal dimension of a conjugacy class of G of
an element of G of order dividing u.

Let us record the main result towards Conjecture 1. Recall that the determinant of
the Cartan matrix of a simple algebraic group G is £+ 1, 2, 2,4, 1, 1, 3, 2 and 1 according
respectively as G is of type Ay, By, Cp, Dy, Go, Fy, Eg, E7 and Eg.

Theorem 2.1. [12, Theorem 1.7]. Let G be a simple algebraic group defined over an
algebraically closed field K of prime characteristic p. Let (a,b,c) be a rigid triple of
integers for G and let d be the determinant of the Cartan matriz of G. If p t abed then
there are only finitely many quasisimple groups G(p") (of the form (GF)' where F is a
Steinberg endomorphism) that are (a,b, c)-generated.

In order to prove Theorems 2 and 3, we also need the classification of rigid hyper-
bolic triples (a,b,c) of integers for a given simple algebraic group G. This classification
is established in [22, Theorem 9]. For ease of reference we state the result below, with
Table 1 recorded in §1 and Table 3 recorded below. Recall that if G is not of simply con-
nected type nor of adjoint type then either G is abstractly isomorphic to SL, (K)/C where
C < Z(SL,(K)), or G is of type Dy, p # 2 and G is abstractly isomorphic to SO (K) or
a half-spin group HSpin,,(K) where ¢ is even in the latter case.

Theorem 2.2. Let G be a simple algebraic group defined over an algebraically closed field
K of charactersitic p (possibly equal to 0) and let R(G) be the set of rigid hyperbolic triples
(a,b,c) of integers for G. The following assertions hold.

(i) If G is adjoint or simply connected, then R(G) is recorded in Tables 1 and 3, respec-
tively.

(i) We have R(SO,(K)) = R(PSO,(K)) and R(HSpiny,(K)) = R(Sping,(K)).



(iii) If G = SLyp(K

)/C with C < Z(SL,(K)), then R(G)

— R(PSL, (K

an involution, otherwise R(G) = R(SLy(K)).

)) if C contains

G D (a,b,c)
SLy(K) p=2|all
p#2 | all with a >3
SL3(K) any | (2,b,¢)
SL4(K) p=211(2,3,¢)
p#2|(2,3,0), (2,4,¢), (3,3,4), (3,4,4),(4,4,4)
SLs(K) any (2,3,¢)
SLe(K) p#21|(2,3,0), (2,4,5), (2,4,6)
SLIO(K) p 7é 2 (27 37 7)
Sp4(K) p=21(2,3,0), (3,3,¢)
Sp4(K) p#2|(2,b,c) b>5,(3,3,¢) c>5,(3,4,¢) ¢ >5, (4,4,¢) ¢ >5
Spe(K) p#2|(2,5,¢)ec>7,(2,6,c) c>7,(3,3,4), (3,4,4), (4,4,4)
Sps(K) p#2]|(2,3,¢) c>9,(2,4,7), (2,4,8), (2,5,5), (2,5,6), (2,6,6)
SplO(K) p%2 (27376) 621 ) (27477)7 (27 78)
Sp1o(K) p#21(2,3,9), (2,3,10), (2,4,6)
Sp14(K) pF£2 (2, 3, 9), (2,3, 10), (2,4, 6)
Sp16(K) p 7é 2 (273’ 8)’ (274’ 5)
Sp18(K) p 7£ 2 (27 37 8)a (2 4? 5)
SPQO(K) p 7é 2 (27 37 7)
Sp24(K) p 7& 2 (2> 3> 7)
SPQG(K) p 7é 2 (27 37 7)
Spinll(K) p 7é 2 (27 37 7)
Spile(K) p 7é 2 (2> 3> 7)

Table 3: Rigid triples for simple algebraic groups of simply connected type
We obtain the following result as an immediate corollary to Theorems 2.1 and 2.2.
Corollary 2.3. Theorem 2 holds provided that it holds for (G,p,(a,b,c)) as given below.
(i) G = PSLy(K) and p | 2abc.
(ii)) G = PSL3(K), a =2 and p | 6bc.
(2,3) and p | 6¢.

(iv) G = PSLs(K), (a,b) =

(K)
(K)

(iii) G = PSL4(K), (a,b) =
(K) (2,3) and p | 30c.
(K)

(v) G =PSpy(K), (a,b) € {(2,3),(3,3)} and p | 6¢.

(vi) G =Gy(K), p€{2,5} and (a,b,c) € {(2,4,5),(2,5,5)}.
We also obtain the following reduction result for Theorem 3.

Corollary 2.4. Theorem & holds provided that

(i) Theorem 2 holds,

(ii) Conjecture 1 holds for G non-adjoint of type A, and



(iii) Conjecture 1 holds for G = Spy(K), p # 2 and (a,b) = (3,3).

Proof. The result is again a consequence of Theorems 2.1 and 2.2. Here we need the
further observation that if p = 2 then Sp,(K) is abstractly isomorphic to PSp,(K). In
addition, we apply [21, Proposition 3.2], which states that if p # 2 and n € {11,12} then
Spin,, (p") and HSpin4(p") are never Hurwitz groups (i.e. (2,3, 7)-groups). O

We complete this section by giving below the main ideas involved in the proof of The-
orem 2.2. We refer the reader to [22] for more details.

Sketch of the proof of Theorem 2.2. The principal ingredient in the proof of Theorem 2.2 is
the determination of d,(G) for every simple algebraic group G and every positive integer
u. Indeed, given a simple algebraic group G over an algebraically closed field K and a
hyperbolic triple (a,b,c) of integers, saying that (a,b,c) is rigid (respectively reducible,
nonrigid) for G' amounts to saying that the sum S, ) = da(G) + dp(G) + de(G) is equal
to (respectively, greater than, smaller than) dim G. The value for d,(G) depends on the
Euclidean division of the Coxeter number h of G by u. In particular, if u > h then d,(QG)
is equal to the Lie rank ¢ of G.

To determine d,(G) one first observes that

du(Ga) < du(G) < du(Gse)

where G, (respectively, G,) denotes the simple algebraic group of simply connected (re-
spectively, adjoint) type over K of same Lie type and Lie rank as G.

The main tool is [15] where Lawther determines d,(G,) and proves that d,(G,) is a lower
bound for d,(G). To determine d,(Gs.), one proceeds by constructing a specific element
g of Gy of order dividing u with centralizer Cg,, (g) of small dimension. One there-
fore obtains an upper bound for d,(Gs.), namely dim Cg,.(g). For many pairs (G, u),
dim Cg,.(9) = du(G,) and so dy(Gs.) = dy(G,). For the remaining cases, namely where
dim Cg,.(g9) > du(G,), one can show that d,(Gs.) = dimCg,, (g). For G not abstractly
isomorphic to a group of simply connected or adjoint type, one has to pursue further
considerations (see the proof of [22, Theorem 5]).

With the principal ingredient to hand, one can show that, given a simple algebraic group
G, the function d(G) : N = N, u — d,(G) is decreasing.

One then puts a partial order on the set of hyperbolic triples of integers in the following
way. Given two hyperbolic triples (a,b,c) and (a’,V, ), we say that (a,b,c) < (a',V',¢)
if and only if a < a’, b <V and ¢ < ¢. In particular, among all hyperbolic triples, exactly
three are minimal: (2,3,7), (2,4,5) and (3,3,4). Given a simple algebraic group G, since
d,(QG) is a decreasing function of u, if (a, b, ¢) is nonrigid for G then (a’, ¥, ) is nonrigid
for G for every (a/,V', ') > (a,b,c). If G is of type Ay with £ > 11, or G is of type B, with
£ > 10, or G is of type Cp with £ > 15, or G is of type Dy with £ > 9, one can show, using
general tight upper bounds for d,(G), that (2,3,7), (2,4,5) and (3,3,4) are all nonrigid
for G. For G of exceptional type or of classical type of low rank, one uses the precise
values for d,(G) to classify the hyperbolic triples of integers for G as reducible, rigid or
nonrigid.

If one only considers the case where G is of adjoint type, less work is involved. In par-
ticular, the results in [15] play a key role. As an illustration, we consider the case where
G is of type Ay or Eg (the other cases are very similar). Given G and a hyperbolic triple
(a,b,c) of integers, we let D44 = Sape — dimG, so that (a,b,c) is rigid (respectively,
reducible, nonrigid) for G if D, ) is equal to 0 (respectively, positive, negative). Also
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given the Coxeter number h of G and a positive integer u, we write h = zu + e where z
and e are nonnegative integers such that 0 <e <wu — 1.

Suppose first that G is of type Ay so that h = £+ 1 and dim G = h? — 1. By [15, Theorem
1]

(h—e)(h+e)

du(G) = Pu+e(22+1)— 1= +e—1. (2.1)

In particular, one can show that d,(G) is a decreasing function of u. Let g(e) = %—i—

e—1. Then ¢/(e) = “=2¢ and ¢/(e) > 0 if and only if e < u/2. Hence d,(G) < F(u) where

u? — 4u + 4h?

Plu) = glu/2) = L

In particular, for any hyperbolic triple (a, b, ¢) of integers, we have S, ) < F'(a)+ F(b) +
F(c).
Suppose (a,b,¢) = (2,3,7). We have S5 37y < F'(2) + F(3) + F(7). Now

h?—1 4h? — 3 4h% + 21
Hence
41h2
Sesn < Do
and

h2
Dpgar < ' L.
Since —% +1 is negative for h > 7, it follows that (2,3, 7) is nonrigid for G provided h > 7,
that is £ > 6. Also every hyperbolic triple (a’,¥’, ¢) of integers with (a/,0',¢') > (2,3,7) is
nonrigid for G with ¢ > 6.
Considering the triples (2,4,5) and (3, 3,4), one concludes similarly that every hyperbolic
triple (a, b, ¢) of integers is nonrigid for G provided that £ > 6. To classify the hyperbolic
triples (a, b, ¢) of integers as reducible, rigid or nonrigid for G of type Ay with ¢ < 5, one
can use (2.1) to find do(G), dp(G) and d.(G) and compute D, y. Note that if u > h
then d,(G) = ¢.
Finally suppose that G is of type Eg so that h = 30. The values of d,,(G) are given in [15].
In particular d,(G) is a decreasing function of u. Moreover D3 7), D45 and D33 4)
are all negative, and so (2,3,7), (2,4,5) and (3, 3,4) are all nonrigid for G. It follows that
every hyperbolic triple of integers is nonrigid for G. [J

3 Reducibility and linear rigidity

Throughout this section, K denotes an algebraically closed field of characteristic p (pos-
sibly equal to 0, unless otherwise stated). Our goal is to prove the following result.

Proposition 3.1. Theorems 2 and 8 hold provided that Conjecture 1 holds for (a,b) =
(3,3) and G = Spy(K) or PSp,(K).

Recall that the cases to be considered for proving Theorems 2 and 3 are described in
Corollaries 2.3 and 2.4, respectively. We begin with the following definition.



Definition 3.2. Let H = SL,,(K)/C where C < Z(SL,(K)), G be a closed subgroup of
H and (n1,n2,n3) be a hyperbolic triple of integers. We say that (n1, ng,ns) is G-reducible
for H, G-rigid for H or G-nonrigid for H, respectively, if the maximum value of

dim ¢ + dim gi7 + dim ¢&

(where, for ¢ € {1,2,3}, ¢; € G has order dividing n;) is less than, equal to, or greater
than 2dim H, respectively.

Let G be a closed subgroup of a simple algebraic group H of type A over K and
let (a,b,c) be a hyperbolic triple of integers. Recall that by an irreducible subgroup of
a classical group, we mean a subgroup acting irreducibly on the natural module for the
overgroup. We prove below that if (a, b, ¢) is G-reducible or G-rigid for H then there are
up to isomorphism only finitely many (possibly zero) (a,b,c)-generated subgroups of G
that are irreducible as subgroups of H. The latter result is key for proving Proposition
3.1. We begin with the case where (a, b, ¢) is G-reducible for H.

Lemma 3.3. Let H = SL,(K)/C where C < Z(SLy(K)) and let G be a closed subgroup
of H. Suppose (n1,m2,n3) is a hyperbolic triple of integers which is G-reducible for H. If
(91,92, 93) is a triple of elements g; of G of order dividing n; such that g1gags = 1 then
(91, 92) is a reducible subgroup of H.

Proof. Since (n1,n2,n3) is G-reducible for H, it follows that dim g{ + dim g&’ + dim gf <
2dim H. As g19293 = 1, it now follows from [21, Proposition 2.1] that (g1, g2) is a reducible
subgroup of H. O

We continue with the case where (a,b,c) is G-rigid for H. The following result is a
slight generalisation of [21, Lemma 3.2], which handles the case where G = H and a, b
and c are primes.

Lemma 3.4. Let H = SL,(K)/C where C < Z(SL,(K)) and let G < H be a simple
algebraic group. The following assertions hold.

(i) Suppose H = SL,(K). If (a,b,c) is a G-rigid triple of integers for H then up to
conjugacy in GLp(K), there are only finitely many subgroups of G that are both
(a,b, c)-generated and irreducible subgroups of H.

(ii) Suppose C is nontrivial. If (a,b,c) is a G-rigid triple of integers for H then up
to isomorphism, there are only finitely many subgroups of G that are both (a,b,c)-
generated and irreducible subgroups of H.

The proof of Lemma 3.4 is very similar to that of [21, Lemma 3.2] and uses the
concept of linear rigidity. Recall that a triple (g1,¢2,93) of elements of GL,(K) with
919293 = 1 is said to be linearly rigid if for any triple (h1, ho, h3) of elements of GL,,(K)
with hihohs = 1 such that h; is conjugate to g; for each i, there exists an element g in
GL,(K) with g; = gh;g~! for all i. For further details, we refer the reader to [21, §3].

Proof. We let (n1,n2,n3) = (a,b,c) and denote by |h| the order of an element h € SL,,(K).
We first consider part (i). Let

T = {(91,92,93) € G* : 919293 = 1, |gs| divides n;, (g1, g2) is an irreducible subgroup of H}



and for a fixed triple (C1,Ca,Cs3) of conjugacy classes C; of G consisting respectively of
elements of orders dividing n1, ns, ns, let

ﬁ01102,03) = {(91592793) eT: g € CZ‘}.

Since (n1,n2,n3) is a G-rigid triple of integers for H, it follows from [21, Proposition 2.1]
and [21, Lemma 3.1] that every element of 7 is linearly rigid. Hence if T(¢, c,.cy) 7# 0
then GL, (K) is transitive on (¢, ¢y ,¢)- As G is simple, the number of conjugacy classes
C; of elements of order dividing n; in G is finite. It follows that GL,,(K) has finitely many
orbits on 7. Therefore up to conjugacy in GL,,(K), there are only finitely many subgroups
of G that are (n1,n2,n3)-generated and are irreducible subgroups of H.
Finally let us consider part (ii). Suppose now that (ni,ng2,n3) is a G-rigid triple of integers
for SL,(K)/C. Suppose that (g1, 92,93) are elements of SL,,(K) such that g1g2g3 = g for
some g € C, ¢;C € G has order dividing n;, and (g1, ¢g2) is an irreducible subgroup of
SL,(K). Replacing g3 by g3g~! we then have g1g2g3 = 1, the order |g;| divides nn; and
(91, 92) is an irreducible subgroup of SL,,(K'). Furthermore, the G-rigidity of (ni,n2,n3)
for SL,,(K)/C and [21, Proposition 2.1] applied to SL,(K)/C yield

3 dim gy = 2dim SL,, ().
Set 7 to be the set of triples (91,92, 93) of elements g; € SL,(K) (1 <4 < 3) such that
919293 = 1, the order of g; divides nn;, g;C is an element of G, (g1, ¢g2) is an irreducible
subgroup of SL,, (K) and

Z dim giSL”(K) = 2dim SL,,(K).

By [21, Lemma 3.1] every element of T is linearly rigid, and a similar argument to
that given in (i) above shows that GL, (K) has finitely many orbits on 7. Therefore up to
isomorphism there are only finitely many subgroups of G that are (n1,ng, ng)-generated
and are irreducible subgroups of H. O

As an immediate consequence of Lemma 3.4 applied to the special case where G = H,
we obtain the following result.

Proposition 3.5. If G = SL,(K)/C where C < Z(SL,,(K)) then Conjecture 1 holds.

To complete the proof of Proposition 3.1, we may assume that G is adjoint of type Cs
and (a,b) = (2,3) or G is of type Go.

Proposition 3.6. If G = PSp,(K) and (a,b) = (2,3) then Conjecture 1 holds.

Proof. In [17, Proposition 6.2] it is shown that PSp,(p") is never (2, 3)-generated when
p € {2,3}. We can therefore assume that p ¢ {2,3}. By Theorem 2.2 the triple (2,3, ¢)
which is rigid for PSp,(K) remains rigid for PSL4(K). The result now follows from Lemma
3.4. O

Proposition 3.7. Suppose G = Go(K), p € {2,5} and (a,b,c) € {(2,4,5),(2,5,5)}.

(i) If p =5 or (a,b,c) = (2,4,5) then there are no positive integers r such that Ga(p")
is an (a,b, c)-group.

(ii) If p =2 and (a,b,c) = (2,5,5) then there are only finitely many positive integers r
such that Ga(p") is an (a,b,c)-group.
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Proof. Note that in [16] it was shown that Ga(5") is never a (2,5, 5)-group. For complete-
ness we include a slightly different proof of this latter fact.

Write G = G2(K) where K is an algebraically closed field of characteristic p € {2,5}.
Suppose first that p = 2. Then G is a subgroup of SLg(K). By [14], an involution in
Go(K) is conjugate in SLg(K) to an element go1 or goo having Jordan form JZ @ J2 or
J3 respectively, and an element of G5(K) of order 4 is conjugate in SLg(K) to an element
g1 having Jordan form g4 1 = J3.

By [24, p. 367] there are four conjugacy classes in G2(K) of elements of order 5. Moreover
all these classes are real (see [26, Theorem 1.5]). However, by [24, Table 10] none of these
classes are rational. The representatives of these four classes are therefore of the form: «,
o?, 3 and 2. Finally, following [7, p.34], we deduce that an element of order 5 in G5 (K)
is conjugate in SLg(K) to an element of the form

. 1. 2 -2 1 . 1 -1
g5,1 = diag(w,w™ ", w ' w " ,w,w ) or gso =diag(w,w,1,1,w ", w ")

(or the square of such an element) where w € K is a primitive fifth root of unity. Following
[19, Theorem 3.1] we have

dimgy ") =16, dimgyy") =18 and dimgy ") = 24.
Also an easy calculation yields:
dimgi ") =26 and  dim g5y = 24.

In particular (2,4,5) is Ga(K)-reducible for SLg(K). By Lemma 3.3 a (2,4, 5)-generated
subgroup of G is a reducible subgroup of SLg(K). It follows that there are no positive
integers r such that G2(2") is a (2,4, 5)-group.

Also if (a,b,¢) = (2,5,5) then (a,b,c) is Go(K)-rigid for SLg(K). It now follows from
Lemma 3.4 that there are only finitely many positive integers r such that G3(2") is a
(2,5,5)-group.

Suppose finally that p = 5. Then G is a subgroup of SL7(K). By [14], an element of
order 5 in Gg(K) is conjugate in SL7(K) to an element g5 1, gs2 or gs3 having Jordan
form J3 & J3, Ji @ J3, or Ji & J3 respectively. Following [19, Theorem 3.1] we have

dim g3 = 20, dim 25" =24 and  dim ¥ = 32.

Also an element go; of SL7(K) of order 2 whose centralizer in SL7(K) has minimal di-

mension satisfies dim gS’If(K) = 24 and an element g4 of SL7(K) of order 4 whose cen-

(K) _ 36. Indeed one can take

tralizer in SL7(K') has minimal dimension satisfies dim gilf
g21 = diag(1,1,1,-1,—1,—1,-1) and g4 = diag(1, -1, —1,w,w,w !, w™!) where w € K
is a primitive fourth root of unity. Hence if (a,b,c) € {(2,4,5),(2,5,5)} then (a,b,c) is
G2(K)-reducible for SL7(K). By Lemma 3.3 an (a,b, c)-generated subgroup of G is a
reducible subgroup of SL7(K). It follows that there are no positive integers r such that

G2(5") is an (a, b, ¢)-group. O

Proof of Proposition 3.1. The result now follows immediately from Corollaries 2.3 and 2.4
together with Propositions 3.5-3.7.
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4 Proofs of Theorems 2 and 3

In this final section we complete the proof of Theorems 2 and 3 by establishing the following
result.

Theorem 4.1. Let p be a prime number and c be a positive integer. Then there are only
finitely many positive integers r such that Spy(p”) or PSp,(p") is a (3,3, ¢)-group.

The proof of Theorem 4.1 requires a different approach to that of §3. Indeed, since

(3,3,¢) with ¢ > 5 (respectively, with ¢ > 4) is Sp,(K)-nonrigid (respectively, PSp,(K)-
nonrigid) for SL4(K) (respectively, PSL4(K)), one can no longer make use of Lemma 3.3
or Lemma 3.4.
Unless otherwise stated, in this section ' denotes an arbitrary field and we denote by F,
a finite field of order a prime power ¢ = p”. Let n be a positive integer. Recall that for
a subgroup H of GL,,(F), the character field cf(H) of H is the subfield of F generated by
{tr(h) : h € H}.

The remainder of the paper is dedicated to the proof of Theorem 4.1. Since our
methods differ somewhat from the preceding material, let us give a brief outline. If g1,
g2 € Spy(q), the character field cf((g1, g2)) is the subfield of [, generated by traces of all
words in g1 and go. We view the traces of words as elements of a polynomial ring, and use
the further assumption g3 = g3 = 1 to derive relations between these polynomials which
hold in cf({g1, g2)). By assuming also that (gi, g2) is absolutely irreducible, we ultimately
show in Proposition 4.7 below that cf({g1, g2)) is generated by the values of just three such
polynomials and find also a relation between these three polynomials. Hence cf({(g1, g2))
is a quotient of a finitely-generated polynomial ring. By using the final assumption that
g1g2 has order dividing a given positive integer ¢, we derive two further relations for the
generators (see Lemma 4.8 below). This enables us to show that cf((g1, g2)) is an image of a
particular finite quotient of the polynomial ring, which does not depend on ¢. In particular
the size of cf((g1,g2)) is bounded. Since we also show below that cf(Sp,(¢)) = F,, the
conclusion of Theorem 4.1 then follows.

Lemma 4.2. If Gy = Spy(q) = Spy(p") then cf(Gy) =TF

Proof. Let V be the natural module for Gy and let B = (e, f1, €2, f2) be a standard basis of
V. That is, (e;, fi) = 1, (e5,e;) = (fi, fi) =0 for 1 <i < 2 (ei,fj) = (ei,ej) = (fi, f]) =0
for i # j such that 1 < 4,5 < 2. Here (,) : V x V — F, denotes the symplectic form
associated to V.

Let w be a generator of the cyclic group Fy and let g be the element of GL4(q) defined by:

9(61) =wer —
9(f1) = —wey + e2 + fa
gle2) =

9(f2) = e + fi —wes.
It is easy to check that g is in fact an element of Gy and that tr(g) = w. It follows
that cf(Go) = F, as claimed. O

Let M,,(R) denote the algebra of nxn matrices over a commutative ring R. Given a ring
homomorphism « : R — S, note that a induces a ring homomorphism M,,(R) — M,(.5)
where o(A);; = a(4;;) for all A € M,,(R). We recall the following elementary result, see
for example [11, XIV, §3].
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Lemma 4.3. Let o : R — S be a ring homomorphism and consider the induced ring
homomorphism o : My (R) — My(S). Let A € M,(R), B = a(A), and pa and pp be
respectively the characteristic polynomials of A and B. Then pp(T) = a(pa)(T) where
a(pa) is the polynomial obtained from pa by applying a to the coefficients of pa.

Given M € My(R), we let pas(T) be its characteristic polynomial. Write
pu(T) = T = x3(M)T? 4 xa(M)T? — x1(M)T + xo(M) (4.1)

where x;(M) € R for 0 < i < 3. Note that x3(M) = tr(M) and tr(M?) = tr(M)? —
2X2<M).

Lemma 4.4. Let My, My, M3 € GL4(F) and define M_; := lel forl e {1,2,3}. Fora
positive integer k and a k-tuple (i1, ..., i) with i; € {£1,£2,43} for 1 < j <k, set

tilu-ik = JEI‘(]M;‘1 ces ]\4'Z )

and
C’i1...ik = XQ(M’h [P Mzk)

Then the following assertions hold.

(i)
0 = t12123 + 121213 + t11223 + £12213 + 21123 + t22113
—t1(t1223 + t2123 + t2213) — ta(t1123 + t1213 + ton13) + (t1t2 — ti2)(t123 + t213)
+eati13 + citas + (tiata — ti2a — tice)tis + (tiats — ti12 — tacy)tas
—(t1122 — t112te — ti2at1 + tiatite — c1c2 — c12)ts.
(4.2)
(i)
0 = t_12213 +t2—1213 + t_12123 + t12-123 + t212-13 + t122-13
—(t12-13 + t_1213)t2 — (t2123 + t1223 + t2213)t—1 — (t_1223 + t22—13 + t2—123)t1
—(t123 + to13)(t—12 — tat—1) — (t—123 + ta—13)(t12 — tot1) + toos3(t—1t1 + 2)
—(t—122 — t_12t2 + cat_1)t13 — (t122 — tiata)t—1 — (t—122 — t_12t2)t1 — ca(t_1t1 + 2)t3.
(4.3)
(iii)
0 = to1—9-13+t_212-13 +t12-1-23 +t_1-2123 + T_2_1213 + t_121-23 + t1_2_123 + t2_1-213

—(ta—1-23 +t_2-123)t1 — (t—1-213 + t1—2-13)t2 — (t21-23 + t_2123)t_1 — (t—_1213 + t12—13)t—2

t_1-23 +t_o_12)(t12 — tita) — (t213 + ti23)(t—2—1 — t_1t_2)
t_o13 + t1-23)(t_12 — tat—1) — (t—123 + ta—13)(t—21 — t1t_2)

—+

t_o_1ti +t_o1t—1 — (tit—1 + 2)t_2)taz + (t—12t1 + tiot—1 — (t1t—1 + 2)t2)t_23

—(t—g12-1 +t_9—191 — (t—a—1 — t_1t_2)(t12 — t1ta) — (t—21 — t_2t1)(t—12 — tat_1))t3

(
(
(
+(t_o—1ta +t_1ot—o — (tat—o + 2)t_1)ti3 + (t—21t2 + tiat_o — (tat_o + 2)t1)t_13
(
(

+ (tltfl — 2)(75275,2 — 2) — 4)t3.
(4.4)

Proof. Assume first that char(F) = 0. We use a special case of a result of Procesi [25,
Theorem 4.3]. Let Zi,...,Z5 € My(F). Let 0 € Syms. Write

o= (01,.-y0r) . (Or;y...,05)
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a cycle decomposition of ¢ into disjoint cycles including trivial cycles. Set
tro(Z1,..., Z5) = t1(Zoy - . Zoy)) - 00(Zo,, - o - Zoy).

Then
> sgn(o)tre(Z, ..., Zs) = 0.

oE€Symg

Let Z1 = My, Zy = My and Z3 = Ms. The result follows by setting Z, = M7 and
Z5 = My for Equation (4.2), Z, = Ml_1 and Zs = M, for Equation (4.3), and Z, = Ml_1
and Zs = M, ! for Equation (4.4), using in the three cases that tr(M?) = tr(M)%—2xa(M)
for all M € GL4(F).

Suppose now that F is arbitrary. Let X!

i d; be indeterminates where 1 < 4,7 < 4
and 1 <[ < 3. Then, for 1 <1< 3, p = det(ij)dl — 1 is an irreducible polynomial of
ZIX},dy: 1 <i,j <4,1<1<3], and the ideal I = (p1,pa,p3) of

ZIXl,d i1 <id,j<4,1<1<3]

generated by {p1, p2,p3} is prime. Hence

R =17[X};

Ladii1<i,j<4,1<1<3)/I

is an integral domain. Let F' be the field of fractions of R, a field of characteristic O.
Consider the elements (A;;), (A7) and (A;) of My(R) defined by Aéj = Xilj + I for
1 <i4,j <4and 1 <[ <3. Note that (Azlj)7 (A?j) and (A?j) belong to GL4(F'). Since
char(F') = 0, the result holds for the elements (Al-lj), (A?j) and (Afj)

Now we can choose a ring homomorphism « : R — F such that oz(ij + 1) = (M;);; for
1<i,57<4and1<1[<3. Consider the induced ring homomorphism « : M4(R) — My(F)
such that a(A);; = a(A;;) for all A € My(R) and 1 < 4,j < 4. In particular, we have
M, = oz(Aﬁj) for 1 <1 < 3. Lemma 4.3 together with the fact that the result holds for
(A}j), (Afj) and (Ag’j) in GL4(F') now yield the result in general. O

Let F5 be the free group on two generators x; and xs. Given a word w of F and a
group G, the word map w : G x G — G is defined such that for every (g1,¢92) € G x G,
w(g1, g2) is obtained from w(x1, z2) by substituting the group elements g1, go for x1, xo.
For an element w € Fy we denote by |w| its length with respect to the generators z; and
x9 of Fy, whereas given an element g € G we let |g| denote the order of g.

Proposition 4.5. Let g1,g2 be elements of GL4(F) of order 3. The character field of
(g1, 92) is generated by

X = {tr(w(g1,92)) : w € Fo, |w| <4} U{x2(w(g1,92)) : w € Fy,|w| < 2}.

Proof. Tt is enough to show that for every w € Fy, tr(w(g1,g2)) is a polynomial in X
with coefficients in Z. We proceed by induction on |w|. The claim is obvious for |w| < 4.
Assume |w| > 4. Since |g1| = |g2|] = 3 and since the trace is invariant under cyclic
permutations of a product, we may assume

_ _a1..b a
w=x]'xy" 2] Xy (4.5)
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with a;, b; € {£1}. Then
a1 by

w(g1,92) = 91" 95 --~9‘1”93T-

Note that a word w of length |w| > 4 as in (4.5) must contain, up to cyclic permutation,
a subword of the form y1yay1y2 or y1yay; Y2 or viyey; w5 where {y1,uy ' v, y5 '} =
{xl,xl_l, T2, :U2_1}
Assume first that w = zyzoz12227° - -:Ug’". Set My = g1, My = g2 and M3 = g* - -gg’".
Then

to1213 = tr(Mo My Mo M M) = tr(w(g1, g2))

where w € Fy is such that w(g1,g2) = 9291929?3“912’3---93’" and |w| < |w| — 1. By

Equation (4.2) and induction tr(w(gi,g2)) = ti2123 can be written as a polynomial in
X with coefficients in Z. Similarly, as the trace is invariant under cyclic permutations,
if w or one of its cyclic permutations contains a subword of the form yiyoy1y2, where
{yl,yfl,yQ,ygl} = {xl,xfl,xg,:cgl} then tr(w(gi,g2)) can be written as a polynomial
in X with coefficients in Z. For the remainder, we may therefore assume that neither
w nor any of its cyclic permutations contain a subword of the form y1yoy1y2 wWhere
{y1, 91_173/27342_1} = {$1,$1_1,x2,x2_1}.

Assume next that w = xlxgxl_lxgx‘f3 . -a:gr. By the above, we may assume that ag = 1.
Set M1 = g1, My = go and M3 = 91933 . -gg"". By Equation (4.3) t12-123 + t—_12123 can be
written as a polynomial in X with coefficients in Z. Now M, 1M2M1M2M3 contains the
subword gog1g2g1 SO t_12123 = tr(MflMngMgMg) can be written as a polynomial in X
with coefficients in Z, hence so can be tr(w(g1, g2)) = t12—123.

By the two cases considered above, for the remainder, we may assume that neither w nor
any of its cyclic permutations contain a subword of the form y1y2y1y2 or y1y2y; Lyy where
{yroyr Ly yn ' = {wn 2t aa, 25

Finally, let us assume that w = $1.%'2$I1.%'2_1.%'(113 . --mgr. By the above, we may assume
az = bg = 1. Set My = g1, My = g9 and M3 = glgg---ggT. Using Equation (4.4), a
similar argument to the two above yields that tr(w(g1,g2)) = t12—1-23 can be written as a
polynomial in X with coefficients in Z. Similarly, if w, or a cyclic permutation of w, con-
tains a subword of the form ylygyflygl where {y1, yl_l, Yo, yQ_I} = {z1, xl_l, T, 332_1} then
tr(w(g1, g2)) can be written as a polynomial in X with coefficients in Z. This concludes
the proof. O

In the statement below, by an (absolutely) irreducible subgroup of a classical group
G, we mean a subgroup acting (absolutely) irreducibly on the natural module for G.

Lemma 4.6. Let g1,g2 € GL,(F) where n > 4. Suppose g1 and g2 both have minimal
polynomials of degree 2. Then (g1, g2) is not absolutely irreducible.

Proof. Suppose (g1, g2) is absolutely irreducible. Then, as a consequence of Wedderburn’s
Theorem, M, (FF) has a F-basis of elements of the form w(gi, g2) where w € F». Since, for
i € {1,2}, g; has minimal polynomial of degree 2, and g1g2 and gog; have characteristic
polynomials of degree n, we deduce that

S ={1,91,92,(9192)™, (9192)" 91, (9291)™, (9291) " g2 : 1 <m <n — 1}

spans M,,(F) over F. But
S| =4(n—1) + 3 =4n — 1 < n? = dim M,,(F),

a contradiction. O
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Proposition 4.7. Let g1, g2 € Spy(F) be elements of order 3 such that (g1, g2) is absolutely
irreducible. Set t1o = tr(g192), ti—2 = tr(glggl) and c12 = x2(g192). The character field
of (g1, 92) is generated by t12, c12 and t1_o. Moreover

(t1—o + t12 + 1)(@,2 + (2t12 — 10)t1—2 + t%Q —9c12 4+ 8t12+7) = 0. (4.6)

Proof. Since we can argue up to conjugation in GL4(F) where F denotes an algebraic
closure of F, we may assume without loss of generality that [F is algebraically closed. For
a positive integer k and a k-tuple (i1,...,4;) with i; € {£1, 42} for 1 < j <k, set

tll’tk = tr(gil L glk)
and
Ci1...ik = X2(9z‘1 cee glk)a
where
-1
9-1 =9

for [ € {1,2}. If char(IF) # 3 we let w € IF be a primitive third root of unity.
Let g be an element of Sp,(F) of order 3. Note that

(T —w)(T —w™hH)? if char(IF) # 3 and 1 is not an eigenvalue of ¢
pg(T) =< (T —1)*(T —w)(T —w™!) if char(F) # 3 and 1 is an eigenvalue of g
(T —1)* if char(F) = 3.

In particular, by (4.1), tr(g) € {—2,1} and x2(g) € {0, 3}.

More generally if g, h € GL4(F) then gh and hg have the same characteristic polynomial.
Moreover since tr(g~!) = tr(g) and x2(g~') = x2(g) for every g € Sp,(F), we now deduce
from Proposition 4.5 that the character field of (g1, g2) is generated by

{c12, c1-2,t12, t1—2, t1212, t121—2, ti2—12, ti2—1-2, t1—21-2}.

Therefore it is sufficient to show that ¢1_9, 1212, t121—2, t12-12, t12—1_2 and t1_21_2 can
be written as polynomials in ¢19, c12 and t1_o with coefficients in Z, and that the relation
in (4.6) is satisfied.

We first note that

t1o12 = tr((g192)%) = tr(g192)* — 2x2(g192) = t1y — 2c12

and so t1912 is a polynomial in ¢12 and cj2 with integer coefficients.
Note also that for an element g of Sp,(F) of order 3 we have

(T) = (T? + T + 1)* if char(F) = 3 or 1 is not an eigenvalue of ¢
Pglt) = (T —1)*(T? +T +1) if char(F) # 3 and 1 is an eigenvalue of g

and the minimal polynomial of g is (T —1)(T?+T +1) if char(F) # 3 and 1 is an eigenvalue
of g, and T? 4+ T + 1 otherwise.

Let V' be the natural module for Sp,(F). Since (g1, g2) is irreducible, Lemma 4.6 yields
that at least one of g or go has minimal polynomial of degree 3. Without loss of generality,
we may assume that g; has minimal polynomial of degree 3.

Let W <V be a two-dimensional eigenspace for go.

We now consider two cases:
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(a) There is a nonzero element v of W such that gfv € (v, g1v).

(b) The triple (v, g1v, g?v) is linearly independent for every 0 # v € W.

Case (a). Assume first that there is a nonzero element v of W such that g?v € (v, g1v).
Let U = (v, g1v). Note that dim U = 2. Indeed, otherwise v is an eigenvector of g; and ga,
contradicting the irreducibility of (g1, g2). Note also that U is a (g;)-invariant subspace.
Let gy and gy, be the linear maps induced by g1 on U and V/U, respectively. Then gy
has characteristic polynomial 724+ T + 1 and so gv v must have characteristic polynomial
(T —1)%. Thus gy,y has minimal polynomial 7' — 1 or (T —1)?, and the latter case can
only occur if char(F) = 3.

Note that v, g1v and gogjv are linearly independent. Indeed otherwise gog1v € (v, g1v)
and so U is (g1, g2)-invariant, contradicting the irreducibility of (g1, g2).

Let w € W be such that W = (v, w). Note that w ¢ U. Indeed, otherwise U is again
(g1, g2)-invariant, a contradiction.

Subcase (a.1). Suppose that gy has minimal polynomial 7' — 1. Since gy, has
minimal polynomial T'— 1 and w ¢ U, we deduce that gyw = w + u for some v € U. We
claim that B = (v, g1v, g2g1v, w) is a basis of V. Suppose not. Then w € (v, g1v, g2g1v)
and so (v, g1v, g2g1v) = (v, 1v,w) is (g1, g2)-invariant, contradicting the irreducibility of
(g1, 92). With respect to the basis B of V', the elements g; and g2 have the following form

0 -1 a3 aun bi1 0 b3 O

. 1 -1 a3 a4 o 0 0 b23 0
N=1o 0 1 0o 2710 1 by 0
0 O 0 1 0 0 bys b1

Furthermore, they preserve an alternating form, so for ¢ € {1,2} we have giT Xg; = X for
some invertible matrix
Tl T2 T13 T4
x = | 712 T2 T3 T
—T13 —T23 T33 T34
—T14 —T24 —T34 T44

with x;; = 0. We may assume det(X) = 1.

Let R = Z[ais, 14, a3, a4, P11, B13, f23, 833, Bas, 05 = 1 < i < j < 4] where ayj, (i and
0;; are indeterminates. Set

0 -1 a3 au B11 0 Pz 0

T, = 1 —1 a93 aogy Iy — 0 0 B3 O
0 O 1 0 ’ 0 1 p33 O ’
0 O 0 1 0 0 Pz P11

011 012 013 d1a
A —012 022 023 O
—013 —023 033 O34

—014 —024 —0314 Ous

and let I be the ideal of R generated by det(A) — 1 and the entries of the five matrices
3 —1I,, 13— I, T'ADy — Ty, TSADy — Ty and A + AT, Then e : R — F : a5 = ayj,
Bij — bij, 0ij — x;; defines a ring homomorphism that factors over R/I. In particular if,
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with inclusively the notation from (4.1),
D Auxi(w(T1,T2)) €1,
weFy
where i € {0,1,2,3}, Ay, € R for all w € Fy and A, = 0 for all but finitely many w, then
> eQw)xi(w(grs g2)) = 0.
weEFy

Ideal membership can be tested using Grobner bases in MAGMA [2] and the claims of the
proposition are easily verified. We compute

c1—2 = 2121
tiol—o = tio_12 = —tiy — dt12 — 3
tio—1—2 = tip+ 4t +8
tio1 9 = 135+ 12t15 +18
t1_g = —tio—4
cl2 = 2tio+ 7.

Also t1_o satisfies the required relation.

Subcase (a.2). Suppose that gy has minimal polynomial (I'—1)2. Then char(F) =
3 and so g; and g2 have a unique eigenvalue, namely 1. There are two cases to consider,
namely the case where By = (v, g1v, g291v, g19291v) is a basis of V' and the case where
9192910 € (v, g1v,g2g1v). In the former case, with respect to the basis By of V, the
elements g1 and go have the following form

0 -1 0 ai4 1 0 b13 514
|1 -1 0 axn _ 10 0 bz boy
N=00 0 0 =1 #7010 1 byy by
0O 0 1 -1 0 O bag by
Using the method described above, we get:
cl—2 = ci2+2t12+1
t121—2 = ti12-12 = —tfg + 2c12 +t12+1
t1o—1—2 = t%g +c12+2t12+1
ti o1 o = tiy—2c1p — 22 — 1
ti—a = —ti2—1,

and t1_o satisfies the required relation.
Suppose g1g291v € (v, g1v, g2g1v). Since dim W = 2 and v € WN (v, g1v, g2g1v), we deduce
that

dim(W N (v, g1v, g2g1v)) € {1,2}.

If
dim(W N (v, g1v, g2g1v)) = 2

then, as w ¢ U, we get that (v, g1v, g2g1v) = (v, g1v,w) is (g1, g2)-invariant, contradicting
the irreducibility of (g1, g2). Hence

dim(W N (v, g1v, g2g1v)) =1
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and By = (v, g1v, g291v, w) is a basis of V.. Since gy has minimal polynomial (7" 1)2, we
deduce that with respect to the basis By of V, the elements g; and g2 have the following
form

0 —1 a3 alq 10 b13 0
o 1 -1 —a13 a4 o 0 0 -1 0
N=1o 0 1 au|l P |01 -1 0
0 O 0 1 0 0 by3 1
and we find
cl—2 = 2191
tigl o = tig 12 = —t3y —4t19 — 3
tio 19 = tiy+4t;p+8
t1_21—2 = t%g +12t12 + 18
1o = —tig—4
cl2 = 2t12+7,

and t1_o satisfies the required relation.

Case (b). Assume now that (v, g1v, g7v) is linearly independent for every 0 # v € W.
Fix such a v, and let U = (v, g1v, g?v) and let w € W be such that W = (v,w). Note
that U is (g1 )-invariant. We claim that (v, g1v, g?v,w) is a basis of V. Suppose not. Then
w € U. Hence both v+ g1v+gv and w+ gyw + g?w belong to U and are eigenvectors of g
with eigenvalue 1. Since the eigenspace of g1 on U with eigenvalue 1 is one-dimensional,
we get

v+ q1v + giv = Mw + grw + giw)

for some nonzero A € F. Set u = v — Aw. Then u € W, u # 0 (as v and w are linearly
independent) and u + giu + g3u = 0, contradicting our assumption.

With respect to the basis (v, g1v, g?v,w) of V, the elements g; and go have the following
form

0 01 aus bir b2 b1z O

|1 0 0 ag . 0 by bog O

g1 = 010 asz4 ’ 92 = 0 632 bg3 0
00 0 1 0 bgo bag b1y

Also with respect to the basis (v, g1v, g7v, w — agqv) of V, the elements g1 and go have the
following form

0 0 1 ay bi1 b2 bz 0
{100 o0 0 by b 0
=00 1 0 aga|” P71 0 by by O
00 0 1 0 bgo byg b1

Let pg,(T") be the characteristic polynomial of g and recall that either
Pe(T) = (T = DX(T? + T +1),
or char(F) # 3 and py, (T) = (T? + T + 1)?. Moreover,
Pgs(T) = (T — b11)*(T? — (baz + b33)T + baobsz — basbsa).
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In the first case, by; = 1, and so —(ba2 + b33) = 1. Hence the elements ¢g; and go reduce
further to

0 0 1 a14 1 512 513 0
1 00 O 0 boo bas 0
91 = 01 0 as4 ’ 92 = 0 b32 —b22—1 0
0 00 1 0 byo bys 1
and we find
cl—2 = 2t1_2+c12 — 212
tio1—2 = tire—12 =t1otio —t12 —c12 + 112
tio—1—2 = —ti—otia +4t1_9 —4t12 +4c12 — 4
ti_o1 9 = —2t; ot;y —tiy + 6ty o+ Tcig —4t1g — 7
0 = 3 5+ (2t1o —10)t; o + 139 — 910 + 8t1o + 7,

and t1_o satisfies the required relation.
In the second case, examining the coefficient of 72 in Dgs» We get —(bs3 + bag) — 2b11 = 2,

and so bgg = —bgy — 2b11 — 2. Hence the elements g7 and g9 reduce further to
0 0 1 aus b1 b2 b3 0
[t 00 o | 0 b bas 0
N=00 10 aga|” P70 by —2-2b; —byy O
0 0 O 1 0 b42 b43 bll

and we find

cl—2 = ci2+2t12+1
tiziee = —tiy+2c12 +ti2 +1
tig—12 = —tlhy—cia—2ta+1
ti_o_1-2 = tiy+cio+2tip+1
ti_o1—2 = tiy —2c1a — 2t1p — 1
tie = —tiz—1,
and t1_o satisfies the required relation. O

Lemma 4.8. Let ¢ be a positive integer and let . € C be a primitive c-th root of unity.
Fori,j € Z/cZL, let ©¢7 € Z[T] be the minimal polynomial of ¢+ (" + 2 + (7, and let
A € Z[T] be the minimal polynomial of ¢ + ¢077 + ¢ + ¢ +2. Set

O, =lem({©% :i,j € Z)cZ}) and A, =lem({AY :i,j € Z/cT}).
Then for every element g of Spy(F) of order dividing ¢, we have

Oc(x3(9)) =0 and Ac(xa(g)) = 0.

Proof. Let g be an element of Sps(F) of order dividing c¢. If p = char(F) is prime, then
let d be the p’-part of ¢, otherwise let d = c¢. Let w € F be a primitive d-th root of unity.
There exist i,j € Z/cZ such that

pg(T) = (T = )T —w™ )T = ) (T —w™).
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In particular, by (4.1),
X3(g) — wi + w—i + (JJ] + U)_‘j and X2(g) =9 + wl‘f‘] + wi—j + w—i+j + W_i_j-

Let R be the subring of C generated by (. and let o : R — F be the ring homomorphism
defined by a({.) = w. Then « induces a ring homomorphism « : My(R) — My(F) in a
natural way. Let h € My(R) and ¢’ € My(F) be defined as follows:

h = diag(¢, ¢ %, ¢2,¢;7) and ¢ = diag(w’, 0™, w0 ™).
Then ¢’ = a(h) and py(T) = py (T). Also
xs(h) =G+ ¢+ +¢7 and xa(h) =2+ + 7+ +

It follows that
Oc(x3(h)) =0 and A.(xz2(h)) =0.

Note that for any © € Z[T] and any r € R, we have O(a(r)) = a(O(r)). Therefore

Oc(a(x3(h))) = a(Oc(x3(h))) =0 and  Ac(a(xa(h))) = a(Aclxz(h))) = 0.

The result follows from the fact that xx(g9) = xx(9') = a(xk(h)) for k € {1,2}. O

We can now prove Theorem 4.1.

Proof of Theorem 4.1. We first show that there are only finitely many positive integers
r such that Spy(p") is an (3,3, c¢)-group. Suppose there is a positive integer r such that
Sp4(p") is a (3,3, ¢)-group. Let F be the finite field of characteristic p and order p”. Then
there exist elements g1, g2 of Spy(F) of order 3 such that g1g2 has order dividing ¢ and
(91,92) = Sps(F). Note that (g1, g2) is absolutely irreducible. By Lemma 4.2, F is the
character field of (g1, g2). Let

p(X,Y,Z) = (Z+ X +1)(Z%+ (2X —10)Z + X* - 9Y +8X + 7).

By Proposition 4.7, F is an image of Z[X,Y, Z]/(p(X,Y, Z)). By Lemma 4.8, this epimor-
phism factors over

A=F,[X.Y, Z]/(0u(X), AY). p(X, Y, Z).

(The polynomials ©., A, € Z[T] are defined in Lemma 4.8.) Since A is a finite-dimensional
algebra over the field F,,, seen as a finite-dimensional vector space over F,, A has only
finitely many subspaces, say A1,..., Ap. In particular there exists 1 < ¢ < m such that
F =~ A/A;. Noting that ¢ has a finite number of divisors, it follows that there are only
finitely many positive integers r such that Sp,(p") is a (3, 3, ¢)-group.

It remains to show that there are only finitely many positive integers r such that PSp,(p”)
is a (3,3, ¢)-group. It is now sufficient to show that if PSp,(p") is a (3,3, ¢)-group, then
Sp4(p") is a (3,3, 2c)-group. We suppose that p > 2, as otherwise PSp,(p") = Sp,(p").
Suppose there is a positive integer r such that PSp,(p") is a (3,3,c¢)-group. Let F
be the finite field of characteristic p and order p" and write Z(Sps(F)) = Z. Then
there exist elements g¢1,¢g2 of Spy(F) of order 3 such that gig2 has order dividing 2c
and (g1,92)Z = Spy(F). Since Spy(F) has no subgroup of index 2, we deduce that
(91, 92) = Spy(F) and so Sp,(F) is a (3, 3, 2¢)-group. O
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